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ABSTRACT. We develop criteria to distinguish the homotopy types of Gromov-Thurston
manifolds. Our approach is based on a description of their fundamental groups as
virtual Dehn fillings of relatively hyperbolic groups.

1. INTRODUCTION

The first known examples of closed manifolds admitting a Riemannian metric of
pinched negative curvature but no locally symmetric one were constructed by Gromov
and Thurston [GT87] in a way that we now recall. The input is what we will refer to
here as a G'T-pair.

Definition (GT-Pair). A GT-pair of dimension d and wall W is a pair (M, B) where
M is a closed orientable hyperbolic d-manifold and B C M is a codimension 2 totally
geodesic connected submanifold B which is the boundary of a compact codimension 1
orientable totally geodesic submanifold W.

Gromov and Thurston’s examples are cyclic ramified coverings of M branched over
B of some degree k, which we denote here by GT(M, B, k) and call them GT-manifolds.
These manifolds turned out to possess many interesting topological and geometric fea-
tures beyond the original motivation, and they have been studied quite extensively,
see for instance Kapovich [Kap07], Giralt [Girl7], Fine-Premoselli [F'P20], Monclair-
Schlenker-Tholozan [MST23], Hamenstédt-Jéackel [HJ24], Guenancia-Hamenstadt [GH25],
Lafont-Minemyer [LM25], Avramidi-Okun-Schreve [AOS25], Hamenstadt [Ham?26].

Despite this, the classifications of GT-manifolds up to homotopy equivalence, com-
mensurability, or quasi-isometry are all poorly understood. One of the key issues is
the absence of an underlying locally symmetric structure and the lack of suitable ana-
logues of Mostow rigidity. In this article, we focus on the study of homotopy types of
GT-manifolds.

First, we consider GT-manifolds coming from the same GT-pair. In even dimension,
an Euler characteristic trick shows that different degrees yield different homotopy types
(we discuss the Euler characteristic and volume approaches later on in the introduc-
tion). However, in odd dimension the situation is much more mysterious. For instance,
prior to this paper, it was not known whether the k- and (k+ 1)-degree branched covers
can be homotopy equivalent to each other. We show that GT-manifolds coming from
the same GT-pair can only be homotopy-equivalent if their branching degrees satisfy
an arithmetic constraint, if they have high-degree branching, in particular addressing
the aforementioned case of k- and (k + 1)-degree.
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The following is a simplified version of Theorem B.

Corollary A. Let (M, B) be a GT-pair of dimension d > 3, and let My, = GT(M, B, k).
Then there exists I > 0 such that whenever k,k' € N are coprime and k, k' > I, we
have that My, is not homotopy equivalent to My .

In order to state the more precise version, we give a preliminary definition.

Definition (I-Unrelated). Let I > 0 be an integer. We say that k, k' € N are I-
unrelated if at least one between k/ged(k, k') and k' /ged(k, k') is > I.

For example, if k, k' are > I and coprime, then they are I-unrelated. Corollary A is
an immediate consequence of the following.

Theorem B. Let (M, B) be a GT-pair of dimension d > 3, and let My, = GT(M, B, k).
There exists I > 0 such that whenever k, k' € N are I-unrelated, we have that My, is
not homotopy equivalent to My .

The obstruction we use to distinguish GT-manifolds is, roughly, the number of in-
jections from a certain hyperbolic group into their fundamental group. Said hyperbolic
group is in fact the fundamental group of the complement of a wall. Specifically, The-
orem B is a consequence of the following result.

Theorem C. Let (M,B) be a GT-pair of dimension d > 3, with wall W, and let
My, = GT(M, B, k). There exists an integer I > 0 such that for all k > 2 the following
holds. The number of conjugacy classes of injections (M — W) — 71 (My) is Nk for
some N < I.

The strategy of proof for Theorem C is inspired by [DG18]. We give an outline of the
argument at the end of the introduction. Given Theorem C, the proof of Theorem B
goes as follows. If w1 (M}) ~ m1(Mj) then the number of conjugacy classes of injections
of m(M — W) in m(My) and m (M) agree. However, by Theorem C, there exists
I > 0 such that the number of conjugacy classes of injections is Nk for m (M) and
N'K for m(Mys) with N, N’ < I. If k, k" are I-unrelated we can never have Nk = N'K'.
Theorem B follows.

As we already mentioned, Euler characteristic and (simplicial) volume provide two
methods to distinguish GT-manifolds coming from the same GT-pair. However, they
yield limited information when the GT-manifolds come from different GT-pairs. We
address this by studying the algebraic structure of Out(my(My)), which we also believe
to be of independent interest. Intuitively, Out(m;(Mj)) should contain a cyclic sub-
group of order k (the deck group of My — M) plus some uniformly bounded noise that
comes from the lifts of some symmetries of the base M. Again relying on Theorem C,
we prove the following.

Theorem D. Let (M, B) be a GT-pair of dimension d > 3 and let My = GT(M, B, k).
There exists an integer I > 0 such that, for all k > 2, |Out(my(My))| divides I*k.
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As an application, we use Theorem D to distinguish the homotopy types of Gromov-
Thurston manifolds with non-isometric branching loci.

Theorem E. Let (M,B), (M',B") be GT-pairs of dimension d > 5, and let My =
GT(M, B, k), M = GT(M', B', k). Suppose that B is not isometric to B'. Then there
exists I > 0 such that the following holds. If k,k' > I and k has all prime factors > I,
then M, is not homotopy equivalent to M),.

All our results rely on the key fact that fundamental groups of Gromov-Thurston
manifolds for the GT-pair (M, B) are virtual Dehn fillings of 71 (M — B) plus the fact
that 1 (M — B) is relatively hyperbolic (with respect to natural peripheral subgroups)
by a result of Belegradek [Bell2]. A simplified version is the following:

Proposition F ([Bell2] and Lemma 3.1). Let (M, B) be a GT-pair, and let M), =
GT(M, B, k). Denote by U C M a tubular neighborhood of B. Then

o 1 (M — B) is hyperbolic relative to 71 (U — B).
o m1(My,) is isomorphic to an index-k subgroup of m (M — B)/{(v*)) where v €
m1(U — B) is the meridian.

The proposition allows us to use various tools from geometric group theory, in par-
ticular limiting actions on trees; more details below.

Having stated our main results, we conclude the introduction by first reviewing the
Euler characteristic and volume methods and then giving the outline of our approach
together with the organisation of the article.

Euler characteristic and volumes. Let us discuss first the Euler characteristic.
A computation shows that the Euler characteristic of My = GT(M, B, k) is given by

X(My) = k(x(M) — x(B)) + x(B).

While this is trivial in odd dimension (zero-equals-zero), it is very useful in even dimen-
sion when combined with the Chern-Gauss-Bonnet Theorem which says that vol(M)
and vol(B) are universal positive multiples of (—1)%2x (M) and (—1)%?~1y(B). In par-
ticular, as the volume is always positive, it implies that x(M) — x(B) # 0 and, hence,
that x(Mjy) grows linearly in k. From this, we can conclude that, in even dimensions,
if £ # k' then M}, cannot be homotopy equivalent to M.

In a similar fashion, in an arbitrary dimension, one could try to replace the Euler
characteristic with the simplicial volume ||My|| (we refer to [Fril7, Chapter 7] for the
definition of this topological invariant). This approach goes back to the original work of
Gromov and Thurston [GT87]. The major challenge is to determine whether k& — || M|
is a strictly increasing function. While this is open as far as we can tell, it is possible to
relax the requirement and prove that this function has suitable monotonicity properties.
This is what we discuss next.

In the spirit of [GT&7], one can argue as follows. Fix € € (0,1). Provided that the
normal injectivity radius of B in M is large enough, every My can be equipped with a
Riemannian metric g of (—1— ¢, —1+€)-pinched negative curvature. Furthermore, the
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volume of such metric satisfies vol(My, gi)/k-vol(M) € (1/¢1, 1) for some uniform con-
stant ¢; > 1 only depending on M. By work of Besson, Courtois, and Gallot [BCG99)
for every e € (0,1) there exists ca = c2(d,€) > 0 such that if X and Y are homotopy
equivalent closed Riemannian d-manifolds with pinched negative sectional curvature
contained in the interval (—1 —¢, —1+¢) then vol(X)/vol(Y) € (1/c2, c2). Thus, in our
setup, if M} is homotopy equivalent to My then we must have 1/cico < k/k < cyca.
This provides a coarse way to distinguish Gromov-Thurston manifolds. Note that,
thanks to the Proportionality Principle [Gro82], in pinched negative curvature the ra-
tio between the Riemannian volume and the simplicial volume is uniformly bounded
from above and below.

In the last part of the introduction, we describe the organisation of the article and
introduce the main ingredients of our strategy.

Overview and outline. Section 2 contains various facts known to experts about
Gromov-Thurston manifolds that can be deduced using their CAT(—1)-geometry.

In Section 3 we describe fundamental groups of Gromov-Thurston manifolds for a
GT-pair (M, B) as virtual Dehn fillings of m (M — B) (see Lemma 3.1 and Lemma
3.2 for precise statements). This is crucial to our approach, and ultimately it is an
application of van Kampen’s theorem. The group 71 (M — B) is relatively hyperbolic
by [Bell2]. In Section 3.3, we describe some important consequences of this fact in
relation to virtual Dehn fillings.

Section 4 is the core of this paper. The main result is Theorem 4.3, which is inspired
by [DG18]. The theorem allows us to bound the number of injective homomorphisms
from hyperbolic groups (with suitable non-splitting properties) into the fundamental
groups of Gromov-Thurston manifolds. The strategy of the proof is to proceed by
contradiction, starting with an unbounded (in a suitable sense) sequence of homo-
morphisms and extracting a limit action on an R-tree (using Bestvina and Paulin’s
technology, see [Pau91]). We then have to study the arc stabilisers for this action, and
these can be more complicated than in [DG18]. This creates additional obstacles to the
application of Rips theory that we have to address by performing additional construc-
tions. This is also why we need to assume that the hyperbolic groups that we consider
have stronger non-splitting properties than in [DG18]. We find three different possi-
ble scenarios, and for each of them we use a different method to construct an action
on a suitable tree. The three methods we use are: The theory of tree-graded spaces
[DS05], combinatorial considerations involving the arrangement of limits of horoballs,
and taking a limit of coned-off graphs. The non-splitting assumption will rule out all
these actions and produce the desired contradiction.

In Section 5 we show that Theorem 4.3 applies to fundamental groups of complements
of walls, by showing that they do not have certain types of splittings. This involves a
mix of homological and geometric arguments.

In Section 6 we study outer automorphism groups, relying on Theorem 4.3, and
complete the proofs of Theorems C, D, and E.
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2. GEOMETRY AND TOPOLOGY OF THE BRANCHED COVER

Let M be a closed orientable hyperbolic d-manifold containing a connected totally
geodesic embedded codimension 2 submanifold B C M. Suppose further that M is the
boundary B = 0W of a codimension 1 totally geodesic orientable submanifold W C M.

Definition 2.1 (Wall, Sector, and Singularity). In the setting above, we call W the
wall, S := M — W the (incomplete) sector, and B the singularity.

Definition 2.2 (Complete Sector). The abstract completion S of the hyperbolic man-
ifold S := M — W with respect to the intrinsic path metric is a compact concave
n-manifold with totally geodesic boundary pleated along the singularity (we call it the
complete sector). More precisely, 9S consists of two copies WT, W~ of W glued to-
gether along their common boundary B where they form an angle of 2w. Endowed
with the intrinsic path metric, the boundary 98 is isometric to the double DW of the
wall W along OW = B.

Associated with M, W, B, there is a canonical degree k branched cover My — M.

Definition 2.3 (Branched Cover). Consider k copies S1,- - , Sy, (indexed by j € Z/kZ)
of a complete sector S. The degree k branched cover My, associated with M, W, B is

My = || S*j/{wj+ = Wi, :j € Z/KT)
JELIKT
where we are gluing the copies of the complete sector along the canonical cyclic iden-
tifications of their boundaries. In particular, note that the intersection of all S; C M;,
is a copy of B, which we denote by By C Mj. The manifold M} comes equipped with
e A projection py, : M}, — M mapping each S; C Sj isometrically to S = M —W.
The map py is a degree k branched covering branched over B C M.

e An order-k diffeomorphism py : My — M}, that fixes By and maps S’j to S’jH
isometrically for each j € Z/kZ. We call py the canonical rotation of Mj,.

The goal of this section is to exploit the path metric induced by the natural hyper-
bolic cone structure on My, to get useful geometric information about the fundamental
groups of W, S, M}, and how they sit one inside the other.

2.1. Geometry. First of all, let us recall that the standard d-dimensional hyperbolic
cone of angle 6 is the singular Riemannian d-manifold
H(9) = [0, 00) x S x H*2/{(0,¢,2) ~ (0,¢/,z) : € H" 2, ¢, ¢/ € S}},
where Sg = R/0Z, equipped with the singular Riemannian metric
dr? + sinh(r)2d6? + cosh(r)QdJ%d,z

where oya—2 is the hyperbolic metric on H 2. We endow H¢(#) with the natural path
metric induced by the singular Riemannian metric. The following is a well-known fact.
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Proposition 2.4. Assume 0 > 2n. Then H%(0) is CAT(—1).

We also want to consider sectors inside H¢(¢). Denote by ¢ : HY(§) — H¢=2 — S}
the projection to the circle. For every z € H%(#) — H?? define H, C H%(#) to be the
half-hyperplane bounding the singularity H% 2 and containing z, in other words,

H, = {w e H"%(0) : p(w) = ¢(2)} UHI2,
Two (ordered) half-hyperplanes H,, H, as above bound a sector
Viy = {w € H(0) — H"? : ¢(z) < ¢(w) < ¢(y)} UH'

where we orient Sé counterclockwise and we denote by ¢ < 1) < ¢’ the arc between ¢, ¢/’
according to this orientation. Note that the isometry type of V' only depends on the
angle ¢(y) — ¢(z). We denote by V(1)) the sector with angle i € [0,0). The following
is also a well-known fact.

Lemma 2.5. Assume 6 > 2w, Let x,y € H(0) — H?2 be non-singular points.

(1) If the two angles formed by H,, H, at H92 are at least © then inclusion H, U
H, — H%(0) is isometric.

(2) If the angle of Vyy is at most 0 —m then the sector Vy , is convex. In particular,
the restriction of the path metric to V., is CAT(—1).

We give a proof sketch.

Proof. Note that Property (2) easily follows from Property (1), which guarantees that
the boundary of the sector is convex.

Property (1) follows from an explicit description of the geodesics in H?(6).

Let us start with a preliminary observation. Each geodesic of H%(#) contained in
H?(9) — H92 coincides with a Riemannian geodesic for the Riemannian metric on
H%() — HY2 because it is length minimising.

Consider a non-singular point z € H%() — H?2. Define O, to be the open region
containing z and bounded by the two half-hyperplanes H., H. forming an angle of 7
with H, at the singularity H?—2.

Note that O, equipped with the intrinsic Riemannian metric admits a Riemannian
isometry ¢ : O, — H? — H where H is a half-hyperplane contained in a hyperplane
U C H? with ¢(z) € U~ H. Furthermore, ¢ extends continuously to ¢ : O, U0, — H?
and the restrictions of ¢ to H., H. are both isometries onto H.

The key observation is that every geodesic 7 : [0,7] — H%(9) starting at z and
intersecting 00, = H. U H! must be contained in H, and intersect the singularity
He2 = H. N HY. Indeed, let t € (0,7) be the first time 7 hits 90, say 7(t) € H..
The geodesic 7[0,¢] is a Riemannian geodesic for the intrinsic Riemannian metric on
O,. Thus ¢7[0,] is a Riemannian geodesic for H? — H starting at ¢(z) € U — H and
limiting to a point in ¢(7(t)) € H. By the structure of the geodesics in H¢, being both
¢(z) and H contained in the hyperplane U, the only possibility is that the limit point
is on the singularity H and, hence, 7(t) € H4~2.

We are now able to conclude the proof of Property (1). Consider two arbitrary non-
singular points z,y € H%(#) — H 2 such that both angles formed by H,, Hy at H9—2
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are at least . In particular y ¢ O, and = & O,. Let 7 : [0,7] — H%(#) be a geodesic
joining z to y. By the above discussion, an initial (resp. terminal) segment of 7, say
7[0, ;] (resp. T[ty,7]), joins = (resp. y) to the singularity H?~2 and is contained in H,
(resp. Hy). The middle segment 7[t,,t,] joins two points of the singularity. As there
is a natural 1-Lipschitz retraction H%(#) — H%2 which is strictly 1-Lipschitz outside
H% 2, we have that T[tz, ty], being length minimising, must be be contained in H9—2.

The conclusion follows. OJ

Let us go back to the branched cover M), and the sector 5]- C M. By construction,
they are locally modeled on H%(2k7) and V(27) C H%(2kn), we deduce the following
information from Proposition 2.4 and Lemma 2.5.

Corollary 2.6. The following holds.

Both S and My, are locally CAT(—1).

Both m1(S) and m1(My) are Gromov hyperbolic and torsion-free.
The inclusion S C S is locally isometric.

The inclusion S C My, is locally isometric.

2.2. Topology. As an application of the above discussion, we establish various -
injectivity properties.

Lemma 2.7. The following holds.
(1) The inclusion B — S; _is T1-injective.
(2) The inclusion W — 05S; is m-injective.
(3) If k > 2 then the inclusion 0S; — My, is m1-injective.
(4) If k > 2 then the inclusion S; — My, is mi-injective.

Proof. The four inclusions are all locally isometric (Corollary 2.6). The conclusion
follows from [BH99, Proposition 4.14]. O

3. BRANCHED COVER AS A VIRTUAL DEHN FILLING

Let (M, B) be a GT-pair with wall W. Let M} be the canonical degree k branched
cover associated with it. In this section we describe 71 (Mj) as a virtual Dehn filling of
m1(M — B). In particular, we will realise it as a canonical finite index subgroup of

m (M) < Qg := (M — B)/((+*))

where v is a generator of ker(m (U — B) — m1(U)) (a so-called meridian) and U is a
tubular neighborhood of B in M.

The main reason for relating w1 (My) to m (M — B) is that M — B admits a complete
locally CAT(—k)-Riemannian metric g for which a drilled neighborhood U — B of B
lifts to a horoball in the universal cover of (M — B, g). As a consequence, (M — B)
is relatively hyperbolic with respect to w1 (U — B) as first proved by Belegradek [Bell2]
(see Theorem 3.3).

By the theory of algebraic Dehn fillings initiated in [Osi07, GMO08], the groups 71 (M)
act on the (uniformly hyperbolic) spaces Xy := X/({(7*)) where X is the cusp space for
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the relatively hyperbolic pair (m (M — B), m1 (U — B)). This fact plays a crucial role in
the proof of the key structural results carried out in the next section.

Another consequence of this point of view is that we can transform the automorphism
of m (My,) provided by the order k rotation pg : My — M, into a conjugation inside

the group Q. This will facilitate a lot the study of the algebraic structure of m (M)
and of Out(m (My)).

3.1. Fundamental group. The following lemma is crucial for our approach. It de-
scribes the fundamental groups of a Gromov-Thurston manifold M} as a virtual Dehn
filling of m (M — B). The proof requires careful bookkeeping of various identifications
and isomorphisms, but it is ultimately an application of van Kampen’s theorem.

Lemma 3.1. Let U C M be a tubular neighborhood of B in M and let y € U — B
be a basepoint. Denote by Ur C My, the pre-image of U under the branched covering
map pr : My — M and choose a basepoint y, € Uy — By such that pi(yx) = y.
Consider v € m (U — B,y) a generator of ker(m1 (U — B,y) — m1(U,y)). The projection
Pk My — By, — M — B induces an injective homomorphism

™1 (M, y) — Q1 == m (M — B,y) /("))

whose image is an index-k normal subgroup. The quotient group is cyclic of order k.
Proof. Recall that the manifold Mj, is constructed as

My= || 8 AW =Wp, 1 jez/kz}.
JEL/KT

We can assume that U C M intersects the wall W in a collar neighborhood V- C W
of B = 0W in W. In particular, U defines a neighborhood of B, denoted by U, in
the complete sector S intersecting the boundary 9S = DW in the double of V, that is
UNoS = DV. Denote by VF ¢ W, V= c W~ the two halves of DV in W+, W~
respectively. The pre-image of U in M} under the canonical branched cover projection
Pk : My, — M can be described as a gluing of k copies U; C S; of U with identifications
V't =V, that is

U= | | Uj/{Vj*:Vj;l:jeZ/kZ}.
JELIKT

From the above discussion it follows that py : Uy — U is Z/kZ-equivariantly equiva-
lent to the standard branched cover (id, 73) : BxD? — B xD? where D? is the open unit
disk and 7, : D? — D? is map sending (in polar coordinates) my(r,8) = (r, k) (it is a
branched cover of D? of degree k branched over 0 € D?). In particular p; maps a gener-
ator 7y, of the kernel ker(m (U — Bg, yr) — m1(Ug, yx)) (represented by a circle centered
at 0in {pt} xD?) to px(yx) = v* where 7 is a generator of ker(m1 (U — B, y) — m1(U, %))
(represented by a circle centered at 0 in {pt} x D?).

By van Kampen, we have

71 (Mp, yr) == 71 (My — By Yk) *my (Up—Buoye) T1(Uk Yk)-
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By the above discussion, Uy, is a tubular neighborhood of By in M}, and we have that
m1(Ux — By, yx) — m1(Uk, yx) is surjective. Thus, we have a canonical identification

71 (My, — B, Yk) *xy (U Bgyi) 71Uk, Yr) = 71 (Mg, — Bre, )/ {())-

where Ker(m (Uy — Bk, yx) — m1(Uk,yx)) = (7k). By the above discussion, we also
have pr(vx) = 7*. In particular, the map (pg)« : (Mg — By, yr) — Qr = m (M —
B,y)/{{(v*)) passes to the quotient m (Mg — By, yr)/{(7%)) and, by the van Kampen
identification, it induces a map

(Pr)+ + 1 (M, yr) ~ 71 (Mg — Br,ye) /(1)) — Q-

Finally, let us discuss injectivity, normality of the image, and the quotient group.
Essentially, everything boils down to standard properties of covering spaces. Observe
that pp : My — By — M — B is a covering map of degree k and that the rotation
ok My — My restricts to an order k covering automorphism acting transitively on
the fibers of pp : My — By — M — B. Thus, the latter is a regular covering and
its automorphism group is the cyclic group (px). By covering theory, this implies
that (pg)s : m1 (Mg — Bg,yx) — m1(M — B,y) is injective and that the image is an
index-k normal subgroup (containing ((v*)) as (pp)«(7) = ¥*) whose quotient group
is isomorphic to (px) ~ Z/kZ.

As a consequence, the image of (pg)« : m1 (Mg — B, yx)/{{(7)) — Qi is an index-k
normal subgroup with quotient isomorphic to Z/kZ. As (pg)s : m1(My — By, yr) —
71 (M — B,y) is injective and the image is normal and contains (pg)«(7%) = ¥, the
intersection between the image group and the subgroup ((y*)) is exactly the image
of the normal subgroup ((yx)) < 71 (M — By, yx). It follows that the map (pg). :

T (Mg — By, y) /(%)) — Qk is injective. O

3.2. The rotation is a conjugation. Having the description of m1(Mjy) as a virtual
Dehn filling of 71 (M — B) provided by Lemma 3.1, we turn to the action of the rotation
Pk : My — My, (see Definition 2.3) on 71 (Mj). For convenience, we conflate pp with the
automorphism of 71 (M},) that it induces. The next lemma identifies this automorphism
with a conjugation in Q.

Lemma 3.2. Notations as in Lemma 3.1. Consider the injective homomorphism

1 (Mg, yi) = Qi = m1(M — B,y)/{(+*))

induced by the branched covering projection py : My — M (described in Lemma
3.1). There is a representative of pr in Out(mi (Mg, yx)) whose action on the image
of (Mg, yx) coincides with the restriction to the image of m(My,yx) of the con-
Jugation by v i Q. Furthermore, the projection of ~v to the order-k cyclic group
Qr/Im(m (Mg, yr) = Qr) (by Lemma 3.1) is a generator.

Proof. As in Lemma 3.1, the branched cover py, : Uy — U is Z/kZ-equivariantly equiv-
alent to the standard branched cover (id, ) : B x D? — B x D? where 7y, : D? — D? is
the map that in polar coordinates behaves as mi(r, 0) = (r, k6). Under this equivalence
y € U — B corresponds to (pt,re?) € B x D?. The radial path in B x D? given by
t € [0,1] — (pt,t-re) corresponds to a path 1 : [0,1] — Uy joining zp € By to
yr € Up — By.
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The path 7 induces an isomorphism ¢, : 71 (My, zx) — 71 (M}, yx) sending
[a] = [~ *arx ).

The rotation py naturally induces an automorphism (pg )« : m1 (M, x) — 71 (Mg, zk)
and via the above isomorphism ¢, it induces also an automorphism of 71 (M, y) which

we now describe.

Let 6 be the path in U, — By, obtained by homotoping the concatenation ! % py ()

so that it misses By in the following way. Working inside the slice of Uy, corresponding
to {pt} x D?, the concatenation 1 py(n) corresponds to the concatenation of the radial
paths t — (pt,t-re??) and t — (pt, (1 — t) - 7e®+27/k)) We can then homotope it to
a circular arc t — re'(@t27/k) joining ret? to re!(?+27/k) The path § is the path in Uy,
that corresponds to this circular arc. Note that, since the m;-projection of the circular
arc to D? is a full circle, the pj-projection of § is a circle in U around B which is a
generator 7 of ker(m (U — B,y) = 71 (U, y)).

In conclusion, we have
Gy (pr)ty '] = [6 % pr(a) %571,
By Lemma 3.1, the image in Qg = m1(M — B,y)/((v*)) of é,(pr).¢, ] is
(Pr)+ (B0 (pi) by ) = [Pr(8) * pr(pr (@) * pr(8) 1.

Since prpr = pr we have that pg(pr(a)) = pr(a). Recalling that pg(d) = =, the
desired identification between the action of p; and the conjugation by v follows.

It remains to check that the projection of 7 to the cyclic group Q/Im(mi (Mg, yx) —
Q) is a generator. Recall that Q/Im(mi(My,yx) — Q) is isomorphic to 7 (M —
B,y)/Im(m1(My — By, yx) — m1(M — B, y)) and that the latter is identified by standard
covering theory with the deck group of py : My — By — M — B. As already observed
in the proof of Lemma 3.1, the deck group is the cyclic group (pi) generated by the
(restriction of the) rotation py : My — B — M}, — By. Hence, in order to check that -
is a generator, it is enough to check that the automorphism of py : My — By —» M — B
corresponding to [y] € w1 (M —B,y)/Im(71 (M — By, yi) — m1 (M —B,y)) is a generator
of the deck group. By covering theory, the deck transformation corresponding to [v]
is the unique one that maps the initial point of a lift of v to My — By to the terminal
point of the same lift. In our case, we can choose as a lift of «v the path § described
before. Its terminal point is exactly the rotation pg applied to its initial point. Thus
[v] corresponds to py as desired. O

3.3. Relative hyperbolicity. We now move to the geometric part of the section.
The following relative hyperbolicity result is a key ingredient.

Theorem 3.3 ([Bell2]). Let M be a closed hyperbolic d-manifold and B C M a codi-
mension 2 totally geodesic submanifold. Denote by U a tubular neighborhood of B in
M. Then the pair (m1(M — B),m1(U — B)) is relatively hyperbolic.

Definition 3.4 (Cusped Space). We denote by X the cusped space for the pair (m (M —
B),m (U — B)). We have that 71 (M) < Qx = 1 (M — B)/{{(v*)) acts on the quotient
X := X/{(+*)). We denote by P, the quotient of 71(U — B) < 7 (M — B).
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The following is a crucial property. It states that Xj is a d-hyperbolic geodesic
metric space where 4 is a uniform constant independent of k.

Proposition 3.5 ([AGMO09, Proposition 2.3]). There exist ,ky > 0 such that Xy is
d-hyperbolic for all k > k.

In particular, we get a collection of actions 71 (My) ~ Xj on uniformly hyperbolic
geodesic metric spaces. In the next section, we will study the possible degenerations of
such actions by analysing their natural geometric limits.

Towards this goal, let us recall a defining property of the cusped space X for the
relative hyperbolic pair (71 (M — B), 71 (U — B)) and how it is reflected in its quotients
Xp = X/{7M)).

The Gromov hyperbolic space X contains a collection H of pairwise disjoint horoballs
H C X which is precisely invariant under 7 (M — B), that is, such that for every
H € H and a € m(M — B) either «aH N H = () or «aH = H. Furthermore, there
is a bijective correspondence between the horoballs H € H and the conjugates of
m1(U — B), namely, each conjugate of 71 (U — B) stabilises some H € H (on which it
acts by parabolic isometries fixing the center at infinity of the horoball) and for every
H € H the stabiliser Stab(H) is a conjugate of m1(U — B). Once the horoballs in H
are removed, the action becomes cocompact, that is,

(X— U H) /71 (M — B)

HeH
is compact.

Denote by 7 : X — X; = X/{(+*)) the quotient projection.

The collection H descends to Hy := {Hy := m(H)|H € H}. It is immediate to
verify that the family Hy, is precisely invariant under the group Qg = 71 (M — B)/{{(+/*))
naturally acting on Xj. Since m (M — B) is relatively hyperbolic with respect to
7m1(U—B) and « has infinite order, it is well-known [Osi07, GMO08] that for all sufficiently
large k the intersection ((v*))N71 (U — B) coincides with the normal subgroup generated
by 7* in 71 (U —B). The latter agrees with the subgroup (y¥) < 71 (U~ B) as y generates
the normal subgroup ker(m (U — B) — 71(U)). Thus, the projection of 71 (U — B) to
Q1 induces an injection

m(U = B)/(4*) = Qi
Note that since 71 (U) = m (U — B)/{(v), the group Py := 71 (U — B)/(~*) is a finite
extension of m (U) = m1(B). More precisely, we have 71 (U — B) ~ m(B) x Z~ and
Py, ~ m1(B) x Z/kZ~. Equipped with this notation, it is a routine argument to check
that the stabilisers of Hy € Hj correspond precisely to the conjugates in @y of P.

3.4. Torsion and centre. Torsion elements and centralisers in Dehn filling of rela-
tively hyperbolic groups are well-understood. We collect here some useful characteri-
sations that will be very useful for us in later sections.

Proposition 3.6 ([Osi07, GMO08]). For all sufficiently large k, the map
(U = B)/((Y*)) = m(B) x Z/kZy = Qi = m (M — B) /("))
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is injective. In particular, the image of v has order exactly k in Qy.

Lemma 3.7. [DG18, Lemma 4.3] For all sufficiently large k, an element g of w1 (M —
B)/{{(*)) has finite order if and only if it is conjugate to a power of ~y.

Lemma 3.8. For all sufficiently large k, any non-elementary subgroup of Q = m1 (M —
B)/{(#*)) mnot conjugate into the image Py of m (U — B) has trivial centraliser. In
particular, m (M — B)/{(y*)) has trivial centre.

Proof. Tt is well-known that non-elementary subgroups of hyperbolic groups have finite
centraliser. By Lemma 3.7, finite-order elements in our case are parabolic. We now
argue that all non-trivial finite-order parabolic elements of m1(M — B)/({(y*)) have
exactly one fixed point in the Gromov boundary of Xj, and therefore they cannot
centralise any subgroup not contained in the image of w1 (U — B).

By Proposition 3.6, we have to argue that ~ only has one fixed point in the boundary.
This is because, for k sufficiently large, v has a power that moves each point on the
horosphere that it stabilises much more than the hyperbolicity constant of X}, (which
is uniform in k& by Proposition 3.5). If v fixed more than one point in the boundary
of X}, then any of its powers would coarsely fix a geodesic line with one endpoint the
limit point of the aforementioned horosphere. But this is not compatible with a power
of v having large translation distance on the horosphere. O

As a simple application of the above properties, we show here that the rotation pj
has order exactly k in Out(m(My)) (not so clear a priori). Its proof is a prototypical
example of how we combine properties of the Dehn filling Q3 with the identification of
the action of pi with a conjugation in QQg. Similar arguments will appear in Section 6.

Corollary 3.9. For all sufficiently large k, the outer automorphism represented by pg
has order exactly k in Out(my(My)).

Proof. For convenience, we conflate p, with the automorphism it induces at the level
of m. By Lemma 3.2, pj, coincides with the restriction of the conjugation by some
element v € Qp, when m(M},) is seen as a subgroup of it (as in Lemma 3.1). If pj is
trivial in Out(m;(My)), this means that there exists g € m(Mj) such that conjugation
by ¢ coincides with conjugation by 4/ on 71(Mj). That is, g~ 47 is contained in the
centraliser of m (Mp) in Q, which is trivial by Lemma 3.8. Since « has order exactly
k (Proposition 3.6), we conclude that this happens if and only if j is a multiple of &,
and therefore pj has order exactly k. g

4. INJECTIONS INTO 71 (M)

Throughout this section, (M, B) is a GT-pair with wall W, where M has dimension
at least 3, and M}, is the canonical degree k£ branched cover associated with M, W, B.
Recall that we denote Qj = 71 (M — B)/{{(+*)), where ~ is a generator of ker(my (U —
B) — m(U)) and U is a tubular neighborhood of B in M (Lemma 3.1). Recall also
that m (M — B) is relatively hyperbolic with respect to 71 (U — B) (Theorem 3.3) and
Q. acts on what we denote by X}, namely the quotient of a cusped space X for the
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pair (11 (M — B), 71 (U — B)) by ({(+*)). Crucially, there exist &, ky such that X} is
d-hyperbolic for every k > ko (Proposition 3.5).

In this section, we show, roughly, that hyperbolic groups which do not split with
respect to a suitable family of subgroups cannot have arbitrarily wild embeddings into
the Q. In order to state this precisely, we need two definitions.

Definition 4.1 (Minimal Displacement). Let G be a group, generated by a finite set
S, acting by isometries on (Z,dyz). For z € Z we define the displacement of S at z as

displg ,(2) = max dz(z,sz).
’ s€

The minimal displacement of S is

min — displ(S, Z) := ing displg »(2).
z€ ’

Definition 4.2 (Locally Covers). We say that a group H locally covers B if all finitely
generated subgroups of H are isomorphic to subgroups of 71 (B).

We prove the following. In the statement we include trivial splittings, so that any
group splits over itself.

Theorem 4.3. Let (M, B) be a GT-pair of dimension at least 3. Also, let G be a
torsion-free hyperbolic group that does not split over any subgroup which locally covers
B, and let S be a finite generating set for G. Then there exists D > 0 such that for all
k> 1 we have

min — displ(¢(S), Xx) < D

for all injective homomorphisms ¢ : G — Q.

The following consequence of the theorem is what we will actually use in our appli-
cations. Recall that we have an order-k rotation py : My — My (Definition 2.3). In
the statement below, we conflate py with the automorphism of 71 (Mj) that it induces.

Corollary 4.4. Suppose that G and (M, B) are as in Theorem 4.3. Then there exists
N > 0 such that for every k there are at most N injective homomorphisms ¢ : G —
m1(My) up to postcomposition by a conjugation and an element of (pi).

Proof. By Lemma 3.1, we can regard ¢ as an injective homomorphism G — Q. Con-
sider a point z € X}, realising the minimal displacement up to an error of 1.

Recall from Section 3.3 that X has a precisely invariant collection H of horoballs
H C X, and that it descends to a Qg-precisely invariant collection Hj in Xj. The
stabiliser Stab(Hy) of Hy in Qf is conjugate to the projection Py of m (U — B) <
m1(M — B) in Q which is isomorphic to 71 (B) x Z/kZ. Set

YVi=X-|JH and Yi:=X,— |J Hi
HeH HyeHy
and recall that Y/m (M — B) = Y}, /Qy is compact.

A point z, € X} realising the minimal displacement up to an error of 1 cannot lie
deeper than D + 1 into the quotient Hj of a horoball H € H, for otherwise all elements
of ¢(s) with s € S would satisfy ¢(s)Hr N Hr # 0 and, hence, ¢(s) € Stab(Hy) (as
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Hy. is Qi-precisely invariant). In particular, we would have that G is isomorphic to
¢(G) < Stab(Hy). This is not possible as we now explain. Since G is torsion-free and
Stab(Hj) is isomorphic to m1(B) x Z/kZ, the restriction of the first factor projection
Stab(Hy) — m1(B) to ¢(G) is injective. Hence, G is isomorphic to a subgroup of 71 (B).
This violates the fact that G does not locally cover B (in fact, in this case, G trivially
splits over itself).

Therefore, a point z € X} realising the minimal displacement up to an error of 1
lies in the (D + 1)-neighborhood of Yj. The proof can now be completed as in [DG18].

Up to conjugation, we can assume that dy, (zx,0r) < A where oy € Y}, is the pro-
jection of a fixed basepoint 0 € Y and A is a uniform constant independent of &
(it can be taken to be the diameter of Y/m(M — B)). Fix a word norm |- | on
71(M — B). By Milnor-Svarc, there exists C' > 0 such that dy (o, go) > |g|/C — C for
every g € m (M — B) (here we equip Y with its intrinsic path metric).

Now, on the one hand, we have (again, Y} is equipped with its intrinsic path metric)
dy,, (or, ¢(s)ox) < dx, (2k, B(s)2k) + 2dx, (0k, 21) < D + 1+ 2A.

On the other hand, we also have

dy; (ox, ¢(s)ox) = {dy (or, gs0)} > ){|QS\/C—C}-
Thus, for every s € S there exists a lift gg € m1 (M — B) of ¢(s) with uniformly bounded
word norm |gs| < C(D+14+2A+C) (independent of k). This immediately implies that,
up to composition with a conjugation in @y, there is a uniform bound (independent of

k) on the number of injective homomorphisms ¢ : G — 71 (M},).

inf inf
gs€m1(M—B)lift of ¢(s) gs€m1(M—B)lift of ¢(s

To conclude, we need one last observation to clarify how conjugations by elements in
Q. can be decomposed in conjugations in 71 (Mjy) and rotations. Since w1 (M) < Qy is
normal (Lemma 3.1) and m(My),y generate Q) (Lemma 3.2), every element o € Q
can be written as a = 4" g with g € w1 (M}). Thus, the conjugation ¢, is the composition
of the conjugation by ~" and the conjugation by g € m1(Mj). By Lemma 3.2, the
conjugation by 4" coincides with pj on 7 (M}). O

The proof of Theorem 4.3 will occupy the rest of the section.
For convenience of the reader, we will break it up into small steps.

4.1. Reduction to large k. Let G be a group as in the statement of Theorem 4.3
and S C G a finite generating set.

First of all, we argue that for a fixed k, there exists some Dy, such that
min — displ(6(S), X) < Dy
for all injective homomorphisms ¢ : G — Q. Thus, the same holds for any fixed
collection of finitely many k.

Let us explain the argument for a fixed k. Note that (), is hyperbolic since by Lemma
3.1 it contains the finite-index subgroup 1 (Mj) which is hyperbolic by Corollary 2.6.
In particular, the action of @ on any of its Cayley graphs is acylindrical.

We apply [Bow17, Theorem 1.2] (which gives a more precise version of [Del95] even
in the case of hyperbolic groups) with input I' = G and A = S and the action of G on
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a fixed Cayley graph G of Q) induced by ¢. We obtain as output a point = € G and
an element § € Mod(G) such that dg(z, ¢(0(s))z) < Dy for every s € S where Dy, > 0
is a constant only depending on G, S and the action Q ~ G. The group Mod(G) is
a particular subgroup of Aut(G). We do not need to describe it precisely, as we only
need to know that it coincides with the inner automorphism subgroup Inn(G) when G
does not admit splittings over infinite cyclic subgroups. By our assumptions on G, this
is the case for us. Thus, we conclude that dg(y, ¢(s)y) < Dy, for every s € S where
y = ¢(g)"'x and 6 is the conjugation by g € G.

From the uniform bound on the displacement dg(y, ¢(s)y) < Dy, for the action on the
Cayley graph G of Q) it is not hard to deduce the analogous statement for the action
on Xy, that is, dx, (z,¢(s)z) < D) for every s € S (where z € X}, is some point and

.. is a constant only depending on Dy). This follows immediately from the existence
of a coarsely Lipschitz Qp-equivariant map G — Xj.

In view of the argument above, in the remainder of this proof, we can assume k > ko,
for kg as in Proposition 3.5.

The proof is by contradiction. We assume that the hyperbolic group G as in the
statement of Theorem 4.3 has a sequence of injective homomorphisms ¢, : G = Q)
for which the minimal displacements of ¢,,(S) diverge as

dp, = min — displ(¢n(S), Xppn)) = n.

We will show that such a group G must admit a suitable splitting over a subgroup that
locally covers B, thus violating our initial hypothesis.

4.2. The limit R-tree and its peripheral arcs. In the first part, we closely follow
the argument for [DG18, Proposition 5.8] and produce an action of G on an R-tree.

We choose o, € Xj(y,) realising the minimal displacement d,, up to an error of 1.
Recall that the X} (,) are uniformly hyperbolic by Proposition 3.5.

Under the assumption of unbounded minimal displacements d,, — oo, we can rescale
their metrics by a factor 1/d,, and pass to an ultralimit (with respect to a fixed non-
principal ultrafilter w on N) to get an action of G on an R-tree (T, dr) with no global
fixed point

1
G <Xk(n), dnka(")> — G (T, dT) .

Up to passing to a subsequence, we have convergence in the equivariant Hausdorff-
Gromov topology. This means the following.

Definition 4.5 (Equivariant Hausdorff-Gromov). A sequence of isometric actions G
(Xn,dx, ) converges to an isometric action G ~ (Z,dz) in the equivariant Hausdorff-
Gromov topology if for every finite set {z1,---,2;} C Z, finite subset F' C G, and
(small) parameter € > 0 the following holds. For every n large enough there are points
xt, -+, 2} € X, such that for every g € F' and every i, j we have

|dr (i, g) — dx, (z7', gaf)| < e
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So far, all this is exactly as in [DG18]. (At the corresponding point of their proof,
Dahmani-Guirardel argue that peripherals fix points in trees, but for us, the domain
for ¢ is hyperbolic, so it has no peripherals.)

In order to analyse the action G ~ T, it is crucial to understand the arc stabilisers.
To this purpose, we single out a distinguished class of arcs which will be quite useful
in our analysis.

Definition 4.6 (Limit Horoball). Recall that every X} comes with a distinguished
family of horoballs Hj, (see Section 3.3). By the ultralimit construction, each sequence

(Hn € Hk‘("))neN with  sup ka(n) (on, Hyp)/dn < 00
neN

gives rise to a subset H of T" which we call a limit horoball. We denote by P the
collection of all these limit horoballs.

Definition 4.7 (Peripheral Arc). We call an arc o C T peripheral if it is contained in
a limit horoball H € P (as in Definition 4.6).

Limit horoballs have the following key properties.

Lemma 4.8. Limit horoballs are closed, conver, and any two distinct ones intersect
m at most one point.

Proof. Each H € P is automatically a complete subspace, hence closed. Convexity
immediately follows from the fact that all Xy, for k sufficiently large, are hyperbolic
with the same hyperbolicity constant (Proposition 3.5) and the fact that horoballs are
quasi-convex with constant uniformly controlled by the hyperbolicity constant (see e.g.
[GMO8, Lemma 3.10]). The intersection property follows from an application of [DS05,
Lemma 4.5]. To apply it, we need to check that the properties (1) and (ag) of [DS05,
Lemma 4.5] are satisfied in our setting. Both of them hold by the following claim,
which is well-known within a single cusped space X}, (see e.g. [MS20, Lemma 3.1]).
Here, however, we need constants independent of k, so we provide an argument.

Claim 4.9. There exists D > 0 such that for all R > 0 the following holds. For any
two distinct horoballs Hy, Hy in some X}, we have that Ng(H;) N Hy has diameter at
most DR + D.

Proof. 1t suffices to prove the same statement replacing Hy, Ho with the convex sub-
horoballs described above. Consider points p;, ¢; € H; with dx, (p1,p2),dx, (¢1,92) < R.
It follows easily from the description of geodesics in horoballs, see [GM08, Lemma 3.10],
that if dx, (p2,¢2) > 10R + 106 + 10, then a geodesic from ps to ¢o contains a point
at height larger than R + 2. Such a point cannot be 26 close to another side of
a quadrangle with vertices p1, q1, q2, p2, contradicting §-hyperbolicity. Therefore, any
P2, g2 as above will have dx, (p2,¢2) < 10R 4 100 + 10, as required. O

This finishes the proof of the lemma. ([

Peripheral arcs are the only source of potential pathological behaviors of the arc
stabilisers. In fact, we have the following.
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Lemma 4.10. Stabilisers of non-trivial non-peripheral arcs in T are either trivial or
maximal cyclic subgroups of G.

Proof. Consider a non-trivial non-peripheral arc [a,b] in T, and assume that its sta-
biliser Stab([a, b]) is non-trivial. Consider a non-trivial element h € Stab([a,b]). Note
that h has infinite order (since G is torsion-free). There are two cases.

Denote by P, the image of 71 (U — B) in Q) (see Section 3.3).

Case (1). For infinitely many n, the element ¢, (h) is not conjugate into Py ).

In this case, we follow word-for-word the proof of [D(18, Lemma 5.11], with a single
modification. In the proof, Dahmani and Guirardel use the fact that no loxodromic
element can stabilise a horoball in the cusped spaces they consider. We replace this
fact with the following: No element which is not conjugate into Py, (such as oOn(h),
by our assumption) can stabilise a horoball of H;,) in Xj,) (see Section 3.3).

Case (2). For infinitely many n, the element ¢, (h) is conjugate into Py.
We actually exclude this case. The key property to rule it out is the following.

Claim 4.11. There exists C' > 0 such that for all sufficiently large k& the following
holds. Let Hi C X} be the horoball stabilised by Pj. For all ¢ € P, non-trivial and
z € Xj, we have dx, (z,¢’x) > dx, (z, Hy) for some j with [j| < C.

Proof. If k is sufficiently large, we can find a uniformly bounded power ¢’ of ¢ that
translates every point of the boundary horosphere of Hj, a distance much larger than
the hyperbolicity constant of Xj (which, recall, is bounded independently of k by
Proposition 3.5). Considering an ideal triangle with endpoints z, g’, and the point at
infinity for H},, we then see that some geodesic from z to ¢/« passes through Hj. The
conclusion follows. O

We can now rule out Case (2). Fix ¢ > 0. Consider a point x € [a,b]. For n
sufficiently large, choose approximating elements x, € Xj,) such that for every |j| <
2C (where C is as in the above claim) we have

1 ) .
%dXM") (Tny n(h) xy) — dp(z, W 2)| < €

as provided by the equivariant Hausdorff-Gromov convergence (see Definition 4.5).
Note that dr(z, h?“x) = 0 as h?C fixes pointwise [a, b]. Thus
X,y (T, I (h)* ) [d < €

By assumption, ¢, (h) stabilises a horoball H,, € Hi(n)- Hence, by the claim, we have

Ay (Tny Hn) [dn < dx, ) (20, én(R)*C2n) [dy < e.

This implies that the sequence of horoballs H,, stabilised by the ¢, (h)’s defines a limit
horoball H (see Definition 4.6) which is invariant under h. Moreover, it also implies
that dr(x, H) < e. As € is arbitrary and H is closed, we get that x € H. As = € [a, b
was arbitrary, we deduce that [a,b] C H, which contradicts the fact that [a, b] is non-
peripheral. This concludes the proof of the lemma. O
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We denote by Tp the minimal subtree for T', meaning the smallest closed non-empty
subtree invariant under the G-action. There are 3 possible scenarios. Recall that P
denotes the collection of all limit horoballs.

(1) Single intersection. There exists a non-trivial arc « in Ty such that for every
HeP
anNH
is either empty or a single point.
(2) Finitely covered arcs. For every non-trivial arc v of Ty there are Hy,--- , H, €
‘P such that
aCH U - UH,.
(3) Generically dense with a non-finitely covered arc. For any arc « in Tj,

we have that
U HNa
HeP:|HNa|>1

is dense in «, but there exists a non-trivial arc of Ty not covered by finitely
many elements of P.

Note that at least of the above must hold. Indeed, if (1) and (2) do not hold, then
any arc « in Ty cannot have a non-trivial subarc that only intersects elements of P in
at most one point. That is, (3) holds.

4.3. Single intersection. We discuss Case (1).

Proposition 4.12. In Case (1), G acts without a global fized point on a tree Ty such
that each arc stabiliser is either trivial or a maximal cyclic subgroup.

Proof. We will use that T is tree-graded in the sense of [DS05, Definition 2.1], with
pieces given by the H NIy for H € P. Indeed, the conditions for a complete geodesic
metric space (note that Ty is complete because it is closed in 7" and T is complete)
being tree-graded are that (T1) any two pieces intersect in at most one point, which is
the case for elements of P by Lemma 4.8, and that (T2) all simple loops are contained
in a piece, which holds vacuously for us.

Denote by d the metric of Ty. For z,y € Ty, define d(z,) to be d(z,y) minus the
length of the intersections of the geodesic [z, y] with elements of P. In [DS08, Section
2] it is shown that this is a pseudo-metric, and that considering the equivalence relation
where z ~ y if d(z,y) = 0, we have that

Ty = (TO/N , ci)

is an R-tree, see in particular [DS08, Lemma 2.19].

The hypothesis of Case (1) is easily seen to imply that 77 is not a single point.
Moreover, we claim that the stabiliser of any non-trivial arc « in 77 coincides with the
stabiliser of a non-peripheral arc of Ty. Indeed, since 77 is a tree, the stabiliser of «
coincides with the stabiliser of its endpoints, which in turn coincides with the common
stabiliser of the pre-images of the endpoints in Ty. Said pre-images are (closed and
connected, so they are) closed sub-trees by [DS08, Lemmas 2.15 and 2.17], and they
are necessarily disjoint. Therefore, the common stabiliser of these sub-trees coincides
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with the stabiliser of a minimal arc joining them. This arc cannot be peripheral, for
otherwise the endpoints of o would coincide, and we are done by Lemma 4.10. ]

4.4. Finitely covered arcs. We discuss Case (2).

Proposition 4.13. In Case (2), either G locally covers B or G acts on a simplicial
tree Ty without a global fixed point and with edge stabilisers that locally cover B.

Proof. Consider the set Py C P of limit horoballs (see Definition 4.6) that intersect Tp
in more than one point. Note that Py cannot be empty, for otherwise Ty would need
to be a single point, but G acts with displacement 1 on Ty. Let Z be the collection
of all points of Tj that are intersections of two elements of Py. Consider the graph T5
with vertex set Py UZ and where an element of 7 is connected to the horoballs of Py
in which it is contained.

Claim 4.14. T is a simplicial tree.

Proof. First of all, we argue that T is connected. To see this, it is enough to argue that
any two vertices v,v’ € Py can be connected by a path. By definition, v, v’ correspond
to limit horoballs H, H' C T that intersect Ty in more than one point. Let o C Ty be
an arc connecting a point in H NTy to a point in H' N Ty. By the assumption of Case
(2), we have that « is contained in a finite union of limit horoballs

aCHU---UH, —=a=(H Na)U---U(H Na).

Each H;Na is a connected closed subsegment of o. By connectedness, o can be covered
using just those H; N o that are not empty and not a single point (in particular, we
can assume that every Hj is in Py). By connectedness of «, it also easily follows that
the subgraph of T, C T spanned by Hi,---,H, € Py and J(H; N H;Na) C T is
connected. As H, H' are connected to some vertices of T, (they must intersect some
Hj’s), they can be joined by a path in T, as required.

Let us now discuss cycles in Ts. If T5 contained a simple loop ¢, we could construct
a loop in Ty by concatenating geodesics in elements of Py that occur along £. Since
distinct elements of P intersect in at most one point (Lemma 4.8), this loop in Ty is
easily seen to be simple as well, contradicting that Tj is a tree. ]

Claim 4.15. If v € Py, then the stabiliser of v locally covers B.

Proof. Recall that v corresponds to a limit of horoballs H,, € Hy(,) with
supdx,,, (on, Hy)/dp = D < 0.

Consider hq,--- , h, € Stab(v) and x € H with dr(o, hjx) > 4D for every j < r. We
have hjz € H for every j < r. Fix ¢ < D. By Hausdorff-Gromov convergence (see
Definition 4.5), for every n large enough we find z", y; € Hy such that

dxy () (Y5, ¢n(hy)x™)/dyn < € and ka(n)(on,ygL)/dn > dr(o,hjz) —e>2D.
for every j < r. We argue that, for n large enough, we have ¢, (h;)x, € H, for every
j <rand, hence, ¢,,(h) H,NHy, # (). As the collection Hyy,) is Qp(n)-precisely invariant

we deduce that ¢, (h1), -, én(h,) € Stab(H,,) for all n sufficiently large. To see that
hjx, € Hy, observe that ¢,(hj)z, is in the e-neighborhood (for the metric ka(n) /dy)
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of the point y; which is contained in the horoball Hj,. Note also that y? has distance
from the origin o, at least 2D where D > ka(n) (on, Hy)/dn. As 2D — e > D, the
e-neighborhood of y7' for the metric d Xi(m) /d,, is entirely contained in the horoball H,.
Consider now a finitely generated subgroup H < Stab(v). By the above discussion,
for some n we have ¢, (H) lies in the stabiliser Stab(H,,) of the horoball H,, which
is a conjugate of Py, (see Section 3.3), because the generators of H are all mapped
to Stab(H,). Since Py, is isomorphic to m1(B) x Z/k(n)Z (see Section 3.3), ¢, is
injective, and H is torsion-free, we have that H is isomorphic to a subgroup of 71(B),
as required. O

If G does not fix any vertex of T, we are done. Suppose then that G fixes a vertex
v of Ty, If v € Py, then G locally covers B, and we are done. On the other hand, if
v € Z, then G does not fix v because the action on Ty does not have a fixed point. This
concludes the proof. O

4.5. Generically dense with a non-finitely covered arc. Finally, we discuss Case
(3).

Proposition 4.16. In Case (3), G acts without a global fized point on a tree T3 such
that the stabilisers of unstable arcs have bounded cardinality.

Proof. The idea is to apply [GH19, Theorem 4.4, Lemma 4.7-(4)] which gives the desired
conclusion provided that we prove two properties. First, we need to find a family of
uniformly acylindrical actions Q) ~ X}, (in the sense of [GH 19, Definition 2.8]). Then,
we need to show that, with respect to these actions, the injective homomorphisms
bn : G = Qpn) are divergent (in the sense of [GH19, Definition 4.2]).

For us, X, will be the coned-off graph for Qj, namely the space obtained from X}, by
adding edges connecting all pairs of vertices contained in the same horoball H € Hy.

We now establish the uniform acylindricity property of Qi ~ Xj.

Lemma 4.17. There exists 8 > 1 such that all X}, are &'-hyperbolic. Moreover, the
actions of Qi on Xy are uniformly acylindrical.

Proof. Uniform hyperbolicity follows from the well-known fact that coning off uniformly
quasi-convex subsets of a hyperbolic space yields a hyperbolic space, and the new
hyperbolicity constant depends on the old one and the quasiconvexity constant of the
subsets. This follows, for instance, from [[XR 14, Corollary 2.4].

To show acylindricity, we actually need a bit more.

Claim 4.18. There exists a constant A such that for all k£ and all geodesic « in X, we
can replace a collection of subsegments of « contained in horoballs with single edges to
obtain a (A, \)-quasi-geodesic & of X}, (compare with [Hrul0, Proposition 7.9]).

Proof of the Claim. To see this, note that, given such a geodesic «, we can find a
disjoint collection of subsegments that uniformly coarsely coincide with the intersection
of o with all horoballs it passes through. Denoting & the path obtained by replacing
those with a single edge, we can construct a coarse retraction onto & using closest-
point projection to « in Xj; we use here that if the projection of a horoball onto « is
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sufficiently large, then « passes through the horoball. The existence of this retraction
guarantees that & is a uniform quasi-geodesic. ([l

For a geodesic «a, denote by ay, the complement of the subsegments as in Claim 4.18.

Claim 4.19. There exists a constant D such that, for all k, given a triangle o U S U~y
in X, we have oy € Np(Ber Ue) (compare with [Sis12, Definition 3.11]).

Proof of the Claim. Given p € ay,, we know by hyperbolicity that it is §-close to either
B or . It is easy to see that a point of, say, 8 which is within bounded distance of the
complement of the horoballs is uniformly close to B, so we are done. O

Now, the constants implicit in the following arguments can be chosen independently
of k, and this will conclude the proof. Consider two sufficiently far away points x,y €
X, and an element g moving them both a bounded amount. There is a quasi-geodesic
@ connecting x,y as in Claim 4.18. Consider a point p of ay, such that p is lies at the
same distance in X} from z and y, up to a bounded error. Using two geodesic triangles
and Claim 4.19, it is readily seen that p is 2D-close to a point gq of gay.. Moreover, ¢
lies within bounded distance of p in X}, (but possibly not in X}). There are boundedly
many possibilities for ¢ since @ is a quasi-geodesic in a hyperbolic space, and boundedly
many possibilities for gq since balls in X are finite. Since the stabiliser of ¢ is finite,
there are boundedly many possibilities for g, as required.

This finishes the proof of the lemma. O

Next, we prove that the sequence of actions ¢p, : G — Qp(n) is divergent.

Lemma 4.20. The sequence of actions ¢n, : G — Qpp) is divergent for Q) ™~ Xp(n)-

Proof. Consider an arc a C Tp as provided by Case (3), that is, an arc that cannot be
covered by finitely many limit horoballs H € P. It will be convenient to arrange the
arc « to be contained in the axis of some element of g. This is what we do with the
next claim.

Claim 4.21. There exists an arc § as in (3) which is contained in the axis of a loxo-
dromic element g for the action of G on Tj.

Proof of the Claim. Fix an arc « as in (3). Since the action of G on Tj is minimal, it is
well-known that 7§ is the union of all axes of hyperbolic elements. In particular, there
exist loxodromic elements gg, g1 whose axes contain the endpoints of a. If either axis
contains «, we are done. If not, but the axes intersect, then one of them must contain
a sub-arc of a which still cannot be covered by finitely many elements of P, so we are
done in this case as well. More generally, by the same argument, we can also assume
that neither of the axes contains a subarc of « that cannot be covered by finitely many
elements of P. In particular, the minimal arc g joining the axes of gy and g; cannot be
covered by finitely many elements of P, and in particular is as in (3). Since the axes
of go and g; are disjoint, it is well-known that the product ggg; will be loxodromic and
that its axis contains 3, and this concludes the proof. O

Using the arc 8 of Claim 4.21, we prove the desired divergence property.
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Claim 4.22. The sequence of translation lengths of ¢, (g) on X k(n) diverges.

Proof of the Claim. Consider g and § as in Claim 4.21. Up to passing to a power of g,
we can assume that g8 and [ are disjoint. Since there are infinitely many non-trivial
subarcs of 8 of the form SN H, we can deduce the following. For all integers £ > 1 and
constant C' > 1 the following holds for sufficiently large n:

® ¢,(g) is loxodromic for the action on Xy,

e there exist horoballs HY', ..., H}! of Xy, such that a uniform quasi-axis v, of
®n(g) intersects each H} in a subgeodesic of length at least C, and

e v, has two disjoint subgeodesics, one containing the intersection of v with all
H? and the other one containing the intersection of v with all gi)n(g)H]"

The properties above, for C' sufficiently large, guarantee that the translation length
of ¢n(g9) on Xj(,) is bounded from below linearly in k(n) by Claim 4.18. Therefore,
the sequence of translation lengths diverges as required. ]

This finishes the proof of the lemma. O

Because of Lemma 4.17 and Lemma 4.20, we can apply [GH19, Theorem 4.4, Lemma
4.7-(4)]. This finishes the proof of the proposition. O

4.6. Assembling the proof of Theorem 4.3. We can now conclude the proof of
Theorem 4.3. Recall that we have to argue that G admits a suitable splitting. In Case
(2), we directly apply Proposition 4.13, as in this case the action is on a simplicial tree.
In the other two cases, we have actions on real trees, and we apply suitable versions of
the Rips machine. Specifically, in Case (1) we get the required splitting by applying
[BF95, Theorem 9.6] to the action on a real tree coming from Proposition 4.12, while
in Case (3) we combine Proposition 4.16 and [Gui08, Main Theorem].

5. SECTORS DO NOT SPLIT

Recall that, given a GT-pair (M, B) with wall W, we defined its associated complete
sector S as the metric completion of the complement of a wall S = M — W (see

Definition 2.2). Note that 71(S) = m1(S). The goal of this section is to show that

m1(S) does not split over any subgroup that locally covers B (see Definition 4.2).
Proposition 5.1. Let (M, B) be a GT-pair of dimension d > 3 with wall W. Then

m1(S) does not split over subgroups that locally cover B.

Proof. Suppose that 71(S) = G1 %y G or m1(S) = Gr*y with H that locally covers B,

and H a proper subgroup of G;. Denote by m1(S) ~ T the associated action on the
Bass-Serre tree T

Consider the action of the subgroup m1(9S) < 71(S). There are two cases. Either
71(dS) fixes a vertex (and, hence, it is conjugate in one of the factors G, say Gy) or
we get a decomposition of 7 (9S) as a graph of groups. We rule out the first case by
homological arguments and the second case by geometric ones.

Case (1). Suppose m1(8S) < G1. We double S along the boundary and obtain the
closed d-manifold DS. As m(0S) < G4, in the amalgamated product case we get a
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splitting of m1(DS) = G} xg G2 where G| = Gy * 1 (05) 71(S). The HNN case is very
similar, and we do not spell out the details in that case. By Mayer-Vietoris (homology
coefficients in Z), we get the short exact sequence

Hd(H) — Hd(Gll) D Hd(GQ) —_— Hd<7l'1(D§)) — del(H)-
To conclude, we now apply the following lemma that we prove below.

Lemma 5.2. Let H be a group that locally covers B. Then either:

(1) H is isomorphic to a finite index subgroup of m1(B).
(2) The homological dimension of H is at most d — 3.

Assuming Lemma 5.2, we finish the proof of Case (1) as follows. By Lemma 5.2,
we have Hy 1(H) = Hy(H) = 0. Since DS is closed and orientable Hy(m(DS)) = Z.
So necessarily either Hy(G') = Z or Hy(G2) = Z. However, both G, G2 are infinite
index subgroups (this always happens in an amalgamated product if the amalgamating
subgroup is proper in both factors) of 71 (D.S), so their d-dimensional homologies vanish,
a contradiction.

It remains to prove Lemma 5.2.

Proof of Lemma 5.2. Since B is a closed aspherical manifold, it is well-known that the
homological dimension of a subgroup of m(B) is d — 2 when the subgroup has finite
index and < d — 3 when it has infinite index.

If H is finitely generated, then H is isomorphic to a subgroup of 71 (B) by definition
of locally covering. Thus the conclusion follows from the previous observation.

If H is not finitely generated, then it is a strictly increasing countable union of
finitely generated subgroups H = UjEN H;. By Definition 4.2, each H; is isomorphic
to a subgroup F; < m1(B) which has finite index if H; has homological dimension d — 2
and infinite index if H; has homological dimension < d — 3.

There are two scenarios. Either there exists j such that H; has homological dimen-
sion d — 2 or every H; has homological dimension d — 3. To analyse them, we make the
following observation.

If Fj has finite index (equivalently, if H; has homological dimension d —2), the index
of F; in m(B) is completely determined by H; (it is independent of the embedding
H; — m(B)). Indeed, the degree is determined by the ratio between the simplicial
volumes ||H;||/||m1(B)|| (for the definition and properties of the simplicial volume, we
refer to [Gro82] or [Fril7, Chapter 7).

Suppose we are in the first scenario, that is, we have jo such that H), has homological
dimension d — 2. Any embedding f; : H; — F; < m(B) with j > jo restricts to an
embedding f; : Hj, — m1(B). By the observation above, the index of f;(Hj,) < Fj in
m1(B) is completely determined by Hj,. We deduce that F} is a finite-index subgroup
of m1(B) with index bounded by the index of Fj,. As there are only finitely many
finite-index subgroups up to a fixed index, Fj is constant for infinitely many j > jo
and, hence, we must have H; constant for all large j, but then H is finitely generated
and coincides with Hj for all j large enough. This contradicts our assumption that H
is not finitely generated. So the first scenario does not happen under this hypothesis.
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Suppose we are in the second scenario, that is, each H; has homological dimension
< d—3. Asthe homological dimension of H is at most the supremum of the homological
dimensions of the H;’s (see e.g. [Bie76, Theorem 4.7]) and each H; has homological
dimension < d — 3 because it is isomorphic to an infinite index subgroup of m(B), we
conclude that H has homological dimension < d — 3 as desired. O

Next, we discuss Case (2).

Case (2). Consider the splitting of m1(0S) as a graph of groups. The edge stabilisers
are subgroups of H. Note that the homological dimension of 71(dS) is d — 1 and,
by Lemma 5.2, each edge stabiliser has either homological dimension < d — 3 or it is
isomorphic to a finite-index subgroup of m1(B). By the same argument of Case (1),
shifting degrees down by 1, we cannot split 7 (9S) along subgroups of homological
dimension < d — 3. So the only possibility left is that each edge stabiliser is isomorphic
to a finite index subgroup of m1(B). This means in particular that any edge stabiliser
for 71 (0S) is a finite index subgroup of an edge stabiliser for 71 (S).

Therefore, to conclude Case (2), we are left to prove the following.

Lemma 5.3. m1(S) does not split over any subgroup virtually contained in w1 (0S).

Proof of Lemma 5.3. For the proof, we recall a definition and a fact.

Definition 5.4 (Coarse Separation). Given a subset A C Y of a metric space Y, we
say that A coarsely separates Y if for all R > 0 there exists R’ > 0 such that given
xz,y € Y with dy(z, A),dy(y, A) > R’ there exists a path joining x to y outside the
R-neighborhood of A.

By e.g. [Papl2, Lemma 2.2], if a finitely generated group G splits over a subgroup
H, then H coarsely separates G, where we conflate G with one of its Cayley graphs.

In view of this, we will argue that no subset of 71(9S) can coarsely separate 71 ().

As coarse separation has suitable quasi-isometry invariance properties, it suffices to
argue that Y, the universal cover of S endowed S with the metric from Corollary 2.6,
is not coarsely separated a subset of a boundary component C' C 9Y (note that the
boundary component is convex, by the same corollary).

In order to prove this, we begin with the following observation.

Claim 5.5. Any point x € Y lies on a uniform quasi-geodesic ray -, starting at its
closest-point projection m(z) in C, and such that the distance to C' diverges along ~,.

Proof of the Claim. Indeed, we can prolong the geodesic [r(x), ] until either we obtain
a geodesic ray, or we hit another boundary component, and append a geodesic ray
contained in said component forming an angle bounded away from 0 with [r(x),z]. O

We note that there exists a constant K such that the distance of any 2’ € v, to A is
dy (', 7(z)) + dy (7w(x), A) up to an additive error of at most K. This is because any
geodesic from 2’ to A passes uniformly close to m(z) due to well-known properties of
closest-point projections to (quasi)convex subspaces of hyperbolic spaces.

Now, fix R > 0, and consider x,y € Y at distance at least R from A. By the above,
the subrays of 7, and v, starting at = and y lie outside the (R—2K)-neighborhood of C.
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Thus, to prove that C' does not coarsely separate Y, it suffices to show that points z’, 1/
sufficiently far along v,,, can be connected by a path outside the R-neighborhood of
C. To do so, we exploit the following.

Claim 5.6. Let Z = 0 — 05C be the Gromov boundary 0 Y of Y minus the limit
set OooC of C'. Then Z is connected.

Proof of the Claim. Note that the set of points of 0, Y not contained in the union U

of all limit sets of 7 (S)-translates of C' is dense in 05 Y.

By [Tral3], 0xY — U is homeomorphic to the complement B — P in the Bowditch
boundary B of the relatively hyperbolic pair (m(S),71(9S)) of the union P of all
parabolic points. By [MW20], B is a Cech homology (n — 1)-sphere, and therefore
B — P is connected (B remains connected after removing finitely many points and an
intersection of connected sets is connected). Hence so is Y — U, and in turn so is Z
since J5Y — U is dense. O

Let o and ys be the limit points of 7, and v,. By Claim 5.6, for any € > 0
there exists a sequence zo, = ag, ..., 0y, = Yoo With consecutive elements lying within
distance at most € (in a fixed visual metric on the boundary). For ¢ > 0 small enough
and L > 0 large enough, we can choose points b; € [7(a;), a;) such that

e ag, ay lie within L of points 2/,y’ along 7,, v, at distance > R+ L from C,
o dy(bj,bj11) < L for j <mn,
e dy(b;,C) = R+ L.

Connecting the 2/, ¢/, and b; in the appropriate order with geodesics, we obtain the
desired path outside the R-neighborhood of C. [l

This concludes the proof of Case (2) and, hence, of Proposition 5.1. O

6. OUTER AUTOMORPHISM GROUPS

In this section, we prove Theorem C, Theorem D, and Theorem E. These all require
understanding (outer) automorphisms of fundamental groups of Gromov-Thurston man-
ifolds.

We begin by recalling some notation. Fix a GT-pair (M, B), of dimension d > 3, with
wall W. We denote by S its associated complete sector, that is, the completion of M —W
with respect to the intrinsic path metric. Its boundary 0S consists of two isometric
copies of W, denoted by W, W~ intersecting along the singularity B = W~ NW ™.
The degree k branched cover of M along B is obtained gluing k£ copies Sj of S along
their walls Wji, that is

M= | | Sj/{Wj*: 1 :J €Z/KLY .
JET/KT

The intersection of all sectors S j is By, a copy of B. We fix once and for all a basepoint
xp € By, mapping to a fixed point € B under the branched covering py : M — M.
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A key role in the proofs of our main theorems is played by the group
G = Out(m (M, zx))

which has finite order (by [Pau91] plus the well-known fact that fundamental groups
of closed aspherical d-manifolds with d > 3 do not split over cyclic subgroups). Inside
Gy, we have the order k element (by Corollary 3.9) induced by the canonical rotation
pr : My — My sending pk(S'j) = §j+1 (as in Definition 2.3). We conflate p; with the
automorphism of 71 (M, x) that it induces.

6.1. The action of G; on injections and Theorem C. Denote by Cj the set of con-

jugacy classes of injections 71 (S) — 71 (Mg, x)). These include the canonical inclusions

(see Lemma 2.7) induced by S; C M}, which we denote by
Lj: m(S) — 7r1(5’j,:):k) < 71 (Mg, z).
Note that G, acts naturally on C;. We have the following.
Lemma 6.1. (p) < Gy, acts freely on Cy, for all sufficiently large k.

Proof. Suppose that pfc[b] = [1] for some injection ¢ : 71 (S) — 71 (My, z;) and 1 < j <
k — 1. This means that there exists g € 71 (M, zx) such that
pru(a) = gua)g™
for every a € 71(S). The same remains true in @, after composing with the embedding
71 (My, zx) — Qr = m1 (M — B)/{{(y*)) provided by Lemma 3.1. By Lemma 3.2, inside
Qr we have pii(a) = yi(a)y~! for every a € 71(S). Thus,
Yy = gila)g™t
or, written differently, the element v/ g~! of Q; commutes with the subgroup «(m(S)).

By Lemma 3.8, this is possible only if 71 (.5) is conjugate to a subgroup of Py < Qx,
the image of 71 (U — B) in Q. Recalling that Py ~ 71(B) x Z/kZ (see Section 3.3) and
that 71 (S) is torsion-free (see Lemma 2.7), we deduce that 7 (S) must be isomorphic
to subgroup of 7 (B). However, this cannot happen because of two facts. First, 71(.9)
contains a proper subgroup (see Lemma 2.7) isomorphic to 71(B). Second, it is well-
known that the fundamental group of a closed hyperbolic manifold does not contain
a copy of itself as a proper subgroup (by Mostow rigidity). Combined, the two facts
prove that 71(S) cannot be isomorphic to a subgroup of 7 (B). O

We now prove Theorem C, which we restate for the convenience of the reader.

Theorem C. Let (M, B) be a GT-pair of dimension d > 3, with wall W, and let
My = GT(M, B, k). There exists an integer I > 0 such that for all k > 2 the following
holds. The number of conjugacy classes of injections 7w (M — W) — 71 (My) is Nk for
some N < 1.

Proof. By Proposition 5.1, the group G = m1(5) satisfies the assumptions of Corollary
4.4. Applying the latter, we get some I, independent of k, such that there are at most

injections 7 (S) — 71 (Mg, zx) up to conjugation and elements of (p). In other words,
Cr/{pr)| < 1.
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By Lemma 6.1, the action of (px) on Cy, is free, so Cy, is partitioned by such action into
(pr)-orbits of size k (the order of pj by Corollary 3.9). In conclusion, |Ck| is divisible
by k and |C|/k < I, as required. O

6.2. The action of Gj on orbits and Theorem D. Next, we consider injection
stabilisers. We denote by

Hj := Stab ([LJ]) < Gk
the stabiliser in Gy, of the conjugacy class of the inclusion ¢; : 71(S;, z) — 71 (Mg, k).

By considering G-orbits instead of the whole Ci, we can refine the discussion of the
previous section and prove the following.

Lemma 6.2. Let N > 0 be the constant provided by Corollary 4.4 with input G =

m1(S). For all j <k we have
[Gk : HJ] == N]k?
for some Nj < N.

Proof. We will show that the Gj-orbits O in Cj have cardinality of the form N;k as
in the statement. Once we do that, we have that the index [G}, : Hj] is equal to the
cardinality of the orbit O = Gy, - [¢5] in Cy.

Consider an arbitrary orbit O = G - [¢] in Ci. Note that (px) acts on O. By Lemma
6.1, such action is free, so that O can be partitioned into (pg)-orbits of cardinality equal
to |(pr)| = k. The number of such orbits is No = |O|/|{px)| < N. The claim follows
immediately. O

Lemma 6.2 is the key tool to prove Theorem D, which we restate for convenience.

Theorem D. Let (M, B) be a GT-pair of dimension d > 3 and let My, = GT(M, B, k).
There exists an integer I > 0 such that, for all k > 2, |Out(my(My))| divides I*k.

Proof. We split the proof into two main steps, namely Claim 6.3 and Claim 6.4.
Claim 6.3. [G} : () H;] divides (N!)*k.

Proof of the claim. We write

Gk:ﬂHj :[Gk:Hl]'[HliHlﬂHQ]'...' ﬂHj:mHj
J<k Jj<k-1 i<k

By Lemma 6.2, the first factor is [Gy : H1] = N1k with Ny < N. The other factors
have the form

m Hj : ﬂ Hj
j<r j<r+l
In order to bound them, we repeatedly use the following fact: If A is a finite group and

B,C < A are subgroups, then [B: BN C] < [A: C]. Choosing
A= () Hj, B=()H;, and C= () Hj

2<j<r J<r 2<j<r+1
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we can remove H; from the intersections and get

NH: () BH|<|()H: (| H

j<r <+l 2<j<r 2<j<r+1

Applying again and again the fact in a similar fashion, we obtain

NH: () H|<| () H: (| Hl|<<I[H:H0OH.})

j<r j<r+1 2<j<r 2<j<r+1
We now claim that for every r we have
[Hy: H. N Hp1q] <N

where N is the same as in Lemma 6.2. This is enough to conclude the proof of the
claim since we showed that [G : () H}] is a product of k integers, the first of which is
N1k with N1 < N and all the others are smaller than N.

For simplicity of notation, we show that [H, : H, N H,41] < N for r = 1.

We consider the action of H; on Gy/Hs. The stabiliser of Hy € Gy/Hy in Hj is
Hy N Hy, so that [Hy : Hy N Hy] is the cardinality of the orbit O := {h1Hy : hy € H;}
of Hy € Gi/Hy under H;. We argue that

Ok < |Gr/Hs|.

Since |G/ Hz| = Nk with Ny < N (by Lemma 6.2), this allows us to conclude |O] < N
and finish the proof. In order to show that |O|k < |Gy /Hz| it is enough to show that
distinct points hy Ha, hy H2 € O have disjoint orbits under the action of (py) on G/ Ho.
To this purpose, consider arbitrary p, p’ € (pg). Suppose that phiHs = p'h|Hy. We
show that hyHy = hHy and p = p/. Note that

phiHy = p'hy Hy <= (o)~ p = hyhohy!

for some hy € Hs. As outer automorphisms, the right-hand side fixes the conjugacy
class of the inclusion of the intersection of 71 (S1, 7)) and 71 (Sa, zy), which contains
71 (Wi, 21) (by Lemma 2.7). The exact same argument as in Lemma 6.1 gives that
(pr) acts freely on the conjugacy classes of said inclusion, and so we must have p = p/,
and in turn hy = hihe. Hence, hy Ho = h) Ho as required. O

Claim 6.4. (| H; = {id}.

Proof of the claim. Let [¢] € () H;. In particular, [¢] € Hy, so that, up to changing the
representative in the outer class, we can assume that the restriction of ¢ to m1(S1, zy)
is the identity. We claim that ¢ is also the identity on all wl(gj, x) and, hence, ¢ is
the identity because the 7r1(§j, xy)’s generate my (M, xx).

We explain the argument for 7 = 2, the other cases follow inductively along the same
lines. Since [¢] € Hy we know that the restriction of ¢ to m1(Sa, ) is a conjugation
by some g € 71 (M, x)). Observe that (inside 71 (Mg, x))) we have

Wl(W{7$k) = Wl(Wi,l’k)
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(recall that both W1+7: W, C S1 C My are m-injective by Lemma 2.7). As the
restriction of ¢ to (S, xy) is the identity, we have

gag' = ¢(a) = o

for every a € m (Wi, ) = m(W, ,zx). So g centralises 71 (W;", ;). From Lemma
3.8 we deduce that g = 1 (the lemma applies similarly to the proof of Lemma 6.1) and,
hence, the restriction of ¢ to m1(S2, x) is the identity as desired. O

Putting together the above claims shows that |Gy| = [Gy : () H;] divides (N!)*k.
This concludes the proof of Theorem D. ([l

6.3. Fixed subgroups and Theorem E. We now move on to the proof of Theorem
E, which we restate.

Theorem E. Let (M,B), (M',B’) be GT-pairs of dimension d > 5, and let My, =
GT(M, B, k), M = GT(M', B', k). Suppose that B is not isometric to B'. Then there
exists I > 0 such that the following holds. If k,k' > I and k has all prime factors > I,
then My, is not homotopy equivalent to M.

For the proof, we need the following definition and fact.

Definition 6.5 (Hall Subgroup). Let G be a finite group and let II be a set of primes.
A subgroup H < G is a Hall TI-subgroup if the prime divisors of the order of H lie in
IT and the order is coprime with the index.

By a foundational result of Wielandt [Wie54], if a finite group G has a nilpotent Hall
II-subgroup H, then all Hall II-subgroups of G are conjugate to a subgroup of H.

We can now start the proof.

Proof. Throughout this proof, assume that k, k¥’ are sufficiently large.

Suppose by contradiction that there exists an isomorphism

w : 7T1(Mk) — 7T1(M]/€/).

This also induces isomorphisms

Yaut : Aut(my (My)) = Aut(m1 (M) and oyt : Out(m (My)) — Out(my (M)
For simplicity we introduce the notation G}, := Out(m1(My)) and G}, := Out (w1 (M},)).

We now consider the rotation pi € G and make a couple of observations. First, by
Corollary 3.9, if k is large enough, then pj has order k in G. In particular k||Gg|. By
Theorem D applied to the GT-pair (M, B), we have |G3||(N!)¥k for some fixed N only

depending on (M, B). If k has only prime factors larger than N we conclude that the
order and the index of (p;) < G} are coprime.

We transfer now the above considerations to the group G, (isomorphic to Gy). We
have the following. By Theorem D applied to the GT-pair (M’, B"), we have

Gl |[(N)F
for some fixed N’ only depending on (M’, B’). Since |G| = |G}.| and k||Gy| we get
E|(N'D)F K.
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Hence, if k has only prime factors larger than N’, we conclude that k|k'.

By Corollary 3.9, if £’ is large enough then p}, has order k' in G},. By the above
considerations, as G, is isomorphic to G}, it follows that the order and the index of

k' /k
(o)) < G
are coprime. Set II to be the set of primes > max{N, N'}. Observe that both

(ou(pr)) and  ((ph)"")

are (cyclic-hence-nilpotent) Hall IT-subgroups of G, (see Definition 6.5). By Wielandt’s
Theorem [Wie54], it follows that they are conjugate to each other and, hence, that
_ _ Kk
pi=touslpr) and p:= (pf)"’

are conjugate, say p' = ¢ppo ! for some ¢ € G- Passing to automorphisms, we get

pleg = dpo~!
where we chose

)

K [k
pi=tas(pr) and p = (pf)"’
where ¢ is an arbitrary representative of ¢, and where cg denotes the conjugation by
the element g € m1(M},).

Note that ¢pp~! fixes the subgroup ¢o(mi(By)) < m1(M},).

Now recall that 1 (M},) embeds in Q,, = m (M’ — B')/{{(y)¥)) (Lemma 3.1) and
the composition of p), with this embedding coincides with the conjugation by ' that
is p}, = ¢y (Lemma 3.2).

Thus, setting & := (v/)¥/*, we have p'c, = csc, = cs, on the image of m(MY,). In
particular, the fixed subgroup of ¢s4 is the centraliser in m1(Mj],) of dg. By the above
discussion, ¢sy = ¢pp~! on w1 (M],) so the fixed subgroup in w1 (M},) of cs, is also equal
to the fixed subgroup of ¢p¢~—! which is ¢t (w1 (By)).

As csy = ppg~t on i (M},) and ¢pp~! has order k in G}, we deduce that (6g)* € Q},
centralises 71 (M],) and, hence, (6g)¥ = 1 by Lemma 3.8. By Lemma 3.7, we must have
that dg is conjugate to a power of 7' in Q},, say

dg =h(y)"h™!

for some h € Q},. We now recall that § = (7/)*'/F. We also recall that 71 (Mj,) is normal
in @), and that the quotient Q},/m(M],) is an order k" cyclic subgroup generated by
v’ (see Lemmas 3.1 and 3.2). Projecting to the quotient the above relation, we get that
r = k'/k and, hence, we have g = hoh™ .

Thus, the centraliser C(dg) of 6g in @}, is the centraliser of héh™!, which, in turn,
is the conjugate by h of the centraliser C(d) of § in @}/, that is, C(dg) = hC(5)h ™.
The centraliser of dg in m;(M;,) is the intersection

C(6g) N (My,) = hC(O)h™ Nm(My,) = h (C(6) N (My,)) B!

where the latter equality follows from the fact that m(M],) is normal in @Q},. In
particular, as the conjugation by h induces an automorphism of 71 (Mj,), the subgroup
C(dg) Nm(Mj],) is isomorphic to C(6) Nm1(M;,). The latter is equal to m1(B},).
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We are now able to conclude. On the one hand, we just proved that the centraliser of
dg in w1 (M],) is isomorphic to 71 (Bj,). On the other hand, we know that the centraliser
of dg in m(M},) is equal to the fixed subgroup of ¢p¢~!, which is ¢ip(m1(Bg)). Thus
71 (By) = m(B) is isomorphic to m(By,) = m1(B’). By Mostow rigidity, recalling that
d > 5, it follows that B’ is isometric to B. This contradicts our initial assumptions
and finishes the proof. O
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