ON SURFACES WITH FINITE TOTAL CURVATURE IN RANK 2

ANDREA TAMBURELLI

ABSTRACT. We show that complete maximal surfaces in anti-de Sitter space and
hyperbolic affine spheres in R? have finite total curvature if and only if they are
conformally planar and their embedding data is determined by a holomorphic
polynomial differential on the complex plane. Moreover, we prove an analogous
result for maximal surfaces in H*? under the additional assumption that they
belong to the Hitchin section.
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INTRODUCTION

Recent works ([Tam19], [DW15]) study the geometry of polynomial maximal sur-
faces in anti-de Sitter space and hyperbolic affine spheres in R? in terms of their
boundary at infinity. Precisely, in [DW15| the authors prove that there is a one-
to-one correspondence between convex polygons in RP? and polynomial hyperbolic
affine spheres. Similarly, [Tam19| shows that polynomial maximal surfaces in anti-de
Sitter space are in bijection with light-like polygons in the 2-dimensional Einstein
Universe. In this short note, we give a different characterization of these surfaces:

Theorem A. A complete mazimal surface in anti-de Sitter space or hyperbolic affine
sphere in R3 is polynomial if and only if it has finite total curvature.

The proof is identical in both cases and is based on the analysis of the solutions to
the vortex equation on the plane ([Lil9]), following [HTTW95| closely. Indeed, these
surfaces are determined by a Riemannian metric g = e“*|dz|? on the complex plane
and a holomorphic k-differential ¢x. Here, £k = 2 in the case of maximal surfaces in
anti-de Sitter space, whereas k = 3 for hyperbolic affine spheres. The metric g and
the holomorphic differential ¢; are then related by the vortex equation

(1) laxlls, =1 = rg,
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which expresses the Gauss equation for maximal surfaces in anti-de Sitter space and
the structural equation of affine spheres in R3. Using the geometry of these surfaces,
we will deduce that uy — + log(|gg|?) is a subharmonic function which, together with

finiteness of the total curvature, will imply that ]qkl% is a complete singular metric
on C with finitely many zeros and hence ¢ is a polynomial on the plane. The other
implication in Thereom |A|is instead based on precise estimates on uy — %log(\qklz),
which will allow to compute explicitly the total curvature in the case where ¢ is a
polynomial and find that it is a rational multiple of © depending on the degree of
the polynomial.

In the last part of the paper, we focus on maximal surfaces with finite total
curvature in the pseudo-hyperbolic space H?*2. Associated to such surfaces is a
holomorphic quartic differential ¢4 that partly determines their second fundamental
form ([TW20], [CTT19]). Our main result is the following:

Theorem B. A complete mazimal surface in H>? with finite total curvature has a
polynomial quartic differential q4. Conversely, if q4 is a polynomial and the surface
belongs to the Hitchin section then it has finite total curvature.

Maximal surfaces in H?? with polynomial quartic differential belonging to Hitchin
section were extensively studied by the author, in collaboration with Mike Wolf, in
a previous work ([TW20]), where, among the other things, it is proved that these
surfaces bound negative light-like polygons in the 3-dimensional Einstein Universe.
However, the space of such polygons is not connected and our family of surfaces only
fills up one connected component. One expects that the other components corre-
spond to different families of polynomial maximal surfaces. The extra assumption
in Theorem [B|reflects then the fact that the existence of such surfaces is still conjec-
tural and their structural equations have not been studied yet. We conjecture that
all maximal surfaces in H?? bounding a negative light-like polygon have finite total
curvature. Theorem [Blis a step forward this result.

The proof of Theorem [B] follows the same line as the proof of Theorem [A] When
a maximal surface in H?? belongs to the Hitchin section, the estimates for their
structural equations in our previous work ([TW20]) allow to explicitly compute the
total curvature and show that it is a rational multiple of 7 that only depends on the
degree of the polynomial. For the other implication, we rely on the fact that these
surfaces have bounded geometry ([LT20]), to deduce a bound on the number of zeros
of the quartic differential based on the total curvature. Then the proof follows the
same lines as Theorem

Acknowledgement. The author would like to thank Mike Wolf for suggesting this
problem and pointing out the results in [Hub57].

1. BACKGROUND MATERIAL

We review in this section the fundamentals of the theory of maximal surfaces in
anti-de Sitter space and hyperbolic affine sphere in R3.
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1.1. Maximal surfaces in anti-de Sitter space. Consider the vector space R*
endowed with the bilinear form of signature (2, 2)

(,y) = Toyo + T1y1 — T2y2 — T3Y3 -
Anti-de Sitter is the quadric
AdS; = {z e R | (z,z) = —1} .

It can be easily verified that AdSs is diffeomorphic to a solid torus and the restric-
tion of the bilinear form to the tangent space at each point endows AdSs with a
Lorentzian metric of constant sectional curvature —1.

Let U C C be a simply connected domain. We say that f : U — AdS3 is a
space-like embedding if f is an embedding and the induced metric go = f*gaqs
is Riemannian. The Fundamental Theorem of surfaces embedded in anti-de Sitter
space ensures that such a space-like embedding is uniquely determined, up to post-
composition by a global isometry of AdSs, by its induced metric go and its shape
operator B : TU — TU, which satisfy

dVB =0 (Codazzi equation)
Kg, = —1 — det(B) (Gauss equation)

where V is the Levi-Civita connection and sy, is the curvature of the induced metric
on S = f(U). We will always assume in this paper that the induced metric go is
complete.

We say that f : U — AdS is maximal if B is traceless. In this case, the Co-
dazzi equation implies that the second fundamental form IT = go(B-,-) is the real
part of a quadratic differential g2, which is holomorphic for the complex structure
compatible with the induced metric go on S. If we choose a conformal coordinate
z on U, there is a function ug : U — R such that go = e“2|dz|? and a holomorphic
function p(z) so that gz = p(z)dz?. The Gauss equation can then be re-written as

(2) figs = —1+[lg2l3,
or, equivalently,
(3) Aug = 2e%2 — 272 |p(2)[? .

Vice versa, given a holomorphic quadratic differential go = p(2)dz? on U and a
solution uo to Equation there is a unique maximal embedding f : U — AdSs
with induced metric go = e%2|dz|? and second fundamental form given by the real
part of g2, up to post-composition by a global isometry.

1.2. Hyperbolic affine spheres. Hyperbolic affine spheres arise when studying
immersions of surfaces in R? up to volume-preserving affine transformations.

Let U C C be a simply connected domain. Consider a strictly convex immersion
f: U — R? and choose ¢ a vector field transverse to H = f(U). We can split the
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standard flat connection D into a tangential part V and a transversal part

Df*Xf*Y = f*(vXY) +g3(X7 Y)f
Dy x§ = —f(B(X)) + 7(X)¢ .

One can check that V is a torsion-free connection, g3 is a symmetric bilinear form,
B is an endomorphism of TH and 7 is a one-form on H, for any choice of the
transverse vector field £&. We say that € is an affine normal to f if it satisfies the
following requirements:

e g3 is positive definite;

o 7 =0(;

e for any linearly independent vectors X and Y, det(X,Y,€)? = g3(X,Y)
In this case, V is called Blaschke connection and g3 is the Blaschke metric. Moreover,
we say that H is a hyperbolic affine sphere if B(X) = —X for every vector field X. Tt
turns out that, up to post-composition by a volume-preserving affine transformation
of R3, a hyperbolic affine sphere is uniquely determined by the Blaschke metric and
the Pick differential, which is defined as follows. We choose coordinates so that the
Blaschke metric g3 is given by g3 = €“3|dz|%. This means that the complex tangent

vectors f, = f*(%) and f; = f*(%) satisfy
9s(For £2) = gs(f=, f2) =0 and gs(fe, f2) = g

Let 6 and 6 be the matrices of one-forms expressing the Levi-Civita connection of g3
and the Blaschke connection, respectively. We define the Pick form C by

é{ — 8 = Cgk/’k

where p! = dz and pi = dZz are the dual one-forms. The property of the affine
normal, together with the symmetries of the Pick form, implies that

o — 01 6?% _ 1 V20us gze”"3dz
0% 9% V2 \gze™®dz  /20us3
where g3 = \/501116“3. The Blaschke metric g3 and the Pick differential g3 satisfy
the following system of PDEs
8(]3 =0
Kgs = —1+ [lgsllZ,

where we recognize that the first equation simply says that ¢3 is a holomorphic cubic
differential and the second equation can be re-written as

(4) Auz = 2e"8 — 2e7243|g3)? .

Vice versa, given a holomorphic cubic differential ¢35 on U and a solution us to
Equation there is a unique hyperbolic affine sphere f : U — R?® with Blaschke
metric g3 = e“3|dz|? and Pick differential g3, up to post-composition by a volume-
preserving affine transformation.
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1.3. Maximal surfaces in H?*2. Consider the vector space R®> endowed with the
bilinear form of signature (2, 3)

(,y) = zoyo + T1y1 — Tay2 — T3Y3 — TaYa -
The pseudo-hyperbolic space H?*? is the quadric
H*? = {z € R® | (z,z) = —1} .

It can be easily verified that H?? is diffeomorphic to D? x S? and the restriction
of the bilinear form to the tangent space at each point endows H?? with a pseudo-
Riemannian metric of signature (2,2) and constant sectional curvature —1.

Let U C C be a simply connected domain. We say that f : U — H?? is a
space-like embedding if f is an embedding and the induced metric g4 = f*gpe.2 is
Riemannian. Note that, if f is space-like, the normal bundle NS to S = f(U)
inherits a negative definite Riemannnian metric gy from gge2. A space-like surface
is uniquely determined, up to post-composition by a global isometry of H??2, by its
induced metric g4 and its second fundamental form II : T'S x T'S — NS, which
satisfy

d¥II =0 (Codazzi equation)
Kg, = —1 + 5||1I]|2 (Gauss equation)

where
2
11)|% = — ‘m‘axZgHz,z (I1(v, €;), II(v, €;))
v|=1
i=1

with (e, e2) being a local orthonormal frame of T'S. We will assume that the induced
metric g4 is complete.

We say that f: U — H?? is maximal if II is traceless, where
trg,(II) = II(e1, e1) + Il(eg, e2) .

In this case, the second fundamental form II is the real part of a holomorphic section
o: TS x TS — NCS. The tensor g4 = gn(0,0) is then a holomorphic quartic
differential on S.

In particular, we can define a map ¥ from the space M (H?*?) of complete maxi-
mal surfaces in H?? to the space of holomorphic quartic differentials. We say that a
maximal surface S € M (H?*?) is polynomial if S is conformally planar and the cor-
responding quartic differential ¥(.S) is a polynomial over C. In [TW20], we defined
a section of the map VU, using wild Higgs bundles over CP!, by explicitly construct-
ing a family of maximal surfaces in H>? with given polynomial quartic differential.
Because the definition of this family resembles those equivariant with respect to
Sp(4, R)-Hitchin representations, we refer to the surfaces studied in [TW20] as be-
longing to the Hitchin section.
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Remark 1.1. Maximal surfaces in H?? have bounded geometry (see [LT20]), hence the
norm of the quartic differential g4 with respect to the induced metric g4 is uniformly
bounded, In other words, there is a constant C' > 0 such that

qq
lgallgs = 5 < C.
94

As a consequence, if we denote by ¢ the logarithm of the density of g4 with respect to
1 1
the metric |g4|2, i.e. g4 = €?|qs|2, we deduce a uniform lower bound on ¢, precisely

1 1
6 =i — 1 log(laif?) = — og(C)

2. PROOF OF THE MAIN RESULTS

We first start by computing the total curvature of a polynomial maximal surface
in AdS3 and of a polynomial hyperbolic affine sphere in R?. The main ingredient is
the following estimate for the solution of the vortex equation on the plane:

Theorem 2.1 ([DW15|, [Lil9]). Let qx = p(z)dz* be a holomorphic k-differential

on C with k > 2. Then there is a unique solution ug : C — R to the equation

(5) Auy, = 2e™ — 2~ =Dk ()2

such that g, = e“*|dz|? is complete. Moreover, the following estimates hold:

a) 3 log(|p(2)]%) < up(2) ;

b) if p(2) is a polynomial, then outside of a ball of sufficiently large radius, we have
lui(z) = flog(Ip(2))ller = O™V /\/r), as |2| = +o0, where 1 is the |qx|+-
distance from the zeros of p(z)

We deduce that the metric g is always non-positively curved because

!p( )!
Kg, = —1+ HQngk =-1+

<0.

Proposition 2.2. Let ¢, = p(z)dz* be a polynomml k—diﬁerentml and let ug be the
solution to Equation (). Then the total curvature of the metric g, = e“*|dz|? is

Kg, = =3 deg(p(2)).
Proof. Let Br denote the ball of radius R centered at the origin. We compute

Ay,
K, = dA, = i ——— dA
Ik /(C Ky, Ik R_lffoo B, 26U Ik
S A (u(2) = = log(Ip(=)?) ) dzdz
= 23_13-100 . Uz kog yu¥4 zZaz

1
- 1' 1
2% R-sioo BRA og(|p(2)[?) dzdz

g [ o (18(2) = 1 Tou(lp () ) s

— — lim / Alog(|p(2)]) dzdz.
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Now, by Theorem b), the first integral tends to 0 as R goes to +00. The sec-
ond term computes the total curvature of the flat metric \qk]% on C. Indeed, if

2155 Zdeg(p) denote the, possibly coincident, zeros of p(2), we have
deg(p)
1 27
pAlEbE) = 3 T

in the sense of distribution and
1 _ 27
K 2 =—— [ Alog(|p(z)]) dzdz = ——— deg(p(2)) .
|Qk‘ k k‘ C ]f

Hence,

O

The computation for the total curvature of a polynomial maximal surface in H??
belonging to the Hitchin section relies instead on the following result.

Theorem 2.3 ([TW20], [LM19]). Let g4 = p(z)dz* be a polynomial quartic differ-
ential on C. Then there is a unique solution (11,12) to the system

» {wl = v (o)

%sz — e2¥2 _ o¥1—Y2

Moreover, the functions ¥; : C — R satisfy:

a) ¥1(2) = g log(|p(2)?) and a(2) > g log(|p(2)[);
b) outside a ball of sufficiently large radius

where r is the |Q4|i—di5tance from the zeros of p(z).

P1(z) — a(2) - ilog(!p(Z)lz) <SO(e™ V) as |2 = +o0,

Cl

Proposition 2.4. Let g4 = e“|dz|? be the induced metric on a polynomial mazimal
surface in H>? with holomorphic quartic differential g4 = p(z)dz* belonging to the
Hitchin section. Then the total curvature of g4 is Ky = —% deg(p(z)).

Proof. The induced metric g4 can be written in terms of the solution to the system
(6) as ga = 4e¥*7¥2|dz|*. Therefore, if Bg denotes the ball of radius R centered at
the origin, we can compute
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: A1 — o)
Kg4 = /(C:‘igz; dAg4 = RLIIEOO B —W dAg4
1
- *EREIEOO (wl ~ 2 — {log((p(2) ) dzdz

— é Rgm / Alog(|p(2)|?) dzdz

1 1 2
=3 RLHEOO /aBR o <”¢1 o log(\p( ) >Rd9

- 8RE>I—11:100/ Alog(|p(2)|?) dzdz

Now, by Theorem [2.3] the first integral tends to 0 as R goes to +o0o. The second
term, as we saw in the proof of Proposition computes the total curvature of
1
the flat metric with cone singularities [g4|4, which is equal to —F deg(p(2)). Hence,

Ky, = — 5 deg(p(z)), as claimed. O

We now move to the proof of the other implication in Theorem [A]and Theorem
We let Sk be a complete maximal surface in anti-de Sitter space (k = 2), a complete
hyperbolic affine sphere in R? (k = 3), or a complete maximal surface in H?? (k = 4)
with finite total curvature. Completeness ensures that Sy is homeomorphic to a disk
([Lof01l, Theorem 3], [Tam19, Proposition 3.1|, [TW20, Proposition 6.3]). We denote
by gr and ¢x the embedding data introduced in the previous section. A general result
of Huber ([Hub57, Theorem 15]) shows that an open, complete, non-positively curved
Riemannian surface with finite total curvature is parabolic, thus Sj is conformally
planar. Choosing conformal coordinates on C and writing g = p(z)dzk, we need to
prove that p(z) is a polynomial. We first shows that p(z) has finitely many zeros:

Lemma 2.5. Assume that the total curvature of Sy, is K, = —%’rm for some m > 0.
Then p(z) has at most [m] zeros.

Proof. Assume by contradiction that p(z) has more than [m] zeros. Then

og—?m+?[m1 <lim [ g ddg s tim / Alog(|p(2)]) dzdz

2 R—+4o00 k R—+c

i [ o ? (1)~ oulpl)P)) mas

= i (-t - (1s() ~ 081 ) )

Hence, since the zeros of the holomorphic function p(z) are discrete, there exists
€ > 0 such that the inequality

G f ()= proatna))) ha < —

=—— lim / Auy, dzdz—i—— lim / Alog(|p(2)|?) dzdz
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holds for all large R except possibly countably many values. Integrating in R, we
get

£ ()= rorl0)) ) o < ~elog(r) + €

for some R sufficiently large, which contradicts Theorem part a) when k = 2,3
and Remark if k=4. O

We can now conclude the proof of Theorem [A] and Theorem Repeating the
same estimates as in Lemma [2.5] there is a constant C' > 0 such that
2m

f (uk<z>—;log<\p<z>\2>> Rdp < 2 log(R) + €

for all R sufficiently large, except for at most countably many values. Because the
metric g, is negatively curved, the function u(2)— 1 log(|p(z)|?) which represents the

logarithmic density of the metric g with respect to |qk|% is subharmonic. Therefore,
for any z sufficiently far from the origin, we have

1 1 _
w(e) =~ ploap)) < f, - (ww) — plos(bw)f) ) dea

2

-l (1st) ~  os(p()P)) dz

|z
2

<4 /
~ 7|2 By

2
z

3|z
4 N " 1 -
= —_—¥ 7 _71 i
ww/;' / (ukuze) ~log(|p(Re”)[?) ) RdfdR

1
(st~ 1os(lp(u))) aaz
(Z)\B%\(Z)

3|z|
4 2 2m
< * Rl
S P /I;I <27TR < ? og(R) + C>> dR
aj + by log(|z|)

for some aj,b; > 0. Exponentiating both sides, we deduce that, for |z| sufficiently
large,

IN

etk < e |2|P p(2)|F,

hence the metric |z|" |p(z)|% is complete, because g is complete, and has finitely
many zeros. It is well-known that this implies that p(z) is a polynomial. See for
instance [Oss86, Lemma 9.6].
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