COHOMOLOGY OF VARIETIES OVER THE MAXIMAL KUMMER
EXTENSION OF A NUMBER FIELD

DAVIDE LOMBARDO AND TAMAS SZAMUELY

ABSTRACT. Let X be a smooth projective geometrically connected variety defined over a
number field K. We prove that the geometric étale cohomology of X with Q/Z-coefficients
has finitely many classes invariant under the Galois group of the maximal Kummer extension
of K in odd degrees. In particular, every abelian variety has finite torsion over the maximal
Kummer extension. This improves results by Rossler and the second author as well as
Murotani and Ozeki. We also show that finiteness of torsion of a given abelian variety over
non-abelian solvable extensions of K is not controlled by the Galois group of the extension.

1. INTRODUCTION

Let K be a number field with fixed algebraic closure K, and let X be a smooth projective
geometrically connected variety over K. We denote by X the base change of X to K, and for
an intermediate field M with K D M D K we write Gy := Gal(K|M). In this note we shall
study the question of finiteness of the subgroup of Gjs-invariants of the étale cohomology
groups HY (X,Q/Z(j)) over certain infinite extensions M|K. Note that when X = A is an
abelian variety with dual abelian variety A*, the group H},(A*, Q/Z(1)) identifies with the
torsion subgroup of A(K) as a Gx-module (see, for instance, the introduction of [I5]), so in
this case Gjs-invariants on cohomology correspond to M-rational torsion points of A.

In the paper just mentioned, Rossler and the second author considered the case when M
is obtained by adjoining all roots of unity to K and proved finiteness of HY (X, Q/Z(j))"™
for odd i. The method of proof generalized that of a much earlier theorem of Ribet [14] who
proved finiteness of the torsion subgroup of M-points of an abelian variety for M as above.

But there are other infinite extensions M|K over which finiteness of H (X, Q/Z(j))“™
holds for odd 4. Indeed, recently Murotani and Ozeki [I1] proved this for a large class of infinite
Kummer extensions M of K. Here we extend their statement to all Kummer extensions.

Theorem 1.1. Let KX"™ pe the mazimal Kummer extension of K, obtained by adjoining all
roots of elements of K. The group H} (X, Q/Z(5))%xxum s finite for all odd i and arbitrary
j. In particular, the torsion subgroup of K¥"™-points of an abelian variety over K is finite.

As already pointed out in [I5, Remark 3.6], for even i the group H, (X, Q/Z( §))Crcium ig
infinite because cycle classes on X xum generate an infinite subgroup. It is an interesting open
question whether the quotient modulo cycle classes is finite. On the other hand, finiteness
may fail already over infinite abelian extensions: for an abelian variety of CM type over K
all torsion points are defined over the maximal abelian extension.

The Galois group of the field KX"™ over K is nilpotent of class 2. The proof of Theorem
will proceed by a general reduction to abelian extensions from solvable extensions of finite
class:
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Theorem 1.2. Let K and X be as before, and let M|K be a (possibly infinite) Galois ex-
tension contained in K such that Gal(M|K) is solvable of finite class. Fiz integers i > 0

and j. Assume that for all finite extensions K'|K contained in K and all subestensions
K' C F C K'M with F|K' abelian the following conditions hold:

(1) For all primes p we have (HZ (X, Qp(j))SS)GF =0.
(2) For all but finitely many primes p we have (Hgt (X, Z/pZ(j))SS)
Then H: (X, Q/Z(5))M is finite.

“r _ .

Here H} (X, Q,(5))* (vesp. H (X, Z/pZ(j))*) denotes the semisimplication of the module
H! (X, Qyu(5)) (resp. H, (X ,Z/pZ(j))) with respect to the action of Gal(K|K). It is part of
the Tate conjecture (at least with Q,-coefficients) that these actions are semisimple and thus
the superscripts ‘ss’ can be omitted. If we assume semisimplicity, then in view of well-known
arguments about abelian groups (see ([I5, Lemma 2.1]) conditions (1) and (2) above can be
replaced by the simpler condition that the group H. (X, Q/Z(5))F is finite.

Remarks 1.3.

(1) In fact, we prove a slightly stronger statement: there exists a finite extension K'|K,
depending only on 7, j and X, such that if M is as in the theorem and all abelian exten-
sions F|K’ contained in K’M satisfy conditions (1) and (2), then H: (X, Q/Z(5))™
is finite. On the other hand, there may exist K”|K finite (often we may take K" = K;
see Remark[3.4] (1)) such that (1) and (2) hold for all abelian F|K” contained in K" M
but nevertheless finiteness of Hf (X, Q/Z(j))“™ fails.

(2) The semisimplicity conjecture with finite coefficients is perhaps less widely known.
However, it is part of general motivic expectations and Corollary 1.3.4 (4) of [3]
provides strong evidence for it: Cadoret, Hui and Tamagawa prove that over a
finitely generated field of positive characteristic semisimplicity of cohomology with
Q,-coefficients for p large enough (prime to the characteristic) implies semisimplic-
ity with Z/pZ-coefficients for p large enough. The characteristic 0 analogue of this
result would suffice for our purposes. Note also that by an observation of Moonen
[10] semisimplicity in characteristic 0 with Q,-coefficients follows from the usual Tate
conjecture on the image of the cycle map.

For an abelian variety A over K semisimplicity of the Galois action on the rational Tate
module V,(A) and on p-torsion points (for p large enough) is known by classical work of
Faltings and Zarhin (see e.g. Chapter IV by Schappacher in [5]). So in this case finiteness
of torsion points of A over the maximal abelian extension (K’)2" of every finite extension
K'|K implies finiteness over solvable extensions of finite class. In particular, plugging in a
well-known result of Zarhin (18], Corollary of Theorem 1) we obtain:

Corollary 1.4. Let A be an abelian variety over K having no simple isogeny factor of CM type
over the algebraic closure K. Then A has finitely many torsion points over Galois extensions
M|K such that Gal(M|K) is solvable of finite class.

This statement was also obtained using arguments similar to ours in very recent work of
Huryn [6]. Huryn’s preprint appeared while we were writing up the present note and we took
the opportunity to borrow one of his arguments to simplify the proof of one of our lemmas

(Lemma [3.2| below).
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Observe that the conditions on the extensions of K appearing in Theorem are purely
Galois-theoretic. This prompts the question whether for fixed X, ¢ and j there exists a Galois-
theoretic criterion on extensions M|K that ensures the finiteness of HZ (X, Q/Z(j))%™. Un-
fortunately, this is not the case:

Proposition 1.5. There exist two infinite Galois extensions M, M’ of Q with Gal(M|Q) =
Gal(M'|Q) solvable of class 2 such that all abelian varieties defined over subfields of M have

finite torsion subgroup over M but some abelian varieties defined over Q have infinite torsion
over M'.

After some preliminaries, Theorem will be proven in Section [3] Theorem will be
deduced from Theorem in Section [5| by means of an adjustment of arguments from [I5].
The last section contains the proof of Proposition [1.5

2. ON A THEOREM OF SERRE AND WINTENBERGER

During the proof of Theorem we shall need a slight variation on a theorem contained
in Wintenberger’s paper [17] that has its origin in results explained by Serre in courses given
at College de France in 1985/86. We begin by a list of conditions coming from Section 3.3 of
[17].

Definition 2.1. Let K be a number field, p a prime, M, a finite-dimensional F,-vector space,
and p, : Gal(K|K) — GL(M,) a Galois representation. Fix natural numbers do,b. We say
that p, is an SW representation of type (do, b) if the following hold:
(1) The Fp-dimension of M), is at most dp.
(2) The representation p, is semisimple.
(3) Every inertia subgroup at a place of K not lying above p acts on M, via a pro-p-
quotient.
(4) The weights of the action of the tame inertia subgroup at every place lying above p
on M), lie in the interval [0, b].

Theorem 2.2. Fix a number field K and natural numbers dy and b. There exists a fi-
nite extension K'|K such that for all but finitely many primes p the derived subgroup of
pp (Gal(K|K')) is a perfect group for every SW representation py : Gal(K|K) — GL(M,) of
type (do, b).

For the proof we need some auxiliary statements about algebraic groups over finite fields.

Lemma 2.3 (Borel-Tits). Let p be a prime number and N be a (connected) semisimple
algebraic group over Fp. Let f : N — N be the universal cover of N and denote by N(F,),
the image of N(Fp) EN N(Fp). If p > 3, the group N(F,), is perfect and coincides with the
derived subgroup of N(F,).

Proof. See [2, 6.5 and 6.6] and [17), §1.2]. O
Proposition 2.4. Let G be a connected reductive group over a finite prime field F,,, and let
N = G’ be its connected derived subgroup. If p > 3, we have an equality of groups of Fp-points

G(Fp)/ = N(Fp)/-

Proof. Tt suffices to prove the containment G(F,)" C N(F,)’, the other one being obvious.
By the lemma above we may replace N (Fp)" by N(F,), = f(N(Fp)).
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Write Zg for the (scheme-theoretic) center of G and G*4 := G/Z for the adjoint quotient.
The commutator morphism

c:GxG— G, (g,h) — [g,h] :== g htgh

takes values in N (by definition of the derived subgroup) and is invariant under translation
by Zg X Zg on the source. Hence ¢ factors uniquely through the quotient

Gx G — (G)Zg) x (G/Zg) = G x G*,

yielding a morphism of F,-schemes o : G2 x G — N with ¢ = a o7, where 7 : G x G —
G* x G# is the natural map.

Now note that G and ]Y have the same adjoint simple quotient, since both are given by
G/Zqg = N/(ZgN N) = N/Zg, where Zg denotes the center of N. Moreover, since N is
semisimple, it agrees with its own derived subgroup. Thus, the same construction as above,
applied to N , produces a morphism

BN x N = gad x gad 5 N
such that f o = «a. Therefore, at the level of F,-points we obtain a map
Bp: G(Fy) x G(Fp) — N(Fp)
such that for g, h € G(F,) we have

9, 1] = £ (Bp(g, b)) € F(N(Fp)),
which concludes the proof. ]

Proof of Theorem[2.3 Given an SW representation p, as above, Serre and Wintenberger

construct algebraic subgroups G;lg and N, of GL(M,) and prove the existence of a finite
extension K'| K such that for all but finitely many p the following hold (see [17, §3.3, Théoréme

4]):
(1) Gglg is a reductive group and IV, is its derived subgroup.
(2) We have the containments

Ny(Fp)' C pp(Gal(K|K"))) C Gglg(Fp)-

(Note that Wintenberger states this with the subgroup Nj(F)), instead of N,(F,)" but, as
remarked above, the two are the same for p > 3.)

We now show that N,(F,)’ equals the derived subgroup of p,(Gal(K|K’)). This will prove
the theorem as the group N,(F)) is perfect by Lemma Using the second containment in
(2) we obtain

[p(Gal(RIK"), pp(Gal(K|K"))] C |G3E(F,), GaE(F,)| = Ny (F Y

where the last equality holds by Proposition On the other hand, using the first contain-
ment in (2) we have

Np(Fp)/ = [Np(Fp)/7 Np(Fp),] - [pp(Gal(F]K/)), Pp(Gal(F’K/))} )
where the first equality uses that N,(F,)" is perfect. Combining the above inclusions we

deduce that the derived subgroup of p,(Gal(K|K')) is the perfect group N,(F})’, as desired.
([l
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3. PROOF oF THEOREM [[.2]

We begin the proof of Theorem As already noted in the introduction, the finiteness of
H(X,Q/Z(5))%™ is equivalent to the vanishing of H% (X, Q,(5))“™ for all primes p and of
H(X,Z/pZ(5))™ for all but finitely many p (see [I5], Lemma 2.1). Hence we first prove
two auxiliary results, one with Q,-coefficients and one with Z/pZ-coefficients.

We formulate these for arbitrary finite-dimensional p-adic G g-representations V), stabilizing

a Zy-lattice T, C V},. As before, V® denotes the semisimplification of V.

Proposition 3.1. Assume that Gk has connected image in the automorphism group of Vp®.
Let M|K be a subextension of K|K with solvable Galois group of finite class. If for all abelian
subextensions F|K of M|K we have (V;ES)GF =0, then VpGM =0.

The proof uses a group-theoretic lemma.

Lemma 3.2. Let G C GL,(Q,) be a connected reductive algebraic subgroup and H C G(Qp)
be an abstract subgroup, dense in the Zariski topology. Suppose that H is solvable of finite
class as an abstract group. Then G is a torus.

Proof. The following proof is inspired by [6, Proof of Theorem 1.1(a’)]. Let n > 1 be such
that H is n-step solvable. Consider the n-fold commutator map

D, :G¥ 5 @,

where G’ denotes the derived subgroup of G. We claim that this map is surjective (in the
algebraic sense). Indeed, the semisimple group G’ coincides with its derived subgroup, which
in particular gives surjectivity of Dy : G’ x G — G’. Tterating this observation implies that
D, : (G")*?" — @' is surjective, and hence so is D,, : G**" — G’. By assumption, H*?" is
Zariski-dense in G*2", and D, is trivial on H*?" since H is n-step solvable. This implies that
D, is the trivial map. Since it is also surjective, G’ is the trivial group. A reductive group
with trivial derived subgroup is a torus. O

Proof of Proposition[3.1 Assume V;DGM # (0, and hence also W := (VIDSS)GM % 0. As Gy is
normal in G, the Qp-submodule W C V;® is Gk-stable, and the induced representation
pw: Gxg — Autq,(W) factors through Gal(M|K). In particular, py (Gk) is a solvable
group of finite class.

Denote by Gy the Zariski closure of py (Gk) seen as an algebraic group over Q). It is
connected by assumption, and by construction it is a reductive group whose Q,-points contain
pw (GK) as a Zariski dense subgroup. Lemma then shows that Gy is commutative. The

fixed field F' of ker(Gx — Gw(Qp)) is an abelian extension of K with W C (‘/;’S)GF by
construction. This proves (V;DSS)GF #0. ([l

Proposition 3.3. Assume that the image of Gi in the automorphism group of (T,/pT},)™
has perfect derived subgroup. Let M|K be a pro-solvable subestension of K|K. If for all
abelian subextensions F|K of M|K we have ((Tp/pr)SS)GF =0, then (T,/pT,)%™ = 0.

Proof. Assume (T,/pT,)%™ # 0, and hence also W, := ((Tp/pr)ss)GM # 0. As in the
previous proof, the subspace W), is Gk-stable and the induced representation py,: Gx —
Autg, (W) factors through G' = Gal(M|K). Thus pw,(G k) is a finite solvable group.
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Let pp: Gk — Autp, ((T,/pT},)%) be the full mod p representation on (7,/pT,)*, and let
ew, : Autg, ((Tp/pTp)*) = Autg, (W) be the natural projection. Then

pr(GK) :ewp(pP(GK)) 2 eWp(pP(GK)/)‘

By assumption p,(Gx )’ is a perfect group, hence so is ey, (pp(G i) ) As the latter group
is contained in the solvable group pw,(Gk), it must be trivial. Since applying ey, com-

/

mutes with taking the derived subgroup, we get triviality of ey, (pp(G K))/, which means that
pw, (Gk) = ew, (pp(Gk)) is abelian. The fixed field F of ker(py, ) is then an abelian extension
of K contained in M such that W), C ((Tp/pr)SS)GF . It follows that ((Tp/pr)SS)GF #0. O

Proof of Theorem[I.9 We take up the notation of the theorem. Recall from the begin-
ning of this section that we have to prove HY (X, Q,(j))%™ = 0 for all primes p and
HL(X,Z/pZ(5))“™ = 0 for all but finitely many p. Set V, := HZ (X,Q,(j)) and let T,
be H. (X,Z,(j)) modulo its torsion subgroup. By a theorem of Larsen and Pink (see [§]
or [7, Proposition 6.14]) there exists a finite extension K'|K such that the image of G-
in Aut(V;®) is connected. Hence condition (1) of the theorem implies the assumptions of

Proposition with K’ in place of K, so that V};GK/M = 0 and hence also ‘/;)G]\i =0.

The other half of the proof amounts to verifying that there exist a finite extension K'|K
as well as integers dy and b, all independent of p, so that M, := (T},/pT},)* is an SW rep-
resentation of G of type (dp,b) as in Definition for all but finitely many p. Then,
after replacing K’ by another finite extension, Theorem gives that condition (2) of
the theorem implies the assumptions of Proposition with K’ in place of K, so that
(T,,/pT,)%x'm = (T, /pT,)“™ = 0 for all but finitely many p. Note that by comparison with
singular cohomology over C one knows that HY (X, Z,(j)) is torsion free for p large enough,
in which case T,/pT, = H! (X,Z/pZ(j)). The same comparison shows that condition (1)
of SW representations is satisfied for M,, for p large enough, with dy the i-th Betti number
of X(C); in fact, the F,-dimension of M, equals this dy for p large enough. Condition (2)
being automatic, we pass to (3). As explained in ([I5], Lemma 3.3 (b)), a strong form of
Grothendieck’s local monodromy theorem implies that there is a finite extension K'|K inde-
pendent of p so that all inertia subgroups in G+ at places not lying above p act unipotently
on V). It follows that these inertia subgroups act on T, /pT, with eigenvalues congruent to 1
mod p, and hence they act on M), via a p-group. Finally, condition (4) is a consequence of
Serre’s tame inertia conjecture as proven by Caruso [4]. U

Remarks 3.4.

(1) One may ask whether Theorem holds with K/ = K, i.e. whether it is sufficient
to check finiteness over abelian subextensions of M|K. The answer is negative, even
when ¢ = j = 1 and X is an abelian variety, as the following example shows.

Recall from the introduction that this case amounts to understanding the torsion
subgroups of abelian varieties. Consider the elliptic curve E with Weierstrass equation
y? = 23 + 2, with complex multiplication by Z[i] over Q(i). By the theory of complex
multiplication the field M obtained by adjoining all torsion points of E to Q(7) is the
maximal abelian extension of Q(¢) (it is easy to show that M|Q(%) is abelian, and this
is all we need). This implies that M|Q is a solvable extension, because both M|Q(%)
and Q(7)|Q are abelian. By construction, the torsion subgroup E(M)ios C E(M)
is infinite. On the other hand, since Q* = Q%° by the Kronecker-Weber theorem,
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Ribet’s result [T4] shows that E(Q?P) is finite, hence there is no abelian subextension
F of M|Q such that E(F)s is infinite.

(2) Note that Propositionholds for pro-solvable Galois groups and not just for solvable
groups of finite class. Therefore the part of Theorem concerning the triviality
of H..(X,Z/pZ(j))™ for all but finitely many p holds for Gal(M|K) prosolvable.
In the case of the p-adic Tate module of an abelian variety, combining this more
general form with Zarhin’s theorem as in the proof of Corollary one recovers [6),
Theorem 1.1(b)]. We thank Jake Huryn for drawing our attention to this point.

4. SOME LEMMAS FROM GALOIS THEORY

In this section we collect some statements about Galois extensions of number fields that
will be used in the proof of Theorem

Proposition 4.1. Let K be a number field and denote by KX K2b and K< its mazimal
Kummer, abelian and cyclotomic extensions, respectively (inside a fized algebraic closure).
We have

KKum N Kab _ L[{Cyc7

where L C K is an abelian extension of K of finite exponent, linearly disjoint from K¢
over K.

Proof. Writing G := Gal(KX"|K), ' := Gal(K“°|K) and A := Gal(KX""|K%¢) we have a
short exact sequence of profinite groups

l1—A—G—T—1.

The groups A and I' are abelian, and the conjugation action of G on A induces a I'-action on
A which we shall write additively. The maximal abelian quotient of G is given by

Gab %JAF X F,

where Ar := A/((y —1)A:~ €T) are the coinvariants of I on A.

The group G?P is exactly the Galois group of KX N K2b gver K. Therefore KXum N fab
is the compositum of two linearly disjoint subextensions: the fixed field of Ar which is none
other than K¢, and that of I' which we denote by L. To finish the proof, we show that
Ar = Gal(L|K) is of finite exponent. By definition, I" is an open subgroup in ZX, S0 it contains
ZX" for some n > 0. In particular, I' contains (say) the element vy := (3™,2",2",...) €
[,Z; C Z, and Ar is a quotient of A/(yo — 1)A. Note that the subgroup topologically
generated by 4o — 1 in Z contains NZ, where N := (2" — 1)(3™ — 1). Therefore Ar is a
quotient of A/NA, and as such it is of finite exponent dividing N. O

Remark 4.2. The extension L|K is nontrivial in general. Indeed, if K contains the m-th roots
of unity, then K¥" 0 K2 contains K ( W), which is in general not contained in K°.
In the context of the above proof, if p,, C K, then v =1 (mod m) for all 4 € I, hence Ar
surjects onto A/mA.

Definition 4.3. We shall say that an algebraic extension L|Q has bounded local degrees if there
exists a constant B > 1 such that for every rational prime p and every place w | p of L the
completion L,, satisfies [L,, : Q] < B.
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Note that a finite extension K|Q has bounded local degrees (tautologically), and so does
any abelian extension L|K of finite exponent, by local class field theory and the structure of
the multiplicative group of a p-adic field.

Lemma 4.4. Let L|Q be an algebraic extension with bounded local degrees. Let LY¢ be its
maximal cyclotomic extension, and let L' C LY be the mazximal subextension of L°|L which
s unramified at all finite places of L. Then L' has bounded local degrees.

Proof. We may identify the Galois group I' := Gal(L%¢|L) with a closed subgroup of 7% via
the adelic cyclotomic character. Consider a prime number p and a place w of L dividing p.
As we have [L,, : Qp] < B (with B as in the definition above) and w is totally ramified in
p-cyclotomic extensions of L,,, the inertia subgroup I,, C I' maps onto an open subgroup
I, C Z; of index < B via the p-adic cyclotomic character I' — Z. In any case, the index
of I in Z) divides B!.

Set I :=1[[,1, < [[,Z) ~ Z*. Since Gal(L%¥°|L') is the closed subgroup of I' gener-
ated by the inertia subgroups at all finite places of L, the group Gal(L'|L) identifies with a
closed subgroup of Z* /I = [1,(Z, /1,) and as such has exponent dividing B! by the argu-
ments above. Since moreover L'|L is an unramified extension, all decomposition subgroups
in Gal(L'|L) above places of L are cyclic and hence must be of order dividing B!. This shows
the boundedness of the local degrees of L’ relative to L, from which the lemma follows. [J

Corollary 4.5. With notation as in the lemma, the largest subextension L,|L of L|L un-
ramified outside the primes dividing p and oo is L' (jye), the extension obtained by adjoining
all p-power order roots of unity to L'. In particular, Ly is a p-cyclotomic extension of a field
having bounded local degrees.

Proof. The proof is identical to that of [I4, Lemma on p. 316], except that Ribet works with
a finite extension k|Q and takes the maximal subextension ¥|k of k%°|k unramified at the
finite places, whereas we start with our L which may be an infinite extension of Q but has
bounded local degrees. O

5. PROOF OF THEOREM

We now return to the situation of the introduction. In particular, X is a smooth proper
geometrically integral variety over a number field K with base change X to the algebraic
closure K. We take an abelian extension L|K with bounded local degrees and maximal
cyclotomic extension LY¢. As before, we write G ey for Gal(K|LY¢).

The remainder of the proof of Theorem [1.1]is a mild generalization of arguments from [I5].
We state the two key propositions separately.

Proposition 5.1. Ifi is odd, then (Hét(Y, Qp(j))SS)GL'cyC =0 for all primes p.

Proof. The proof of [I5, Proposition 3.1] goes through verbatim with Corollary replac-
ing Ribet’s Galois-theoretic lemma cited above. We briefly review the argument. Pick a

simple nonzero Gp-submodule W C (HZ (X, Qp(j))SS)GLcyC. Note that G, acts on W via
G1/Greve which is abelian, and that W is semisimple for this action. Using Grothendieck’s
local monodromy theorem one then shows that after taking a suitable finite extension of L
the action of Gy on W is unramified outside p; thus by Corollary it factors through
G)p := Gal(L(pp=)|L). For a place w | p of L the extension L,,|Q, is finite by our assumption
on L and the local extension Ly, (fip)|Ly is totally ramified, hence the local Galois group
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of L,, surjects onto G,. As in the original proof, after taking a further finite field extension
the existence of the Hodge—Tate decomposition and the Weil conjectures (Deligne’s theorem)
force a Frobenius at a place of good reduction w 1 p to have eigenvalues that are both integral
powers of Nw and of absolute value (Nw)*/?~7, which is impossible for odd i. O

GLcyc

Proposition 5.2. If i is odd, then (H.(X,Z/pZ(j))*)
primes p.

= 0 for all but finitely many

Proof. Here we adapt the proof of [15, Proposition 3.4]; note some similarities with the proof
of Theorem [[.2
We may replace L by a finite extension at any point of the proof. Assume for contradiction

that there are infinitely many primes p for which (HZ (X, Z/pZ(j ))SS)GLC'YC # 0. For such a p

pick a simple nonzero Gr-submodule W), C (Hét (X, Z/pZ(j))SS)GLcyC. As in the proof of [15],
Proposition 3.4], using Corollary and a refined form of the local monodromy theorem that
results from de Jong’s alteration method one may ensure that, after extending L if necessary
and taking p large enough, the action of G, on W), factors through Gal(L(u,)|L) which is
nontrivial for large p by our assumption on L. Thus W), is one-dimensional over Z/pZ and

G, acts via a power )Zg(p ) of the mod p cyclotomic character .

Now consider a place v | p of L where X has good reduction. By Caruso’s proof of Serre’s
tame inertia conjecture [4, Theorem 1.2], the tame inertia weights on HZ (X, Z/pZ(j))™ are
bounded uniformly in p by a constant depending only on 7 and the absolute ramification
index e(v). Since k|Q has bounded local degrees, we have e(v) < [k, : Q,] < B, hence there
exists an IV independent of p such that n(p) < N for all p under consideration. (Here we use
that, upon restriction to the inertia at v, the mod-p cyclotomic character x, is a power of the
fundamental inertia character of level 1 with exponent bounded by e(v), so the boundedness
of the inertia weights implies the boundedness of the possible exponents of x,,.)

From this point on, the proof concludes as that of [15, Proposition 3.4]. One deduces from
the above boundedness statement using elementary mod p reduction arguments that for p
as above large enough, at a place w { p of good reduction of L the Frobenius F,, acts on

a simple Gp-submodule of (Hgt(f, Qp(j))ss)GLcyc as multiplication by an integral power of
Nuw, contradicting the Weil conjectures when ¢ is odd. g

Finally, we arrive at:

Proof of Theorem[I.1. Suppose by contradiction that H} (X, Q/Z(j))Cx¥un is infinite. By
Theoremm, there exist a finite extension K’| K and an abelian subextension F of K’ K| K’
such that at least one of the following holds:

(1) (HL (X, Qu0)™) ™"
(2) (HL(X, Z/pZ(j))SS)GF # (0) for infinitely many primes p.
Replacing K with K’ (which is again a number field), we have an abelian extension F|K
contained in KK for which (1) or (2) above holds. Applying Proposition we find that F’
is the compositum of K¢ and an abelian extension L|K with bounded local degrees. Further

replacing K with L, we obtain an extension F'|L, where F' is contained in L% and (1) or (2)
above holds. The two cases contradict Proposition |5.1| and Proposition [5.2], respectively. [

Remark 5.3. The finiteness of H} (X, Q,(j))¢x®um for odd i was also obtained in ([LT], The-
orem 2.11) using results from [15].

# (0) for some prime p;
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6. PROOF OF PROPOSITION [L.5]

In this section we describe the example announced in Proposition We begin with the
construction of particular infinite solvable extensions of Q.

Proposition 6.1. Let K be a real quadratic field of odd conductor and class number 1. There
exists an infinite sequence of rational primes p1 < pa < ..., each split in Q(i), and a totally
real Galois extension M|K with Gal(M|K) = H, where

H::HHi

i>1
with
H; = (Z/p;Z)* x (Z/piZ)”,
such that moreover the group extension
1—-H— Gal(M|Q) - Z/2Z — 1
corresponding to the tower of fields M|K|Q splits as a semidirect product
Gal(M|Q) = H x Z/2Z,

with the nontrivial element of Z/2Z acting on H by swapping the (Z/p;Z)* -factors of each
H;.

The proof will use an easy lemma from group cohomology.

Lemma 6.2. Let A be an abelian group, and make Z/2Z act on A x A via swapping the
factors. With the resulting Z/2Z-module structure we have H*(Z/2Z, A x A) = 0.

Proof. In order not to confuse notation, denote by o the nontrivial element of Z/2Z. By the
description of the cohomology of cyclic groups we have H2(Z/2Z, Ax A) = (Ax A)? /N(Ax A),
where (A x A)? is the subgroup of invariants and N : A x A — A x A is the norm map
(a1,a2) — (a1,a2) + (az,a1). Since (A x A)? is the diagonal image of A in A x A, it suffices
to notice that for all a € A one has (a,a) = (a,0) + (0,a) = N(a,0). O

Proof. We will obtain M as the increasing union of certain abelian extensions L™ that satisfy
n
Gal(L™|K) = || Hs,
i=1

with Z/27Z acting on [[ , H; as in the statement. In turn, the extension L™ will be con-
structed as the compositum of extensions Ly, ..., L;,,, so we start by describing the con-
struction of a single L.
Let ¢ be the conductor of K. We will choose our primes to be congruent to 1 modulo ¢

and to 5 (mod 8). These conditions ensure that

(1) p splits in Ok (the condition p =1 (mod ¢) implies that p splits in Q((.) 2 K);

(2) 4| p—1but 84 p— 1. In particular, we will have p = 1 (mod 4), so that p splits in

Q).

Since ¢ is odd by assumption, the conditions are compatible and hence Dirichlet’s theorem
implies that there there exist infinitely many such primes. Fix one such p and write pOx = pp’.
By the Grunwald-Wang theorem (see [I, Chapter X, Theorem 5] or [13, Theorem 9.2.8]) there
is a cyclic extension M,|K with group (Z/pZ)* such that:
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e there is only one prime in Oy, above p and the corresponding local extension is cyclic
with group (Z/pZ)* (so the decomposition group at p is all of Gal(M,|K));

e p’ splits completely in M, (so the corresponding local extensions are all trivial);

e M, is a totally real number field (i.e., the infinite places of K split in M,).

Note that condition (2) implies that we are not in the so-called special case of the Grunwald-
Wang theorem, because in the notation of [I, Chapter X, Theorems 1 and 5] we have m = 22m/’
with m’ odd and the inequality 2 > s > 2 is not satisfied. So the theorem indeed applies and
gives an extension Mp|K with the local behaviour described above.

The extension M,|K is defined by a character x of Gal(K*’|K). The conjugation action
of the nontrivial element o € Gal(K|Q) on Gal(K*|K) coming from the extension

1 — Gal(K*|K) — Gal(K*"|Q) — Gal(K|Q) — 1

defines another character x” whose kernel fixes a Galois extension M |K with group (Z/pZ)*.
Its local behaviour at the primes above p is obtained by swapping p and p’: the prime p’ is
totally inert in Mp|K and p is completely split. Therefore the cyclic extensions M), and M;J
are linearly disjoint over K as p is totally inert in the first and splits completely in the second.
Let Ly := M, M} be their compositum (it is also the Galois closure of M), over Q). We have
Gal(Ly|K) = (Z/pZ)* x (Z/pZ)*; moreover, o acts on Gal(Ly|K) by swapping the factors.
Finally, applying Lemma with A = (Z/pZ)* gives that Gal(L,|Q) is a split extension of
Gal(K|Q) by Gal(Ly|K), i.e. a semi-direct product ((Z/pZ)* x (Z/pZ)*) x Z/2Z.

We now proceed inductively. Assume L,,,...,L,, have been constructed, and let p,11
be a prime strictly larger than pi,...,p,, congruent to 1 modulo ¢ and to 5 modulo 8, and
unramified in each of the fields Ly, , ..., L,,. As noted above, there are infinitely many primes

that satisfy the congruence conditions, and the unramifiedness condition excludes only finitely
many of them. So such a p,41 indeed exists. We carry out the above construction to obtain
a field L, .,|K with

Gal(Lpn+1|K) = Hpy1 = (Z/pnir1Z)” X (Z/pn1Z)”.

When we apply the Grunwald—Wang theorem as explained above, we further impose that
the extension L, . |K be locally trivial (hence in particular unramified) at all the finitely
many primes above any of the rational primes that ramify in L, ,...,L,, . It follows that
the fields L,, for 1 <i < n + 1 are linearly disjoint over K. Indeed, the above ramification
condition implies that the intersection of one of them with the compositum of the others is
an everywhere unramified abelian extension of K. Since K has class number 1, this implies
that the intersection must be K itself. Setting L") = Ly, - L we then have

Pn+1

Pn+1
n+1 n+1

Gal(L"V|K) = [] Gal(Ly,|K) = [] H:.
i=1 =1

By construction we have Gal(L,,|Q) = H; X Z/2Z with the desired action of o on H; for each
i, and moreover L") is stable by the action of Z/2Z. Hence L("*1) is a Galois extension of
Q which is moreover totally real as so are the L,,.

Finally, as already noted at the beginning of the proof, to complete the construction it
suffices to take M = J, L. O

Remark 6.3. Related results on the existence of Galois extensions of Q with solvable Galois
group and prescribed local conditions are proven, for example, in [I2, Theorem 6.6]. However,
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it seems that Neukirch’s statements do not immediately apply in the context of our inductive
construction.

We now construct the other field extension required by Proposition

Proposition 6.4. Let E be an elliptic curve E defined over Q that has CM by Z[i], and let
p1 < p2 < ... be a sequence of primes of good reduction for E that split completely in Q(7).
There exists a Galois extension M'|Q containing Q(i) such that E has infinite torsion over
M’ and moreover Gal(M'|Q) = H x Z/2Z, where H = [[,(Z/piZ)* x (Z/p,Z)*) and Z/27Z
acts by swapping the (Z/p;Z)* -factors.

Proof. Let first p be any prime of good reduction for E that splits in Q(i), and consider the
representation p, : Gal(Q|Q(i)) — Endg,(E[p]) on the p-torsion points of an elliptic curve
E as above. Since E has CM by Z[i], Corollary 2 to Theorem 5 of [16] implies that p, fac-
tors through an injection (F2)* < Endg,(E[p]), yielding a map Gal(Q|Q(i))ab — (F2)~.
On the other hand, since Q(¢) has class number 1, class field theory gives a surjection
T HveQQ(i) C’)a(i)ﬂ) — Gal(Q|Q(4))* where Qq(i) denotes the set of finite places of Q(i).

O(X,)(i) , — (F2)*. By the results of [16] sum-

marized in [9, Theorem 5.1], this map sends (av)vegq(i) to (a;l,a;,l) mod p. (Indeed, note
that in the formula of loc. cit. the maps NKZ/E;H ®p s and € are all trivial in our case, the
first two because we are dealing with a CM elliptic curve over Q(i) and the last one because
p, p’ are primes of good reduction for E.) In particular, this map is the sum of two surjective
characters with values in (Z/pZ)*.

Now let p1 < p2 < ... be the sequence of completely split primes of good reduction as in
the assumption. With this choice of primes consider the product representation

[Irv - Gal@QIQG) — [T Ende,, (Elpi]).

Composing the two we obtain a map HveﬂQ(_)

Factoring through the (F]%i)X and composing with r as above we obtain a surjection

11 (O&i),m X Oa(i),p;) - 1_‘[((2/2%2)X x (Z/p:Z)*) = H.

7

Thus H arises as a quotient of Gal(Q|Q(%)), corresponding to a field extension M’|Q(i). Since
the action of Gal(Q(7)|Q) exchanges the primes p; and p, its action on Gal(M'|Q(i)) ex-
changes the (Z/p;Z)*-factors in H. Thus, again using Lemmal6.2] we obtain that Gal(M’|Q)
is a semidirect product H x Z/2Z as in the statement.

Finally, note that by construction Gal(Q|M’) fixes the p;-torsion points of E for all i, so
that F has infinite torsion over M’. O

Proof of Proposition[1.5 Take an elliptic curve E as in Proposition[6.4 and choose a sequence
of primes p; < p2 < --- as in Proposition Leaving out finitely many of the p; we
may assume they are all of good reduction for E. Construct the extensions M and M’ of
Propositions and with this sequence of primes. They have isomorphic Galois groups
over Q that are solvable of class 2, and we also know that E has infinite torsion over M’. On
the other hand, note that every abelian variety defined over the totally real field M is defined
over some totally real subfield M C M finite over Q and in particular cannot have CM defined
over M. Therefore by the result of Zarhin already cited in the introduction ([18], Corollary
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Theorem 1) it has finite torsion over every abelian extension of M , and in particular over

0

Remark 6.5. To be somewhat more concrete, in Proposition [6.4 we can work with the elliptic
curve E of Weierstrass equation y? = 23 4+ = that has CM by Z[i] and 2 as its only prime of

bad reduction. Then in Propositionwe may take K = Q(+/5) that has class number 1 and
conductor 5. For the sequence of primes p; < ps < --- we can take any sequence provided by

Pr

[10
[11
[12
[13

[14

15

16
[17

18

oposition [6.1] provided that p; # 2.
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