COHOMOLOGY OF QUASI-COHERENT SHEAVES

TAMAS SZAMUELY

1. DEFINITION OF COHOMOLOGY

To define cohomology, we first review some general facts about de-
rived functors.

Facts 1.1. Let C be an abelian category. We say that C has enough
injectives if every object can be embedded in an injective object. In
this case every object A has an injective resolution A — I°, i.e. an
exact sequence

0=>A—=1"=T1" =1 —...

with each I7 injective. Given a left exact functor F from C to another
abelian cateory, one defines the ¢-th right derived functor R'F' of F' by
choosing an injective resolution I°® for each object A and setting

R'F(A) = H'(F(I*)).

One shows that R'F(A) does not depend on I°. Given a short exact
sequence
0=+A—=B—-C—=0

of objects of C and a left exact functor F', one gets a long exact sequence
0— F(A) = F(B) = F(C) = R'F(A) — -

where R'F = F as F is left exact. Note also that R'F(I) = 0 for i > 0
and [ injective, because then 0 — I — I — 0 is an injective resolution
of I.

Now we apply the above to the category of sheaves of abelian groups
on a topological space.

Lemma 1.2. The category of sheaves of abelian groups on a topological
space X has enough injectives.

Proof. Given a sheaf F on X and a point P € X, denote by F¥ the
skyscraper sheaf with given by Fp over open sets containing P and 0
elsewhere. There is a natural morphism of sheaves F — F'. Taking

direct products we obtain a morphism F — H]:p which is injective

P
by the first sheaf axiom. Now for each P € X choose an embedding
Fp — Ip with Zp an injective abelian group (recall that the category
of abelian groups has enough injectives). Consider the corresponding

embedding F©' — ¥ of skyscraper sheaves. Taking products we obtain
1
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an embedding F — HIP , so since a product of injectives is always
P

injective, it is enough to show that each Z” is an injecive sheaf. This

follows from the injectivity of Zp as an abelian group because every

morphism G — I from another sheaf G factors through G*. O

By the lemma, we may define
H'(X,F):= RT(X,F)

where I'(X, ) is the left exact functor F — F(X). .
By the above general facts, we have H°(X, F) = F(X), H(X,Z) =0
for Z injective and ¢ > 0, and for every short exact sequence

0=F—=G—=H—=0
of sheaves a long exact sequence of abelian groups
0— F(X) = G(X) > H(X) = H(X,F) — -

Similarly, for every morphism ¢ : X — Y of schemes we can consider
the right derived functors R'¢, of the left exact functor ¢, : F +— ¢, F
from the category of sheaves on X to the category of sheaves on Y.
The sheaves R'¢,F for i > 0 are called the higher direct images of F

by ¢.

2. FLABBY SHEAVES

Now to a concept particular to sheaves.

Definition 2.1. A sheaf F on a topological space X is flabby if the
restriction maps F(U) — F(V) are surjective for all inclusions of open
sets V C U.

From now on we assume that the base space is locally connected.
Proposition 2.2. Every injective sheaf is flabby.

The proof requires some preparation. If U is an open subset of a
locally connected topological space, there is a unique sheaf Zy on X
such that for a connected open subset V' C X we have Zy(V) = Z
if V.C U and Zy (V) = 0 otherwise. (Indeed, it is straightforward to
extend the above definition to non-connected open sets.)

Lemma 2.3. For a sheaf F on X there are isomorphisms of abelian
groups

Hom(Zy, F) = F(U)
for every open U C X.
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Proof. Given a morphism Zy — F, we may consider the image of
1€ Zy(U) in F(U). This defines a homomorphism Hom(Zy, F) —
F(U). Conversely, given s € F(U), there is a unique morphism of
sheaves Zy — F that maps 1 € Zy (V) for a connected V C U to s|y.
The two constructions are inverse to each other. O

Proof of Proposition 2.2. Let V' C U be an inclusion of open subsets
of X. We may naturally identify Zy with a subsheaf of Z;;. By the
lemma above we may identify a section of an injective sheaf Z over V'
with a morphism of sheaves Zy — Z. By injectivity of Z this mor-
phism extends to a morphism Zy — Z. This means precisely that the
restriction map Z(U) — Z(V') is surjective. O

Proposition 2.4. If F is a flabby sheaf on X, then H' (X, F) =0 for
t>0.

For the proof we need:

Lemma 2.5.
a) A short exact sequence

0O=>F—=G—->H—=0

of sheaves on a topological space X with F flabby induces an exact
sequence
0—-F(X)—=G(X)—>H(X)—=0
on global sections.
b) If in an exact sequence

O=+F—=G—=>H—=0
of sheaves F and G are flabby, then so is H.

Proof. To prove a) the only issue is surjectivity of G(X) — H(X).
Given s € H(X), consider the system of pairs (U, s'), where U C X
is open and s’ € G(U) has image s|y in H(U). There is a natural
partial order on this system in which (U",s") < (U,s') if U" C U and
s" = §'|yn. A standard application of Zorn’s lemma shows that this
partially ordered system has a maximal element. We show that for
such a maximal element we must have U = X. Assume not, and let
P be a point of X \ U. As the map G — H is surjective, we find an
open neighbourhood V' of P and a section s” € G(V') which maps to
sly in H(V). The section s'|yny — s"|yay maps to 0 in H(U NV),
so by shrinking V' if necessary we find t € F(U N V) that maps to
slvav — §"|lvav iIn GU NV). As F is flabby, we may extend ¢ to a
section in F(V) which we also denote by ¢t. Changing s” to s” +t
(here we identify F with its image in G) we obtain a section that still
maps to sy in H(V) but for which §'|yny = §”|yny. Therefore these
sections patch together to a section in G(U U V') mapping to s|yuy,
contradicting the maximality of (U, s').
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To prove b), let V' C U be an inclusion of open subsets. By part a)
the map G(V') — H(V) is surjective as F|y is flabby, and so is the map
G(U) — G(V) as G is flabby. The composite map G(U) — H(V) is
therefore surjective but it factors through the restriction H(U) — H(V)
by definition of a morphism of sheaves. Hence the latter map is also
surjective. |

Proof of Proposition 2.4. Embed F in an injective sheaf Z and denote
by G the quotient. By Proposition 2.2 in the exact sequence

0O=F—=>IT—-G—=0

F and Z are flabby, hence so is G by part b) of the above lemma. Part
a) of the lemma therefore shows that in the long exact sequence

0= F(X)—=I(X) = G(X) = H(X,F) - H\(X,T)

the map Z(X) — G(X) is surjective. But H*(X,Z) = 0,50 H'(X,F) =0
by the exact sequence. For ¢ > 1 we use induction on 7. In the part of
the long exact sequence

H YX,G) = H'(X,F)— H'(X,TI)

we have H'(X,T) = 0 by injectivity of Z and H"'(X,G) = 0 by the
inductive assumption since G is also flabby. Therefore H*(X, F) = 0.
O

The significance of Proposition 2.4 lies in the fact that it enables one
to compute the groups H'(X,F) for an arbitrary sheaf F by means
of flabby resolutions instead of injective ones. To see this, we need a
lemma from homological algebra:

Lemma 2.6. Let C be an abelian category with enoyugh injective, and
F: C — D a left exact functor. Assume that A is an object of C for
which there exists a resolution

A— B~ B'— B*...
with R'F(B?) =0 for alli >0, j > 0. Then R'F(A) = H'F(B*).
Proof. Split the resolution in short exact sequences
0A—-B"5K'50, ..., 0K B 5K -0, ...
The first one gives an exact sequence
0— F(A) = F(B°) —» F(K°) — R'F(A) =0
as F is left exact and R'F(B") = 0. We obtain
R'F(A) = coker (F(B") — F(K")) =
= coker (F(B") — ker(F(B') — F(B?))) = H'F(B*).
Next, for 7 > 0 we have
RF(K)2 RYFPKTY, ..., RF(K°) = RITF(A).
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This gives
RYUFA)2RF(K) 2 RI'P(KY) >~ ...
>~ R'F(K7™) = coker (F(B?) — F(K?)) = HT F(B*).
O

Corollary 2.7. Let F be a sheaf on a topological space X. Suppose
there exists a resolution
F—=G*
where the G* are flabby sheaves. Then
H'(X,F)= H(I'(X,G°)).

Proof. Apply the lemma with /' = I'(X, ) and B* = G*. The condi-
tion R'F(B’) =0 for i > 0 is satisfied by Proposition 2.4. i

As a first application, we prove:

Proposition 2.8. If ¢ : X — Y is an morphism of topological spaces
and F is any sheaf on X, the higher direct image sheaf R'¢.F is the
sheaf associated with the presheaf V — H' (¢~ (V), Fls-10))-

Proof. Take an injective resolution F — Z°. By definition R'¢,F is
the i-th cohomology sheaf of ¢,Z°. This is the sheaf associated with
the presheaf

Vi HT(V,$,2°) = HT(¢7' (V). I°| 41 1))

But since Z7 is injective, hence flabby for all j, so is Ij|¢71(v), and
therefore Fy-1() — Z°[4-1(v) is a flabby resolution. Therefore by the
previous corollary we have H'T'(V, ¢.Z°|v) = H' (¢~ (V), Fly-1v)). O

3. SERRE’S VANISHING THEOREM

We now prove:

Theorem 3.1. (Serre) If X is an affine scheme and F a quasi-coherent
sheaf on X, then H'(X,F) =0 for i > 0.

The proof is based on a general topological lemma.

Lemma 3.2. Let X be a compact topological space, and B a basis
of open sets of X. Given a sheaf F and an integer i > 0, we say
that F has property (P;) if for all « € H'(X,F) there exists a finite
open covering Uy, ..., U, of X by elements of B such that o maps to
zero in H'(X,F;), where F; := (u;).(F |u,) for the open inclusion
uj : U; = X. Then:

a) Property (Py) holds for every sheaf F.

b) If i > 1, assume that for all U € B we have H?(U,F) = 0 for
0 <p<i. Then (F;) holds for F.

[Recall that F;(V) = F(V NU;) for all open sets V C X ]
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Proof. To prove a), we embed F in an injective sheaf Z, whence an
exact sequence of sheaves

0—-F—=>IT—=C—N0.
The beginning of the associated long exact sequence reads
0— F(X)—=I(X) = C(X) = H(X,F) =0

as T is injective. Given o € H'(X,F), we may therefore lift it to
s € C(X). As the morphism of sheaves Z — C is surjective and X is
compact, we find an open covering Uy, ..., U, of X by elements of B
such that each s|y, lifts to s; € I(U;).

Set Z; = (u;)«(Zjy,) and denote by C; the cokernel of the induced
morphism F; — Z;. In particular, 53» can be viewed as a subsheaf of
C; == (u;)+(Cly;)). We have a commutative diagram with exact rows

0 > F > 1 > C > 0

0 b

0 > F; > I > C; > 0

and we know that the image s; of s € C(X) in C;(X) C C;(X) =
C(Uj) comes from s; € Z,(X) = Z(U;). Therefore s; maps to zero in
HY(X, F;) and we obtain by functoriality of the long exact cohomology
sequence that the image o of s in H'(X, F) maps to zero in H'(X, F;),
which is what we wanted to prove.

To prove b) we assume ¢ > 1 and use induction on i. Take an
arbitrary finite open covering Uy, ..., U, of X by elements of B. If U
is another open set in B, then the sets U N U; are again in B. By
assumption H'((U NU;), F) = 0, and therefore the sequence

0—FU)—=Z,(U) = Cj(U) =0

is exact since F;(U) = F(UNU,) (and similarly for Z and C). Similarly,
the sequence

0— F;(U) = Z;(U) = C;(U) =0
is exact. As this holds for all U € B, we obtain C; 2 C;.

We may therefore replace C; by C; in diagram (1), and from the
associated long exact cohomology sequence we obtain a commutative
diagram

H"Y(X,C) —— H(X,F)

l l

H"YX,C;) —— HY(X,F)).
Here the horizontal maps are isomorphisms by Proposition 2.4 because
7 is injective, hence flabby, and hence so is Z;. As the sheaf C satisfies
(P1) by part a), the diagram shows that F satisfies (P,), whence the
case ¢ = 2. Assume now that the result holds for p < ¢. To show it
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for 7, it is enough to see by the diagram that C satisfies (P;,_1). By the
inductive assumption this will follow if we show H?(U,C) = 0 for all
U e B and 0 < p <¢— 1. But this holds by the exact sequence

0=F—=>IT—=C—=0

and the vanishing of H?(U,Z) and H*™'(U, F) (the latter holding be-
cause p + 1 < 1). i

Proof of Theorem 5.1. Assume X = Spec A and F is a quasi-coherent
sheaf on X. We prove the theorem by induction on i using the lemma
above, where we take B to be the system of affine open subsets.

First assume ¢ = 1 and pick o € H'(X, F). By part a) of the lemma
we find a finite open covering Uy, ..., U, of X such that a maps to
zero in all H'(X, F;). We know that JF; is quasi-coherent, hence so is

the cokernel G of the morphism F — H F; induced by the restriction
j=1

maps F(U) = F(UNU;)). As X is affine and

(2) O—>f—>H]—“j—>Q—>O

Jj=1

is an exact sequence of quasi-coherent sheaves, the sequence
0= F(X) = [[F(X) = G(X) =0
j=1

is again exact. Hence in the long exact cohomology sequence associated
T

with (2) the map H* (X, F) — H H'(X,F;) is injective. But o maps
j=1
to zero in each H'(X,F;), hence a = 0.

For ¢ > 1 we use induction on ¢. By the inductive assumption for all
affine open U C X and 0 < p < i we have H?(U, F|y) = 0, so by part
b) of the lemma given o € H'(X,F), we find a finite open covering
Ui,...,U. of X such that o maps to zero in all H(X,F;). By the
inductive hypothesis applied to G we have H'"'(X,G) = 0, hence the
long exact cohomology sequence associated with (2) shows that the

map H'(X,F) — HHi(X,}'j) is injective. So again o = 0, which
j=1
completes the proof of the case i = 1. O

We now derive a consequence of Serre’s theorem for the right de-
rived functors R'¢, of an affine morphism ¢ : X — Y. Recall that a
morphism ¢ : X — Y is affine if for all V C Y affine ¢! (V) is affine
as well. (In fact it is enough to require this for elements of a single
affine open covering of X.) Examples of affine morphisms are given by
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closed immersions or, more generally, finite morphism, and also by the
inclusion of an affine open subset in a separated scheme.

Theorem 3.3. If ¢ : X — Y is an affine morphism and F is a quasi-
coherent sheaf on X, the sheaves R'¢,.F are 0 for all i > 0.

In fact one may also view this statement as a generalization of Serre’s
theorem: the latter is equivalent to the special case where Y is a point.

Proof. Serre’s vanishing theorem and Proposition 2.8 imply that the
stalks (R'¢.F)p must be 0 for all P € Y. O

Corollary 3.4. Under the assumptions of the theorem there are canon-
ical isomorphisms H'(Y, ¢ F) = H'(X, F) for all i > 0.

Proof. Given an injective resolution F — Z°® we obtain a flabby reso-
lution ¢, F — ¢,ZI° after applying ¢,. Indeed, ¢,Z7 is flabby for all j
because so is 77 , and ¢, F — ¢,L° is a resolution because R’kb*./T =0
by the theorem. So we may compute the cohomology of ¢.F using
this resolution by Corollary 2.7. But I'(Y, ¢,Z7) = I'(X, Z?) for all j by
definition, so the corollary follows by taking cohomology. O

Remark 3.5. There is a much simpler proof of Theorem 3.3 in the case
when ¢ is a closed immersion, and in this case the theorem holds for
an arbitrary sheaf F. Namely, for a closed immersion ¢ : X — Y the
stalk of ¢, F at P € Y is 0 if P ¢ X and equals Fp otherwise. Hence
the functor ¢, is exact (checking exactness on stalks is immediate),
and therefore R'¢, = 0 for i > 0. It follows that the isomorphisms
HY(Y,¢.F) = H'(X,F) hold for arbitrary sheaves in the case of a
closed immersion.

4. A VANISHING THEOREM FOR P”"

By a theorem of Grothendieck (proven e.g. in Hartshorne’s book)
if X is a topological space in which every descending chain of proper
irreducible closed subsets has length at most n, then H*(X, F) = 0 for
1 > n and any sheaf F on X. We shall prove another result here which
is a very special case of this theorem when A is a field:

Proposition 4.1. If A is a ring and F s a quasi-coherent sheaf on
", then H'(P"), F) =0 for i > n.

Instead of the proposition we shall prove the following more general
result.

Theorem 4.2. If X is a separated scheme that can be covered by
n+ 1 affine open subsets and F is a quasi-coherent sheaf on X, then
H'(X,F)=0 fori>n.

Following an idea of Serre, we prove the theorem by a simplicial
method for which we need some preliminaries. Let X be a topological
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space and U = {U; : i € I} an open covering of X. We assume that
the index set I is well ordered; we shall only need the case where I is
finite anyway. For a finite subset {4, ...,4,} C I we denote by U;,
the intersection Uy, N ... N U;,.

For a sheaf F on X we define a complex C*(U, F) of abelian groups
as follows. For p > 0 we set

..... ip

An element o € CP(U, F) is thus given by a system of o, i, € F(Us,...i,)

-----

for all (p + 1)-tuples iy < ... < i,. We define a coboundary map
&’ CPU,F) — CP*H U, F) by

(By convention C?(U,F) =0if |I| <p.)

A straightforward computation shows that d?*' o d? = 0 for all p, so
we indeed obtain a complex of abelian groups, called the Cech complex
associated with &/ and F.

Lemma 4.3. Let U be an open covering of X such that U; = X for
some i. Then the complex

0— F(X)=C'U,F)— CU,F) — ...
is exact, where € is defined by restrictions F(X) — F(U;).
Proof. We may assume i = 1. Exactness at C°(U, F) follows from the
sheaf axioms. We show exactness at the higher degree terms by proving

that the identity map is homotopic to 0. This means that for p > 0 we
define k¥ : CP(U,F) — C*(U, F) so that

Lo kP + kPt o dP = idop(uf),

...............

.....

2.0 =1. O
We now define a sheafified version of the Cech complex. We set
CP(U)]:‘) = H j*(”FlUio ,,,,, ip)
10<...<ip

where j is the inclusion map Uj, . ;, — X. The coboundary maps
d? : CPU, F) — C**'U, F) are defined as above, and we obtain a com-
plex C*(U, F) of sheaves on X satisfying I'(X,CP(U, F)) = C*(U, F).

Proposition 4.4. The sequence of sheaves

0—FSC'U,F)—=CUF)— ..
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18 exact.

Proof. We show exactness on stalks. Given P € X, it suffices to show
that there exists an open neighbourhood V' of P such that the sections
of the sequence of the proposition over V give an exact sequence of
abelian groups. But this results from the previous lemma if we take
V C U; for some U; containing P. O

Lemma 4.5. If U = {Uy,...,U.} is a finite affine open covering of
a separated scheme X and F is a quasi-coherent sheaf on X, then

HY(X,CP(U,F)) =0 for all p and i > 0.

Proof. It is enough to show that H'(X, Fioyip) = 0 for all 4y < --- <4,
and i > 0, where Fj, i, = ju(Flv, ;) and j is the inclusion map
Ui,...i, — X as before. By separatedness of X the subset Us, . ;, is
affine, hence so is the morphism j. Thus by Corollary 3.4 we reduce
to showing Hi(Uioy__,,ip,fUiO 77777 i) = 0. Since Fly, .- is still quasi-
coherent, we may conclude by Serre’s vanishing theorem. O

Proof of Theorem 4.2. By the preceding proposition and lemma F
has a resolution ¥ — C*(U,F) with CP(U,F) = 0 for p > n and
H'(X,C’(U, F)) =0 for all p and i > 0. Therefore the statement
follows from Lemma 2.6. O

Remark 4.6. For a sheaf F on a topological space X Serre defined
the Cech cohomology groups of X with coefficients in F by

HY(X, F) = lim HP(C*(U, F))

where the direct limit is taken over all open coverings U with respect
to a natural partial order. Grothendieck proved using Serre’s vanish-
ing theorem and a spectral sequence lemma of Cartan that for X a
scheme and X quasi-coherent the Cech cohomology groups agree with
the cohomology groups defined using derived functors. The arguments
in this section show that in the situation of Lemma 4.5 we already have

HP(C*(U, F)) = HP(X, F).

5. SERRE’S FINITENESS THEOREMS

Let A be a ring, and ¢ : X — Spec(A) a projective morphism.
Recall that this means that ¢ is the composite of a closed immersion
i: X — P for some n with the natural projection P — Spec (A).

If F is a quasi-coherent sheaf on X, for all i > 0 the groups H*(X, F)
are in fact modules over A. This is obvious from the definition of Ox-
modules if ¢ = 0. For ¢ > 0 one may see this as follows: as F is
an Ox-module, one shows by the same argument as in Lemma 1.2
that F has a resolution by injective Ox-modules. Again by a similar
argument as before, such Ox-modules are flabby sheaves, so they may
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be used to compute the groups H "(X,F). But then it follows from the
construction that each H*(X, F) is a module over Ox(X) = A.
Let O(m) be the m-th twisting sheaf on P’;, and set

Ox(m) :=1i*O(m), F(m) :=F Qo, Ox(m).

Note that for X = P’} one may define F(m) by setting F(m)|p, (z,) =
F|p, (a;) for all i and then patching over the intersections using the
isomorphisms f +— (x;/z;)" f.

Theorem 5.1. (Serre) Assume moreover that A is a Noetherian ring
and F is a coherent sheaf. Then
(1) H‘:(X, F) is a finitely generated A-module over A for all i > 0.
(2) H'(X,F(m))=0 for i > 0 and m sufficiently large.

Corollary 5.2. If ¢ : X — Y s a projective morphism with Y Noe-
therian, then for every coherent sheaf F on X the sheaves R'¢.F are
also coherent for i > 0.

Proof. For P € Y consider the natural morphism Spec (Oy.p) — Y.
(For an affine open neighbourhood V' = Spec (B) of P it is given by
the composite of the natural maps Spec (Bp) — Spec (B) — Y.) Then
¢ induces a natural map X xy Spec (Oy p) — Spec (Oy p). Denoting by
PF the pullback of F to X xy Spec (Oy p) the theorem tells us that the
Ox.p-modules H'(X xy Spec (Oxp),P]—") are finitely generated. But
Proposition 2.8 implies that these are exactly the stalks (R'¢,.F)p, so
the corollary follows because Y is Noetherian. O

Remark 5.3. Grothendieck has extended Serre’s theorem to the case
of an arbitrary proper morphism. His proof is by reduction to the
projective case.

We prove the theorem in three steps.

Step 1: Reduction to the case X = P’}.
We need a projection formula:

Lemma 5.4. Ifi: X — Y is an affine morphism, F a quasi-coherent
sheaf on X, G a quasi-coherent sheaf on'Y, there is a natural isomor-
phism

i«(F ®oy 1°G) = (ixF) ®oy G.
Proof. Assume first X = Spec (B) and Y = Spec (A) are affine, and
F = ]Tj, g = N for a B=module M and an A-module N. Then
1 F = M with M viewed as an A-module via the morphism A — B
induced by ¢, and i*G = N/@,/B by definition. So

—_—~—

1(F ®0y 17G) =2 M @ (N®@4 B) 2 M ®4 N = (i,.F) ®o, G.

The general case follows by patching as ¢ is affine. O
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Apply the lemma with Y = P%, G = O(m). It gives an isomorphism
ix(F(m)) = (i.F)(m). Hence by Corollary 3.4 we have isomorphisms

H'(X, F(m)) = H'(P},i.(F(m))) = H' (P}, i.(F)(m))
and we conclude by observing that i,F is a coherent sheaf on P’}.

Step 2: Reduction to the case F = O(m).

The proof of this step is based on the following proposition, also due
to Serre.

Proposition 5.5. Given a coherent sheaf F on Py, there is a surjec-
tive morphism of sheaves

O(m)*™ — F
with suitable m € Z, r > 0.

The proposition should be compared with the following fact: every
coherent sheaf on an affine scheme X = Spec (A) is the quotient of O%
for suitable r. This follows from the fact that every finitely generated
module over A is a quotient of A" for some 7.

To prove the proposition, it is enough to find a surjection (’)@g — F(m)
for some r > 0 and m € Z, for then we may conclude by tensoring with
O(=m) = Hom(O(m), Opr ). Therefore we must find global sections
51,...,8 € F(m)(X) such that for all P € P’} some of the (s;), gen-
erate the stalk F(m)p as an Opn p-module. Indeed, if we have such
global sections, then

(fis--s fr) € Opi (U) = fisily + - + frselu € F(m)(U)

defines a surjection of sheaves as required.

Now since D (z;) is affine, the Op_ (,,)-module F|p, (,y is generated
by some global sections ti,...,ty by the remark just made. Therefore
to prove the proposition it is enough to verify the following lemma.

Lemma 5.6. Given t; € F(D(x;)) for some i, there is a section
t € F(m)(PY) with t|p, 2,y = ti for m suitably large.

Proof. We may assume ¢ = (. Pick some j and consider the restriction
of to to Dy(zo) N Di(x;). As Di(xg) N Dy(z;) is the affine open set
defined by the non-vanishing of xoa:j_l inside the affine scheme D (x;),
there exists m € Z and a global section t; of Op, (2, such that t;- =
(azoxj’l)mtg on Dy (zg) N Di(x;). We may choose the same m for all
J if we make m sufficiently large (even for j = 0 where we set t;, =
to). It may still happen that the restrictions of ; and (zz;")"t), to
Dy (z;) N D4(x)) do not coincide for j,k # 0. But we know that on
Dy (z;) N Dy () N Dy () we have t; — (x;ng_l)mt;c = 0 by comparison
with £. As this is the affine open subscheme of D (z;) N D4 (x)) given
by the non-vanishing of zoz; ", we get (xoxj_l)p(t;- — (xkxj_l)mt;) =0
for some p > 0 on D (z;) N Dy (). We may choose the same p for all
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j,k, and then ¢; = (xoxjfl)pt; satisfies t; = (xkxj_l)mﬂfk for all j, k.
These therefore patch to a global section of F(m + p). |

Given Proposition 5.5, we can handle Step 2 as follows. By Theorem
4.2 we know H'(P",F) = 0 for i > n. We now employ descending
induction on 7. The proposition gives an exact sequence

0—=K—=>0m* —-F—=0

with some coherent sheaf K. Part of the long exact cohomology se-
quence reads
H'(PY, O(m)®") — H'(PY, F) — H*' (P}, K).

The A-module on the left is finitely generated by assumption and that
on the right by the inductive hypothesis. Since A is Noetherian, state-
ment 1 of the theorem follows. Statement 2 is proven similarly.
Step 3: The case X =P%, F = O(m).

We prove the following more precise statement.

Theorem 5.7. We have H' (P, O(m)) = 0 unless i = 0 or n. More-
over,

H°(P%, O(m)) = degree m part of Alx,...,x,]
and

H"(P% O(m)) = submodule of degree m part of Alxy",... ;"]

rrn

generated by monomials xg° - - - xp™ with all a; < 0.

We begin with a lemma.

Lemma 5.8. Consider the morphism © : A%\ {0} — P% given
by patching the natural morphisms D(x;) — Dy (x;) corresponding to
Alxo/xiy. .. xn /2] = Alxg, ..., Tyle, together. There is a natural iso-
morphism

meZ

Proof. The restriction of m,.Opni1 (g to the affine open set D (x;) is

given by the Alxo/x;, ..., x,/x;]-module Alxy,...,z,],,. This module
decomposes as the direct sum of submodules
Al = Alzg/xi, ... T2

for all m € Z. Over D, (z;) N D4 (x;) we have isomorphisms

Al & (/)" A,
so the ;1\3; patch together to an invertible sheaf isomorphic to O(m). O

Corollary 5.9. There are natural isomorphisms

H'(AGP\ {0}, Oarenj0)) = € H (P, O(m)).

meZ
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Proof. As 7 is an affine morphism, the lemma together with Corollary
3.4 yield isomorphisms

H'(AT\ {0}, Opneygoy) = H' (P, @D O(m
meZ

It remains to observe that cohomology commutes with direct sums.
This can be seen by choosing a flabby resolution for each O(m), and
then taking the direct sum of these resolutions as a flabby resolution
of the direct sum. O

In view of the corollary above the theorem follows from:

Proposition 5.10. We have H'(A""\ {0},0A2+1\{0}) = 0 unless
1 =0 orn. Moreover,

except for n = 0 where it is Alxg, x5'], and forn >0

H™(A7\ {0}, Opmeiygoy) = submodule of Ayt o

rn

generated by monomials xg° - - - x5™ with all a; < 0.

Proof. The case i = 0 is well known from elementary algebraic geome-
try. Also, for n = 0 the scheme A, \ {0} is affine and therefore

H'(A4\ {0}, Oayyjoy) =0

for ¢+ > 0 by Serre’s vanishing theorem. So n = 0 is also known and we
may use induction on ¢ and n. We have an exact sequence

(3) 0— OAZH\{O} — j*OD(a:n) — @ OA’}‘\{O}fE;l —0
=1

of sheaves on A"\ {0}. Fori > 1 we have H (A} \ {0}, j.Op(s,)) = 0
by Corollary 3. 4 and Serre’s vanishing theorem because j is affine, so
the long exact cohomology sequence yields

HY (A0}, 0 g1, gy) = coker (HY(D(,). Opis,) — ED HO (AN {0}, Onyy (o)

For n > 1 the right hand side is
oo
coker (Alzg, ..., Tn, 2, '] — @ Alxg, ...,z 1)z, ') = 0.
=1
Forn=1itis
coker (A[zg, z1,27'] — @A xo, x5 o7t @ Azg™ 7.

=1 Il,m=1

—1
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This completes the proof of the case ¢ = 1 via induction on n. Fori > 1
we derive from exact sequence (3) and the vanishing of H' (A} \ {0}, j.Op(.))
isomorphisms

H'(AT\ {0}, Opgneny o)) = D H AL\ {0}, Oagjop)y,”
=1

where we use again that cohomology commutes with direct sums. Thus
we may conclude using induction (on ¢ and n). O

6. SERRE’'S GAGA THEOREMS

Serre’s famous theorems give a comparison between coherent sheaves
on complex projective schemes and coherent sheaves on the associated
analytic space. To state them, we first have to review some construc-
tions in the analytic theory.

The affine space Ag comes equipped with a natural sheaf O™ given
by holomorphic functions in n variables over complex open subsets of
C". The pair (A"(C), O™) is a locally ringed space. Given holomor-
phic functions fi,..., fm € O™(AN(C)), their restrictions define an
ideal sheaf T C O™. Let Z C A"(C) be the support of O™ /T (i.e.
the closed subset of points where the stalk is nonzero). The restriction
of O™ /T to Z defines a locally ringed space we denote by (Z, 0%'). We
call such ringed spaces closed analytic subspaces of AY(C). An ana-
lytic subspace of A™(C) is an open subset in a closed analytic subspace,
equipped with the restriction of the structure sheaf.

Definition 6.1. A complex analytic space is a locally ringed space
(X, OF') such that there exists an open covering U of X such that for
U € U the locally ringed space (U, O%'|) is isomorphic to an analytic
subspace of A" (C).

A coherent sheaf on a complex analytic space is an O%'-module F
such that there exists an open covering U of V' such that for U € U the
restriction F|y is isomorphic to the cokernel of a morphism (Of)%" —
(09 of finitely generated free Of-modules.

Now we can associate a complex analytic space to a scheme of finite
type over C as follows.

Proposition 6.2. Let X be a scheme of finite type over C. There exists
a complex analytic space X™ equipped with a morphisme : X* — X of
ringed spaces such that every morphism of locally ringed spaces Y — X
with Y a complex analytic space factors uniquely through ¢.

In the above proposition the structure sheaves of the ringed spaces
are all C-algebras; we require morphisms to preserve this C-algebra
structure.
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Proof. For X = A% we define X™ to be C¥ = A"Y(C) with its usual
holomorphic structure sheaf O*" recalled above. The morphism ¢ is
given by identifying C" with complex points of A% and considering
algebraic functions as holomorphic functions. Let us check that it sat-
isfies the above universal property. First consider the case N = 1. In
this case to give a morphism of locally ringed spaces ¢ : Y — Ag for an
analytic space (Y, OF") is equivalent to specifying a global section Oy,
i.e. a global holomorphic function on Y. Indeed, ¢ induces a C-algebra
map C[t] = (A, O AL ) — [(Y, OF") which is uniquely determined by
the image f of t. Conversely, such a holomorphic function f induces a
morphism ¢ : Y — Ag which manifestly factors through e as defined
above. The case of general N then follows inductively from a formal
observation: given two separated schemes X;, X5 of finite type over C
such that X" exists for ¢ = 1,2, the product X" x¢ X3" satisfies the
universal property required of (X; x¢ X2)*".

Next, consider the case where X is a closed subscheme of A corre-
sponding to an ideal I = (f1,..., f,) C C[t1,...,ty]. Viewing the f; as
holomorphic functions, they give rise to a sheaf of ideal Z C O*", and
we define X™ to be the associated closed analytic subset of AN (C).
To show that X" satisfies the required universal property, one first
observes that X" is none but the fibre product X X zx AY(C) in the
category of locally ringed spaces. Afterwards the argument is formal:
for a morphism Y — X of locally ringed spaces with Y analytic the
composite Y — X — AX factors through a morphism ¥ — A™(C)
by the case X = Ag, whence also a map into the above fibre product.

Now let X be a closed subscheme of AY and U C X an open sub-
scheme. By the previous paragraph ¢ : X* — X exists for X. We
define U™ to be ¢ 1(U) equipped with the restriction of Oxan; it is an
analytic subspace of A" (C) by construction. Moreover, it is none but
the fibre product U xx X*" in the category of locally ringed spaces,
hence it satisfies the universal property by a similar argument as above.

Finally, in the general case X has an open covering by closed sub-
schemes in affine space. By the previous two steps we know that the
associated analytic space exists for elements of the cover as well as for
their intersections, hence we may patch them together as locally ringed
spaces by means of the isomorphisms resulting from the universal prop-
erty. |

Remark 6.3. We have worked with Grothendieck’s definition of ana-
lytic spaces. Serre’s original definition in GAGA was more restrictive:
he required the topology of the analytic space to be Hausdorff and
elements of the open covering to be closed analytic subspaces of AY.
However, by following through the steps of the above construction one
sees that for separated schemes of finite type over C the space X*" will
be an analytic space in Serre’s sense as well. The GAGA theorems
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concern projective (or more generally proper) schemes over C, so the
separatedness assumption always holds.

Definition 6.4. Given an algebraic coherent sheaf F on X, we define
F=e"F.

Here the pullback is in the sense of ringed spaces, so it is given
by the tensor product e 'F ®.-10, Oxan. Note that by definition
(Ox)™ = Oxan, so by exactness of ¢! and right exactness of the
tensor product we obtain that F*" is a coherent analytic sheaf.

Proposition 6.5. The functor F — F™ is exact.

Proof. Exactness can be checked on stalks. By construction the stalk of
F*at P € X(C) isisomorphic to Fp®o, ,Oxan p. Here the local rings
Ox p and Oxan p have the same formal completions along the maximal
ideal. This is obvious for the case X = AY where the completion
in both cases is the ring of formal power series in N variables; the
general case results by following the steps in the construction of X"
The proposition then follows from the purely algebraic lemma below,
applied to the homomorphism Ox p — Oxan p (in fact, only fatness is
used). i

Recall that an A-module B is flat if the functor M +— M ®4 B is
exact on the category of A-modules; it is faithfully flat if moreover
M ®4 B =0 implies M = 0. A fundamental fact (see e.g. Matsumura,
Commutative Ring Theory, §8) is that the completion A of a Noether-
ian local ring along its maximal ideal is a faithfully flat A-module.

Lemma 6.6. Assume A — B is a local homomorphzsm of Noetherian

local Tings inducing an isomorphism A B. Then B is faithfully flat
over A.

Proof. Assume M is an A-module with M ®4 B = 0. Tensoring with
B gives
0=M®@ sBesB=Mco,B=Me,A,
in view of B A. As A is faithfully flat over A, we get M = 0.
Similarly, if M < N is an injective map of A-modules, tensoring
the 1nduced map M ®4 B - N ®4 B with B over B, we get the map

M &4 A= N ®a A which is injective by flatness of Aover A. As B is
flat over B, this is only possible if M ® 4 B — N ®4 B is injective. O

Construction 6.7. The functor F — F*" induces homomorphisms
HY(X,F) — H/(X>™ F*)

for all ¢ > 0 as follows. Choose a projective resolution F — Z°®. Since
the functor * is exact, the complex ¢*F — ¢*Z° is still a resolution.
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Choose an injective resolution ¢*F — J°. By a general lemma of ho-
mological algebra (which is easy to prove by an inductive construction),
the identity morphism of €*F extends to a morphism of complexes

eIt — J°.
Applying the functor €, gives a map
gL = e, TJ°

that we may compose with the adjunction map Z°®* — e,e"Z°. Taking
global sections we get

DX, Z°) - I'(X,e.eT%) —» ['(X,e,T°) =T(X*™, T°).
The required maps result by passing to cohomology.
We may now state Serre’s GAGA theorems.

Theorem 6.8 (Serre). Let X be a closed subscheme of Py for some
N > 0.

(1) The maps H'(X,F) — H'(X™, F*) defined above are isomor-
phisms for all v > 0.

(2) The functor F — F* induces an equivalence of categories be-
tween coherent algebraic sheaves on X and coherent analytic
sheaves on X*".

Remark 6.9. Grothendieck has generalized both GAGA theorems to
arbitrary proper schemes over C.

The proof of Theorem 6.8 uses the following analogue of Theorem
5.1 for analytic sheaves (which was actually proven a few years earlier,
using techniques from functional analysis).

Theorem 6.10 (Cartan—Serre). Let F be a coherent analytic sheaf on
PY(C). Then

(1) HZ:(PN(C),}_) is a finite-dimensional C-vector space for i > 0.
(2) H'(PY(C), F(m)) =0 fori >0 and m sufficiently large.

Here F(m) for analytic sheaves is defined in the same way as in the
algebraic setting, by patching together the restrictions F|p, (5, along
the isomorphisms f — (z;/x;)™ f.

We shall only need the second statement, but its proof is based on
the first one, which is the most difficult result of the analytic theory.
Let us note the following consequence:

Corollary 6.11. If F is a coherent analytic sheaf of PY(C), then
F(m) is generated by global sections for m sufficiently large.
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Proof. Let Ip be the ideal sheaf of a point P € PY(C). We have an
exact sequence of sheaves

0 — ZpF(m) — F(m) — F(m)/ZpF(m) — 0.
A piece of its associated long exact sequence reads
H°(PY(C), F(m)) — H(PY(C), F(m)/ZpF(m)) — H'(PY(C),ZpF(m)).

As ZpF is coherent (being a quotient of Zp ® F), the last group here is
trivial for m sufficiently large by part (2) of the theorem. Since O™ /Zp
is a skyscraper sheaf concentrated at P, we have an isomorphism
H°(PY(C), F(m)/IpF(m)) = F(m)p/IpF(m)p, where we have iden-
tified Zp with the maximal ideal in Opw (¢ p. The exact sequence gives
a surjection H'(PYN(C), F(m)) — F(m)p/IpF(m)p, whence a surjec-
tion H°(P™(C), F(m)) - F(m)p by Nakayama’s lemma. As F is co-
herent, such a surjection holds for all points in an open neighbourhood
of P. As P(C) is compact, we may cover it with finitely many such
open neighbourhoods, so for m sufficiently large F(m)p is generated
by global sections for all points P. O

Remark 6.12. An analogous result holds for coherent algebraic sheaves
on a projective scheme. The proof is the same, using Theorem 5.1 (2)
instead of Theorem 6.10 (2).

Proof of Theorem 6.8 (1). Using the isomorphisms

Hl(X, .F) :> Hl(Pg,QS*.F), Hi(Xan’]:an) :> HZ(PN(C),Qb*Fan)
(where the second isomorphism follows as in Remark 3.5), we reduce
to the case X = PY(C).

In this case, we first prove the theorem for F = O(m) by induction

on N, the case N = 0 being obvious. We first treat the case i = 0.
Consider the exact sequence

(4) 0—-0(-1) >0 —0g—0

where H is the hyperplane of equation xy = 0, and the first map is
given by multiplication by zy (and we have written Op in place of
ig+Op, where i : H = PY(C) is the inclusion map). Tensoring by
the invertible sheaf O(m + 1) gives an exact sequence

(5) 0= O(m) = O(m+1) = Oy(m+1) = 0

where the last term is the sheaf O(m + 1) on H = PY~! by the pro-
jection formula. We have a commutative diagram

0 —— H'®PX,0m) — HPY,0m+1) —— HYH Ox(m+1)

l ! !

0 —— H°(PN(C),0%(m)) —— HO(PYN(C),0**(m +1)) ——— H(H(C), 0% (m + 1))

Here the last vertical map is an isomorphism by induction on N. More-
over, the map H°(P%, 0) — H(PY(C), 0™) is also an isomorphism
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(both groups equal C). Therefore the diagram implies that we have
isomorphisms H(PY, O(m)) — H°(PY(C),0*(m)) for all m < 0
by descending induction on m starting from the case m = 0. In
the case m > 0 the last upper horizontal map is surjective because
HY(PY,0(m)) = 0 by Theorem 5.7. Thus we may apply the snake
lemma to the diagram, and prove the statement by ascending induc-
tion on m, again starting from the case m = 0.

In the case ¢ > 0 both groups are trivial for m sufficiently large
by Theorems 5.1 (2) and 6.10 (2), so it will suffice to prove that the
theorem holds for O(m) if it holds for O(m + 1). Now the maps

H'(Pg,Oy(m+1)) — H'(PY(C), 03 (m + 1))
are isomorphisms for all ¢ and m by induction on N, and the maps
H'(Pg, O(m + 1)) = H'(PY(C), 0™ (m + 1))

are isomorphisms for all « by descending induction on m. Writing out
the long exact sequences in cohomology for (5) in both the analytic and
the algebraic setting, the statement for O(m) follows from the above
isomorphisms and the five lemma.
To treat the case of arbitrary JF, apply Proposition 5.5 to obtain an
exact sequence
0—G—0m* - F—0.

Applying the exact functor F — F*" gives an exact sequence
0— g™ — O0™(m)¥ — F* = 0.

Writing out the associated long exact sequences and using the case F =
O(m), we can proceed by a similar descending induction as above, but
this time on 7. To start the induction, use Theorem 4.2 in the algebraic
setting that shows that all groups are 0 in degree > N. The proof
of that theorem goes through in the analytic setting as well, except
that instead of Serre’s vanishing theorem one should use the analogous
theorem for coherent analytic sheaves on affine spaces (more generally,
Stein spaces) which is called Cartan’s ‘Theorem A’. (Alternatively, one
can apply Grothendieck’s general theorem mentioned at the beginning
of Section 4.) When proving the inductive step, the case F = O(m) and
the degree i-+1 case first imply the surjectivity of the map H*(PY, F) —
H'(PY(C), F™). Since this holds for all coherent sheaves on Pg, it
also holds for G. Surjectivity of the map for G together with the already
known isomorphisms then implies injectivity for F by a diagram chase.

|

For the proof of full faithfulness in statement (2) we use a lemma.

Lemma 6.13. Given coherent sheaves F and G on X, we have a
canonical isomorphism

Hom(F,G)™ = Hom(F™, G
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of sheaves on X*".

Proof. First we construct a morphism
(6) Hom(F,G)*™ — Hom(F*™,G™).

A section of e *Hom(F,G) over an open subset U C X" induces
a morphism of sheaves e 'F|y — £ 'G|y. Tensoring by O over
£ 'Ox|y gives a morphism of sheaves £*F|y — £*G|y, i.e. a section of
Hom(F™,G*) over U. We thus obtain a morphism of £ ' Ox-modules
e "Hom(F,G) — Hom(F*™,G*) which extends to a morphism of
Oxan-modules e "Hom(F,G) ®.-10, Oxan — Hom(F™,G*™). This
is the map (6).

To show that (6) is an isomorphism, we consider the induced map
on stalks

HOHI(.FP, gp)@OX,POXan’P — HOIH(‘FP®OX,P OXan,P, QP®OX7P(’)XM,P),

Since Oxan p is flat over Ox p, we conclude by a purely algebraic fact:
given a ring A, a flat A-algebra B and A-modules M, N, the natural
map

HOHIA(]\47 N) ®AB — HOIIIB(M XA B,N@A B)

is an isomorphism. (This is obvious for M = A, hence also for M free
over A. In the general case, write A as a cokernel of a morphism of
free modules, and use flatness of B.) O

Proof of Theorem 6.8 (2). We first prove that the functor F +— F*" is
fully faithful. Given coherent sheaves F and G on X, part (1) of the
theorem applied to H" of the sheaf Hom(F,G) induces an isomorphism

Hom(F,G) = H°(X*™ Hom(F,G)™).

By the lemma above, the right hand side identifies with Hom(F*", G*").

It remains to prove that the functor F — F*" is essentially surjective,
i.e. every coherent analytic sheaf G on X*" is isomorphic to F*" for a
coherent algebraic sheaf F on X. First we reduce to the case X = Pg.
Consider the inclusion map i : X — PX. By the case X = Py we
have 2"G = F*" for some coherent sheaf F on Pg . If 7 is the ideal
sheaf defining X in PY, we have (ZF)™ = Z°*(i,G) = 0 as I is the
ideal sheaf defining X* in P"(C). But then ZF = 0. Indeed, this can
be checked on stalks, where it follows from faithful flatness of Oxan p
over Ox p (Lemma 6.6). But ZF = 0 means that F is the pushforward
of a coherent sheaf Fx on X, and we have F§' = G as analytification
commutes with pushforward along closed immersions.

In the case X = Pg, apply Corollary 6.11 to obtain a surjection

Oan(_m)@s s g
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for suitable m and s. Repeating the argument for the kernel of this map
(which is again a coherent analytic sheaf) we obtain an exact sequence

O (—n)® =5 OM(—m)®* 5 G - 0.

By full faithfulness here the morphism O™ (—n)®" — O*(—m)®* comes
from a morphism O(—n)®" — O(—m)®* via the functor F > F**. As
this functor is moreover (right) exact, we obtain an isomorphism

G = coker (O(—n)®" — O(—m)®*)™".
Thus F := coker (O(—n)?" — O(—m)?*) is a good choice. m



