Lectures On Elliptic Curves

Tamas Szamuely (notes by Antonio Di Nunzio feat. Davide Pierrat)

1 Basic notions

Let k be an algebraically closed field. Recall that the projective plane over k is the quotient

P? = (k*\ {(0,0,0)}) / ~

where (z,y,z) ~ (2/,4/,2") if and only if there exists a non-zero element A in k such that
@,y 2') = (A, Ay, Az).

( A
Definition 1.1. A projective plane curve over k is

X ={P e Pi: F(P) =0},
where F' is a homogeneous polynomial in k[X,Y, Z]. We say that such a curve is

e irreducible if F is irreducible;

e smooth if for every P in X, one of Ox F(P),dy F(P),07F(P) is non-zero.

In particular, a projective plane curve X is smooth if for every P in X there exists a unique
tangent line to X at P, given by the equation

OxF(P)X 4+ 0yF(P)Y +0,F(Z)Z =0.
Remark 1.2. Recall that P? can be covered by three copies of the affine plane A%:

A7 = PIN{Z =0}, (z,9) (z,9,1)
A7 S PIN{Y =0}, (2,2) (z,1,2)

A S PIN{X =0}, (y,2) = (1,y,2).

)
)

Intersecting X with these three subsets gives three affine plane curves, defined by the equations

fz('ray) =0, fz(x’y) = F(l‘,y,l);
fylz,2) =0, fy(z,2)=F(z,1,2);

fz(yv Z) =0, fm(yv Z) = F(la Y, Z)
Conversely, one can recover X from f,(z,y) by setting
XY
A

F = dez( )7 d:deg(fz)

and similarly for f, and f,.



( A
Definition 1.3. An elliptic curve over k is a smooth irreducible projective plane curve
defined by a polynomial of the form

F=Y?Z4+aXYZ+a3YZ? - X3 —ayX?Z —as X 7% — a6 2>
with coefficients a1, as, as, a4, as in k. The equation F' = 0 is called a Weierstrass equation

for the elliptic curve.
& J

In this case, the affine curve f,(z,y) = 0 is defined by the equation
v+ arzy + asy = x° + asx? + asx + ag. (1.1)

Moreover, there exists a unique point of the elliptic curve on the projective line {Z = 0}: this is
(0,1,0) and is called the point at infinity of the elliptic curve.

Now we show that, if char(k) # 2,3, after an invertible linear change of variables (with
coefficients in k), we can transform the equation (1.1) into the standard form

y? = 2° + Az + B. (1.2)

Indeed, starting from equation (1.1) and substituting

1
s 5(9 —a1r — az),
we get
y? = 423 + by + 2bu2 + b,
where by = a? + 4as, by = 2a4 + a1asz and bg = a% + 4ag. Substituting

z=3 1
36 Y77 108Y

yields
y? =23 + Az + B,

where A = 648by — 27b3 and B = 54 b3 — 1944 byby + 11664 bg. The homogeneous equation is
given by
Y2Z = X34+ AXZ* + BZ3.

Note. From now on, we assume char(k) # 2, 3.

Now let F =Y?2Z — X3 - AXZ? - BZ3. What is the condition on A, B for the curve {F = 0}
to be smooth?

Note first that (0,1,0) is a smooth point, indeed
07F(0,1,0) = (Y2 - 24X Z — 3BZ%)(0,1,0) = 1.
For the other points, we check in the (z,y)-plane:

Opf. =3z — A
ayfz = 2y



and these are both zero if and only if y = 0 and z is a multiple root of 23 + Az + B. Note that
the latter holds if and only if the discriminant of 2> + Az + B

A = —(44% +27B?)

is zero. In particular, if A # 0, the projective curve defined by F' = 0 is smooth. In fact this
condition is also necessary, because if OxF(P) = 0y F(P) = 0, then dzF(P) = 0 because of
Euler’s formula:

XOxF +YOyF + Z0zF = deg(F')F.
Exercise 1.4. Verify Euler’s formula for an elliptic curve (or in general, if you prefer).
Next, note that several Weierstrass equations can define the same curve: starting from
Y?Z = X*+ AXZ? + BZ?
and substituting X — v?X, Y — 43Y, Z — Z for some non-zero v in k, we get
uY?Z =uX? +uw?AX Z? + BZ°.
Dividing by u® we obtain

Y2Z = X34+ AXZ%+ B'Z3, A'=u*AX, B =u%B.

( )

Definition 1.5. The j-invariant of the elliptic curve E: Y2Z = X3 + AXZ? + BZ3 is

(44)?

14 porpr < F

J(E) =427

( A
Proposition 1.6. If B : y?> = 23 + Az + B and E’ : y?> = 23 + A’z + B’ are two elliptic
curves with j(E) = j(E’), then there exists a non-zero u in k such that E’ is obtained from

E by the substitutions z — u?x and y — u3y.
& J

Proof. By hypothesis, we have
(44)° (44')?

4A3 +27B2  4(A")3 +27(B)?

Note that A = 0 if and only if A’ =0 (and, equivalently, j(F) = j(E’) = 0). This in partic-
ular implies B, B’ # 0 and so we get the claim by setting u = (B/B’)'/°.

Note also that B = 0 if and only if j(E) = 1728 (and, equivalently, B’ = 0). In this case
A, A" # 0 and we get the claim by setting u = (A/A")'/4.

Finally, if A, B # 0, the same computations hold and we can check that

(5) ()

In this case, setting u = (B/B")'/¢ = (A/A’)'/* we conclude. O



We shall verify later (Remark 3.4) that two elliptic curves are isomorphic if and only if they are
related by a substitution of the above type.
So isomorphism classes of elliptic curves correspond bijectively to values of the j-invariant.

[ Lemma 1.7. For every j in k, there exists an elliptic curve E over k with j(E) = j. ]

Proof. If j # 0,1728, then the elliptic curve

36 1
j—1728"  j— 1728’

E: P +ay=2—

whose standard form is given by

27 547
2_ .3 _
VST T T T T’

is such that j(E) = j. (Note that if j = 0, the curve defined by the equation (1.3) is not smooth.

As seen in the proof of Proposition 1.6, for an elliptic curve E: y? = 23 + Ax + B, we have
J(E) =0 if and only if A =0 (and B # 0) and j(E) = 1728 if and only if B = 0 (and A # 0).
So these cases also arise. O

In the language of algebraic geometry, the above discussion shows that A} is the moduli
space of elliptic curves over k, each curve corresponding to the point on the line defined by its
j-invariant.

Definition 1.8. Let K be a subfield of k. We say that E is defined over K if there exists
a Weierstrass equation for E with coefficients in K. We define E(K) to be the set of points
of E/ with coordinates in K.

Typical examples of K will be Q (when char(k) = 0) or F,, (when char(k) = p).

From the above discussion, we obtain:

[ Corollary 1.9. An elliptic curve E is defined over K if and only if j(E) belongs to K. ]

2 The group law on an elliptic curve

We start with the following observation, allegedly known to Diophantus.

Remark 2.1. If £ is an elliptic curve over k and P, Q are two distinct points in E(k), then the
line PQ has a unique third point of intersection with E. Moreover, if E is defined over a subfield
K of k and P, Q@ belong to E(K), then the third point is in E(K) too.



Proof. After a linear coordinate change, we may assume PQ does not go throughi(O, 1,0). So we
may argue using the affine equation y? = 23 + Az + B. In this case, the line PQ has equation
y = Cx + D. Intersection points correspond to roots of (Cz + D)? = X3 + AX + B. We know

that if two roots are in K, then there exists a unique third root in K. O

There is a complement, attributed to Newton: if P = @), the same holds by the tangent line at
P to E.

Construction 2.2. Fix a point O in E(k). If P,Q belong to E(k), let R be the third point of
intersection of PQ with E. We define P & @ to be the third point of intersection of RO with E.

Note. If P,Q are in E(K), so is P ® @ when FE is defined over K and O lies in E(K).

[ Theorem 2.3. The above construction gives F(K) the structure of an abelian group. ]

Note that by construction F(K) is clearly commutative with zero element given by the point
O. For every point P in F(K) we construct its inverse (denoted by —P or sometimes by &P) as
follows: let T' be the third point of intersection of the tangent line at O (to E) with E (it may
happen that T = O). We define —P as the third point of intersection of PT with E. The most
difficult part of the proof of Theorem 2.3 is to show that the composition law is associative. We
will prove this after introducing more sophisticated tools.

Remark 2.4. Suppose that O is a flex on F (that is, O is a triple intersection point of E with
the tangent line at O). It is known that there are nine such points. In this case —P is just the
third point of intersection of PO with E; moreover, one checks easily that P® Q @ R = O if and
only if P,Q, R are collinear (this is not true with every O!).

Key example: O = (0,1,0). The tangent line at O to Eis {Z =0} and {Z =0} NE ={X =
Z =0} ={(0,1,0)}. In what follows we shall make this choice for O.

With an eye for the proof of associativity, we now recall some basic notions from the geometry
of plane curves.



Let F be an irreducible polynomial in k[x,y]. Then F' defines an affine plane curve
X ={P=(a,b) € A}: F(P) =0}.

Since F' is irreducible, the ideal (F) is a prime ideal of k[z,y]. In particular, the quotient ring
klz,y]/(F) is an integral domain.

( )
Definition 2.5. The coordinate ring of the affine plane curve X is the quotient ring

The function field of X is the fraction field
k(X) := Frac(Ax)

of the coordinate ring of X.
& J

The elements of k(X)) can be viewed as functions f/g on X, with f/g and f1/¢; identified if
F divides fg1 — f1g.

Recall that if P is a point in AZ, the kernel of the map klz,y] — k, f — f(P)
Mp = {f € k[z,y]: f(P) =0}

is a maximal ideal of k[z, y]. Indeed, setting P = (a,b), the ideal Mp contains the maximal ideal
(x —a,y —b). Thus we get Mp = (z —a,y —b).
With a slight abuse of notation, we still denote by Mp the image of Mp in Ax.

[ Definition 2.6. The local ring of X at P is the localization Ox p of Ax by Mp. ]

The ring Ox p is a subring of the function field k(X) and is represented by elements of the
form f/g, with g(P) # 0, again with f/g and f1/g;1 identified if F divides fg1 — fi1g.

Example 2.7. If F = 3% —x —1 and P = (—1,0), using the above equivalence relation we have

r+1 3
:y—:yzeOX’p.
Y Y

Thus a function in k(X)) which at first glance does not look like an element of Ox, p may well be
there.

Fact 2.8. Let h be an element in k(X). Then h lies in Ox p for all but finitely many points P.

Proof. Represent h = f/g. Then {g = 0} defines an affine plane curve in A?. The plane
curves {F = 0} and {g = 0} do not contain each other (as F' is an irreducible polynomial that
does not divide g), hence they meet at finitely many points. This can be proved rigorously by
an elementary argument on polynomials. A more highbrow argument is: the ring Ax is an



integral domain whose transcendence degree over k is 1 (as the equation F' = 0 provides an
algebraic dependence relation between the variables x and y). By adding the equation g = 0,
the transcendence degree of the correspondent coordinate ring drops to zero. Hence the plane
curves {F = 0} and {g = 0} cut out a zero-dimensional variety, that is, a finite set of points.
For further details, see [7]. O

Lemma 2.9. Let X be an affine plane curve. Then

Ax = () Ox.p.

pPeX

Proof. Clearly Ax is contained in the intersection. On the other hand, let A be an element
in Npey Ox,p. Then for each P in X there exist fp,gp in Ax with gp(P) # 0 such that
h = fp/gp. Since Ax is Noetherian, the ideal (gp: P € X) is finitely generated, say by
91,---,9r. Then in k(X) we can write

_h_ bk )

h .
g1 92 9r

so that for each P in X there exists an index 1 < ¢ < r such that g;(P) # 0. Observe that
(g1,---,9r) = Ax. Indeed, if not, the ideal (¢1,. .., g,) would be contained in a maximal ideal of
Ax, that is, by Nullstellensatz, the image of some (z — a,y — b) in Ax. But then for P = (a,b)
we would have g;(P) = 0 for all indexes 1.

Therefore there exist hy,...,h, in Ax such that Y ;_, h;g; = 1. Hence

h= ihihgi = ihiﬁfh = ihifi € Ax.
i=1 i=1 v i=1

Lemma 2.10. If P is a smooth point of an affine plane curve X (i.e. 0,F(P) and 0,F(P)
are not both zero), then the maximal ideal of Ox p is principal.

Proof. Up to translation, we may assume P = (0,0). Without loss of generality, we may assume
0, F(0,0) # 0. We show that the maximal ideal Mp = (z,y) is generated by z, i.e. there exists
fin Ox p such that y = - f. Note that

0=F(z,y) =xg(x)+0,F(0,0)y+ h(z,y)y

for some ¢ in k[z] and h in k[z,y] such that h(0,0) = 0. Therefore, setting

9

F==g oo

yields y = o - f. Since h(0,0) = 0 and 9,F(0,0) # 0, we conclude that f belongs to Ox p. O



[ Corollary 2.11. If P is a smooth point of X, then Op x is a discrete valuation ring. ]

In particular, if P is a smooth point of X, every element f in k(X)* can be written as
f =uz™, where u is a unit in Ox p and n is an integer independent of the generator x of Mp.

Notation. If P is a smooth point of X, we denote by vp the discrete valuation associated to
Ox,p. In particular, if f = uz™ as before, we have n := vp(f). If n > 0, we say that f has a
zero of order n at P. If n < 0, we say that f has a pole of order —n at P.

Now let X be an irreducible projective plane curve defined by a homogeneous polynomial F
in k[X,Y, Z] of degree d. Recall that
if Z #0, then fz = F(z,y,1) defines X, C A} with coordinates x, y;
if Y # 0, then fy = F(z,1,2) defines Xy C A? with coordinates x, z;
if X #0, then fx = F(1,y,2) defines Xx C A} with coordinates y, 2.

Recall that fz and fy are linked by

z 1
fY(x7 Z) = deZ (7 ) .
2z
Now if P lies in X (k)N{Z # 0} N{Y # 0}, then P defines a point of both Xz and Xy (that we
still denote by P). We have a canonical isomorphism Oy, p =0 Xy,P Dy

1
9(=z.y) . 9(z/21/z) (2.1)
h(z,y) h(x/z,1/2)
This is an isomorphism because the procedure can be reversed. Obviously we can argue in a
similar way when P lies in X(k)N{Z £ 0} N{X # 0} or in X(k)N{X # 0} N{Y # 0}, so we

can define
OXZ,P lfPE{Z?éO}

OX,P = OXy,P lfPE{Y?éO}
OXX,P lfPG{X#O}

and this is well-defined by the above. We can also define k(X) as the common fraction field of
the OX’p:
E(X) =k(Xz) =k(Xy) =k(Xx).

So there exists a notion of zero and pole of an element f in k(X) at a point P in X.

Example 2.12. Let X be the elliptic curve with equation
Y?Z = X*+ AXZ + BZ®.

For Z # 0, the affine curve Xz has equation y?> = 2® + Az + B and xz,y lie in Ax, (thus in
k(Xz) = k(X)). What about P = (0,1,0)? It is contained in Xy

General recipe:
S k(Xz) = % S k(Xy)



The affine curve Xy has equation z = 2% + Azz? + Bz?. The maximal ideal of Ox, .p is the
ideal generated by = (because, as in the proof of Lemma 2.10, 87 does not vanish at P). In this
case, we have
1 3
= —2 €T
1— Axz — Bz
—_———

unit

z

Hence z has a zero of order 3 at P and z/z has a pole of order 2 =3 —1 at P. Also, the element
y in k(X z) ( which corresponds to 1/z in k(Xy) by the isomorphism in (2.1)) has a pole of order
3 at P.

Remark 2.13. We have another description of k(X). Consider the quotient set

k/(\)_(/) = {P: P,Q € k[X,Y, Z] homogeneous, F'1Q, deg(P) = deg(Q)}/N

Q

where the equivalence relation is given by

P P
—~— < F|PQ - PQ.

Q@ |

Here the condition on degrees is needed to get a well-defined function at points of the projective
curve. Recall that

F(X) = k(X ) = Frac(Ax, ) = {§ f9 € Kaoal, fz m} / -

where P
S~ = fr|fd - fyg
g g

Define a map k(Xz) — k(X) by
g

[(X/2,Y)2) _ [(X/2,Y/Z)Z? .,

f

" Y(X/2.Y]Z) T 9(X]2.Y]Z)2" ’

where d = deg(f) and e = deg(g). This map has an inverse, given by

P Pla,y1l
P Pyl

Q Q(z,y, 1)

—_

Thus k(X) provides another description of the function field of X.

( A
Definition 2.14. Let X be a smooth projective plane curve. The group of divisors on X
is the free abelian group

Div(X):= P z- P.

pPeX

If f is an element of k(X)*, the divisor of f is the element

div(f) = Y _ wp(f)- P € Div(X).

PeX




Note that div(f) € Div(X) because f has only finitely many zeros and poles on X (apply Fact
2.8 to f and 1/f). Also, the map div: k(X)* — Div(X) defined by f — div(f) is a group
homomorphism.

Definition 2.15. Let X be a smooth projective plane curve. The Picard group of X is the
quotient group
Pic(X) = coker(div).

We denote by [D] the class in Pic(X) of an element D in Div(X).

So we have an exact sequence

1 k% = k(X)* L% Div(X) = Pie(X) — 0.

Definition 2.16. The degree of an element D =),y np - P in Div(X) is the integer

deg(D) = Z np.

pPeX

Note that the map deg: Div(X) — Z defined by D +— deg(D) is a group homomorphism.

[ Proposition 2.17. If f is a non-zero element in k(X), then deg(div(f)) = 0. ]

Proof. We shall only prove the cases X = P} or X an elliptic curve. We start with the case
X = P}. We identify points of P}, with elements of kU {co}. We may assume that f lies in k[z]
(this is sufficient, as degodiv is a group homomorphism). In particular, we can write

=] - a)™,
=1

whit n; = v,,(f). Note that

T

Uoo(f) = 7deg(f) :727%

i=1

because 771 generates the maximal ideal of OP;,oo- Hence we get

®MMM=ZWW=%W+Z%W=O

PeX

Now we consider an elliptic curve E of equation 3% = 2% 4+ Az + B. Write

3
2* + Az + B =[]z - e).

i=1

10



Then the projection (z,y) — « is a 2:1 correspondence except at (e;,0) and O. Note that
k(E)|k(P}), where k(P}) = k(z), is a degree 2 field extension, hence a Galois extension with
Galois group isomorphic to Z/2Z. The non-trivial element sends f(x,%) to f(z,y) = f(z, —y).
For every f in k(E), the element ff is fixed by the Galois group, thus is in k(z). Then by the
previous case, we have deg(divp: (ff)) = 0. Now we show that

deg(divp; (1)) = 2deg(divi(f1)). (2.2)

This will be enough because deg(divg(f)) = deg(divg(f)) since vp(f) = v_p(f).

For a in k\ {e1,e2,e3}, the element x — a generates the maximal ideal of Opi’a, but also
that of O 1+ p, where =P are the two points above a € P}, (because 9, F(+P) does not vanish).
Since the projection is 2 : 1, this gives the contribution of +P.

If a = e;, then x — e; generates the maximal ideal of OPi)ei, but not of Og (¢, 0y (there y is a
generator). We have

v =(z—e) [J(z —¢j)

J#i
and the second factor is a unit in Og (¢, 0). Hence (z — e;) has a zero of order 2 at the point
(e4,0) of E(k). Finally, the case of O is similar and is left as exercise. O

The above argument also make it possible to prove the following basic fact for elliptic curves.

Proposition 2.18. If X is a projective plane curve, then

() Ox.p =k

PeX

Proof in the case of elliptic curves. Let X = E be an elliptic curve, and let f be an element in
Npecr Op,p. Then f is contained in ﬂPeE\{O} Op,p and thus in Ag\{o} by Lemma 2.9. By
the previous argument, the element ff lies in APi-\ (s} =A AL = k[x], thus either it is constant
or has a pole at co. In the latter case, using formula (2.2), we see that f then has a pole at O
which contradicts our assumption. So f is constant. O

Definition 2.19. If X is a projective plane curve, we set
DivY(X) := ker(deg: Div(X) — Z).

We define Pic’(X) as the image of Div?(X) in Pic(X).

By Proposition 2.17, we have an exact sequence:
1 — kX = k(X)) = Div’(X) — Pic’(X) — 0.
Now assume that X = F is an elliptic curve with O € E. Define the map
® : E(k) — Pic"(E)
P +— [P-0]

11



Lemma 2.20. For every P,(Q in E, we have

(P Q)=D(P)+ 2(Q).

Proof. Let R be the third point of intersection of the line PQ with E. Let L; = 0 and Ly = 0 be
the equations of the lines PQ and RO respectively. Then L;, Lo are homogeneous polynomials
of degree 1, thus the element L,/Ls belongs to k(F). We have

div(ﬁi) =P+Q+R-R-0—-PaQ=(P-0)+(Q-0)—(P&Q—-0,).

Taking the equivalence classes in Pic’(E), we conclude. O

Notation. Let E be an elliptic curve, let P be a point of E and let m be a positive integer. We
set
P®" = Pg...0P and P®™ .=(cP)®...®(CSP).
—_———

m times m times

We also set P®° = O. Finally, if P, ..., P. are points in E, we set

Z®Pi:P1@...@PT.

1<ilr

( 1\

Corollary 2.21. Let D =), m, - P be a divisor on an elliptic curve E. Set

S(D) = 3T Peme ¢ B(k).

PeE

Then in Pic(F) we have

D] = [>-(D)] + [(deg(D) — 1)O]

Proof. By Lemma 2.20, for every point @ in E we have ®(©Q) + ®(Q) = ®(0) = 0, hence, for
every P,Q in E, we get

(P o Q) =2(P)+2(0Q) =2(P) - 2(Q).

The case D = P is clear. By the above argument, if the formula holds for D, then it holds for
D+ Pand D - P. O

[ Corollary 2.22. The map ® is surjective. ]

While we are at it, we mention that a special case of Corollary 2.21 is the following classical
theorem, proven by Abel over C.

12



Theorem 2.23 (Abel). If E is an elliptic curve and D = ), m,, P is a divisor on E such
that deg(D) =0, > (D) = O € E, then D = div(f) for some f in k(E).

To conclude the proof of Theorem 2.3, it remains to show that ker ® is trivial. Once we
prove this, we will get that ®: E(K) — Pic’(E) is an additive bijection and therefore E(k) is
an abelian group isomorphic to Pic’(E).

Remark 2.24. In general, if X is a smooth projective curve, it is possible to give PicO(E)
the structure of a projective variety (called the Jacobian wvariety) such that the addition is
geometrically defined (like the case of elliptic curves) and P +— [P — O] induces a map X —
Pic’(X) which is an embedding if X % Pj.

We need the following ‘obvious’ lemma that has many different proofs.

[ Lemma 2.25. If E is an elliptic curve, then k(F) is not isomorphic to k(P}). ]

Proof. Suppose that X is a plane curve defined by the equation F = 0 and let p: k(X) — k(X)
be a field automorphism, then there exists an induced map (not everywhere defined) p: X — X,
because k(X) = Frac(k[z,y]/(F)): let Z,7 be the image modulo F of z,y respectively, and set
f=p(@), g = p(y) in k(X). So if P = (a,b), then p(P) = (f(a),g(b)). If X =P} = {y = 0},
we have k(X) = k(Z). Since p~top = idgp1), the induced map p must be 1:1 (everywhere
where defined), so if f = p/q for p,q in k[z], for every a in k the equation p(z)/q(z) = a has
at most one solution. Thus p(x) — ag(z) = 0 has at most one solution, hence deg(p) < 1 and
deg(q) < 1. Therefore we can write

axr+b

f= cx+d’
which has at most two fixed points. But for an elliptic curve F the map E — FE defined by
(z,y) — (z,—y) has four fixed points, so k(P}) cannot be isomorphic to k(E). O

Definition 2.26. Let X be a smooth projective plane curve and let D =,y mpP be a
divisor on X. We set D > 0 if and only if mp > 0 for all P in X. We set D; > D, if and
only if D1 — D2 Z 0.

The previous definition provides a partial order on the group of divisors.

Definition 2.27. Let D be a divisor on X. The Mittag-Leffier space of D is the space

Z(D) = {f € k(X)*: div(f)+ D > 0} U {0}.

Note that . is a k-vector subspace of k(X).

13



Lemma 2.28. Let D, D’ be divisors on X.
(a) If D > D', then Z(D) 2 Z(D’).
(b) If [D] = [D’] in Pic(X), then Z(D) = Z(D’).

Proof. The first statement is immediate. For the second, if D’ = D+div(g) for some g in k(X)*,
then the k-linear map . (D) — £ (D’) defined by f + fg has inverse f +— fg~*. O

Lemma 2.29. For every D in Div(X), we have dimy £ (D) < oo. If D > 0, then
dimy Z (D) < deg(D) + 1.

Proof. By Lemma 2.28, part (a), it is enough to prove the second statement because for each
D there exists D’ > 0 such that D’ > D. If D = 0, then Z(D) = Z(0) = (pcx Ox,p =k
(Proposition 2.18) and so the lemma is true. By induction, it is enough to prove

VPeX, D>0, dim;.2(D+ P)—dim,.2(D)< 1.

If t generates the maximal ideal of Ox p and P has coefficient mp in D, then the k-linear map
op: L (D + P) — k defined by f — t™PT! f(P) has kernel .#(D). So ¢p induces

Z(D+ P)/Z(D) — k.
Since k is one-dimensional, we conclude. O]

Notation. For f in k(X)* with div(f) = > poy mpP, we set

mp>0
diveo(f) = Y (~=mp)P
mp<0
So div(f) = dive(f) — diveo (f).
( N\
Proposition 2.30. If k(X) 2 k(P},), then there is no f € k(X)* such that dive(f) = P.

& J
( A
Corollary 2.31. If X is an elliptic curve with origin O and P # O is a point of X, then is

no f € k(X)* such that div(f) = P — O. In particular, ker & = 0.

(. J

Proof of Proposition 2.30. By hypothesis, for f in k(X), the field k(f) is strictly contained in
k(X) (indeed the first is purely transcendental over k and so is isomorphic to k(P})). Since
k(X) has transcendence degree 1 over k, there exists a k(f)-basis y1, ..., y, of k&(X), with n > 2.
Now assume dive(f) = P. Fix m > 0 and fix a divisor D > 0 such that y,...,y, lie in Z(D),
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set D,, == m - dive.(f) + D. Observe that the elements fy; are in .Z(D,,) for 1 < j < m and
1 < i < n. Moreover, they are linearly independent over k, thus dimg £ (D,,) > m - n. On the
other hand, by Lemma 2.29 we get

dimy Z (D) < 1+ deg(Dy,) =1+ m + deg(D).

For m large, this gives a contradiction. O

3 The Riemann-Roch theorem for elliptic curves

The aim of this section is to prove the following result.

Theorem 3.1 (Riemann-Roch for elliptic curves). Let E be an elliptic curve and let D be
a divisor on E such that deg(D) > 0. Then

dimy £ (D) = deg(D).

We start with some remarks.
Remark 3.2. Let X be a projective plane curve and let D be a divisor on X.

1. If deg(D) < 0, then .Z(D) = 0.
Indeed, if .Z(D) # 0, there exists a f in k(X)* such that div(f) + D > 0. But then

0 < deg(div(f) + D) = deg(div(f)) + deg(D) = deg(D).

2. In general, if X is a smooth projective plane curve defined by the polynomial F' of degree
d, the genus of X is
(d—1)(d—-2)
5 .
A form of the Riemann-Roch theorem is the following: if D is a divisor of X such that
deg(D) > 2g — 2, then

dimy Z (D) = deg(D) — g + 1.

For arbitrary D the inequality > always holds (this is Riemann’s part) and the difference
is equal to the dimension of a certain first cohomology group associated with D.

Exercise 3.3. Show that if deg(D) = 0, then dim £ (D) can be either 0 or 1.

Proof of Theorem 3.1. We start with the case D = mO, for m > 1. If m = 1, we have already
seen in the proof of Lemma 2.29 that £ (O) = k. It is sufficient to prove by induction that

dimy, Z(mO) — dimy £ ((m —1)0) > 1,

because we know that the left hand side must be less then or equal to 1.
Tt is enough to find for m > 2 an element of k(FE) with a pole of order m at O and no poles
elsewhere. We have seen that

. X . Y
div (Z) =20, and divy <Z> =30.
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So if m = 2k > 2, we have (X/2)* € Z(mO)\ Z((m —1)0). If m = 2k + 1, we have

X Y

(Z)“ (Z) € Z(mO)\ Z((m ~1)0).

Now we consider the case D = P +mO, for m > 0 and P different from O. If m = 0, we have
again %, (P) = k. If m > 1, again it is enough to find an element f in Z(mO)\ Z((m —1)0).
Suppose P = (a,b) and consider the projective lines {X —aZ = 0} and {Y + bZ = 0}. Then

{X -aZ=0}nE={P,—P,0},
{Y+bZ=0}nE={-PQ,R},

for some @, R different from P.

Y +bZ=0

Then

div<§fi’é) =Q+R+(-P)—(P+O0+(-P))=Q+R—-P—-0>—-P—mO

and this is strictly less than —mO because P is different from @, R. This means

Y +bZ7

Yoy € Z(P+mO)\ Z(mO).

For the general case, recall that if [D] = [D'] in Pic(EF), then £ (D) =2 Z(D’). From
Corollary 2.21, we know that in Pic(F)

D] = [>(D) + (aeg(D) - 1)0) .
Thus we reduce to the previous cases. O

Remark 3.4. If y> = 23 + Az + B and (y')? = (2/)3 + A’2’ + B’ define the same elliptic curve
E, then there exists a unit u such that = u?2’ and y = u3y/.

Indeed {1,z}, {1,2'} are k-basis of Z(20) and {1,z,y},{1,2',y'} are k-basis of Z(30).
Then z = w12’ + 7 and y = ugy’ + sz’ + ¢ for some uq,us, s,t,7 in k. Substituting yields
(ugy’ + sz’ +1)? = (urz’ +7)° + A(uy2’ +r) + B.

Checking the equality, we get s =t = r = 0 and u3 = u3.
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Assume now X a smooth projective plane curve defined over a perfect field K C k such that
k=K, set G = Gal(k|K). Then G acts on Div(X) by

a< > mpP> =Y _ mpo(P).

prPeX reX

Definition 3.5. The group of K-rational divisors on X is

Divg(X) :={D € Div(X): o(D) = D for all 0 € G}.

Also, set K(X) = k(X)“. One can show that if X is defined by {F = 0} for some F in

K[z, y], then
K(X) = Frac <K ([;,)y}) .

Definition 3.6. Let D be an element in Divg (X). We define

Pk (D) ={f e K(X)*: div(f)+ D > 0}.

Note that %k (D) is a K-vector space and that G acts on .Z(D).

Proposition 3.7. The following equalities hold.

ZL(D) = Zx(D).

This follows from an algebraic result of Spesier, for the proof of which we refer to [9, Lemma
3.7]

Proposition 3.8 (Galois descent). Let V be a finite-dimensional k-vector space with a
semi-linear G-action (i.e. o(v +w) = o(v) + o(w) and o(Av) = g(A)o(v)).
Then V has a basis consisting of G-invariant vectors (or, in other words, V¢ ®@x k = V).

4 Elliptic curves over C
We only include a brief sketch of the theory, referring to the books of Milne [2] or Silverman [5]

for details.
Let wy,ws be non-zero complex numbers which are R-linearly independent.
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Definition 4.1. A lattice in C is an additive subgroup of C of the form

A = {mw; +mwsy: (m,n) € Z*}.

Note that A is a discrete subset for the topology of C. On C/A there is an induced topology,
and topologically C/A is a torus. It also has a complex analytic structure: together with the
group structure it becomes a complex commutative Lie group.

Definition 4.2. An elliptic function is a meromorphic function f on C such that f(z+w) =
f(z) for all z and for all w in some lattice A in C.
We denote by £ the field of elliptic functions.

Elliptic functions also be viewed as meromorphic functions on C/A. A basic example is:
Example 4.3 (Weierstrass p function).
N5+ T e
weA\{0}
Fact 4.4. If o' denotes the complex derivative of p, then
1. £=C(p, ).
2. There is a functional equation
(9")? = 49° — 920 — 93
with g5 — 27¢3 # 0. In fact, g2 and g3 are given by the Eisenstein series g = 60, e
and g3 = 1403, L.

( 1\

Corollary 4.5. The map

v . C/A — PZ
2 — (p(2),9'(2),1)

has an elliptic curve as its image.
& J

Fact 4.6. The map V¥ is a 1: 1 correspondence onto its image and induces an isomorphism of
complex Lie groups (where the elliptic curve is considered with its group law). Moreover, every
elliptic curve over C arises from a lattice A in this way.

We give a proof sketch of the additivity of W. We first start with the following lemma.

Lemma 4.7. Let nq,...,n, be integers and let 2q,..., 2. be complex numbers such that
>oi_in; = 0and > . n;z; = 0. Then there exists f in € such that (as a formal sum)

div(f) = 321 nizi-
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Here we convene that div(f) counts zeros and poles modulo A.
Proof. We consider the Weierstrass o-function:
z z 1 /z\2
W= T 2en(3026))
o(z,A) ==z H wexp<w—|—2 ”
weA\{0}

This is holomorphic on C and has simple zeros at the points in A. One checks (logo)” = —p,
hence there exist a,b in C such that o(z + w) = exp(az + b)o(z) for all w in A. Now consider

f(z) = Ha(z — z)™.

Then f satisfies div(f) = >, n;z; and

+ . e r r
f(;(z)w) = Hexp (a(z — z;) +b)"" =exp ((az +0b) an - aZnizi> =1.
i=1 i=1 i=1
O
Proof of the additivity of ¥. For each z1, 29 in C, Lemma 4.7 gives a function f in £ such that
div(f) = (21) + (22) — (21 + 22) — (0).

By Fact 4.4 (1), there exists F' in C(X,Y) such that f = F(p, '). So ¥ sends & to the function
field of E. Hence we get a rational function over E with divisor ¥ (z1)+ ¥ (2z2) — ¥ (21 +22) — ¥ (0).
Now use E = Pic’(E). O

Corollary 4.8. If F|C is an elliptic curve, then
E[m]| 2 Z/mZ x Z/mZ,

where E[m] is the set of points of E of order dividing m.

5 Elliptic curves over finite fields

We shall define a zeta function associated with a smooth projective plane curve over a finite field.
To motivate the definition, we first discuss the classical Riemann (.

Definition 5.1. The Riemann zeta function is defined by the formula

It is absolutely convergent for $(s) > 1 and has the following representation as an Euler

product
1
=11 ==

p prime
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Facts 5.2. The following properties hold.
1. The function {(s) extends to a holomorphic function on C\ {1} with a simple pole at s = 1.

2. The function s

§(s) =21 () ().

where I'(s) == [;7t* ' exp(—t)dt is the Gamma function (defined for R(s) > 1 and ex-
tended holomorphically to C), satisfies the functional equation

&(s) = &(1— s).

[ Conjecture 5.3 (Riemann hypothesis). If 0 < R(s) < 1 and ((s) = 0, then R(s) = 1. ]

Now we consider a smooth projective plane curve C' over the finite field F, with ¢ elements.
We denote
N = #C(Fgm)

the number of points of C over Fgm.

Definition 5.4. The zeta function of C' is the exponential generating function

Why is this a zeta function? Notice that if P = (ao,a1,az2) is a point in C(Fgm), then
o(P) = (o(ap),0(a1),0(az)) is in C(Fym) for all o in the Galois group Gal(F,|F,), indeed
C = {F = 0} for some homogeneous polynomial F in F [X,Y, Z].

Definition 5.5. Given a point P in C(F,), we set
deg(P) :=min{m >1: P € C(Fgm)}.

This is the same as the size of the orbit of P under Gal(F,|F,).

By definition of the logarithmic series, we have

1 & TN deg(P) x TN deg(P)
o8 (1 - Tdeg(P)) szjl N Nz::l *(P) ¥ deg(P)
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Taking the sum over the P-orbits and substituting m = N deg(P), we get

1 TNdeg(P)
> o ()~ X S P
P-orbits P-orbits N=1
o ™
=D — > deg(P)
m=1 P-orbits
deg(P)|m

= 3 TN = log(Ze(T)).

m>1
So

1
ZC (T) = H 1— Tdeg(P) :
P-orbits

Substitute T'= ¢~*: then Z¢c(q~*) looks like the Riemann zeta function.

Recall that the genus of C' is the number

( )

Theorem 5.6 (Hasse for elliptic curve, Weil in general). The following properties hold.
1. Zo(T) lies in Q(T"). More precisely

p(T)

Bl (T3

P e Z[T), P(0) =1, deg(P) = 2.

2. (Functional equation)

1
Zco(T) = g9 172972 7
c(T)=q c\q7)

3. (“Riemann Hypothesis”) If p(T) = H?gzl(l — a;T), then |o;| = ¢'/?

Note that, setting (c(s) == Zc (g *), the third condition of Theorem 5.6 means
Cc(s) =0 = R(s) =1/2.

e The o; are algebraic integers which have absolute value ¢'/? in every complex embedding
(e.g. for g = 1 are conjugate complex numbers but can’t be distinct real numbers).

e Let F' be the homogeneous polynomial in Fy[X,Y,Z] defining C. If F lifts to F in
Ok[X,Y, Z], with K a number field and O its ring of integers, then it defines a curve over
C. The first Betti number of this curve (that is, the rank of the first homology/cohomology
group) is 2g.

Theorem 5.6 has the following generalization.
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( A
Theorem 5.7 (Weil Conjectures). Let X|F, be a smooth projective variety of dimension

d. Define
oo Tm
Zx(T) = exp (Z #X(qu)m> :
m=1

The following properties hold.
(1) Zx(T) lies in Q(T) and in fact

_ Pi(T) - P5(T) ... Pyq_1(T)
Zx(T) = Py(T) - ]332(T) 300 Pid(T)

where P; € Q[T], P;(0) =1, Po(T) =1 —T, Pau(T) = 1 — ¢T.
(2) Zx(T) satisfies the following functional equation

‘ 1
Zx(T) = +q~ ' TXZ (da>

where x is a certain Euler characteristic (which in dimension 1 is 2 — 2g).

(3) (“Riemann Hypothesis”) If P;(T) = [;(1 — a;,;T), then |a; ;| = q'/? in every complex
embedding.

(4) If X comes via “reduction modulo p” from a smooth projective variety X defined over
some O, then deg(F;) is the i-th Betti number of X considered as a variety over C.

Properties (1), (2) and (4) was proved by Grothendieck; property (3) by Deligne (and the fact
that Zx(T) lies in Q(T) by Dwork). For the proof of Theorem 5.7 we refer to [6].

Now we prove (1) and (2) in the case of elliptic curves. Let E be an elliptic curve. Write

1

_ _ deg(P) 2 deg(P) _ deg(D)
Zp(T) =[] T [] @+7dcet? ppzaes® g )= 3~ qdes(D),
P-orbits P-orbits DeDivg, (E)

D>0
We use the following lemma.
( A

Lemma 5.8. Let E be an elliptic curve over F,.

(a) The number A of classes of degree d > 0 in Pic(E) represented by divisors D in Divg (E)
is finite and does not depend on d.

(b) Given D >0 in Divg (E) , we have

#{D' € Divg, (E): D' >0, [D] = [D'] in Pic(E)} =

where d = deg(D).

22



Proof. We start by proving (a). From Corollary 2.21, we know that

D] = [>_(D) - (deg(D) - 1)0) .

Since D is Fg-rational, the element ) (D) lies in E(F,), but E(F,) is finite, hence for fixed d
there are finitely many of these. Also, the map D +— D — (deg(D))O induces a bijection

{D € Divg, (E): deg(D) = d} +— {D € Divg,(E): deg(D) = 0}.

This bijection preserves classes in Pic(E).

Now we prove (b). If [D] = [D’], then D' = D + deg(f) for some non-zero function f. Recall
that there is an exact sequence

—_ X div

F, > F,(E)" L% Div(E)

so there is an injection
— X
Fy(E)
=X
q

— Div(E)

equivariant for G = Gal(F,|F;). So there is an injection

=X

F,
We will see later (Remark 8.19 below) that the map

_ G
— G F,(E)"
R, (B) = (F(B)) — ( %) )
F,
is surjective: this will be a consequence of Hilbert’s Theorem 90.
So we may assume that the above f lies in F(E)*. Note that D' = D+deg(f) > 0 is equivalent
to f lying in Z(D)¢ = % (D), and by Riemann-Roch theorem %, (D) is an Fg-vector space
of dimension deg(D) = d. So the number of these functions is ¢ — 1. Also, we have
d =d ! d AN 0 / Fx
eg(f) = deg(f’) <= deg 7)) 70wl

so exactly ¢ — 1 functions have the same divisor. O

_ x\ G
(Fq(E) ) < Div(E)“ = Divg, (E).

Proof of (1) for elliptic curves. By Lemma 5.8, we get

(D) _ _ ¢’ -1
Z TdegD_1+ZTd Z 1_1+Azq71T’1

DeDivr, (E) d>1  deg(D)=d d>1
D>0 D>0
gy A > ((qn)* —17)
q-1 a>1

:1+A(qT T)

q—1\1—¢qT 1-T
AT 1+aT +qT?
:1+ = s
(1-T)1-¢T) (1-T)1-4qT)
witha=A—-1—gq. O
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Proof of (2) for elliptic curves. Using (1), a straightforward calculation shows

(1) I+ &+ g qT? +aT +1 Zo(T)
E JRE— — = = F .
qT (I-Z)-7) @-1)(T-1)

Remark 5.9. Write 1 + a7 + ¢T? = (1 — oT)(1 — BT). Then

Tm 1 1 1 1
log Zg(T) = Ny, =1 P 1 —1 — 1 .
o1 = s () s (= 77) - () - ()

Comparing coefficients, we get

Ny, =14+q¢" —a™ - ™.
So if (3) is true, then |a| = |8] = ¢'/2, and we get the Hasse-Weil bound
[Nm — (1 +¢™)[ <2 Vg™

Conversely, if we know that |V, — (1 4+ ¢"™)| < C - /q™ for some positive C, then (3) follows.
Indeed, recall from complex analysis that if f is a meromorphic function in C, then the
logarithmic derivative f’/f has simple poles at the zeros and poles of f. So the function

Zp(T) 1 ¢
Zp(T)  1-T 1—qT

ep(T) =
has poles only where Zg(T') has zeros. By comparing coeflicients, we can write

QDE(T) = Z amT™,  am = Npg1 — qm“ -1

m>0

So if |am| < Cq™+1/2 then the convergence radius of pg(T) is

lim inf
m—oo M |am|

> qil/z.

So g (T) is holomorphic for |T'| < ¢~/2. Therefore, all reciprocal roots of Zg(T) have absolute

value less then or equal to ¢'/2. But then they have absolute value equal to ¢'/2, because by (2)
we have Zg(T) = Zg(1/4T).

Thus it remains to prove:

Theorem 5.10. Let E|F, be an elliptic curve and let m be a positive integer. Then

[#EFqm) = (¢" + 1) < CVg™

for some C' > 0

As noted in the above remark, the theorem implies the Riemann hypothesis for £ and hence
also that we may choose C = 2.
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Proof (Bombieri-Stepanov). Up to changing the power of the prime p, we may assume m = 1.
We construct a non-zero function ® in F(E) that has a pole only at O and zeros at every point in
E(F,)\{O}. Since deg(div(®)) = 0, a bound on the order of pole at O gives a bound on #E(F,).

We shall fix constants n,m > 0 that will be chosen later. We have seen that ZF, (mO) has
a basis fi,..., f, such that each f; is in % (i0) \ ZF,((i — 1)0). We also fix s1,...,5, in

Notation. For each i =1,...,m, we set fi(q) (z,y) = fi(z?,y?).

Now there are two lemmas:

( 1\

Lemma 5.11. If b, ¢ are such that ¢ > np® and there exists i such that s; # 0, then the
function .
b
O = Z st fl9
i=1

1S non-zero.
(. J

( N\
Lemma 5.12. If mn > p°n + m, then there exist si,...,s,, in .£(nO) not all zero, such
that

(@
Zsf ;Y =o.
i=1
(. J

If we make choices as in Lemma 5.11 and in Lemma 5.12, then ® is non-zero, has a pole only
at O (as s; and f; have only poles at O), and ®(P) = 0 for all P in E(F,)\{O}. Indeed, a point

P = (a,b) lies in E(Fy) if and only if (a,b) = (a?,b?), that is, if and only if f;(P) = fi(Q)(P) for

each index %, so
O(P) =D (P)fV(P Zsf £l
i=1

Proof of Lemma 5.11. Suppose by contradiction that ® = 0. Let h be the index where sp # 0
but s; = 0 for all ¢ > h. Then

h—1
b b
sﬁ f}(Lq) _ _ Zsf fi(Q)_
i=1
Applying vo (which computes the order of pole at O), we find
p"vo(sn) +qvo(fu) = min {p" vo(si) + qvo(fi)} = —p'n — q(h = 1).

Hence we get
p’vo(sn) = —p'n—q(h =1+ vo(fn)) = —p'n+q > 0.

Therefore s,(0) = 0, but s;, has no poles outside O, hence s;, = 0. O
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Proof of Lemima 5.12. All functions of the form ), _; sfbfi are in L, ((pn + m)O) and this
is an F4-vector space of dimension p’n + m by the (easy) special case of the Riemann-Roch

theorem for D = (p’n + m)O. Similarly, dim %, (nO) = n, hence the si,..., sy, can be chosen
b

in nm ways, but nm > p’n + m, so two of the Z;l st fi are equal. Their difference is of the

same form and is equal to 0. O

Notice that @ is in Fq(E)XPb because ¢ > p’. Thus for every P in E(F,)\ {O} we have
vp(®) > pb. On the other hand, ® lies in .Z((p’n + mq)0), so since deg(div(®)) = 0, we have

pb(#E(Fq) —1) < pbn + mq.
Now choose ¢ = p?®, n = p? — 1 and m = p® + 2. Then

q > np”

nm>pbn+m

and so
PP(H#E(F,) —1) <p°(° — 1) + (p* + 2)p® = p** + 3p® — p*.
So we get
HE(F,) —q—1=#E(F,) —p® -1 <3p" —1<3Vp? <34

The lower bound comes from a trick: suppose P = (z,y) is such that « lies in F,. Then 29 =z
and y? = 23+ Az + B, so y? = +y. But (z, —y) = —P. Denote by F, the map (z,y) — (z9,y9).
We have just seen that

#{P € B(F,): Fy(P) = P} - (¢+1) < 3v4. (5.1)
Similarly, we get

#{P € B(F,): F,(P) = —P} — (¢ +1) <34 (5.2)

by the same argument, except we apply Lemma 5.12 with the substitution f; — fi(_)7 where
fi(_)(x,y) = fi(xz,—y). Moreover, we have

#{P € E(F,): F)(P)=P}+#{P € E(F,): F)(P)=—-P}=2(q—1)-C (5.3)

for 1 < C < 4 (here C is the number of 2-torsion points of E defined over F;). But for ¢ large,
(5.1), (5.2) and (5.3) can only hold together if

#{P € E(F,): Fy(P)=P}—(q+1) = -C"=3Vq,

where ¢’ = C + 4. Choosing C" > 3+ C"/,/q, this proves [#E(F,) — (¢ +1)| < C"/q. 0

6 Introduction to p-adic numbers

The notes for this section were taken by Davide Pierrat.

Let us give some motivation for the need of p-adic numbers.

Consider a polynomial f in Z[x1,...,x,,]. We are interested in studying its roots in Z (that
is, points in Z™ where f vanishes). Does a solution exist?

A necessary condition is: f = 0 (mod n) has solution for all n. Equivalently (by Chinese
Remainder Theorem), f =0 (mod p") for all choices of p prime, r > 1.
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A solution modulo p” reduces to a solution modulo p* for all s < r. We want some way to
go the other way around, and investigate higher and higher powers of p. The p-adic integers will
allow us to “talk about modulo p™” for all r-s at once.

( A
Definition 6.1. An inverse system of sets indexed by N is given by

e for all n in N, a set X,,;
e for all nin NT, a map ¢, : X,, = X, _1.
The inverse limit of the system is
l'ngn o= {(zn) € H X, on(xy) = xp—q for all n > O}.
n>0

In other words, it is the set of coherent sequences with elements in X,,.
(. J

Note that if the sets X,, are groups (or rings, topological spaces) and the maps ¢,, are group
homomorphisms (resp., ring homomorphisms, continuous maps), then the inverse limit is also
equipped with that additional structure.

Example 6.2. Let k be a field. Let X,, = k[t]/(t") and let ¢, : X, — X,,—1 be the map defined
by p(t) mod t" — p(t) mod t"~!. This is an inverse system of rings whose limit is

lim k[t)/(¢") = kI1],
the ring of formal power series in one variable.

So we are developing polynomials in power series. Applying a similar construction to the
rings Z/(p™) for a fixed prime p, we get:

Definition 6.3. Let X,, = Z/(p") and let ¢, : Z/(p") — Z/(p"~ ') be the map defined by
x mod p" — = mod p" L.
The inverse limit Z, of this inverse system is called the ring of p-adic integers.

This definition is due to Kurt Hensel, as is the following proposition.

Proposition 6.4. For a prime p and a polynomial f in Z[z1,...,z,], we have

f=0 (mod p") is solvable for all 7 <= f = 0 is solvable in Z,,.

Before proving this, we need a lemma.
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Lemma 6.5. Let (X,,) be an inverse system of nonempty finite sets. Then the inverse limit
I'&H X, is non empty.

Note: this holds more generally if the X, are compact Hausdorff spaces and the maps ,, are
continuous, but not in general. Counterexample: the inverse limit of the intervals (0,1/n) in R
with respect to the natural inclusions is their intersection, which is empty.

Proof. The claim is clear if every transition map ¢, is surjective, as we can recursively choose
lifts to higher and higher values of n. Let us reduce the problem to this particular case.
First note we can compose the maps ¢; to get Ypm = @mo---owpy1 : X; — X, whenever
m > n.
Now define
Y, ={zr € X,: 2 € im(pmy) for all m >n}.

It is easily checked (by crucially using the fact that X,, is finite) that the Y,, are non empty.
The transition maps restricted to the sets Y,, are surjective, so we have reduced to the case of
surjective transition maps and we are done. O

Proof of Proposition 6.4. For the non-trivial implication, let X, be the set of solution of the
equation f =0 mod p”. Then the above lemma shows l'ngr is non empty, and an element of
this inverse limit is exactly a solution in Z;". O

[ Proposition 6.6. An element b = (b,) in Z, is a unit if and only if b; # 0. ]

Proof. If (b,) is invertible, then every b,, is invertible, so that b, # 0.

Conversely, if by # 0, then the equation b,z = 1 mod p" is solvable by the Euler-Fermat
theorem and gives a unique solution z,, in Z/(p"). By uniqueness, the mod p"~! image of z,,
must be z,_1, so the (x,) assemble to a solution of bx =1 in Z,,. O

Corollary 6.7. The ring Z, is a local ring with maximal ideal pZ,. The residue field is
Z,/pZ, =F,.

Proof. By Corollary 6.6, the complement of pZ, is exactly the set of units of Z,.
The map Z, — F, defined by (a,,) — a; induces Z,/pZ, = F,,. O

From the definitions it follows that (1,5, p"Z, = 0. We thus obtain the following statement.

Corollary 6.8. Every nonzero element of Z, can be written as up”, where u is a unit in
Z, and n is a non-negative integer.
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Corollary 6.9. The ring of p-adic integers Z, is an integral domain (and thus a discrete
valuation ring by Corollary 6.8).

Proof. Let x,y be non-zero elements in Z,. Then x = up™ and y = vp™. Then the product
xy = uvp™T" is non-zero (we are using the fact that powers of p don’t vanish; this is because
Z — 7, is injective). O

Let Q, be the fraction field of Z,. It follows easily from Corollary 6.8 that every non-zero
element of Q, can be uniquely written as up®, where u is a unit in Z, and k is an integer.
We define the p-adic valuation on Q, by the formula

v o Qp — ZU{+oo}
0 — 400
up® —» k.

This is indeed a discrete valuation. Namely, it satisfies

vp(2y) = vp(z) + vp(y)
vp(z +y) = min{u,(z), vp(y)}.

The embedding Z — Z, sending a to the sequence of its mod p™ reductions induces an
embedding Q — Q,, of fraction fields. We easily see that

a
Z,NQ =12, = {g EQ:pJ(b}.
The p-adic valuation can be translated into a norm function on Q, as follows. Let

Jal, == e,

o0

where we agree that e”°° = 0. The properties of the valuation translate to

lzyll, = ll=ll, [lyll,
[l +yll, < max{|j]l,[lyl,}-

We used the number e as our base, but any choice of real number o > 1 was fine. Often
« = p is chosen.

Note the triangle inequality is stronger than the usual one. It is sometimes called the “strong
triangle inequality”, and metric spaces satisfying this are called ultrametric spaces.

A consequence of the strong triangle inequality is that a sequence (z,) in Q, is Cauchy if
and only if ||z, — ;41| tends to 0 as n goes to oo. This is false for general metric spaces and is
a feature of ultrametric spaces.

Notice Q,, is then a complete (ultra)metric space: to see this, it suffices to prove the same
statement for Z,. Cauchy sequences stabilize modulo p*, and hence converge to an element of
Z,.

The following lemma is of crucial importance and is one of the countless forms of Hensel’s
lemma.

Lemma 6.10 (Hensel’s lemma). Let f in Zp[z]. Suppose a; in Z,, is such that f(a;) =0
(mod p) and f’(a1) # 0 (mod p). Then there exists a in Z, such that f(a) =0 and a = a4
(mod p).
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Proof. We will construct inductively a sequence (ay,) in Z, such that

flan,) =0 (mod p™)
f(an) Z0 (mod p)

Up = ap_1  (mod p"h).

By the last property they will converge to an element a in Z,,.

The first term a; is already given. Suppose a,, has been defined, and inductively satisfies the
stated conditions. Let a,4+1 = a, + p"b, for some b in Z,, yet to be chosen.

By the Taylor formula (no analysis is going on, Taylor expansion for polynomials is purely
formal) we can write

flant1) = flan) + f/(an)p”b +p2nh

for some h in Z,. Since f(a,) = 0 (mod p™), we have f(a,) = p"c for some c in Z,. As
f'(ay) # 0 (mod p), we can find b in Z, such that ¢ +bf’(a,) =0 (mod p), so that f(an11) =0
(mod p"*1) as required.

Also, since a, 41 = a,, (mod p), we have f'(apt1) = f'(an) Z0 (mod p). O

Two corollaries follow.

Corollary 6.11 (Smooth points of hypersurfaces over F, lift to Z,). Let f be in
Zy[z1,. .., ). Suppose P = (ai,...,an,) in Z3" is such that f(P) =0 (mod p) and there
exists an index 4 such that 9; f(P) # 0 (mod p). Then there exists P’ = (ay,...,am) in Zy"
such that f(P) =0 and a; = a; (mod p) for all j =1,...,m.

Proof. Let aj = a; for all j # i. Then f(ai,...,ai—1,%i, Git1,...,0n) is a polynomial in a single
variable. The claim follows from the one-variable Hensel lemma. O
[ Corollary 6.12 (Roots of unity in Z,). The ring Z, contains all roots of 2P~ — 1. ]

Proof. The polynomial zP~! — 1 has a full set of p — 1 distinct roots modulo p. The claim then
follows from Hensel’s lemma. O

Recall every element in a in Q; can be written uniquely in the form a = up® where u is in
Z, and k in Z. Thus sending a + (u, k) defines an isomorphism

Q, =Z; xZ.
Let us define the principal unit groups (FEinseinheitengruppen in German) by
U ={ueZ :u=1 (modp)}, i>1
These help us study Q, through the filtration
Q 2z oUW oU® o ..

Note that (1,5, U® = {1}. Let’s investigate the quotients.
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e Q) / Z; = 7. We argued this already, and we have seen this quotient splits.

° Z;/U(l) = F,. This isomorphism is induced by the map u + u mod p. This is also a
split sequence: a section exists by sending an element of F to the unique (p — 1)-th root
of unity in Z; which is congruent to it.

o UM U+ = F, (additive group) for all n > 1. Indeed there is a map (which is not a
homomorphism) U® — p'Z, given by u — u — 1. This induces a map U@ utth)
p'Z,/p" "1 Z, = F,, which is a homomorphism (this can be easily checked).

In summary, we get Q,; = Z x F x UM and UM has a filtration with successive quotients
isomorphic to F,,. We will later see (Proposition 7.15) that

U Z,, if p>2
Zo xZ/(2), ifp=2.

( A
Definition 6.13. An abelian group A is uniquely m-divisible if multiplication by m is a
bijective function from A to itself.

& J

( N\
Corollary 6.14. U™ is uniquely m-divisible for every integer m such that (m,p) = 1.

& J

Proof. Let u be in UM). Consider the polynomial f(z) = 2™ — u. The element 1 of F,, is a
simple root of the reduction of f modulo p. By Hensel’s lemma it lifts to a root of f(x).
We are left with proving uniqueness of m-th roots in U™,

e We first prove that 1 is the only m-th root of 1 in UM . If u # 1 is an element in U™ such
that ™ = 1, there is some n such that u lies in U \ U™+ If we set T to be the image
of uin F, 2 UM /UMD we have @ # 0 and thus ma # 0 because (m,p) = 1. Under the
isomorphism, mu corresponds to u", so we are done.

e If a,b are elements in U™ such that a™ = ™ = u, then a/b is an m-th root of 1 which
belongs to UM, By the above, a/b=1 so that a = b.

O

7 Elliptic curves over Q,

Consider the filtration of Z by the principal unit groups. We prove that there is an analoguous
filtration for £(Q,), where E is an elliptic curve over Q,.

Recall that a point P of the projective space P%Qp is represented by (z,y, z), where x,y, z are
in Q, and not all zero. In fact, we can assume

min{vp(x)7 vp(y)ﬂ Up(z)} = 0.
We get a reduction map
ro PQQ,, — P%p
(z,9,2) — (T,5,%)
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where, for each a in Q,, we set @ = a mod p.

Now we want to define the reduction of an elliptic curve modulo p. But several equations can
define the same elliptic curve: if
y* =2+ Az + B (7.1)

is the affine Weierstrass equation of F, the substitution = — u?z, y — u3y gives the equation
y? = 2® + (Afu') + (B/u®) (7.2)

which defines the same curve. If here A, B are in Z,, and v,(u) < 0, then equation (7.2) modulo
p becomes y? = 2% whereas equation (7.1) modulo p may be y? = x® + Az + B, with A, B # 0.
Recall that the discriminant of the elliptic curve defined by the Weierstrass equation Y227 =
X3+ AX 7% + BZ? is given by
A = —(44% +27B?)

( N\
Definition 7.1. Let Y?Z = X® + AX Z? 4+ BZ® be an equation for an elliptic curve E for
which v, (A) is minimal and A, B lie in Z,,. We define E as the elliptic curve over F, defined

by the equation B o
Y?Z = X*+AXZ*+ BZ?,

where A = A mod p and B =B mod p.
We say that E has

e good reduction if E is smooth (that is, if v,(A) = 0);

e bad reduction otherwise.

Note that bad reduction may happen, e.g. for A = B = p.

In the case of bad reduction, how does E look like?
For this we consider a cubic projective plane curve E over an algebraically closed field k, with
equation Y2Z = X3 + AXZ? + BZ3 and A = 0.

[ Lemma 7.2. The curve E has exactly one singular point. ]

Proof. Recall that (0,1,0) is a smooth point. So we may consider the affine curve given by the
equation y? = 23 + Ax + B and we know that a point P = (a,b) is not smooth if and only if
b= 0 and a is a multiple root of 23 + Az + B. But this polynomial has at most one multiple
root (so it has exactly one multiple root), hence E has exactly one singular point. O

So suppose P = (a,0) is the singular point of E. Transform it to (0,0) by the substitution
r+— x —a, y— y. The equation becomes

> =(x+a)®+ Az +a)+ B =2+3ax® + (3> + Az + a® + aA+ B.
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3 A+B=0
But (0,0) is on the curve and Ox vanishes at (0,0). Therefore {g 2++aA + ;
a =

Hence y? = 23 + 3ax?. Now there are two cases
(a) a =0 (that is, A = 0), so we get y?> = 2® and E has a cusp.

(b) a # 0 (that is, A # 0), so y?> = 23 + 3a2? and E has a node (double point) with two
half-tangents y + v/—3ax = 0.

Note that if y = cx is a line through the point (0,0) of E, it meets E in at most one other
point. Indeed,it does not pass through (0, 1,0) and

2

(cx)? =2°+3a2® <= =0 or = =—3a+c%

So if P, @ are points of E different from (0,0, 1), the projective line PQ does not pass through
(0,0,1), so we can define P @& @ as in the case of elliptic curves.

Proposition 7.3. The map (P,Q) — P& Q gives E'\ {(0,0,1)} the structure of an abelian
group isomorphic to kT in case (a) and to k™ in case (b).

(Here we assume the singular point has been transformed to the origin as above.)

Proof. We shall prove in both cases that there exists a bijection £\ {(0,0,1)} > kT (respectively
E\ {(0,0,1)} <+ £*) which sends @ to + (respectively to -). This will prove that E \ {(0,0,1)}
is an abelian group.

Recall that since O = (0, 1,0), the operation @ is characterized by

PPQadR=0 < P,Q,R are collinear.

(a) The equation is Y2Z = X3. Here Y = 0 implies X = 0, s0 EN{Y # 0} = E\ {(0,0,1)}.
On the (z, 2)-plane, the equation becomes z = x3. The map (x,z) + = defines a bijection
with k, indeed if (x1,21), (z2, 22), (x3, 23) are on the line z = ma + b, then x1,x9, x5 are
roots of 3 —mx —b =0, so x1 + x2 + £3 = 0. Thus the bijection is additive.

(b) The equation is Y2Z = X3 + 3aX?Z. The substitution X — X, Y =Y ++3aX, Z — Z
yields
(Y +V3aX)*Z = X3 +aX?Z,

SO
Y2 +2V3aXYZ = X3,

The substitution X + (2v/3a)2(X —Y), Y = (2v/30)%Y, Z s Z yields
(2v3a)5Y2Z + (2v/30)8(X — Y)Y Z = (2v/3a)5(X — Y)?,

that is,
XYZ=(X-Y)3

Thus if Y = 0, then X = 0 and we may again work in the (z, z)-plane, where we have
the equation zz = (z — 1)3. Here if three points (x1,21), (2, 22), (73, 23) are on the line
z = ma + b, then 21, 9, x3 are roots of x(mx + b) = (x — 1)3, so z1x9w3 = 1.
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Remark 7.4. If E is defined over a subfield K of k, then O = (0,1,0) lies in E(K) and if P,Q
are points in E(K), so is P ® @ (using the same argument as for elliptic curves). So E(K) is a
subgroup of E(k).

In case (a), the above proof shows that E(K) is isomorphic to K. In case (b) it is isomorphic
to K> when v/3a lies in K; otherwise, one can show that E(K) as a group is isomorphic to

{z € K(V3a): Ni(yza)k(2) =1},
where Ny /5 is the norm of the extension K(v/3a)|K: if z,y are in K, then

NK(\/@)lK(x + V3ay) = 2% — 3ay>.

( N\
Definition 7.5. Let E be an elliptic curve over Q,. If I/ has bad reduction, we say that £
has

e additive reduction in case (a);
o multiplicative reduction in case (b).
If moreover (E\ {(0,0,1)})(F,) is isomorphic to F), we say that E has split multiplicative

reduction.
\\ J

Let E be an elliptic curve over Q,. We denote
E(Q,) " = {P € E(Q,): r(P) is a smooth point in E(F)} .
If E has good reduction, then E(Q,)® = F(Q,). We also denote

E(Q,)Y ={P e E(Q,): r(P)=(0,1,0)}.

[ Lemma 7.6. The sets £(Q,)® and E(Q,)™") are subgroups of E(Q,). ]

Proof. For E(Qp)(o)7 we only have to consider the case of E having bad reduction. Note that if
P,Q, R are points of £(Q,)® on a line L, then r(P),r(Q),(R) are on the reduction L of L. If
r(P) = 7(Q), then L is a tangent line to E at r(P) = r(Q). [Idea: if P,Q, R # (0,1,0) and L has
(affine) equation y = ma+b, then the z-coordinates of P, Q, R are roots of (mx+b)? = 23+ Ax+B,
so (mz +b)? = 23 + Az + B will have a multiple root.]

So if P,Q are in E(Qp)(o), then the line through P and @ cannot reduce to a line passing

through (0,0,1), s0 PO Q € E(Q,)® as well. Then r induces a homomorphism from E(Q,)®
to the smooth part of E(F,) whose kernel is exactly F(Q,)™"). O
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Lemma 7.7. A point P = (z,y,2) lies in E(Q,)®") if and only if there exists a positive

integer N such that
T z
v,|—) =N and wv,(—)=3N.
! (y> g <y>

Proof. Note that by definition of E(Qp)(l), sufficiency is immediate. For necessity, assume
min{v,(z), vp(y), vp(2)} = 0. Then r(P) = (0,1,0) if and only if v,(z) and v,(z) are both positive
and v, (y) = 0. Hence v,(y/z) < 0 and if we choose an equation Y2Z = X3+ AXZ? + BZ? with
A,B € Z,, we get vy(z/z) <0, as

YN (Y pa(
(;) N (z) +A<z) +B.
The equation also gives 3v,(x/2) = 2v,(y/z). So we may set v,(x/z) = —2N and v,(y/z) = —3N
with N > 0. Then v,(z/y) = 3N and vp(z/y) = vp(x/2) — vp(y/2) = N. O

( )

Definition 7.8. For each N > 1, we set

B@)™ = {(5.0.2) € BQ)Y i v, (2) 2 ).

( )

Proposition 7.9. The sets E(Qp)(N) are subgroups of F(Q,) such that

() E(Qp)™ ={(0,1,0)}

N>2

and there is a group isomorphism

B(Q,)™ -
BQ) ™

Proof of Proposition 7.9. The statement on the intersection of the E(Qp)(N) is obvious. For
the other two, let P = (z,y, 2) be a point in E£(Q,)™). By Lemma 7.7 we may assume that
vp(x) > N, vp(y) = 0 and vp(2) = 3vp(x). Consider P = (p~Naz,y,p3Vz). Recall that the
equation of E is y?z = 23 + Azz? + B23, where A, B lie in Z,. Plugging in coordinates of P and
correcting coefficients we get

PN (2p73N ) = PN (p N e)® 4 p™ A(p N o) (p~3V 2)2 + p?N B(p~3V 2)3.
Thus P is a point on the curve EXY) of equation
yiz = 2 4+ p*N Ax2? + pSV B23.
Therefore r(P) lies in EM)(F,), where EV) has equation y%z = 3. Also, r(P) # (0,0,1) as
v,p(y) = 0 and r(P) = (0,1,0) if and only if P lies in E(Q,,)N*Y.
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Note that the reduction P — r(P) preserves collinearity, thus gives a map with the property
P& Q~ r(P)®r(Q). By induction on N > 1, we obtain that E(N)(F,) is a subgroup and the

map P +— r(P) induces a group homomorphism
E(Qp)™) — EM(F,) \ {(0,0,1)}

with kernel E(Qp)(N“). Moreover, this map is surjective by Hensel’s lemma (Corollary 6.11).
Since EV)(F) \ {(0,0,1)} is isomorphic to F}', we conclude. O

( )

Corollary 7.10. The group E(Q,) has a filtration

E(Q,) 2 E(Q,)? 2 E(Q,)M 2 E(Q,)® ...

whose successive quotients are isomorphic to Fj from E(Q,)V/E(Q,)® on and
E(Q,)/E(Q,)™ is isomorphic to the group of smooth F,-points on E, hence is finite.

(. J

Remark 7.11. The quotient £(Q,)/E(Q,)") is also finite (and trivial in case of good reduc-
tion). Indeed, the projective space P%:gp has the quotient topology from QE’, \ {(0,0,0)}, which

is compact because it can be covered by the compact sets Z; X Zy, X Zy, Z;, X Z; X Z;, and
Z,x7Z, xZ;. Hence E(Q,) is compact because it is closed in P?Q,,' Moreover, F(Q,) is open
in £(Q,) because if P is in E(Q,) with r(P) = P and Q@ is close to P in the p-adic topology,
then r(Q) = P and so Q lies in £(Q,)®). The conclusion follows from the fact that in a compact
topological group every open subgroup is of finite index.

[ Corollary 7.12. If (m,p) = 1, then E(Qp)(l) is uniquely m-divisible. ]

Proof. For injectivity, suppose there exists P in E(Q,)") \ {O} such that mP = O. Let N be
the integer (given by Proposition 7.9) such that P belongs to F(Q,)™V)\ E(Q,)V+V). If P .= P
mod E(Q,)N*V | then P # O and mP # O because the quotient E(Q,)™)/E(Q,)V+1) is
isomorphic to F;. Contradiction.

For surjectivity, if P is a point in E(Qp)(l)7 then there exists ()1 in E(Qp)(l) such that
P = mQ; mod E(Qp)@), because the quotient E(Qp)(N)/E(Qp)(NH) is isomorphic to F;,
which is m-divisible. Repeating the argument, we get Qo in £(Q,)? such that P—m@Q; = mQ»
mod F(Q,)® and, for each i > 1, we get inductively Q; in E(Q,,)®) such that P—m 22:1 Q; lies

in £(Q,)*Y. The following lemma implies that 23:1 Q; converges to a point Q of E(Q,)W,
which then satisfies P = mQ. O

Lemma 7.13. Let G be a compact topological group and let {U*};>1 be a family of open
normal subgroups of G' such that (),~, U* = {1}. If (gi)i>1 is a sequence in G such that
gigi;ll belongs to U**! for all i, then there exists an element g in G such that g; converges
to g (i.e. gg; ' belongs to U for all 7).

36



Proof. Set g; == g; mod U'™!. Then g := (g;)i>1 belongs to G = @G/U“‘l. Let p: G — G
be the natural map. Since ﬂi21 Ut is trivial, this map is injective and its image p(G) is a closed
subgroup of G because G is compact. But in G the sequence (p(g;))i>1 C p(G) converges to g,
thus g lies in p(G). O

Remark 7.14. If K|Q, is a finite extension, then v, extends uniquely to a discrete valuation
vk on K. The ring O = {a € K: vk(a) > 0} is a discrete valuation ring with maximal
ideal generated by an element 7 and the quotient O /(7) is isomorphic to F,- for some positive
integer 7. All the above statements hold more generally for K in place of Q, with the same
proofs if one substitutes v, with vg, p with 7 and F,, with F,-.

To motivate the next considerations, we return to the case of the multiplicative group of Q,,.

Proposition 7.15. In Q,, we have

U o Z, ifp>2
Z/2Z xZy ifp=2

Before showing this, we define the power series
i1
log(1+z) =Y (-1)'=

; )
i>1

and we prove the following lemma.

Lemma 7.16. The power series log(1+z) converges for  in UY). Moreover, if n. > 1/(p—1),
then 1 + 2 € U™ if and only if log(1 + z) € p"Z,.

Recall that, if (a;);>1 is a sequence in Q,, then the series ) .., a; converges in Q,, if and
only if v,(a;) — 0o as i — oo. a

Proof of Lemma 7.16. Let x be an element in UM and set C := pU»(®) > 1. Since pU»(™) < m
for all positive integers m, we get

m

x log C' logC'  logm 1 cm
Up ( - ) mup(x) —vp(m) =m Tog p vp(m) >m ogp logp _ logp og|— -]

as m — 00. So log(1 + ) is a well-defined element of Q,,.

For the second part, we show that if x lies in p"Z,, forn > 1/(p—1) (so vp(z) > n > 1/(p—1)),
then v, (log(1+z)) = v,(z). In particular, for n > 1/(p — 1) this means that 1+ x lies in U™ if
and only if log(1 + z) lies in p™Z,. Notice that

x™ 1 vp(m)

o (0] = 0le) = (= )uyo) — ) > (= 1) (2 - 20

m p—1 m-—1
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for all m > 1, so if we prove that

<

p(m) < R

m—1"p—-1

we conclude, because v,(x) = min,,>1{vy(2™/m)} and so vy(log(l + x)) = vp(x). Write m =
p?»(M™myg for some mq prime to p. Then
vp(m) vp(m) _ 1 vp(m) < 1
m—1"pwm -1 p—1pwm-14  4+pt+1 - p-—1

as ptr (M= 4+ 4 p+ 1> 0,(m). O

Proof of Proposition 7.15. If p > 2, then Lemma 7.16 implies that the map
log: UV — pZ, = Z,

is well-defined. We show that in fact it is an isomorphism. We can see this by two different
arguments:

1. The inverse of log is given by exp(x) = >,5, f—: (but then one has to prove similar conver-
gence results for exp).

2. Alternatively, by the second statement of Lemma 7.16, log(U"™) is contained in p"Z,, and
moreover log induces an injective group homomorphism

U(l)/U(") — pr/p"+1Zp.

Since by the results preceding Definition 6.13 these groups have the same order p"™, the
induced map is an isomorphism for all n > 1 and by passing to the inverse limit we get

oW =m0 =l pZ, /p 2y, = pZy,.

If p = 2, by Lemma 7.16 and by repeating the previous argument, we get U?) = 227, = Z,.
Therefore we conclude by observing that U1 = (—1) x U?) = Z /27 x Z. O

We now sketch without proof an an analogue of the above result for elliptic curves.

Note first that E(Q,) is a commutative p-adic Lie group (i.e. E(Q,) is a p-adic analytic
manifold over Q,, and the addition and the inverse maps are defined by polynomial, hence also
p-adic analytic functions). In general, if G is an arbitrary p-adic Lie group with identity e,
one defines its Lie algebra Lie(G) as the tangent space T.G at e. It is a Q,-vector space of

dimension d = dim G equipped with a Lie bracket [-,-]. When G is abelian, the Lie bracket
reduces to 0. Using [-,-] one can define on Q¢ a Lie group structure Lie(G) with the property
Lie(Lie(G)) = Lie(G). In case [-,-] = 0, this will just be (Q,})? (in general the group law will be

non-commutative).

Fact 7.17. Let G be a p-adic Lie group. There exists a unique homomorphism of Lie groups
log: G — Lie(G)

inducing the identity Lie(G) — Lie(Lie(G)) on tangents spaces at e. This map induces an
isomorphism on suitable open subgroups (like in the classical case over R or C).
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For the proof (and further details) we refer to [1] or [4]. Note that [5] gives a detailed account
of the theory in the special case of elliptic curves without using the language of Lie theory.

Example 7.18. If G = Q,;, then Lie(G) = Q;‘ and the map log is the p-adic logarithm discussed
above.
If G = E(Qp), then Lie(G) = Q; and the map log induces isomorphisms
E(Q,)M =7zt ifp>2
E(Q,) ¥ =7zt ifp=2
It is possible to write down an explicit power series defining log, but the formula is not as simple

as in the case G = Q.
More generally, when A is an abelian variety of dimension g, we have

Lie(A4(Qp)) = (Q;)?
and log: U — Z9 for some open subgroup U in A(Q,) (a theorem first proved by Mattuck).

Finally, all of the above again holds more generally over finite extensions of Q, but for log
to converge and induce an isomorphism one needs to take smaller open subgroups.

8 Rudiments of GGalois cohomology

In this section we present the basic results on Galois cohomology which will be used later. For
our purpose, we only need to consider cohomology groups in degrees 0 and 1, so we shall define
them “by hand”, but this is part of a more general theory for which we refer to [8].

( A
Definition 8.1. Let G be a group. A G-module is an abelian group A endowed with a
G-action G x A — A such that

1. o(a1 + az) = o(a1) + o(az) for all ¢ in G and a1, as in A.

2. (o7)(a) = o(7(a)) for all 0,7 in G and a in A.

Example 8.2. Let L|K be a finite Galois extension with Galois group G. The following are
G-modules.

1. The additive group L™.
2. The multiplicative group L*.

3. The group E(L), where F|K is an elliptic curve.
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Definition 8.3. Let A be a G-module. The 0-th cohomology group of A is
H°(G,A) = A® = {a € A: 0(a) = a for all & € G}.
The group of 1-cocycles is
ZNG,A) ={p: G — A: p(o1) = (o) + a(p(7)) for all 0,7 € G}.
The group of 1-coboundaries is the subgroup of Z!(G, A) defined by
BYG,A) = {¢: G— A: ¢(0)=a— cd(a) for some a € A}.

The first cohomology group of A is

HY(G,A) = ZY(G,A)/B(G, A).

Remark 8.4. Let A be G-module.

1. If G acts trivially on A (i.e. o(a) = a for all o in G and for all a in A), then H°(G, A) = A
and H'(G, A) = Hom(G, A).

2. H°(G, A) and H*(G, A) are functorial in A, i.e. every G-homomorphism A — B induces
amap H'(G,A) - H'(G, B) for i =0, 1.

Proposition 8.5 (Long exact sequence). If 0 - A — B — C — 0 is an exact sequence of
G-modules, then there exists an exact sequence

0 — H%(G, A) » H°(G, B) —» H°(G,C) > HY(G, A) » H(G, B) —» H*(G, 0).

Proof. The definition of the maps in the sequence is clear except for §. We define § in the
following way: suppose ¢ is an element in H°(G, C') = C%. Since the map B — C is surjective,
there exists a preimage b in B of ¢. Note that o(b) and b have the same image in C' because
o(c) = c implies that b — o(b) lies in A. One checks that the map o + b — o(b) lies in Z*(G, A)
and its class in H*(G, A) does not depend on b. We define §(c) as this class. Checking that the
sequence is exact is an easy exercise. O

Let i: H — G be a group homomorphism. Then every G-module becomes an H-module via
i, and 7 induces a homomorphism

i*: HY(G, A) — H'(H, A).
In the special case when H is a subgroup of G, the inclusion i: H — G induces a map
Res: H'(G,A") — H'(H, A),

called the restriction map.
If H is a normal subgroup of G, then G/H acts on A, so the projection G — G//H induces

a map
Inf: HY(G/H, A™) = HY(G, A),
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called the inflation map.

Lemma 8.6 (Inflation-restriction sequence). If H is a normal subgroup of G, then

0 — HY(G/H, A%) 5 gY@, A) 2 HY(H, A)

is an exact sequence.

The proof is easy and is left as exercise.

Theorem 8.7 (Hilbert’s Theorem 90). If L|K is a finite Galois extension and G = Gal(L|K),
then
HY(G,L*) =0.

Before showing this, we need the following lemma.

Lemma 8.8 (Dedekind). If o4,...,0, are the elements of G, then they are linearly inde-
pendent in the L-vector space of functions L — L.

Proof of Lemma 8.8. Suppose that o1, ...,0, are linearly dependent and consider the shortest
non-trivial linear combination that is zero. We may assume this is

ai101+...+a;0;, =0 (81)

for certain non-zero a; in L. Choose z in L such that o1(x) # o2(z). Then for every y in L we
get
aro1(z)o1(y) + ...+ aoi(x)oi(y) = 0. (8.2)

Evaluating (8.1) at y and multiplying it by o1(z), we get
ar1o1(x)o1(y) + ... + a;o1(z)oi(y) = 0. (8.3)
Subtracting (8.3) from (8.2) we get
az(o2(x) —o1(2)) - 02(y) + ... + a;(0i(z) — 01(2)) - 04(y) = 0,

which holds for all y in L. This is a contradiction, as the previous sequence is non-trivial and
shorter than (8.1). O

Proof of Theorem 8.7. Let ¢ be an element of Z!(G, L*). Consider the map

b= ng(o)a G — L™,
oeG
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By Lemma 8.8 this is not identically zero, so there exist z,y in L* such that

2) =Y (o))

ceG

Since ¢ lies in Z1(G, L*), for each 7 in G we have

= T Lp :L ro)ro(z) = —2 .
T(y) = (re(o) SD(T)U%w( Jro(@) = 75

oelG ceG

Therefore (1) =y - 7(y)~! for all 7 in G, so ¢ belongs to BY(G, L*). O

Our next goal is to extend the above theory to infinite Galois groups. If we keep the above
definition of H', Hilbert’s Theorem 90 will not necessarily hold in the infinite case, so we make
a modification.

First we review infinite Galois theory. Let K be a field and let K® be a separable closure
of K. Consider the partial order on finite Galois extensions L|K (which are contained in K¥)
defined by

L1 <Ly < Ly C Ls.

Note that if Ly < Lo, we get a group homomorphism ¢y, 1, : Gal(Ls|K) — Gal(L|K) given by
restriction of automorphisms. The Galois groups Gal(L|K) form a filtered inverse system in the
following sense.

( )

Definition 8.9. A partially ordered set (I, <) is filtered if

Vi,jel kel : k>i, k>j.

( )

Definition 8.10. An inverse system of groups indexed by I is given by
e For each i in I, a group Gj;
e For each ¢ < j, a homomorphism ¢;;: G; — Gj.

The inverse limit of the system is

l'glGi::{gZ EHG ©i;(g5) —ngorallz<j}

i€l

The dual notion of inverse limit is that of direct limit:
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Definition 8.11. Let (I, <) be a filtered set. A direct system of abelian groups is given by
e For each i in I, an abelian group Aj;;
e For each ¢ < j, a homomorphism ¢;;: A; — A;.

The direct limit of the system is

lim A; = (@Ai)/{(o,...,o,ai,o,...,o,aj,o,...): <pij(ai)=—aj}.

iel

( A
Proposition 8.12. In the above example, the Galois groups form a filtered inverse system
whose inverse limit is Gal(K*|K).

(. J

Proof. The fact that the Galois groups form a filtered inverse system is immediate. Now consider

the map
® : Gal(K’K) — @GaI(MK)
L

o= (o),

This map is surjective: given (o), in Jim Gal(L|K), one can glue them together to an element o
in Gal(K*®|K). More precisely, if z is an element in K?, then there exists a finite Galois extension
L|K such that z lies in L. Define o(x) = oy (x). This definition is unambiguous because of the
compatibility of the oy, in the inverse system. Then ®(0) = (o).

The map @ is also injective, as if o is an element in Gal(K*®|K) \ {idk- }, then there exists an
element x in K° \ K such that o(xz) # z. If z lies in an extension L as above, then U|L(:U) #x
and so |, #idp,. O

Remark 8.13. If we put the discrete topology on Gal(L|K) and then the product topology
on [[, Gal(L|K), one shows easily that the subgroup @Gal(LH() of [, Gal(L|K) — endowed
with the induced topology — is closed. Since finite discrete groups are compact and the product
of compact spaces is also compact, we get that @Gal(ﬂK ) is compact. It is also totally
disconnected, i.e. its only connected subsets are one-point sets. A topological group is called
profinite if it is an inverse limit of finite discrete groups. It can be shown that every compact
totally disconnected group is profinite.

The above considerations extend without change to arbitrary infinite Galois extensions of K
in place of K*° but for the definition to follow we only need the case of K

Let now G := Gal(K?|K) and let A be a G-module such that the stabilizer of every a in A is
open (hence of finite index by compactness of G). One can show that this is equivalent to saying
that the action G x A — A is continuous if A carries the discrete topology.

Note that open subgroups H of G are exactly the subgroups fixing a finite extension L|K
contained in K°. Indeed, when H is normal, then G/H must be one of the Gal(L|K) in the
inverse system. In the general case choose an open normal subgroup H' C H and apply finite
Galois theory.
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If L|K is a finite Galois extension, by the above it corresponds to an open subgroup H :=
Gal(K*®|L) of G. If Ly < Ly, then Hy < H; and we have an inflation map

Inf: HY(G/H,, A"') — HY(G/H,, A™2).
In this way, the groups H'(G/H, A®) form a filtered direct system. Thus we can define
H'(G, A) =lim H'(G/H, A™).
H
We make the convention that whenever G is profinite, the group H' (G, A) is to be understood

in the above sense and not as mere group cohomology.

Also, we define
H°(G, A) = A°.

Notation. For i = 0,1, we define the Galois cohomology groups of K as

HY(K,A) = H(Gal(K*|K), A).

Hilbert’s Theorem 90 (Theorem 8.7) then immediately extends to the infinite case as follows.

Corollary 8.14. With the previous notation, we have

H'(K, (K*)*) =0.

To extend exact sequences from group cohomology to Galois cohomology we need the following
lemma.

( A
Lemma 8.15. Let (I, <) be a filtered set and let (4;), (B;), (C;) be direct systems indexed
by I. Suppose that for each i in I there is an exact sequence

0—-A, —-B,—C; —0

such that for each ¢ < j the following diagram commutes.

0 A; B; C; 0
b L
0 A; B; C; 0

Then the sequence

is exact.
(. J

The proof follows directly from the definitions and is left as an exercise.
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Corollary 8.16. The long exact sequence (Proposition 8.5) and the inflation-restriction
sequence (Lemma 8.6) hold in Galois cohomology too.

Here in the inflation-restriction sequence one has to assume that the subgroup H of G is
closed.

We arrive at the main application of the above constructions.

Proposition 8.17 (Kummer theory). Let K be a field, let n be a positive integer such that
(n,char(K)) = 1 and let w, be the subgroup of K* consisting of the n-th roots of unity.
There is a group isomorphism

~

KX /K" = HY(K, ).

Proof. Consider the exact sequence of Gal(K*|K )-modules
1= iy — (K5)¢ 20 (K°) — 1. (8.4)
Part of the long exact sequence is
(%)) 25 (B)) = HNE ) — H (K (K%)*),
but the last group is trivial by Theorem 8.7 and ((KS)X)G = K, thus we conclude. O

Note that in exact sequence (8.4) the last map is surjective because K* is separably closed
and hence every element has an n-th root. One could not write a similar exact sequence for finite
extensions of K.

Remark 8.18. When pu,, C K, we have p,, = Z/nZ as Gal(K*|K)-modules and hence
HY(K, py,) = Hom(Gal(K*®|K), Z/nZ).

Following the construction of the map § in Proposition 8.5 one deduces that under the assumption
tn C K every Galois extension of K with group Z/nZ is of the form K ({/a) for some a € K*.
(This is the classical form of Kummer theory.)

Remark 8.19. We can now also fill in a small gap in a previous proof. Assume K is perfect with
algebraic closure K and G = Gal(K|K). Let C be a plane curve defined over K with function
field K(C') over K. The short exact sequence
15K - KO - KOC)" /K -1
induces an exact sequence
(E(©)) = E (@) /E)® = H (KK

where the last term is 0 by Corollary 8.14. Thus the map (K(C)*)¢ — (f(C)X/fX)G is

surjective.
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9 The weak Mordell-Weil theorem for elliptic curves

The aim of this section and the next is to prove the following result, which is due to Mordell in
the case K = Q and to Weil in the general case.

Theorem 9.1 (Mordell-Weil Theorem). Let K|Q be a finite extension an let E|K be an
elliptic curve. Then E(K) is a finitely generated abelian group.

Remark 9.2. Theorem 9.1 holds more generally for an abelian variety A|K (as proven by Weil).

The first step towards the proof is:

Theorem 9.3 (Weak Mordell-Weil Theorem). Let K|Q be a finite extension an let F|K be
an elliptic curve. If m > 1 is an integer, then the quotient group E(K)/mE(K) is finite.

Remark 9.4.

1. Mordell proved Theorem 9.3 only for m = 2, which, as we shall see, is enough for deducing
Theorem 9.1.

2. Even in the case K = Q, the proof passes through some finite extension L|Q (except for
m = 2 if moreover the torsion points of order 2 are contained in F(Q)).

We now start the proof of theorem 9.3.
Recall that, if E|K is an elliptic and K is a fixed algebraic closure of K, we denote by

E[m] the set of points of E(K) of order dividing m. For any extension L|K in K, we set
E[m|(L) = Elm]n E(L).

Lemma 9.5. Let k be an algebraically closed field and let E|k be an elliptic curve. The
map m: P — mP is surjective with finite kernel.

Sketch of proof. The map m is defined by polynomial functions, so it is a morphism in the sense
of algebraic geometry. Since F is a projective variety, the image mFE is Zariski closed in F. Since
FE is connected, the image mFE is either E or a point. But mFE cannot be a point: to see this, it
is enough to consider the case where m is prime p. If p # 2, we have seen that there exist three
points of order 2 which cannot be killed by p; if p = 2, one can for instance check that there
exist points of order 3.

Finally, since m: P — mP is a non-constant morphism, its kernel E[m)] is a proper closed subset
of E, thus it is finite. O

Remark 9.6. When k = C, by Corollary 4.8 we have

E[m| 2 Z/mZ x Z/mZ (9.1)
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as an abelian group. In fact, this also implies the case of algebraically closed fields of characteristic
zero (see [2]). Note that we already know this result for m = 2 (and this is sufficient for the full
Mordell-Weil theorem, as mentioned in Remark 9.4 (1)). Anyway, in case one wants to avoid the
use of the above result, it is sufficient to know that

Em| 2 Z/miZ x ... x Z/m,Z (9.2)

as an abelian group by Lemma 9.5, and then the proof of Theorem 9.3 will go through with
minimal modifications.

Now let K|Q be a finite extension and let E|K be an elliptic curve. Denote by K a fixed
algebraic closure of K. Lemma 9.5 implies the existence of an exact sequence

0 — Em|(K) - E(K) ™ E(K) — 0.

Note that, if G = Gal(K|K), this is an exact sequence of G-modules. Thus it induces a long
exact sequence, part of which is given by

E(K)® " E(K)Y —— HY(K,E[m|(K)) — HY(K,E(K)) —"— HY(K,E(K))

Therefore there is an exact sequence
0 — E(K)/mE(K) — HYK,E[m](K)) - H' (K, E(K))[m] — 0.

Here H'(K, E[m](K)) is infinite, but we will prove that it has a finite subgroup containing
E(K)/mE(K) (and this will prove Theorem 9.3). To define this subgroup, we use arithmetic
considerations.

~ We start with the case K = Q. For every prime p, fix an algebraic closure CTP of Q, and let
Q be the algebraic closure of Q in Q,. Then we have a diagram of embeddings

Q—Q

Q——Q

whence a restriction map

Gal(Q,Q,) — Gal(Q|Q)

g — J|6

Therefore, there exists an induced map H'(Q,A) — H'(Q,, A) for any Gal(Q|Q)-module A.
Similarly, the immersion Q < R induces a map H'(Q,A) — H'(R,A) for any Gal(Q|Q)-
module A, where this time Q is the algebraic closure of Q in C.

Now we generalize this to the case of a finite extension K|Q. Let Ok be the integral closure
of Z in K. For each non-zero prime ideal p in Ok, the localization Ok , of Ok at p is a discrete
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valuation ring with fraction field K. Denote by v,: K* — Z the associated discrete valuation.
We define

Ok p = lim Ok p /P Oxcp
K, = Frac(Ok ).
In particular, there exists an embedding K < K, which induces a restriction map
Res: HY(K,A) — H'(K,, A)

for all Gal(K|K)-modules A after fixing algebraic closures as in the special case above. Also,
every embedding K — R induces H!(K,A) — H'(R, A) for all Gal(K|K)-modules A. (Note
that in general there may be no embeddings K — R, or several of them).

We have a commutative diagram with exact rows:

0 —— BE(K)/mBE(K) —— HY(K, E[m]) ——— HY(K, E)[m] —— 0

l JHP Res JHP Res

0 — [[ B(Ky)/mE(K,) — [[ H' (K, E[m]) — [[ H'(Kp, E)m] — 0
p p p

where in the products p runs over all non-zero prime ideals in Ok and, with a slight abuse of
notation, over all embeddings K < R (when they exist).

( )

Definition 9.7. Let m > 1 be an integer. The m-Selmer group of E is

Sel™(E) := ker <H1(K, E[m]) - [[ B (K,, E)) :
p

The Tate-Shafarevich group of E is

III(E) := ker (Hl(K, E) = [[H'(K,, E)) :
p

We get the following exact sequence:
0 — E(K)/mE(K) — Sel™) (E) — II(E)[m] — 0. (9.3)

Remark 9.8. The exact sequence (9.3) exists more generally for abelian varieties or even com-
mutative algebraic groups.

We shall now prove:

[ Theorem 9.9. For every integer m > 1, the group Sel(m)(E) is finite. ]
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As a direct consequence, we obtain Theorem 9.3:

Corollary 9.10. For every integer m > 1, the groups E(K)/mE(K) and II(E)[m| are
finite.

In fact, there is the following famous conjecture.

[ Conjecture 9.11. The Tate-Shafarevich group III(E) is finite. ]

The conjecture is known in some cases but open in general. We shall return to this point
when discussing the Birch—Swinnerton-Dyer conjecture.

Idea of proof of Theorem 9.9. Suppose that E[m] is contained in E(K) and that K contains
the group pn, of the m-th roots of unities. Set G = Gal(K|K). Using (9.1) and the fact
that, by assumption, G acts trivially on E[m], we get

HY(K,E[m]) 2 H' (K,(Z/mZ)*) = Hom(G, (Z/mZ)?) =~ Hom(G, Z/mZ)?
~ (HY(G,Z/mZ))" = (H"(K, jpm))” = (K /K*™)?

where the last isomorphism follows from Proposition 8.17. In particular, we can identify
Sel™ with a subgroup of (K*/K*™)2 so the main idea is to translate the problem in
terms of algebraic number fields, forgetting about elliptic curves. (If one does not want to
use (9.1), the previous isomorphism can be modified using (9.2), obtaining that H' (K, E[m])
is isomorphic to @;_, K*/K*™i.)

To reduce to the case discussed above we use the following lemma.

Lemma 9.12. If L|K is a finite extension, then the map
Res: H' (K, Em]) — H'(L, E[m])

has finite kernel.

Proof. Let H = Gal(L|K). By the inflation-restriction sequence, there is an exact sequence

Inf

0~ H'(H,E[m](L)) 2% Res

HY(K,E[m]) = H'(L, E[m)).

But H'(H, E[m](L)) is finite because both H and E[m]|(L) are finite, so there are finitely many
maps between them. O

As consequence, denoting by Sel(™ (E'1) the m-Selmer group of E considered as an elliptic
curve defined over L, we get the following result.
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[ Corollary 9.13. The map Sel™ (E) — Sel™)(E,) has finite kernel. ]

Thus to prove Theorem 9.9, we may replace K by a finite extension. So we can assume that

K is so large that E[m](K) is contained in F(K) and that K contains fi,,. In other words, we
are in the situation discussed before Lemma 9.12.

Proposition 9.14. There exists a finite set S consisting of nonzero prime ideals p C Ok
and all the embeddings K < R such that the image of Sel™ (E) via the isomorphism
HY(K, E[m]) = (K*/K*™)? is contained in

({z € K*: vp(x) =0 (mod m) forallp ¢ S} /me)z.

In this way the proof of Theorem 9.9 reduces to a purely number-theoretic problem.

To show Proposition 9.14, we need some preliminaries. First we recall that a finite extension
Ly|Ky is unramified if the unique extension vy, of v, to Ly has values in Z (and not %Z for some
r > 1). In other words, if 7 is an element of K, such that v,(7) = 1, then vr, (7) = 1. Now we
recall the following fact from algebraic number theory.

Fact 9.15. For every integer n > 1, there is a unique unramified extension Ly|K, of degree n.

(We briefly recall the construction of Ly: If Fy is the residue field of K, let a be in F such

that Fgn = Fy[a]. If f(X) is the minimal polynomial of o over F, consider a monic lift f(X)
of f(X) in Ok, [X] (where O, is the valuation ring of K) and define L, = K,[X]/(f).)

Lemma 9.16. Let E|K, be an elliptic curve having good reduction and let m be an integer
prime to p. If @ is a point in E(K}), then there exists a finite unramified extension L,|K,
and a point P in E(L,) such that mP = Q.

Proof. With notation as at the beginning of Section 7, set @ = r(Q) € E(F,). By Lemma 9.5

there exists @ in E(F,) such that m@Q = Q. Let n be an integer such that Q lies in E(F,n)
and let L, be the degree n unramified extension of K,. By Hensel’s lemma (more precisely, by

Corollary 6.11), we can lift Q to Q in E(L,). Note that in E(F,) we have r(mQ) = r(Q) . Hence
Q —mQ € ker (r: B(Ky) — E(F,)) = B(K,)™W.

But by Corollary 7.12 (and Remark 7.14, as (m,p) = 1 implies (m,p) = 1) we know that
E(K,)® is (uniquely) m-divisible, so there exists Q" in E(K,)®) such that mQ’' = Q — mQ.
Setting P = Q'+ Q € E(Ly), we conclude mP =m(Q' + Q) = Q. O

Proof of Proposition 9.14. Let S = S1US;US3, where S; is the set of all non-zero primes ideals
p of Ok such that F has bad reduction modulo p, Sy is the set of all non-zero primes p dividing
(m) and Sj is the set of all embeddings K < R. Let a be an element in Sel™ (E) with image ap
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in HY(K,, E[m]) for p ¢ S. Since ay, maps to zero in H'(K, E), it comes from an element /3, in
the quotient E(K,)/mE(K,). Now S, is represented by a point @ in E(K,). Using that p ¢ S,
we may apply Lemma 9.16 to get a finite unramified extension L,|K, such that @ is m-divisible
in E(Ly). Therefore 8, maps to zero in E(Ly)/mE(Ly), thus ap, maps to zero in H'(Ly,, E[m)).

By E(Kp)/mE(K,) — Hl(Kp»E[m]) Qp
0 E(Ly)/mE(L,) —— H'(Ly, E[m]) 0
Since Ly|K, is unramified, we get the following diagram.
ap HY(K,, Elm]) —— (K} /K3™)? —25 (Z/mZ)?
| | L
0 HY(Ly, E[m]) —=— (L) /L{™)? — (Z/mZ)?

In particular, we deduce that o, corresponds to a pair (o, a2) € (K, /K, ™)? such that
vk, (1) = vk, (a2) =0 (mod m). O

To conclude the proof of Theorem 9.3, it is enough to prove the following lemma.

( A
Lemma 9.17. If S is a finite set consisting of non-zero primes of Ok and all embeddings
K — R, then the group

{z e K*: vy(x) =0 (mod m) forallp¢ S} /K<™

is finite.
\\ J

To prove Lemma 9.17 we need some tools from algebraic number theory.

( A
Definition 9.18. With the previous notation, define a map

div. : K* —  DyesZ
a > (vp(a))pgs-
The group of S-units in K is
Ok g = ker(div).
The S-class group of K is

Clg,s = coker(div).

We need two classical facts, for the proof of which we refer to books on algebraic number
theory such as [3].

o1



Facts 9.19. The group (’)IX{’ g is finitely generated and the group Clg g is finite.

Proof of Lemma 9.17. We have the following commutative diagram with exact rows:

0 —— Ofg KX div BpesZ — Clgs — 0

R

@pesZ — Clgs —— 0

| |

0 — Ker(div,,) —— KX /K*™ % @ o 7 /mZ

|

0 0

where Ker(div,,) = {x € K*: vp(z) =0 (mod m) for all p ¢ S} /K*™ as in the statement. A
diagram chase gives an exact sequence

OI><(7S/TTLOIX<7S — Ker — CIK75[m]

and we conclude by Facts 9.19. O
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