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This paper provides a variational treatment of
the effect of external charges on the free charges
in an infinite free-standing graphene sheet within
the Thomas-Fermi theory. We establish existence,
uniqueness and regularity of the energy minimizers
corresponding to the free charge densities that screen
the effect of an external electrostatic potential at the
neutrality point. For the potential due to one or several
off-layer point charges, we also prove positivity and
a precise universal asymptotic decay rate for the
screening charge density, as well as an exact charge
cancellation by the graphene sheet. We also treat
a simpler case of the non-zero background charge
density and establish similar results in that case.

1. Introduction

Graphene is a classical example of a two-dimensional
material whose electronic properties give rise to a
number of unusual characteristics that make it a prime
target for both fundamental research and multiple
applications [1-5]. A key feature of the electrons in
single-layer graphene sheets is the presence of the
Dirac cone in their dispersion relation that makes
the elementary excitations (electrons and holes) of the
ground state behave as massless relativistic fermions
[6,7]. This presents challenges in the theoretical treatment
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of those excitations, as their kinetic energy, which is of the order of Ex ~ hvp/r, where
vr ~1 x 108 cm s~ is the Fermi velocity and r is the radius of the wave packet containing a single
charge, remains comparable to the Coulombic interaction energy Ec ~ €2 /(egr) of two charges at
distance r independently of the scale r (here e is the elementary charge, in the CGS units, €; ~ 1
is the effective dielectric constant, and it is noted that ¢2/(hvr) ~2.2). As a result, many-body
effects need to be taken into consideration in the studies of electronic properties of graphene.
In particular, these effects are significant in determining the way the massless ultrarelativistic
fermions screen the electric field of supercritical charged impurities [6].

The problem of characterizing the charged impurity screening by the graphene sheet has
been studied, using a number of theoretical approaches [8-14] (this list is not intended to be
exhaustive). Note that a similar question arises in the studies of graphene-based devices in the
proximity of a conducting electrode, or when a scanning tunnelling microscope tip approaches a
graphene sheet [15]. In particular, in this situation, the electric charge the layer is exposed to may
exceed the elementary charge e by many orders of magnitude. Under such conditions, a fully
nonlinear treatment of the screening problem is, therefore, necessary.

In conventional quantum systems, a good starting point for the analysis of electric field
screening is the Thomas—Fermi (TF) theory, as it yields an asymptotically exact response of
a system of interacting electrons to a large external charge [16]. Such a theory for massless
relativistic fermions was developed by DiVincenzo and Mele in the context of charged impurity
screening in graphite intercalated compounds [8]. They conducted numerical studies of the
resulting equations for the screening charge density and noted a highly non-local character of
the response. More recently, Katsnelson carried out a formal analysis of the asymptotic behaviour
of the screening charge density away from a single impurity ion in a graphene monolayer [11].
His results were further clarified an extended by Fogler et al., who also confirmed the predictions
about the decay of the screening charge density by numerical simulations [17]. The non-local
character of the response and its dependence on the level of doping have been confirmed by
the direct experimental observations of the screening charge density [18-20]. Note that these
observations are at variance with the prediction of a purely local dielectric response at the Dirac
point from the linear response theory for massless relativistic fermions within the random phase
approximation [12].

This paper is a mathematical counterpart of the studies in [8,11,17] that provides a suitable
variational framework for the study of the charge screening problem described by the TF theory
of graphene (for a closely related TF-von Weizsdcker model and some further discussion, see
[14]). The setting turns out to be rather delicate, as the presence of a bare Coulombic potential
from an impurity leads to heavy tails in the potential term that are precisely balanced with the
Coulombic interaction term. Within our setting, we prove existence, uniqueness, radial symmetry
and monotonicity of the minimizer of the graphene TF energy for an off-layer external point
charge in a free-standing graphene sheet. More generally, we provide existence, uniqueness, the
Euler-Lagrange equation that is understood in a suitable sense, and regularity of the minimizer
for a general class of external potentials arising as Coulombic potentials of appropriate collections
of external charges. Back to a single off-layer charge in a free-standing graphene sheet, we
establish the precise asymptotic decay of the screening charge density at infinity, which agrees
with the one obtained by Katsnelson using formal arguments.

The decay of the screening charge density turns out to be a borderline power law decay
modulated by a logarithmic factor that makes it barely integrable. The latter presents a significant
technical difficulty in the handling of the appropriate barrier functions that control the decay of
the solution at infinity. In particular, we prove that the decay indeed turns out to be universal,
independently of the strength of the external charge and remains the same for a finite collection
of charges of the same sign.

As a by-product of our analysis, we also demonstrate the existence of sign-changing
minimizers in the case of positive fast decaying potentials for the closely related TF—von
Weizsacker model studied in [14] in the regime when the latter is well approximated by the
TF model. This gives a partial answer to the question raised in [14]. Finally, we present the
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corresponding results for the biased layer. The treatment of the latter is significantly simpler due
to the expected fast power law decay of the screening charge density.

Our paper is organized as follows. In §2, we introduce the TF energy functional for a free-
standing graphene sheet and then discuss several issues associated with its definition in the
context of the associated variational problem for charge screening that requires a modified
formulation compared with the classical TF theory. Within these modifications, we then state the
main results of our paper in theorems 2.1 and 2.2, and corollary 2.6. In §3, we give the precise
variational setting for the modified TF energy of the free-standing graphene sheet and establish
general existence and regularity results for the minimizers.

Then, in §4, we focus on the case of the potential from a single off-layer external point charge.
In particular, in §4a, we reformulate the Euler-Lagrange equation for the minimizers in terms
of a convenient auxiliary variable and establish several properties of the solutions associated
with a comparison principle that we establish for this equation, and in §4b we establish further
implications of the comparison principle on the positivity of solutions. This leads us, in §4c, to
establish existence of sign-changing solutions to the closely related TF—von Weizsédcker model
considered by us in [14].

The key computation of the paper is carried out in §4d, where a logarithmic barrier is
established, which is then used in §4e to prove the asymptotic decay rate of the solution at
infinity for the external potential of a point charge. Furthermore, in §4f, we show the complete
charge screening and in §4g, we establish the universality of the decay. We conclude this section
by showing how the statements of our main results in §2 follow from the various technical results
obtained in §§3 and 4.

Finally, in §5, we outline the analogous treatment of the case of a doped graphene sheet
characterized by the presence of a uniform background charge, where the main results are
contained in theorems 5.2 and 5.4.

(a) Notation

Throughout the paper, for f(t), g(t) > 0, we use the asymptotic notation as t — 400

— f(t) S g(t) if there exists C > 0 independent of ¢ such that f(t) < Cg(t) for all t sufficiently
large;

— f(H) ~g(®)if f(t) S g(t) and g(t) S f(1);

— f(t) = gt)if f(t) ~ g(t) and lim;—, 4 oo (f(t)/g(F)) = 1.

As usual, Br(x):={y e RN ly — x| <R}, Bg :==Bgr(0), and C,c,c1 etc., denote generic positive
constants. By C%(R?), we denote the space of all locally Holder continuous functions of order
a €(0,1] on R%, and Ck""(IRZ) denotes higher order Holder spaces for k=1,2,.... For an open
set 2 CR?, by C°(£2), we denote the space of all compactly supported infinitely differentiable
function with the support in §2, while D’(£2) is the space of distributions on 2, i.e. the dual
space of C2°(£2). For a function f € LllO (£2), unless specified otherwise, the inequality f>0in £2
is always understood in the distributional sense, i.e. that IRZ f@)p(x)dx >0 for all 0 < ¢ € C°(£2).

We similarly define f <0. When we want to emphasize a pointwise (in)equality, we always write
explicitly f(x).

2. Model and main results

TF energy for massless relativistic fermions in a free-standing graphene layer in the presence
of the external electrostatic potential V takes the following form, after a suitable non-
dimensionalization [11]:

2 1
e (p) == J 1032 d2x — J p()V(x) d2x + — POPWY) g2, g2, 1)
3 Jr2 R2 4 Jresre X —yl
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Here, p:R? — R is the charge density of charge carrying fermionic quasi-particles (electrons and
holes). The density p is a sign-changing function with p > 0 corresponding to electrons and p <
0 to holes. The first, TF term, is an approximation of the kinetic energy of the uniform gas of
non-interacting particles. The exponent 3/2 can be deduced from scaling considerations. The last,

non-local Coulomb term

D= [, B ey, 22)
47 Jr2xr2 |x =yl

is the like-charged inter-particle repulsion energy which is inherited from R3. The middle term
is the potential energy due to the interaction with the external potential V :R? — R. In the case of
a single external point charge of magnitude Z € R located in R® at distance d > 0 away from the
graphene layer the external potential is

Z
2n/d? + 22

but more general potentials V(x) could be considered, e.g. those involving multiple point charge
configurations,

Vzd(x):= (2.3)

N
VN@) =) Vza(x —x), (2.4)
i=1

for some Z; €R, d; >0 and x; € R?. Importantly, for an unscreened system of uncompensated
external charges (i.e. when ) _; Z; # 0 in (2.4)), one has Vx(x) ~ 1/|x| as |x| = oo, since the quasi-
particle-charge interaction is according to Coulomb’s Law in R3. For a more detailed discussion
of various terms in the energy and the non-dimensionalization, see [14, section 2]. Note that the
energy in (2.1) is invariant with respect to the transformation

p—>—p and V—> -V, (2.5)

hence when dealing with the potential V7 4 it is sufficient to restrict attention to the case Z > 0.

Our principal goal is to prove the existence of global minimizers of 80T F and establish their
fundamental properties, such as regularity and decay estimates. At first glance, the TF energy
SOT F looks similar to its classical three-dimensional atomic counterpart [16,21,22]. However, there
are fundamental differences within the variational framework for graphene modelling

— Unlike in the classical TF theory for atoms and molecules where p >0, the density p
in graphene is a sign-changing function. As a consequence, D(|p|, |p|) = D(p, p), which
means that oscillating profiles could be energetically more favourable.

— All three terms in SOT F with V=V scale at the same rate under the charge-preserving
rescaling p; (x) = 22p(%x). Hence, SOT F(px) = cx when d =0 for some ¢ € R. Physically, this
is a manifestation of the non-perturbative role of the Coulomb interaction in graphene.
Mathematically, this reveals the critical tuning of the three different terms in the energy.

— The non-local term D(p, p) is formally identical to the usual Coulomb term in RS,
However, the integral kernel |x —y|~! in R? is associated with the Green function
of the fractional Laplacian operator (—A)'/2. As a consequence, the Euler-Lagrange
equation for 5OTF transforms into a fractional semilinear partial differential equation
(PDE) involving (=A)1/2, instead of the usual Laplace operator —A of the classical
three-dimensional TF theory.

Note that the total number of electrons and holes in the graphene sheet is neither fixed nor
bounded a priori. As a consequence, unlike in the atomic and molecular three-dimensional
models, it is unclear if the minimizers of £/F should have a finite total charge, i.e. if they are
L!-functions. This implies that regular distributions should be included as admissible densities.
Indeed, even if the density p is a sign-changing continuous function, it is not a priori clear if p can
be interpreted as a charge density in the sense of potential theory (i.e. whether du = p dx can be
associated with a signed measure u on R?, making the Coulomb energy D(p, p) meaningful in
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the sense of the Lebesgue integration, see [14, example 4.1] and further references therein. This
makes the analysis of the minimizers of SOT F mathematically challenging.
We avoid these issues by identifying the Coulomb term D(p, p) with one-half of the square of

o —1/2
the H / (R?) norm of p. The energy we consider is then

2 1
ole):=3 |, 10— (0, V)4 3R e 26)

where (-,-) is a duality pairing between the function V e LllOC (R%) and the linear functional
generated by p, to be specified shortly. Sometimes, we also write 53/ to emphasize the dependence
on V. It is easy to see that the definition of & in (2.6) agrees with that of SOT F when p € ce (R2)
and (p, V) = [ Vp d>x.

The natural domain of definition of & is the class

o —1/2
Ho:=H (B2 N I32(R?). 2.7)
Clearly, Hy is a Banach space with the norm || - |l3, = 1| - llp32@w2) + 1| - HISIA/Z(RZ)' Its dual space

2 1/2
|, can be identified with the Banach space H / (R2) + L3(R2).! Therefore, one may define (-, -) as
the duality pairing between H6 and Ho. More precisely, for every p € Hp and every V=V1 + V>,

o 1/2 3,00 .
where V1 e H' (R%) and V, € L°(R”), we may define

- 2
0,V im v (0, VO + | V() 28)

See §3 for further details and precise definitions.
Our first result establishes the existence of a unique minimizer for &.

0 1/2
Theorem 2.1. For every Ve H / (R2) + L3(R?), there exists a unique minimizer py € Ho such that
Eo(py) =inf, e, Eo(p). The minimizer py satisfies the Euler—Lagrange equation

J sgn(ov)lovIV2p d%x — (9, V) + (pv, @) - 12 =0, YgeH. 2.9)
R2 H (R?)

Furthermore,

(i) if (=A)Y/2V > 0 then py >0,
0 1/2
(i) ifVeH / (R?) N C*(R?) for some a € (0,1] then py € Ho N C*(R?) and py(x) — 0as |x| — oo.

Note that the statements of this theorem, including the ones about the positivity and Holder
continuity of the minimizer apply to V=Vz, for all Z>0 and d > 0. The positivity of the
minimizer follows from the well-known formula

zd

=— " ___ xeR? (2.10)
=0 27 (d? + |x2)3/2

d
(=8)"2Vz4(0) = = Vz1a(x)

that is obtained from the interpretation of the half-Laplacian in R? via harmonic extension
to RZ x (0,00) (see also the direct calculations in [23, p- 258 and (6.5)]). From this formula, it

2 1/2
also follows that V=Vz,eH / (R?) for all Z>0 and d > 0, due to the fact that (—A)Y/ sz,d €
o —1/2
L4B3R2) c H % (R2) in this case.

Recall that

17 @)+ @) = (f e LB :f =i + o, fr el (D), f e @)

is a Banach space with the norm ‘Ifl‘ijll/z(Rz)+L3(]R2) ::mf(\lleﬁl/z(RZ) + HszLB(Rz)), where the infimum is taken over all
admissible pairs (fi,f2).

0/S0E207:08 705y 20igedsy/jewnof/BioBuiysqndiraposiefos



Downloaded from https://royal societypublishing.org/ on 31 July 2024

Ifeg. py € L43(R2), then (2.9) implies that

1
sgn(ov ()lov )12 = V) + JRZ % dy=0 forae xcR2 .11)

However, (2.11) is not valid for a general V € H), since the non-local term may not be well defined

. 1/2
as the Lebesgue integral. Nevertheless, we show that for any V € H / (R?) the Euler-Lagrange
equation (2.9) is equivalent to the fractional semilinear PDE

0 1/2
(A0 + = (— A2V in H(RY), 2.12)

and

o172
uy :=sgn(py)lpv|? e H '™ (R?) (2.13)

is the unique solution of (2.12). We further show that (2.12) satisfies suitable weak maximum
and comparison principles. This allows us to employ barrier techniques to study the decay of
the solution uy. With the aid of explicit log-barrier functions constructed in §4d, we establish the
main result of this work.

Theorem 2.2. Let Z>0,d> 0 and let V7, be defined in (2.3). Then the minimizer py,, € Ho of &
with V =V 4 is Holder continuous, radially symmetric non-increasing and satisfies

0<py,,(x)<Vzilx or all x € R? 2.14
Zd /f

and

PV (x) = | as |x| — oo. (2.15)

x|2log? ||
In particular, py,, € LY(R?) and ov, i wey =Z.

Note that the asymptotic decay rate in (2.15) is universal, i.e. it does not depend on either the
value of the charge Z or 4 for large |x|. Such “universality of decay’ is well known in the standard
atomic TF theory, going back to Sommerfeld [24], cf. [25, section 5] for a discussion. In TF theory
for graphene, a similar universality was observed by Katsnelson [11] (see also [17]).

Remark 2.3. The order of the estimate in (2.15) remains valid for a more general class of
external potentials V with sufficiently fast decay at infinity, see proposition 4.10. The significance
of the log-decay becomes clear if we note that p =2 plays a role of the Serrin’s critical exponent
[26, (1.7)] for the equation

/2

o1
~M)"2ut+upPtu=f inH ' (R?), (2.16)

with p>1 and (for simplicity) non-negative f € C°(R?). If p>2, the linear part in (2.16)
dominates, and solutions must decay as the Green function of (—A)l/ 2 ie. |x|"L. For 3 /2<p<2,
the nonlinear part in (2.16) dominates, and the solutions should have ‘nonlinear” decay rate
|x|~V/®=D_In the Serrin’s critical regime p =2, the linear and nonlinear parts balance each other,
which leads to the log-correction in the decay asymptotics, correctly captured by Katsnelson [11].
Such log-correction is well known for the local Laplacian —A [27, theorem 3.1]. We are not aware
of similar results in the fractional Laplacian case.

°1/2
Remark 2.4. If d=0 then Vzlo(x):Z/(2n|x|)§Z(H/ (R?) + L3(R?)) and & with V=Vyzy is
unbounded below, for any Z#0. In fact, by scaling, VZ’d(x):d_lell(x/d) and py,,(x) =
al’z,ovzl1 (x/d). Then

Vzd Vza

& oy, =d1 5 (pv,,) = —o0, 2.17)

as d — 0. Note also that by scaling, ||ov,,|lr1(®r2) = oV, 11 (R2)-
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Remark 2.5. Observe that by (2.10), we have (—A)1/2vz,d — Z8y in D'(R%) as d — 0, so in the
case V = Vz equation (2.12) formally becomes

(=M)Y2u+u? =278y inD'(R?). (2.18)
Such an equation has no positive distributional solutions, see [26, theorem 4.2].

Lastly, as a corollary to theorem 2.2, we have the following result that is relevant to the
experiments on ion cluster screening in single graphene sheets [19]. This result is a direct
consequence of the universal decay estimate in (2.15) and the comparison principle for (2.12).

Corollary 2.6. Let N > 2 be an integer, let x; € R2 and let Z; > 0 and d; > Oforalli=1,...,N. Then
the minimizer py, € Ho of & with V =Vy, where Vy is given by (2.4), satisfies the conclusions of
theorem 2.2.

In physical terms, this result implies that a cluster of out-of-plane charges of the same sign
exhibits the same universal decay at infinity of the induced charge density in a graphene layer
as a single point charge and is independent of the charge magnitude. Therefore, surprisingly,
measuring the behaviour of the induced charge density far from the cluster does not provide any
information about the cluster itself.

3. Variational setting at the neutrality point
2
"®Y

o 1/2
Recall that the homogeneous Sobolev space H / (R?) can be defined as the completion of C2°(R?)
with respect to the Gagliardo norm

ol
(a) SpaceH

_ 2
22 ! u(x) — u@I?

= d2x d?y. 3.1
@) 47 lrexme x—yl? Y G1)

By the fractional Sobolev inequality [28, theorem 8.4], [29, theorem 6.5],
||u||g g >V lullfsgey, Ve CER). 3.2)
In particular, the space Iill/z(Rz) is a well-defined space of functions and
i (R2) c TAR). (3.3)

o 1/2
The space H / (R?) is also a Hilbert space, with the scalar product associated with (3.1) given by

_ 1 (u(x) —u@)E) —vy)) 2 -
(a, v>ﬁ11/2(1R2) T dn Jresre Ix —y[3 dxdy. G4
/2 /2

o1 o1

Recall (cf. [30]) that if ueH ~(R?) then ut,u”eH (R%) and |[uF|l.12 _ <|lullo12 .

H'  (R?) H' (R?)

Moreover, (u™,u" )12 <O0.
H' (R?)

2 1/2 o1
The dual space to H / (R?) is denoted H
o —1/2 o 1/2
theorem, for every F e H / (R2), there exists a uniquely defined potential Ur € H / (R2) such that

2
/ (R?). According to the Riesz representation

=(F,¢) Yoe i 2(R2), (3.5)

%)

(UF, Wﬁm(u@

o 1/2
where (F,-):H / (]Rz) — R denotes the bounded linear functional generated by F, (., .>I:IT/Z(RZ) is

o 1/2
the inner product in H / (R?), and (., .>ﬁ71/2(R2) will be similarly defined as the inner product in
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o=1/2, 5
H  (R?). Moreover,

o =[|F||.- .
||UF||H1/2( ) El ;-1 (3.6)

R2 (r2)

so the duality (3.5) is an isometry.

o 1/2
The potential Ur € H / (R2) satisfying (3.5) is interpreted as the weak solution of the linear
equation
(=A)Y2Up=F inR? (3.7)

and we recall that for functions u € C2° (R2), the fractional Laplacian (—A)Y/2 can be defined as

(= A2 (x) = ﬁ J 2u(x) — u(x +y) — u(x —y) 2y (reR?), (3.8)

R?2 lyP®
cf. [29, proposition 3.3].

o—1/2
(b) Regular distributions in H / (IR?) and potentials

. 12
Recall that p e H / (R%) N L} (R?) means that p is a regular distribution in D'(R?), i.e.

(P 9) = JRZ p@e@ dx Vg eCE®Y), (3.9)

and (p,¢) is bounded by a multiple of ||(p||ﬁl/2( . Then (p,-) is understood as the unique

R2)
- 1/2
continuous extension of (3.9) to H / (R2). Caution, however, is needed as not every regular
o —1/2 2 1/2
distribution p €e H / RN LllO C(IRZ) admits an integral representation (3.9) on all of H / (R?).

o —1/2
In other words, p e H / (R%)NLL (R?) does not necessarily imply that pw e LY(R?) for every

loc

c1/2
weH / (R?). Examples of this type go back to H. Cartan (cf. [31,32], or [14, remark 5.1] for

an example from H (R?) N C*®(R?) and further references). As a consequence, the Coulomb
energy term in &£ TF may not be defined in the sense of Lebesgue’s integration for all p € Hp and
should be interpreted in the distributional sense, i.e. in the definition of SOT F one should replace
D(p, p) with ||p| IIZ-I o /Z(RZ). Recall, however, that every non-negative distribution is a measure [28,

theorem 6.22].

An alternative reinterpretation of D(p,p) can be given in terms of potentials. Given
o —1/2 o 1/2
€eH / RN LllOC (R?), let U, e H / (R?) be the uniquely defined potential of p, defined as in

(3.9) by Riesz’s representation theorem. If p € LY(RZ, (1 + |x|)~? dzx) then the potential U, could
be identified with the Riesz potential of the function p, so that

_ 1 Py -
Uy(x)= 7 JRz ] d“y ae.inR (3.10)

(see [31, (1.3.10)]). Furthermore, according to the Hardy-Littlewood—Sobolev (HLS) inequality (cf.
[33, section 5.1, theorem 1)), if p € LS(R?) with s € (1,2) then U, € LY(R?) with 1/t = (1/s) — (1/2),
and

Uplrer2) < ClipllLs2)- (3.11)

o —1/2
Even if (3.10) is valid, pU, & LY(R?) in general. However, if g e H / (R2) N L¥3(R2), then
oU, € L(R?) by the HLS inequality and

1 p(X)p(y)
2 Jr2xr2 X =Yl

dzxd2y=J U, () d®x = (U, Uy) o1 ={p,@)o1n . (3.12)
RZ H H

(R?) (R?)

In particular,

D(p, p) = J U,(x)p(x) 2x=IUpl121n  =Illpl? 0p (3.13)
R2 H (Rz) H (]Rz)

0/S0E207:08 705y 20igedsy/jewnof/BioBuiysqndiraposiefos



Downloaded from https://royal societypublishing.org/ on 31 July 2024

. 432y — £ Y2 im0 . . 4325
which means that L*°(R“) CH ~ (R) and the Coulomb energy is well defined on L*°(R”) in
the sense of Lebesgue’s integration.

(c) Existence, uniqueness and reqularity of the minimizers

Consider the unconstrained minimization problem

Eo = inf 50(,0). (3.14)
p€Ho

It is easy to prove the following.

o 1/2

Proposition 3.1 (Existence). For every V e H / (R?) + L3(R?), the TF-energy &y admits a unique
minimizer py € Ho such that Ey(py) = Eo. The minimizer py satisfies the Euler—Lagrange equation

=0 Vg¢eHy. (3.15)

R2)

J sgn(ov)lpov|2p d%x — (9, V) + (pv, 9) - 112
RR2 H ' (

0 1/2
Proof. 1t is standard to conclude from V e H / (R2) + L3(R?) that & is bounded below on Ho,

i.e. that Eg > —o0.
Consider a minimizing sequence (p,;) C Hy. Clearly,

sup ||pnllpsrme) <C  and sup||,on||ﬁ71/z C. (3.16)
n n

<
(R%) ™

o —1/2
Using weak-* compactness of the closed unit ball in H / (R?), we may extract a subsequence,
still denoted by (p5), such that

pn—py inL¥2(R?) (3.17)
and
o —1/2
o F inH w2, (3.18)
o —1/2
for some py € L32(R?) and F e H / (R?). By the definition, (3.17) and (3.18) mean that

JRZ Pu(Dp(x) d2x LRZ pv@e@dx Ve lXE) (3.19)

and

2 1/2
n o) = | o) Px— (g Vot @) (3.20)
Therefore, passing to the limit, we obtain

jRZ v () d2x = () Vo e3®)NH®). (3.21)

o —1/2
In particular, py € H / (R?) defines a regular distribution in D’ (R?) and we may identify F = py.
This implies that

&o(py) < lim inf Eo(on) = Eo, (3.22)

which follows from the weak lower semicontinuity of the || - ||p32(r2) and || - ||Io{1/z(R2) norms, and

the weak continuity of the linear functionals (-, V) on H.

The uniqueness of the minimizer py € Hy is a consequence of the strict convexity of the energy
&, which is the sum of the strictly convex kinetic energy, linear external potential energy and
positive definite quadratic Coulomb energy.

The derivation of the Euler-Lagrange equation (3.15) is standard, we omit the details. n

Remark 3.2. As was already mentioned, if py € Ho N L*/3(R?) then (3.15) can be interpreted
pointwise as the integral equation (2.11). However, in general, the Euler-Lagrange equation (3.15)
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for & should be interpreted as
sgn(ov)lovWI'? + Uy, =V in D'(R?), (3.23)

2 1/2

where U,, e H / (R?) is the potential of py defined via (3.5). In particular, if py >0 then U,, >0

(see [34, theorem 3.14]) which implies V > 0 and
0<py <V? inD(R?). (3.24)
o 1/2
Remark 3.3. The mapping V> py is a bijection between Hj,=H / (R?) + L3(R?) and Hy.
Indeed, the uniqueness of the minimizer implies that py is injective. Further, it is clear that for

any p € Ho,

Vi=U, + sgn(p)lp@) 2 e H (®) + 3®?), (3.25)
which means that the mapping py is also surjective. In particular, this shows that non-regular at
infinity distributions in H71/2(R2) could occur among the minimizers. Simply choose a regular
distribution p € Hy such that pg & L1(R2) for some ¢ € Iofl/z(Rz) (e.g. [14, example 4.1.] for an

explicit example) and generate the corresponding potential V via (3.25).

o 1/2
While for a generic VeH / (R2) 4+ L3(R?), the information py € Hy is optimal, under
additional restrictions on the potential V, the regularity of the minimizer can be improved up
to the regularity of V.

0 1/2
Lemma 3.4 (Holder regularity). Assume that V e H / (R2) N C*(R2) for some o € (0,1]. Then the
minimizer py € Ho additionally satisfies py € Ho N C*(R2), and py(x) — 0 as |x| — co. Furthermore,
the potential U, could be identified with the Riesz potential of p as in (3.10) and U,,, € CY/3(R2).

Proof. According to (3.23), the minimizer py € Hy satisfies
sgn(pv)lov['? =V — U, inD'(R?). (3.26)
Since py € Ho C L3?(R?), by the HLS-inequality (3.11) with s =3/2, we have
U,, € L°(R?), (3.27)

and in particular, the potential U, could be identified with the Riesz potential of p as in (3.10).
Also, by the Sobolev inequality (3.2),

0 1/2
Vel 2®2) N CURY) C LHRY) N C*(R). (3.28)
This implies
V2 e L2(R?) N C*(R?). (3.29)
In particular, both V' and V2 are bounded and decay to zero as |x| - oco. Note also that LI%V
€ L3(R?). Hence,
lovl=(V — Uy, )* =V? —2VU,, + U2 € L¥*R*) NL}R?). (3.30)

Furthermore, by Holder estimates on Riesz potentials, we conclude that U, € C13(R2), see
[14, lemma 4.1] or [34, theorem 2]. Then,

lovl = (V = Up,)* e CA(R?), (3.31)

where 8 =min{«,1/3} and py(x) — 0 as |x| - oo. If @« <1/3, we are done. If o > 1/3 then (3.31)
implies U, € C"1/3(R?), see [35, proposition 2.8]. Therefore, py has at least the same Holder
regularity as V. |

Remark 3.5. Similarly, one can establish higher Holder regularity of py assuming higher
regularity of V. For instance, using [35, proposition 2.8], we can conclude that if V € C*(R?)
then py € CY#(R?), where 8 = min{«, 1/3}. However, in general, the Holder regularity of py can
not be improved beyond the Holder regularity of V.
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4. Positivity and decay

(a) Half-Laplacian representation, positivity and comparison
Let py € Hp be the minimizer of &y. Introduce the substitution
uy = sgn(pv)lpv|'/2. (4.1)

Then py = |uy|uy and (3.15) transforms into

,[]RZ Mv(x)(p(x) dzx - ((p/ V) + (u\uv\uw (p> o1/2 0 V(p € HO (42)

a7 my "

5 1/2
Proposition 4.1 (Equivalent fractional PDE). Let Ve H / (R?) and uy be defined by (4.1).
o 1/2
Thenuy e H / (R?) and is the unique solution of the problem

(A2 + lulu = (=A)2V  in B (R2), 4.3)

Proof. Let ¢ € C2°(R?). Then (—A)Y2y € C®°(R?) N LY(R?) ¢ L*3 N L1(R?) € H, [35, section 2.1].
Test (4.2) with ¢ = (—A)/2y and take into account that in view of (3.12),

12 =Uyy 1y, (— 172 0172 .
(Iuvluvltﬂ)ﬁ— 2 &) Uy juy, (=A) lﬁ)H/ ®) (4.4)
= [ v et vy ecEed), @5)

Then (4.2) yields

j uv(—A)l/zdex—<(—A)1/2w,V>+J Iyl Y ) d2x=0 vy eCORY),  (46)
R2 R2

or equivalently,
(=8)2uy — (=A)Y2V + Juy|uy =0 in D'(R?), (47)

o —1/2 o —1/2 o 1/2
where (—A)2V e H / (R2), luy|uy = py € H / (R2). Hence uy € H / (R2), and (4.7) also holds
o 1/2
weakly in H / (R?) by density.
The uniqueness for (4.3) follows from the comparison principle of lemma 4.3 below. |

o 1/2
Proposition 4.2 (Positivity). Let Ve H / (R?). Assume that (—A)Y2V >0 in R2. Then uy >0 in
R2, If, in addition, V # 0 then uy #0.

. 1/2
Proof. Decompose uy =uy, —u;, and recall that uj,uj, e’ (R2) and (M;,M;)ﬁl/z(Rz) <0.

Testing (4.3) by u;, > 0 and taking into account that uy |uy|u;, <0, we obtain

— _ — — 2 — —
0< (V’uV)f_}l/z(Rz) = (”V’MV>1311/2(R2) + JRZ uy|uy| iy, dex < _<uV’uV>ﬁ1/2(]R2) <0. (4.8)
We conclude that u;, =0.
Further, if V 5 0 then u = 0 is not a solution of (4.3) and hence uy # 0. |

5 1/2 o 1/2
Lemma 4.3 (Comparison principle). Let Ve H / (R2). Assume that u,v € H / (R2) N L3(R?) are
a super and a subsolution to (4.3) in a smooth domain §2 C RZ, respectively, i.e.

(=M)Y2u 4 uju| > (=A)2V  inD'(2) (4.9)
and

(=M)2u 4+ o] < (=A)V2V in D). (4.10)

If]R2\Q;£®,wealsoassumeuzvinR2\[_2. Then u > v in R2.
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Proof. Subtracting one inequality from another, we obtain
(=A% (v —u) + vjv| —uju| <0 in D'(2). (4.11)
Let H(l)/ 2(.Q) denotes the completion of C2°(£2) with respect to the Gagliardo’s norm || - ||E 1 /Z(RZ),
defined in (3.1). With this definition, H(l)/ 2(.Q) is automatically a closed subspace of H(l)/ 2 (R?). By
density, (4.11) is also valid in Hé/ 2(Q), in the sense that

W)+ JRz(v|v| —ulupd>x <0 V0<g¢eH)Y* ). 4.12)

Note that (v — u)" € Hl/z(R2). IfR2\ 2 # @ thenu > vinR? \ 2 and hence (v — )t =0inR? \ 2.
This implies (v — u)" € Hé/z(Q) (e.g. [36, theorem 10.1.1]). Testing (4.12) by (v — u)*, taking into

account ((v —u)~, (v — H)+>ﬁl/2(R2) < 0 and monotone increase of the nonlinearity, we obtain

0> (v—u (- u)+>ﬁl,z(R2) + JRz(v|v| — ulul)(v — u)t d%x

=|(v — w2 ) 413
oy =00 (413)

We conclude that (v — u)™ =0. [ |

>(w—u)", (- u)+)ﬁ1/z

The comparison principle immediately implies that (4.3) can have at most one solution in

1
H / (R2). Hence, the solution uy constructed from the minimizer py via (4.1) is the unique
solution of (4.3). A consequence of the uniqueness is the following.
- 1/2
Corollary 4.4. Assume that Ve H / (R?) and (—A)V2V >0 in R2. If (=A)V2V e L¥Y3(R?) is a
radially symmetric non-increasing function, then uy is also radially symmetric and non-increasing.

Proof. Note that uy is the unique global minimizer of the convex energy

L2 1.3
Jv(u)= EH”HISIUZ(RZ) + §||”||L3(R2) —(u, V>f{1/2(Rz)

0 1/2
on H'2(R2) N I3(R2). Since (— A)V/2V € L4/3(R2),

_ _AN1/2 2
(v, V) (Rz)—JRz”V( A2V a2,

where the latter integral is finite by the HLS inequality. Then the symmetric-decreasing

rearrangement 7, is also a minimizer of Jy, by [28, theorem 3.4 and lemma 7.17]. Hence, the
assertion follows from the uniqueness of the minimizer. u

Another straightforward, but important consequence of the comparison principle is the
following upper bound on uy.

Corollary 4.5. Assume that V e Iill/z(Rz) and V > 0. Then
uy <V inR>. (4.14)
Proof. We simply note that V is a supersolution to (4.3) in R?, i.e.
(=A)Y2V 4 V2> (=A)2V  in D'(R?). (4.15)
Hence, (4.14) follows from the comparison principle in R?. |

The comparison principle can be used as an alternative tool to prove the existence of the
solution uy of (4.3), via construction of appropriate sub- and super-solutions. In the next section,
we construct an explicit barrier which later will be used to obtain lower and upper solution with
matching sharp asymptotics at infinity. This will lead to the sharp decay estimates on uy and py.
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(b) Super-harmonicity of the potential is essential

We are going to show that the assumptions (—A)!/2V >0 is in a certain sense necessary for the
positivity of the minimizer py.

°1/2
Proposition 4.6. Let Ve H / R2)nC (]RZ)for some a € (0,1]. Assume that V #0 and

lim |x|V(x)=0. (4.16)
|x|—o00

Then py changes sign in R2.

Remark 4.7. The assumption (4.16) implicitly necessitates that (—A)!/2V cannot be non-
negative. Indeed, if (=A)Y2V >0 then limy|— o0 [X]V(x) >0 (cf. (4.18) below), which is
incompatible with (4.16).

Proof. According to (3.23) and lemma 3.4, we know that py € Ho N C*(R2), U, could be
identified with the Riesz potential of the function p as in (3.10), U, € C13(R?), and

sign(ov)|pv|V?(x) = V(x) — U,,(x) forall x € R?, (4.17)

Assume that py > 0 in R2. Then, for each x € R?,

1 py) 1 2
=5 | Pyz | (418)
’ 27 JBy(x) 1 =yl 47 |x] JBy(v) ey
In particular,
liminf [x|U,, (x) > 0, (4.19)
|x|—o00
and hence, in view of (4.16),
lim sup |x|sign(pv)|pvll/2(x) =limsup |x|(V(x) — U,, (x)) <0, (4.20)
|x|—o00 |x|— 00
a contradiction. A symmetric argument shows that py <0 is also impossible. |

Remark 4.8. For example, we can consider the dipole potential
Z
2 (1 4+ |x[2)3/2°

Note that Wz(x) = —(d/dtVz (x)|;=1. While Wz > 0, it is not difficult to see, using the harmonic
extension of Wy, that

Wz(x) =

Z@2 - |x*)

(—A)1/2W2(|x|): W/

which is a sign-changing function. Clearly, Wz satisfies the assumptions of proposition 4.6, so the
minimizer py, changes sign for any Z > 0.

(c) Sign-changing minimizer in Thomas—Fermi—Dirac—von Weizsacker model

A density functional theory of Thomas—Fermi-Dirac-von Weizsacker (TFW) type to describe the
response of a single layer of graphene to a charge V was developed in [14]. For ¢ > 0, and in the
notation of the present paper, the TFW energy studied in [14] has the form

Eos(p)=ellol ™ 2pI21n o+ E0p):Ho — R U (+oo). (4.21)

The existence of a minimizer for &, with V e H 12 (R2) was established in [14, theorem 3.1].
We are going to show that if V > 0 satisfies the assumptions of proposition 4.6 then for sufficiently
small ¢ > 0 the TFW energy &o . admits a sign-changing minimizer. This gives a partial answer to one
of the questions left open in [14] (see discussions in [14, section 3]).
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To show the existence of a sign-changing minimizer for & ., assume that V>0 and the
assumptions of proposition 4.6 holds. Then the minimizer py of & changes sign. Let

Ep:=inf&y =& .
0:=inf& o(ov)

Similarly to proposition 3.1, we can also minimize convex energy & on the weakly closed set
H{ of non-negative functions in Hy. Let p;; € H be the minimizer of £ on H/ and set

Ef = inf £ = Eolp).
HU

Ttis clear that Ea' < 0and hence p{”,‘ # 0 (just take trial functions 0 < ¢ € D'(R?) such that (V, ¢) > 0).
By an adaptation of arguments in [28, theorem 11.13], the minimizer p‘t satisfies the TF equation

(o) = (V - uw)+ in D'(R?). (4.22)

Observe that supp(,o{,F ) # R2. Indeed, assume that ,0"/F > 0in R2. Then ,o"/F > 0 satisfies the Euler—
Lagrange equation
b3y =V - Uy in D'(R?), (4.23)

which contradicts to the uniqueness, since (4.23) has a sign-changing solution py by proposition
4.6. Crucially, by the strict convexity of &, we can also conclude that

Eo<E{. (4.24)
Next, for & > 0 consider the TFW energy & . Set
EO,S = 1%{101: 50,8 .

The existence of a minimizer for Eg, was established in [14, theorem 3.1]. Without loss of a

o 1/2
generality, we may assume that py is regular enough and | ovl V2peH / (R2) (otherwise we
may approximate py by smooths functions). Then

Eos <ellovI™?pvI?12  +Eo—>Ey ase—0.
H (R?)
Similarly,
+ ot
EO < EO,s = g}f 5O,£~
0
Taking into account the strict inequality (4.24), for sufficiently small ¢ > 0, we have
Eo <Eo. <E{ <E{..

In particular, Eg . < Eg . and we conclude that a minimizer for Eg . must change sign. For example,
a dipole, or any compactly supported non-negative potential should give rise to a sign-changing
global minimizer in the TFW model.

(d) Logarithmic barrier

Recall (cf. [23, theorem 1.1]) that for a radial function u € C2(R ) such that
J < Ju(n)l

0o (1473

the following representation of the fractional Laplacian (—A)"/? in R? is valid:

u(r) — u(r/z)

T

rdr < oo, (4.25)
(=A)Y2u@r) = i LOO (u(r) —u(rr) + ) K(r)dx, (4.26)

where
33
K(r):=2r1"2,F; (5, > L z*2> , (4.27)
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see [23, p. 246]. Note that K(7) > 0,
KE)~(x-1"2 ast—1t (4.28)

and
K(r)~172 ast— +oo, (4.29)

so the kernel K(t) is integrable as T — +o00, but it is singular as T — 1%.
Denote

u(r) — u(r/z)

@, (r, ) :=u(r) —u(rt) + - (4.30)
Clearly, @,(r,1) =0. A direct computation shows that
B u(r,1)=0, 82®y(r,1) = —2r*Zu(r), (4.31)
where the differential expression
Lu(r):=u"(r) + %u’(r), (4.32)

acts on u(r) as the radial Laplacian in three dimensions. In particular, the integral in (4.26)
convergesas t — 17.
We now define a barrier function U € C2(R.) such that U(r) is monotone decreasing and

ufr) > 1. (4.33)

7 log(er)

Clearly, if u(x):=U(jx|) then u e H'(R?). By interpolation between L*(R?) and H'(R?) (cf.
[37, proposition 1.52]), we also conclude that u € H2(R?).

Lemma 4.9. There exists R > 2 such that

1
(—A)2U(r) ~ ~ og0R forall r > R. (4.34)

Proof. Our strategy is to split the representation in (4.26) into three parts ﬁ + [+ [7° and then
either estimate each part from above and below or compute the integrals explicitly, see (4.46) and
(4.47).

For r > 2, we compute

3

ZU(r) = (rll.fé#r))ﬁ > 0. (4.35)

Next, we claim that for all r > 2 the following inequalities hold:
@y(r,t)<U(r) Vrtelr,+00), (4.36)
oy(r,7) <0 Vrtell,r] (4.37)
and oy(r, 1) > 4P LU (r —1)* Vrell,2] (4.38)

We begin by noting that by monotonicity and positivity of U, we have

Dy (r,t) < U(r), (4.39)

which yields (4.36). To deduce (4.37), observe that for r > 2 and 1 < 7 <r, we have
1 1 1 1 1 1
Qy(r,t)=— - — - . 4.40
u(r,7) r {log(er) log(er/t) * T <log(er) log(err)>} (4.40)

It is elementary to see that (4.37) is equivalent to

log(errt)

log(er/t)
the latter is true for any r > 1 and t € [1, 7] (since in this range the left-hand side is bigger than
one).

=

1
= (4.41)
T
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To derive (4.38), let A :=log(er) and observe that for r > 2 and 7 € [1,2], we have A > 1 and
r{@u(r, 1) + 42U - 1))

1 1 +1( 1 1 ) 41og(e%r)

"~ log(er) log(er) —log(r) =t \log(er) log(er) + log(r) (log(er))®

By 1 1 s+A)
‘A(HT) (A—log(r)+r(A+log(t)))+ R

1 1 1 1 4 5
=5 (12) - (g * s ogey) + 208" ¢4

where we used the fact that log(r) <7 — 1 for 7 > 1. It is convenient to substitute t =e*, where
x €[0,log(2)]. Then, taking into account that A > log(2e) > 2x, we rewrite the right-hand side of

(r -1

(4.42) as
11 (1 1 +47x2_x ol e
A A—x A A+4x A2 Al A-x A4+x A
x 2x x
zﬁ{—l—Z+(l—x)(l—Z)+4x}
>3—x2 1—l >0 forall x€[0,log(2)] (4.43)
“Az | AT atiae '

Now, for r> 2, we compute explicitly, using again the substitution t =¢* and a standard
asymptotic expansion of the integral,

r z1 2 ,—x
xze z z
rdy(r, T)t 2 dr = J + + e rdx
L ulr, e ! log(2) ((Z+ Daxz+z+1) (x—1)z—-1 z+1

_7+6log(2)

= TZZ +0(%) asz— 0", (4.44)
where we defined z := 1/ log(r). Similarly, we have
*© -2 * ze™ e Rl 1 —z1
J roy(r, t)r <dr| < J dx + U(0)e J e dx<(1+57U0)e . (4.45)
’ ~1z+1 21

Therefore, taking into account (4.29) and using (4.36), (4.37) and (4.44), for r > 2, we estimate
T o0
(=M)Y2U) < rt J &ur,t)r 2dr + 1! U(r)J r72dr,
2 r
1 n 1 1
r2(log(r))? ~ 13log(r) r2(log(r))?
To deduce a lower estimate, we use (4.38), (4.45) and (4.44) to obtain

asr— oo. (4.46)

o0

~A)Y2U@r) Z —r2U@r) + 171 (J; +J

r

> Dy (r, ‘[)1:_2 dr,

- 1 B 1 1 1
~ r2(log()?  rA(log(r)* 1 r(log(n)?

which completes the proof. [ |

(e) Decay estimate

0 1/2
Proposition 4.10. Let Ve H / (R2)nC (RZ)for some o € (0,1]. Assume that (—A)Y2V >0,V #£0,
and for some R > 0 and C > 0,

(—n)2V <

C
_— R. 4.48
|x|2(10g|x|)2 for x| > ( )

0/S0E207:08 705y 20igedsy/jewnof/BioBuiysqndiraposiefos



Downloaded from https://royal societypublishing.org/ on 31 July 2024

Then the unique solution uy € H'/2(R%) N C*(R?) of (4.3) satisfies
0<uy(x)<V(x) forallxe R? (4.49)

and

uy(x) as |x| — oo. (4.50)

x| log x|
In particular, uy € L2(R?).

Remark 4.11. We do not assume radial symmetry of V or uy. The assumptions (-A)12v >0
and V # 0 ensure the positivity of uy, while the upper bound (4.48) controls the logarithmic decay
rate (4.50). The bound (4.48) together with (-AY2v =0 implicitly necessitates that V is positive
in R, (—A)/2V € LY(R?) and

lim 27 x|V (x) = [|(=A) 2V 1 gz, (4.51)
|x|—o00

see lemma 4.12 below.

Proof. Note that (—A)!/2V > 0 implies that V > 0 (this could be seen similarly to the argument
in the proof of proposition 4.2 but without the nonlinear term). Then the upper bound in (4.49)
follows by corollary 4.5. Next, recall that uy € C* (R?) by lemma 3.4 and uy # 0 by proposition 4.2.
Therefore, with ¢ :=||uy||p~(r2), we get

(=A)Y? + uy = (c — uy)uy + (—=A)?*V >0 inR?

This implies that uy(x) > 0 for all x € R2, cf. [14, lemma 7.1].
To derive (4.50), set U, := AU, where U is the logarithmic barrier function defined in (4.33).

. 1/2
Recall that U € H/2(R?) c H / (R2). Using (4.34) to estimate (—=A)2U,, we conclude that there
exist positive constants cy, ¢z, C such that for some R’ > R and all sufficiently large 1 > 0,

(=AY, 4 bU2 — (-A)Y2V

. ak + 22 _ = >0 for|x| >R (4.52)
T IxP(log(x)?  |xI2(logelx]))®  IxI2(log |x])? ~ - i

Similarly, for some R’ > R and all sufficiently small 1 > 0,

A 22
AU bR — (A Y < 2 + <0 for|x|>R. (453
(=A) 7 +bU; = (=4) xE(log(xNP | xP(og(elx)? (59

Therefore, for suitable values of A, we can use U as a sub- or super-solution in the comparison
principle of lemma 4.3 with £ = B}.
To construct a lower barrier for the solution uy, set Ag := ming uy > 0. Then

uy = U, inBg. (4.54)
Taking into account (4.53), we conclude by lemma 4.3 that
uy > U, inR? (4.55)

for a sufficiently small A < Ag.
To construct an upper barrier for uy, choose v > 0 such that

uy <U, inBg. (4.56)
Using (4.52), we conclude by lemma 4.3 that
uy <U, inR? (4.57)

for a sufficiently large A > p. |
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(f) Charge estimate

In the case of the standard Newtonian kernel |x|~! on R? it is well known that for a non-negative
fe Lrud(R3)' x| 71 xf = |[f||L1(R3)|x|_1 +o(jx|™1) as |x] = oo (cf. [38] for a discussion). The result
becomes non-trivial when we consider the convolution kernel |x|~! on RZ, or more generally the
Riesz kernel |x|~®™=%) on RN with « € (0, N). Itis known that if € (1, N) and fe LY(RN) is positive
radially symmetric then x|~ (N=a) f= O(1x|~(N=2)) (see [38, theorem 5(i)]). The same remains
valid if @ € (0,1] and f is in addition monotone decreasing (see [39, lemma 2.2 (4)]). However,
without assuming monotonicity of f, x|~ (N=e) f with a € (0,1] could have arbitrary fast growth
at infinity [38, theorem 5].

We are going to show that if f is monotone non-increasing and decays faster than |x|~2, then
the sharp asymptotics of [x| ™! * f on R? is recovered. The proof is easily extended to Riesz kernels
with N >2and « € (0,N).

Lemma 4.12 (Asymptotic Newton’s type theorem). Let 0 < f € L1(R?) be a function dominated by
a radially symmetric non-increasing function ¢ : Ry — Ry that satisfies

lim @(x)|x> =0. (4.58)
|x|—o00

Then

J fW) d2y= 7”f”L1(R2) -I—o(lxl’l) as|x| — oo. (4.59)
R

2 [x —y| |x|

Proof. Fix 0 # x € R? and decompose R? as the union of B={y: [y — x| < |x|/2}, A={y &B:|y| <
Ixl}, C={y ¢B:lyl > |x[}.
We want to estimate the quantity

1 2| 1 i
JAucf(y)< - Yl |x|> &y _JAucf(y) =yl x|

Since |x|/2 < |x — y| < 2|x| for all y € A, by the mean value theorem, we have

1
-yl le

1 1
) g2
J v (Ix vl |x|) Y
On the other hand, since |x — y| > |x|/2, for all y € C then

1 1
- < — cQ), 4.63
M el YO (4.63)

d?y. (4.60)

< |3|c|y2| (yeA). (4.61)

Thus

4
< JAf(ynw &y, (4.62)

from which we compute that

1 2 2
H ﬂy)( ] |x|) ay|= |x|Jf(y)d (459
Then
J O _ g, W11 g2y
r2 |x — Yl x|
4 1
< |x|2J fWlyl 2y+J |a{(—y)y| d?y + ngucf(y)dzy:h + I + . (4.65)
Using (4.58), for |x| > 2, we estimate
I
— Jl _ SOy < [ ewr =) (x1—co (466)

—_—— ——
o(lx])
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Also, using the monotonicity of f and (4.58), for |x| >> 2, we obtain

dz _
L= SOy <o | Empmpm=o. @
ly—xl<lxl/2 1¥ = Yl jzl<lx/2 12l
Finally, Iz = o(x|~1) as |x| — oo since fe LY(R2), so the assertion follows. |

Proposition 4.13. Assume that the assumptions of proposition 4.10 hold and

lim 27|x|V(x)=Z > 0. (4.68)
|x|— 00

Then || pyllpi(rey = Z.
Proof. According to (3.23), the minimizer py € Ho N C¥ (R2) satisfies
P2 (1) = V(x) — Uy, (x) forall x e R2. (4.69)
Taking into account (2.15), by lemma 4.12 above, we conclude that

lim anxlupv (.X') = ||)OV| ‘Ll (R2)* (470)
|x|— 00

Then the assertion follows since limy|— oo |x|p‘1// 2(x) =0. |

(g) Universality of decay

We next prove that in the case V = V7 ; the behaviour of py, , for large |x| does not depend on the
values of Z and d.

Proposition 4.14. Let Z > 0,d > 0 and let V =V 4 as defined in (2.3). Then

1
uy(x) > —————  as |x| = oo. 4.71)

x| log |x|

Proof. We start by noting that proposition 4.10 applies to Vz 4 (see (2.10)). To prove the sharp
asymptotic decay of the minimizer when V =V7,; we use the idea in the computation of
Katsnelson [11], also giving the latter a precise mathematical meaning. To this end, we first note
that since py € L(R?) N L®(R?), we have that (2.11) holds. In terms of 1y > 0 defined in (2.13),
this equation reads

1 iy 2
uy(x)=V(x) — T JRZ ] d“y forall xeR%, (4.72)

where we used the regularity of uy and V. In turn, since uy (x) = u(|x|), applying Fubini’s theorem,
we obtain after an explicit integration

7 1 [o© (27 20,/ ' dy' do
un= e o [ SO @73)
2ny/d2 472 27 Jo Jo /242 — 2 cos6
z 2 ([ Fur(r) (2
27_7J T (2 g, (4.74)
2w /d2+r2 Wl r+7 47

where K(k) is the complete elliptic integral of the first kind [40].
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Proceeding as in [11], we introduce a smooth bounded function
Et) :=¢u'), teR, (4.75)
which satisfies F(Inr) = ru(r). From (4.50) and the boundedness of u, we conclude that
FO~t1 ast— +oo, (4.76)

and F(t) decays exponentially as t — —oc. In particular, F € L?(R). Then, with the substitution
r=e¢t, (4.73) written in terms of F(t) becomes

z 2 [ FXt) 1
Ft)= —F——or - — — K - dt’. 4.77
() ZHW ﬂJ,w 1+€f_f (COShtz_t> ( )
We further introduce (with the opposite sign convention to that in [11])
2K(1/cosh(t2))
Hi=—o" 00, 478
o0:=—aren 0 (4.78)

where 6(t) is the Heaviside step function, and note that ¢(t) is a positive, exponentially decaying
function as t — +o00, which is smooth, except for a logarithmic singularity at t =0. Then, since
F(t) — 0 as t > 400 by (4.76), passing to the limit using the weak convergence of ¢(t —-) = 0 in
L%(R) as t — 400 and monotone convergence, we conclude that

roo F2(H)dt = Z (4.79)
2

—00

With this (4.77) becomes
Z(1-V1+de )
27/ 1+ d2e—2

To conclude, we observe that in view of (4.76), we can estimate the last term in (4.80) to be
O(t72) as t — 400. Similarly, the first term gives an exponentially small contribution for t — +o00
and can, therefore, be absorbed into the O(t‘2) term as well. Thus, we have

+ ro FA(t)dt — ro ot — )Pt dr . (4.80)
t

—00

F(t)=

F)=G(t)+O0(t™?) and G(t):= LOO P2y d¥, (4.81)
and it follows that G(t) satisfies for all ¢ sufficiently large
% = —(G(t) + O(t™2))%. (4.82)
In particular, using (4.76), we can further estimate for t > 1
% =-G()(1 + Ot~ 1) (4.83)
Integrating this expression from some sufficiently large t( then gives
%—%:t—to—l—O(ln(%)), t> . (4.84)

Finally, solving for G(t) and inserting it into (4.81) results in

F(t) ast— +oo, (4.85)

1
~ t+O(nt)

which yields the claim after converting back into the original variables. |

(h) Proof of the main results

We finish this section by concluding the proofs of the results in §2.
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Proof of theorem 2.1. The statement of the theorem follows by combining the statements of
proposition 3.1, lemma 3.4 and proposition 4.2. [ |

Proof of theorem 2.2. The conclusion of this theorem is the consequence of theorem 2.1, together
with corollary 4.4 and propositions 4.10, 4.13 and 4.14, taking into account (2.10) and performing
a change of variables from uy to py. |

Proof of corollary 2.6. Now that we established proposition 4.14 for the potential Vz ; with Z > 0
and d > 0, we may proceed to use the comparison principle in lemma 4.3 to establish the sharp
estimate in (4.71) for a potential given by (2.4) with all Z; > 0 and d; > 0. In this case by (2.10), we
have

N

CISERGSEEDY

i=1

Zid
2m(d? + |x — xi2)3/2

(4.86)

In particular, Viy satisfies the assumptions of proposition 4.10. Hence, the conclusions of
propositions 4.10 and 4.13 are still valid for V = V.

It remains to establish the sharp decay estimate in (4.71). For that, simply observe that there
exist constants Z, > Z1 > 0 such that

(=A)2V7 1(x) < (=) 2VN() < (—2)2VZ,1(x) VxeR2 (4.87)

Therefore, by lemma 4.3, we have that Uy, , SUyy <uy,, ,, and the conclusion follows from
proposition 4.14 and a change of variables from uy,, to py,. |

Remark 4.15. From the proof above, it is clear that the universal decay estimate (4.71) on the

2 1/2
minimizer py remains valid for any potential V e H / (R?) such that (—A)Y/2V is non-negative
and bounded, and (—A)2V < |x| 73 as |x| — oo.

5. Non-zero background charge

We now turn to the situation in which a net background charge density p € R is present, which is
achieved in graphene via back-gating. This leads to the modified TF energy [14]

2
e =35 | o =157 a2 = sgn(@p? | (o) — )

_ J (0(x) — V(%) d2x + LH (o(x) = p)(p(y) — P) d2x dzy,
R2 dr JJr2xg2 [x =yl

where p(x) — p sufficiently fast as |x| — co. Since this energy is invariant with respect to
pP—>—pP, ﬁ_)_/slv_)_vl

in the sequel, we assume, without loss of generality, that 5 > 0.

(a) Arepresentation of the energy functional

For a given charge density p(x) and p > 0, we define

b:=p—p. (5.1)
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1 ) 3 2.0

Figure 1. Plot of ¥5(¢) and llllg (p)forp=1.

Then, for ¢ € C° (R?), the energy 5/? (¢) can be written as (with a slight abuse of notation, in what
follows, we use the same letter to denote both the energy as a function of p and that as a function

of @)

TF, .\ _ i 2. 2., 1 P(x)9(y)
)= | wewnd- | vepwdis [ 200

d%x dzy, (5.2)
where

Ws(9) =315+ 917 — 557 — 5% (5.3)
Clearly, ¥; : R — R is a convex C!-function of ¢ with

wi(@) =15+ ¢|'*sgn(p + ¢) — 5'/2, (54)

and ¥; € C*°(R \ {—p}). The graphs of ¥;(¢) and tI’é(d)) for p =1 are presented in figure 1.
Using elementary calculus, one can see that

<9 yem), (55)
Vo 18| VP19l
for some universal C > ¢ > 0. This implies that for p > 0,
{6 € Lige(R?): [1W5(9) 111y < +oo} = LY/(R?) + LA(R?). (5.6)

Lemma 5.1. Let p > 0. Then ||¥5(-)lIp1(r2) (L3R + L2(R2) —>Risa strictly convex and weakly
lower semi-continuous functional, i.e.

(0, 0) = (9,0) Vo e PR)NLAR?) = [19(@)lIn@e) <liminf |95l lng).  (57)

Proof. The strict convexity of ||¥5(-)|| L1(R2) follows from the strict convexity of the function ¥ :
R— R.
Let (¢) C L¥%(R2) 4+ L%(R?) be a sequence that converges strongly to ¢, i.e. there exist
representations ¢, =fi +gn and ¢ =f + ¢ such that ||fy — fll32r2) — 0 and ||gn — gllr2w2) — 0.
Then, up to a subsequence ¥;(¢,) — ¥;(¢) a.e. in R2. By Fatou’s lemma,

1951 r2) < lim inf 1956111 e2), (5.8)

i.e. the sublevel sets of ||‘1’/3(')||L1(R2) are closed in the norm of L% 2(Rz) +L2(R2). Using the
convexity of |[¥5(¢)l| 11 (r2), by Mazur’s theorem, we conclude that all sublevels sets are also
weakly closed in L3/2(R?) + L2(R?), i.e. (5.7) holds. |

0/S0S707:08 705y 01 edsy/jewnol/BioBuysyqndiraposjefos



Downloaded from https://royal societypublishing.org/ on 31 July 2024

(b) Variational set-up and the main result

In view of lemma 5.1, the natural domain of the total TF energy Egp is

Hy=H P®2) N (32@) + 12RY), (5.9)

and the TF energy is correctly defined on # in the form

1
E)= | Wb Px— (6, V1 4+ IO s 5.10)
R2 2 H "(R?)
where (-, -) denotes the duality pairing between H;; and H;. Having in mind the definition of H;
in (5.9), we have

2 1/2
Hy=H " ®2) + (3®Y) N 2RY)), (.11)
Our main result concerning minimizers of £; is the following.
Theorem 5.2. Let p > 0and V € H;;. Then, £5 admits a unique minimizer ¢; € H; such that E5(¢5) =
infyy; £5. The minimizer ¢ satisfies the Euler-Lagrange equation

|, #0000 P = b0, V) 4 65,00 0m =0 Ve 612)

(R?)

Proof. The proofs of the existence and uniqueness of the minimizer (employing lemma 5.1),
as well as the derivation of the Euler-Lagrange equations (5.12) are small modifications of the
arguments in the proof of proposition 3.1, so we omit the details. For the differentiability of the
map ¥;, see [14, lemma 6.2]. |

Remark 5.3. If, for instance, ¢5 € H; N L*/3(R?) then (5.12) can be interpreted pointwise as

1 -
wi($s(x) + > JRZ % d’y=V(x) ae.inR?. (5.13)

However, in general, the Euler-Lagrange equation for £; should be understood as
Wi(pp) + Uy, =V inD'(R?), (5.14)

o 1/2
where ¢5 € H; C L*(R?) + L3/2(R?) and Uy, € H / (R?) is the potential of ¢; defined via (3.5).

In the rest of the section, under some additional assumptions on V we will use the equivalent
half-Laplacian representation of (5.12) to establish further regularity and decay properties of the
minimizer ¢; when p > 0. Our crucial observation is that unlike in the case p =0, for p > 0 the
minimizer ¢; has the same fast polynomial decay as the Green function of (—=A)Y2 +1in R?, for
all reasonably fast decaying potentials V.

- 1/2
Theorem 5.4. Let p>0,VeH / (R?) and ¢; be the minimizer of € from theorem 5.2.

(i) If (= A2V € L®(R?) then ¢; € HY/?(R%) N CV/2(R?).
(ii) If additionally, (—A)2v >0, V0, and for some C > 0, we have

(=A)2v inR?, (5.15)

C
< -
T (14 [x2)2
then ¢5 > 0 in R? and

1
d5(x) ~ I as |x| — oo. (5.16)

In particular, ¢ € LY(R?).
In the rest of this section, we are going to sketch the proof of theorem 5.4. We only emphasize

the difference in the asymptotic behaviour, other arguments that are similar to the case p =0 will
be omitted.
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u
Figure 2. Plotof S;(u) for p =1.
(c) Half-Laplacian representation, regularity and decay
Let p > 0 and ¢; € H; be the minimizer of £;. Introduce the substitution
Uy = 'I/Ié (#5)- (5.17)
Then (5.12) transforms into
2
JRZ up()p(x)d°x — (o, V) + (Usﬁ(uﬂ-),w)éuz(m =0 VoeH; (5.18)
where
Sp):=1p"2+ul(3"? +u)—p (ueR), (5.19)

is the inverse function of lI//g, so that S,;(llf;;(qﬁ)) =¢, for all ¢ e R. The graph of S;(u) is shown
in figure 2.

0 1/2
Proposition 5.5 (Equivalent PDE). Let p >0, Ve H / (R?) and uj be defined by (5.17). Then u; €

o 1/2
H / (R?) and uj is the unique solution of the equation

0 1/2
(=) 2u 4 S5) = (—A)2V  inH T (R). (5.20)
Moreover,
—v_<uj<vg, (5.21)
°1/2
where vy > 0 are solutions of (—A)2vy = (=A)V2V)* in H / (R?).
Proof. Similar to the proof of propositions 4.1 and 4.2. The uniqueness of the solution and the

bound (5.21) follows from an extension of the comparison principle of lemma 4.3 to the case of a
monotone increasing function 5;(u). u
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o 1/2
Proposition 5.6. Let p >0and Ve H / (R2). Assume that (—A)Y2V e L¥(R2), (—A)Y2V > 0 and
V #0. Then, us € H/>(R?) N CY/2(R?), u; > 0 in R? and

1
usz(x) 2 —5  as|x| - oo. (5.22)
|xf3
If, in addition, for some C > 0,
C
~MVPV < ———— inR?, 5.23
COTV = 62
then .
us(x) ~ P as |x| — oo. (5.24)
In particular, u; € LY(R?).
Proof. Represent (5.20) as
(=22 4252 u; +55(uz) = (—A)2V  in D'(R?), (5.25)

where s5(t) = S5(t) — 2512t and observe that 55(t) = 2 for |t| < p1/? small, while s;5(t) ~ |t|t for t
large. In particular, in view of (5.21), we have u; >0 and u; € L*°(RR2). Then, for a sufficiently
large c >0,

(=A)Y2 42512 4 s =c —s5(u;) + (—A)Y2V >0 inR2. (5.26)

This implies u; € H'/2(R?) N CY/2(R?), u; > 0 in R? and additionally,
1
us(x) 2 —= as|x| - oo, (5.27)
|x3
cf. [14, lemma 7.1] for a similar argument.

To derive the upper bound on u;, consider the dipole-type family of barriers

Z
27 (1 + |ax|2)3/2”
and note that using (4.21), scaling, s5(Wz,) > 0 and (5.24), we obtain

Wz,(lx]) =

(=A)2 425 2YWz, +55(Wz)) — (—A)2V

Za@ — ax?)  2Z5Y2(1 + |ax|? c
- (2 — [Ax|7) P+ Ax|) >0 inR?, (5.28)
2r(1+ 2xP)P2 T 2x(1+ haPP? (1 + [x2)32

provided that we choose % =25'/? and Z > 1 sufficiently large. Then u; < Wy o512 in R? by an

extension of the comparison principle of lemma 4.3 to equation (5.25). |

Proof of theorem 5.4. Follows from proposition 5.6 using the explicit representation ¢;=
Sp(up)= 2,51/2u,3 + u% in (5.19), which is valid since u; > 0. |
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