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Abstract

We characterize skyrmions in ultrathin ferromagnetic films as local minimizers
of a reduced micromagnetic energy appropriate for quasi two-dimensional materi-
als with perpendicular magnetic anisotropy and interfacial Dzyaloshinskii-Moriya
interaction. The minimization is carried out in a suitable class of two-dimensional
magnetization configurations that prevents the energy from going to negative infin-
ity, while not imposing any restrictions on the spatial scale of the configuration.
We first demonstrate the existence of minimizers for an explicit range of the model
parameters when the energy is dominated by the exchange energy. We then investi-
gate the conformal limit, in which only the exchange energy survives and identify
the asymptotic profiles of the skyrmions as degree 1 harmonic maps from the plane
to the sphere, together with their radii, angles and energies. A byproduct of our
analysis is a quantitative rigidity result for degree £ 1 harmonic maps from the
two-dimensional sphere to itself.
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1. Introduction

A skyrmion is a topologically nontrivial field configuration that locally mini-
mizes an energy functional of a nonlinear field theory. As topological solitons [61],
they are localized, have finite energy and exhibit quasi-particle properties, includ-
ing quantized topological charge, attractive or repulsive interactions between each
other, etc.. Since its original formulation by Tony Skyrme in the early 1960s [76],
the mathematical concept of skyrmion has spread over various branches of physics
[73]. In condensed matter physics, a revival of the skyrmion topic was triggered
by experimental observations of skyrmions in non-centrosymmetric bulk magnetic
materials [67,81] and ultrathin ferromagnets [13,74] with distinct top and bottom
interfaces [40]. These magnetic skyrmions consist of local swirls of spins that may
exhibit nanometer size [74], room temperature thermal stability [13] and may be
controlled via electric current [45] or electric field [42]. These properties are highly
desirable for information technology applications, making magnetic skyrmions
attractive for race track memory [79], spintronic logic [82], as well as stochastic
[71] and neuromorphic computing [72].

At the level of the continuum, the starting point in the analysis of magnetic
skyrmions in thin ferromagnetic films is the micromagnetic energy functional [11]

E(m) := Eex(m) + Ea(m) + Ez(m) + Epmi(m) + Es(m) (1.1)

describing the energy (per unit of the film thickness) of a smooth map m : R? — S?
that represents the normalized (Jm| = 1) magnetization vector field in a ferromag-
net. The terms in (1.1) are, in order of appearance: the exchange (also called the
Dirichlet energy), the anisotropy, the Zeeman, the Dzyaloshinskii—-Moriya inter-
action (DMI), and the stray field energies, respectively. The precise form of these
terms is model-specific and will be spelled out for the particular situation we are
interested in shortly. Coming back to the magnetization m, its topology may be
characterized by the topological charge

N@m) = % /]RZ m - (9ym X dom) dx. (1.2)

This integer-valued quantity corresponds to the Brouwer degree of a smooth map
m which is constant sufficiently far away from the origin, up to the sign due to
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a particular choice of an orientation of R?. The topologically nontrivial localized
magnetization configurations are, hence, characterized by a non-zero value of N
in (1.2). See Hoffman ef al. [41] for a discussion of how to distinguish between
skyrmions and antiskyrmions independently of the sign convention for A/

In a two-dimensional model containing only the exchange energy Eex(m) =
Aex fRZ |Vm|2 dx, where Ay is the exchange stiffness, BELAVIN and PoLYyAakov
[6] predicted the existence of skyrmion-like solutions as energy minimizing con-
figurations with constant energy and an explicit profile, which we refer to later as
Belavin—Polyakov profiles. Note, however, that these solutions may not be consid-
ered proper skyrmions, since they exhibit dilation invariance and thus do not exhibit
true particle-like properties. Furthermore, they are easily seen to cease to exist in
the presence of an additional anisotropy term E,(m) = K, fRz |m’ |2 dx. Here K,
is the uniaxial anisotropy constant and m’ = (mj, my) is the in-plane component
of the magnetization vector m = (m’, m3) [24]. Similarly, skyrmion solutions are
destroyed in the presence of an out-of-plane applied magnetic field modeled by
Ez(m) = —uoM; fRZ H (1 + m3) dx, where H is the magnetic field strength, M,
is the saturation magnetization, p¢ is the permeability of vacuum, and we sub-
tracted a constant to ensure that the Zeeman energy is finite when m(x) — —e3
sufficiently fast as |[x| — oo. Therefore, additional energy terms are necessary to
stabilize magnetic skyrmions.

Among the known stabilizing energies are higher order exchange [1,44], DMI
[11] and stray field [19,47] terms. In particular, BoGDANOV and YABLONSKII [11]
considered an additional DMI term of general form, which includes a bulk DMI
term EB‘I‘\I,}‘I (m) = Dypyix fR2 m-(V xm) dx, or an interfacial DMI term ES’I{{I (m) =
Dgurt fRz (m3V -m' —m’ - Vmz) dx, where Dy and Dgys are the bulk and the
interfacial DMI strengths [40,70], respectively, and showed that these terms may
give rise to skyrmions. Their model accounts for the stray field in an infinite vortex-
like magnetization configuration along the thickness direction [11]. This prediction
was further verified numerically in the absence [10] and in the presence [9] of an
applied out-of-plane magnetic field. Finally, the analysis of BUTTNER et al. indicates
that stray field energy alone (starting with an exact expression for the magnetostatic
interaction energy of a thickness-independent magnetization configuration in a film)
may be sufficient to stabilize magnetic skyrmions [19]. Notice thatin all of the above
studies it is assumed that skyrmion solutions possess radial symmetry.

Mathematically, the question of existence of skyrmions as topologically non-
trivial energy minimizers was first systematically addressed (under no symmetry
assumptions) by ESTEBAN [31-33] and by Lin and YANG [57,58]. Specifically, for
the energy of the form of (1.1) consisting of an exchange energy with an additional
Skyrme-type higher order term, Eex(m) = Acx [go [Vm|?dx + Ag Jg2 101m x
d,m|* dx, and a special form of an anisotropy/Zeeman term (see the remark in [28,
p.20), Ea(m)+ Ez(m) = K [ |m+e3|* dx, existence of a skyrmion solution as a
minimizer m of E with A'(m) = %1 was proved in [53,58]. Also, curvature of the
underlying space has been explored as another possible mechanism for ensuring
existence of skyrmions [51,65].

Turning to DMI-stabilized skyrmions, in situations where the energy consists
of exchange Eex(m) = Aex [g2 |Vm|? dx, Zeeman Ez(m) = —poMsH [ (1 +
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m3) dx, and bulk DMI Epmi(m) = Dypuik fRZ m - (V x m) dx terms, existence of
minimizers with non-zero topological charge for suitable values of the parameters
was established by MELCHER [64], adapting an argument by BREZIS and CORON
[16] for harmonic maps on bounded domains. Furthermore, Melcher demonstrated
that the obtained minimizer is indeed a skyrmion, as the minimum of the energy
is attained for " = 1 (expressed using the sign conventions of the present paper).
In the regime of dominating exchange energy E.x, DORING and MELCHER [28]
analyzed the compactness properties of these solutions and proved that they con-
verge to a minimizer of Eey of topological charge N' = 1 found by BELAVIN and
PoLyaxkov [6], which the lower order terms uniquely determine. However, as these
limits do not decay sufficiently fast for the Zeeman energy to be finite, they had to
choose a faster decaying version of the Zeeman energy Ez = K fRz |m + e3|? dx
for p € (2, 4], which only corresponds to a physical model for p = 4, and even
then only to the specific combination of anisotropy and Zeeman terms analyzed in
[53,58]. Furthermore, L1 and MELCHER [54] proved that, for the above mentioned
physical choices of Ecx, E7z and Epwmi, axisymmetric skyrmions are stable also
with respect to symmetry-breaking perturbations and are indeed local minimizers
of the model considered by MELCHER [64]. For the same model, KOMINEAS et
al. [49] formally established asymptotic formulas for the skyrmion radius and the
energy by means of numerics and asymptotic matching. Finally, they also describe
the skyrmion profile in a large radius regime on the basis of formal asymptotic
analysis [50]. Existence of skyrmions with a uniaxial anisotropy term E, rather
than a Zeeman term has been shown by GrREco [37] in the context of cholesteric
liquid crystals.

As one expects the minimizers of a perturbed exchange energy to be close to
energy-minimizing harmonic maps (i.e., minimizers of the Dirichlet energy), it is
natural to analyze the rigidity of these harmonic maps. The proper context for such
an analysis is the theory of harmonic maps between manifolds, which is reviewed
in papers by EELLs and LEMAIRE [29,30], and by HELEIN and Woob [39]. Here, we
only discuss the immediately relevant results of the theory. First, the classification of
harmonic maps from S? to itself in the mathematical literature is independently due
to LEMAIRE [52] and Woob [80], see also [29, (11.5)]. Additionally, they observed
that any harmonic map from S? to S? is also energy-minimizing in its homotopy
class. It is worth noting that in the setting of maps from R? to S? the classification
result was also formally obtained by BELAVIN and PoLyakov [6]. Second, a linear
version of our stability result, namely that the null-space of the Hessian only arise
from minimality-preserving perturbations, is also well-known in the case of the
identity map id : S> — S? and has been established by SmitH [77, Example 2.13],
as well as MAZET [62, Proposition 8]. A similar statement in the equivalent setting
of harmonic maps from R? to S? has furthermore been recently proved by Chen,
Liu and Wei for arbitrary degrees [21]. However, to the best of our knowledge the
corresponding spectral gap estimate has only been obtained in a related setting by L1
and MELCHER [54], as well as for the problem of H-bubbles by ISOBE [43], and by
CHANILLO and MALcHIODI [20]. We also point out that, based on related stability
considerations, DAVILA et al. [23] constructed solutions to the harmonic heat flow
in which degree 1 harmonic maps bubble off at a specified time and at specified
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blow-up locations. Furthermore, strict local minimality results closely related to our
rigidity result, Theorem 2.4 below, have been given by L1 and MELCHER [54]; Di
FraTTA etal. [26]; and Di FrATTA etal. [25]. Also, in the more restrictive equivariant
setting our rigidity result follows from GUSTAFSON et al. [38, Theorem 2.1]. Finally,
very recently LUCKHAUS and ZEMAS [60] proved a quantitative stability result for
conformal maps from S” to itself for all n > 2 under a Lipschitz assumption and
closeness in H' to the identity.

1.1. Informal Discussion of Results

In this paper, we analyze the energy Eg s, to be defined shortly in equation
(2.9) below, which consists of the exchange, anisotropy, surface DMI energy, as well
as the nonlocal stray field energy that is appropriate for thin films [48,68,69]. We
remark that, while our methods are capable of dealing with a non-zero external field,
we have chosen to consider the physically most basic case of vanishing external
field. Note that in this case the energy is unbounded from below, which can be seen
by considering large magnetic bubbles with topological charge N' = 1, see for
example [7]. Therefore, an absolute minimizer with the desired topology does not
exist, and instead we have to look for a local minimizer, which means that we need
to identify a suitable constraint. We argue that in the present context one possible
choice is given by [8]

/ |Vm|* dx < 167. (1.3)
R2

As the Dirichlet energy in the wall of a magnetic bubble scales with the radius,
this bound clearly excludes such competitors. In contrast, to see why the condition
(1.3) would yield skyrmion solutions, we turn to the classical Belavin—Polyakov
bound relating the Dirichlet energy to the topological charge:

/RZ [Vm|* dx > 87 |N(m)|; (1.4)

see the original paper by BELAVIN and PoLyAKov [6] or Lemma A.3 below for
the proof in the present context. Together with the bound (1.3), it a priori excludes
higher topological charges and only allows N = —1, 0, 1. At the same time, we
emphasize that, due to the scale invariance of the Dirichlet energy in two dimen-
sions, the assumption (1.3) does not impose any constraints on the actual size of
the skyrmion. Another minor point is that the energy cannot distinguish between
m and —m and thus only enforces lim|y|— oo m(x) = €3 or limy|— 00 M (Xx) = —e3.
For definiteness, we simply choose the latter in an averaged sense, which together
with the assumption (1.3) defines our admissible class A of magnetizations, see the
definition in (2.15).

In Theorem 2.1, we Frove that there exists an explicit constant C > 0 such
that in the regime 0 < % < C the energy Eg (s, defined in equation (2.9)
below, does indeed admit minimizers over .A. In comparison to Melcher’s work
[64], the main issues are, first, an a priori lack of control of the decay of out-
of-plane component m3 + 1 due to the absence of an external field, and second,
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the presence of the nonlocal terms. To restore control of m3 + 1, we combine the
Gagliardo—Nirenberg—Sobolev inequality with a vectorial version of the Modica—
Mortola argument. To handle the nonlocal terms, we mainly appeal to interpolation
inequalities. The remaining argument closely follows the methods developed by
BRrEzISs and COrON [16] and MELCHER [64], ruling out the vanishing and splitting
alternatives of Lions’ concentration-compactness principle [59]. Vanishing, which
heuristically is the collapse of skyrmions via shrinking, is ruled out by combining
the topological bound (1.4) with a construction giving

iJr}‘f Eg s < 8m, (1.5)

so that the scale-dependent contributions to the energy cannot go to zero. In the
case of splitting, i.e., two configurations drifting infinitely far apart from each other,
the combinatorics involved in the requirement A = 1 and the two bounds in (1.4)
and (1.3) imply that at least one of the two pieces has N' = 1. As the nonlocal
interaction of two magnetic charges vanishes as they move infinitely far apart, the
two pieces essentially do not interact so that the energy can be strictly lowered
by discarding the piece with N # 1. Thus splitting is excluded and the obtained
compactness is sufficiently strong to prove existence of minimizers.

The most important part of this paper is the description of the asymptotic behav-
ior of the obtained minimizers in Theorem 2.2 for 0 < % < 1, corresponding
to the regime dominated by the Dirichlet energy: the minimizers of E¢ , s approach
the set of minimizers of the Dirichlet energy fRz |Vm|? dx, i.e., the set of Belavin—
Polyakov profiles. Here, the challenge is to capture the fact that the skyrmion radius
converges to zero in the limit of dominating exchange energy in order to compensate
all Belavin—Polyakov profiles having infinite anisotropy energy. This intuition can
be gained by making an ansatz-based minimization of suitably truncated Belavin—
Polyakov profiles, which provides us with an upper bound for the minimal energy
in the form of a finite-dimensional reduced energy depending only on the scale of
truncation, the skyrmion radius and rotation angle [8]. Therefore, in order to find a
matching lower bound and to conclude the proof, one has to quantitatively control
closeness of the minimizers to the set of Belavin—Polyakov profiles. To this end, we
prove a rigidity result for Belavin—Polyakov profiles, Theorem 2.4, estimating the
Dirichlet distance of H' maps of degree 1 to the set of Belavin—Polyakov profiles
(see the definition in (2.38)) in terms of the Dirichlet excess fRZ |Vm|2 dx — 8m.
Said excess can be directly linked to the scale of truncation, and the stability result
allows us to prove that the lower order contributions to Eg , s match the upper
bound. A subtle issue here is the fact that the Belavin—Polyakov profile obtained
in Theorem 2.4 does not necessarily approach —e3 at infinity or even have a limit
which s close to —e3. This is related to the logarithmic failure of the critical Sobolev
embedding H! > L. Instead, we have to ensure the correct behavior at infinity
by proving that otherwise the anistropy energy is too large. The coercivity properties
of the reduced energy finally allow to conclude the proof.

The proof of the rigidity result, Theorem 2.4, relies on first proving a corre-
sponding linear estimate in the form of a spectral gap estimate for the Hessian
at a Belavin—Polyakov profile. To this end, we diagonalize the Hessian using a



A Quantitative Description of Skyrmions 225

vector-valued version of spherical harmonics. The main difficulty is then to pass
to the nonlinear estimate, specifically in the case where the Dirichlet excess is
small. Existence of a Belavin—Polyakov profile that is close to the minimizer fol-
lows from known compactness properties of minimizing sequences in the harmonic
map problem, and to remove the trivial degeneracies of the Hessian resulting form
the invariances of the energy, we pick the closest Belavin—Polyakov profile in the
H I_topology. In order to then apply the spectral gap estimate, we have to justify
that the Hessian gives a good description of the energy close to the minimizer.
However, the higher order terms turn out to be radially weighted L?”-norms for
which standard attempts at estimation fail logarithmically. Therefore, we have to
find some problem-specific cancellations, for which we exploit the fact that the
harmonic map problem is conformally invariant and that the Belavin—Polyakov
profiles are conformal maps. This allows us to formulate the rigidity problem for
maps from S? to S?, where the error terms turn into unweighted L”-norms which
are amenable to the Sobolev inequality. The required cancellation is then the fact
that the average of the identity map over S? vanishes. Finally, we obtain a Moser—
Trudinger type inequality for maps in which the vanishing average assumption is
replaced by closeness to the identity in the H! -topology.

1.2. Outline of the Paper

In Sect. 2 we state and discuss our main results in detail. Section 3 is devoted to
providing an explicit representation of the energy E, ; by continuously extending
the nonlocal terms Fyo and Fyf. In Sect. 4 we give the proof of Theorem 2.4. The
upper bound for the minimal energy and Theorem 2.1, the existence of skyrmions,
can be found in Sect. 5. The proof of Theorem 2.2 is completed in Sect. 6. Finally,
Appendix A collects an introduction to Sobolev spaces on the sphere, the proof of
the topological lower bound along with a classification of its degree 1 extremizers,
and a number of calculations involving Bessel functions necessary for calculating
the energy of the ansatz. Within each subsection, we always first present all propo-
sitions, lemmas and corollaries, while their proofs can be found at the end of the
subsection. Remarks concerning notation can be found at the end of Sect. 2.

2. Main Results

2.1. The Energy and the Admissible Class

In this paper, we consider the following model [69], based on a rigorous asymp-
totic expansion of the stray field energy given in [48]: For the quality factor Q > 1,
non-dimensionalized film-thickness § > 0 and DMI-strength « and on

D :={m e C®[R? S? : m + e3 has compact support} 2.1

we choose, recalling that m = (m’, m3),

Eex(m) = / [Vm|* dx, (2.2)
IRZ
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Ea(m) := Q/ Im’|% dx, (2.3)
R2

Ez(m) =0, 2.4)

Epmi(m) = K/ (m3V -m' —m' - Vm3) dx, (2.5)
RZ

Es(m) = — /]Rz Im'|> dx + 8 (Fuol(m') — Fous(m3)) . (2.6)

where the normalized, nonlocal contributions Fyoj(im’) and Fguf(m3) of the volume
and surface charges, respectively, are defined via

V. f0V - £
Fyo(f) = yp /RZ /Rz P dx dx, 2.7
2
Foust () = / U® =7 g, 2.8)
87 R2 lx —x3

for f € CE’O(Rz; R?) and f € C®(R?) such that there exists ¢ € R with f + ¢
having compact support. They can be interpreted as multiples of the squares of the

o 1 o 1
H~2-norm of V - m’ and the H2-norm of m3, respectively, and an extension of
these terms of sufficient generality for our purposes can be found in Sect. 3. In total,
our functional may then be expressed as

Eg.cs(m) i= / (|Vm|2 +(0 = D)m'? = 2ucm’ - Vmg) dx

+46 ( vol(m ) — surf(mS)) ,

2.9)

where we integrated by parts to simplify the DMI term.

In order to remove one of the parameters and make the mathematical structure
of the energy explicit, we further rescale our functional (2.9). We first point out that
the sign of « is not essential: If we have ¥ < 0, then considering 71 (x) := m(—x)
gives

Egis(m) =Eg s (m). (2.10)

and thus we may additionally suppose k¥ > 0. Furthermore, provided x +6 > 0 we
use the rescaling

=270 n‘a(f)::m(KHf) @2.11)
K+ 0-1

in the energy (2.9), so that for

)
a::L and A = ~

JO -1 Tk +o

we finally obtain Eg . 5(m) = E, ;(m), where

: 2.12)
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Eq. ;. (1) :=/ |V |* dx
]RZ

+ 02(/ Im'|* dx — 2?»/ m' - Vimzdx 4+ (1 — ) (Fyo(m') — Fsurf(ﬁ13)))
R2 R2
(2.13)

form € D.

Of course, the assumption on regularity and decay at infinity encoded in D is
much too restrictive to allow for existence of minimizers. In view of the discussion
in Sect. 1.1, it would be natural to consider instead the energy on the S-valued
variant of the homogeneous Sobolev space H'(R?), which we define as a space of
functions

H'(R?) = {u € HL (R?): /R2 |Vul?dx < oo}, (2.14)

equipped with the L2-norm of the gradient (note, however, some technical issues
associated with such a critical space [4, Section 1.3]). Consequently, we aim to
consider the energy E, ; on the set

A= {m c H'(R% %) : /2 \Vm|?dx < 167, m + e3 € L2Z(R%: R3), N(m) = 1},
R

2.15)

where the condition m + e3 € L*(R?; R3) is the appropriate way of prescribing
lim|y| s 00 m(x) = —e3, see Lemma 5.1. Note that the definition of the topological
charge, also referred to as the degree,

N(m) = %/Rzm . (81m X Bgm) dx, (2.16)

is valid for all m € H 1(]RZ; Sz) and is consistent with equation (1.2) for smooth
maps that are constant sufficiently far from the origin. However, due to the non-
local terms, some care needs to be taken in extending the energy to 4. To avoid
technicalities before the statement of results, we extend by relaxation, i.e., for
m € H'(R?; S?) with m + e3 € L*(R?; R?) we set

Es ) (m) :=inf{liminf E, 3 (mp) : my € Dforn € Nwith lim |lm, —m| 51 = 0}.
n—od n—od

2.17)

Corollary 3.2 states that the representation (2.13) is still valid, provided the nonlocal
terms Fyo) and Fgyr are interpreted appropriately.

2.2. Statement of the Results

We first establish that the energy E,; admits minimizers over A for all
A € [0, 1], provided o is sufficiently small. In particular, we get existence of
skyrmions even in the case A = 0, which corresponds to no DMI being present.
Our model therefore predicts skyrmions purely stabilized by the stray field. The
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proof of Theorem 2.1 below closely follows the previous works by MELCHER [64]
and DORING and MELCHER [28] and relies on the concentration compactness prin-
ciple of L1oNs [59]. The main new aspect is the inclusion of the nonlocal terms due
to the stray field, which we deal with by standard interpolation inequalities.

Theorem 2.1. Let 0 > 0 and ) € [0, 1] be such that 02(1 + k)z < 2. Then there
exists mq ). € A such that

Eg(mgy) = inf Eg; (m). (2.18)
meA

Note that throughout the rest of the paper we suppress A in the index of m ) for
simplicity of notation.

We now turn to the heart of the paper, namely, the analysis of the limit o — 0
in which the Dirichlet energy dominates. As was already pointed out by DORING
and MELCHER [28], in this limit one expects minimizers m of E, ; to converge to
minimizers of

F(m) := / |Vm|? dx (2.19)
RZ

form € H L(R?; %) with N'(m) = 1, i.e., minimizing harmonic maps of degree
1. These have been identified by BELAVIN and PoLYAKOV [6], see also BREZIS
and CoroN [17, Lemma A.1] or Lemma A.3 below, to be given by the previously
mentioned Belavin—Polyakov profiles

B:= {Scb(p*‘(. —x):S€S03), p>0, x€ RZ} , (2.20)

where @ is a rotated variant of the stereographic projection with respect to the south
pole

2
1 |x|> a1

(O] =\ - ,
x) ( T+ 12 1+ 22

for x € R?. One can moreover see that they achieve equality in the topological
bound (1.4) in view of

/ |Vo|*> dx = 87 (2.22)
R2

for all ¢ € B. It is even known, see [29, (11.5)], that B comprises all solutions
¢ : R? — S? of the harmonic map equation

Ad +|Vo|Pp =0 (2.23)

with V' (¢) = 1, meaning all critical points of F of degree 1 are absolute minimizers.

The task then is to identify which Belavin—Polyakov profiles ¢p = S® (p~!(s —
x)) for § € SO(3) and p > 0 are selected in the limit ¢ — 0. By the requirement
m+e3 € L2(]R2; R3), we can certainly expect to have Sez = e3 in the limit, so
that § = Sp for some angle 6 € [—m, ) and

cosf —sinf 0
Sy := | sinf cos® O]. (2.24)
0 0 1
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However, even for such Belavin—Polyakov profiles it holds that ¢p+e3 ¢ L?(R?; R?)
due to logarithmic divergence of the anisotropy term. Consequently, we expect
minimizers to be truncated Belavin—Polyakov profiles which will shrink to keep
the anisotropy energy finite in the limit o — 0 in the spirit of the construction by
DORING and MELCHER [28, Lemma 3].

Indeed, careful minimization in a corresponding class of ansitze [8], see also
Sect. 5.2, leads one to believe that the optimal skyrmion radius pg is given asymp-
totically by

g (A 1
0 & , (2.25)
167 |logo|
where the auxiliary function
. s;+”72>m—”73 i A > e,
g == (2.26)
12812 73
i) + ?(1 —A) else,
in which the critical threshold A. is defined as
) 3?2
c = m, 2.27)

results from the balance of the DMI and stray field terms. The function g(A) can
straightforwardly be seen to be continuous and satisfy

% g =C (228)

for a universal constant C > 0. Furthermore, the two optimal rotation angles
QJ € [0, F]and 6, € [—7F, 0] are asymptotically

(2.29)

0 if A > A,
9(?[::{ ‘

321
=+ arccos (m> else.

Here, the angle 93: = 0 corresponds to a Néel-type skyrmion profile present in
the regime A > A, of DMI dominating over the stray field, while skyrmions purely
stabilized by the stray field have Bloch-type profiles in view of th =475 forA =0.
The following convergence theorem confirms these expectations:
Theorem 2.2. Let A € [0, 1]. Let my be a minimizer of Es ) over A. Then there
exist x, € R, po > 0and 6, € [—m, ) such that ms — Sp, <I>(,0(;1 (e—2x5))— 0
in Ifll(Rz; ]R3) aso — 0, and
. g . .

(}lglollogfflpa = Ton’ ;1310 1051 =6y (2.30)

as well as
|log o |?
o—002log|logo|

Ea,k(ma) — 8w +

2 52 g2
o <g IR logllogﬂ)‘ —0. @3

[logo| \ 327 327 |logo]|
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Remark 2.3. For the convergences in Theorem 2.2, our methods also allow to
provide the following non-optimal (with the exception of the estimate (2.35)) rates:

2
/ ’V(mg(x)—SQUQD(,OG_I()C—XU)))‘ dx < Co?, (2.32)
RZ
g(0) C
loga|py — 22| < . (233)
167 |logo|
4 2
[10o] = 0 | + 12 — el 1651 — 65| < , (2.34)
[logo|
as well as
1 2
A Vg |2dx — 87 < C———, 2.35
C|logo|2_/ (Vimo|* dx — 87 < lTog o 2 (2.35)
and
|loga| g2 | g*() log|logol| 9
E —87)— | — < ,
o2 (o () — 87) 327 + 327 |logo] ~ |logo]
(2.36)

for C > 0 universal and o € (0, op) with o9 > 0 small enough and universal. In
fact, our proof does establish all these rates except the one for the angles 6, , whose
proof relies on some lengthy, but elementary estimates. Note that the loss in the rate
of convergence of 6, to 96: for the parameter A = XA, coincides with Néel profiles
becoming linearly unstable.

While not strictly speaking adhering to a I'-convergence framework, the proof
of Theorem 2.2 is very much in the spirit of I"-equivalence [15] in that we com-
pare the sequence of energies at minimizers to a sequence of finite-dimensional
reduced energies. This simplification allows us to explicitly compute approximate
minimizers and even analyze their stability properties. As is usual in the theory of
I"-convergence, the comparison is done via upper bounds obtained by construc-
tion and ansatz-free lower bounds. The constructions have already been alluded to
above. The main ingredient for the lower bounds is the following Theorem 2.4, a
quantitative stability estimate for degree 1 harmonic maps from R? to S?, i.e., for
the maps in the set 53, see definition (2.20). Once we know that the minimizers
are close to Belavin—Polyakov profiles, we use this information to estimate the
remaining lower order terms in the energy.

To state the theorem, we first introduce the family of all H L_maps from R? to
S? of degree 1 :

C= {m e H' (R S?) : N(it) = 1}. (2.37)

We next introduce a notion of distance between elements in this family and Belavin—
Polyakov profiles, which we term the Dirichlet distance:
1

D(m; B) := inf (/2 IV (m — )| dx>2 : (2.38)
R

peBB

With these definitions we have the following theorem:
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Theorem 2.4. For every m € C there exists ¢ € B that achieves the infimum in the
Dirichlet distance D(m; B). Furthermore, there exists a universal constant n > 0
such that

nD*(m; B) < F(m) — 8. (2.39)

Notice that this result in the more restrictive equivariant setting is contained in [38,
Theorem 2.1].

Well understood compactness properties of minimizing sequences for the
Dirichlet energy [56] ensure the existence of a Belavin—Polyakov profile ¢ that
is close to an almost minimizer m of the Dirichlet energy but do not provide us with
arate of closeness. To overcome this issue, we pass to the corresponding linearized
problem, which can easily be solved using a suitable vectorial version of spherical
harmonics, see Proposition 4.2 below. However, naive attempts at explicitly esti-
mating the error terms arising in the linearization procedure tend to break down
due to the logarithmic failure of the critical Sobolev embedding H! #> L> in two
dimensions. Therefore, the main conceptual issue is to find additional cancellations
resulting form the structure of the problem.

The relevant structure, it turns out, is the fact that the harmonic map problem is
conformally invariant, and that all Belavin—Polyakov profiles are conformal maps.
This allows us to reformulate the problem as stability of the identity map id : S* —
S?, denoted from now on as idge, by considering /m := m o ¢_1. Nonlinear terms
can then be estimated using the standard Sobolev embedding on the sphere, and
the required cancellation is that the identity map on the sphere has average zero.
This idea leads us to the following estimates, which when expressed on R? also
provides topologies in which m itself converges to ¢:

Lemma 2.5. There exists a universal constant 1) > 0 such that the following holds:
Let p € [1, 00). Then there exists a constant Cp, > 0 such that if m € H'(S?%* $%)
satisfies sz [V (m — idSz)I2 dH? < 7}, then we have the estimate

" %
(/ m — idg [P dH2>p <C, (/ IV (m —idSz)|2dH2> C(240)
S? S?

Furthermore, there exists a universal constant C > 0 such that the Moser—
Trudinger type inequality

P |m—id82 \2

‘/82 eT \\V(mfidsz)l\% dHZ < C (241)

holds.

We furthermore point out that Theorem 2.4 implies a corresponding statement
for degree one harmonic maps on S?, i.e., for minimizers of

Fe () = / \Vii|? dH? (2.42)
SZ
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over
Cor = {m e H'(S%: S?) : N () = 1} , (2.43)
where

N (1) := ﬁ /g i det(Vir) dH? (2.44)

denotes the degree for maps from 7 : S> — S?, see for example BREzIS and
NIRENBERG [18] or Sect. A.1 in the appendix for details. Recalling the definition
(2.21) of @, it can be seen that the minimizers are given by the set of Mobius
transformations

By = {¢ od g e B} (2.45)

+b

a4 dfora,b,c,de(Cwithad—bc;éO},

- {Cbofocb_l:f(z) =L
CcZ
(2.46)

where points x € R? in the plane are identified with the points z € C in the complex
plane. Indeed, this follows from the conformal invariance of the harmonic map
problem, see Lemma A.2. The second equality is a classical fact we will prove in
Lemma A.3 for the convenience of the reader. A similar nonlinear stability statement
for degree —1 maps is a simple result of the identity Ng2 (—m) = —Ng2(m) for
m e H'(S?; S%).

Corollary 2.6. For m € Cgp we have

7 min / IV (7 — §)|” dx < Fg (1) — 87, (2.47)
peByp JR?
where n > 0 is the universal constant of Theorem 2.4. Furthermore, for m €
HY(S?%; S?) with Ng2(m) = —1 we have the corresponding statement
7 min / IV (7 — §)|” dx < Fg (1) — 8. (2.48)
pe(—Bgy) JR2

Notice that our result is stronger than the one in [60] for n = 2 in that it does not
require the assumption that the map /7 be Lipschitz and close in H'(S?; R?) to B.

2.3. Notation

Throughout the paper, the symbols C and  denote universal, positive constants
that may change from inequality to inequality, and where we think of C as large and
n as small. Whenever we use O-notation, the involved constants are understood to
be universal. For matrices A € R"*" for n, m € N, we use the Frobenius norm

|A] := /tr(AT A).



A Quantitative Description of Skyrmions 233

3. An Explicit Representation of the Energy

Here, we extend the functionals Fy, and Fg,t to a sufficiently big space of
functions to ensure that our energy E, ; has a practical representation on .4, and
that Fyo and Fy. are defined for the relevant components of the stereographic
projection ®. The main tool to obtain the relevant estimates will be the Fourier
transform, for which we use the convention

Ffk) = / e KX £ (x) dx (3.1)
RZ

for f € L'(R?) and which we extend to functions f € LP(R?) for 1 < p < 2in
the usual way, see [55, Section 5.4 and 5.6].

The situation for Fyyyt is straightforward: As it is obviously non-negative, we
can simply use the definition (2.8) for all f € LlloC (Rz) with Fguf(f) < o0o. The
Fourier space representation of Fgyr( f) obtained from (3.9) for f € H L(R2) below
will nevertheless be helpful to prove estimates and to compute the surface charge
contribution of a Belavin—Polyakov profile. Furthermore, we define

Fsut (f, g) ==

1 / (f) = fENEX) —g@) - (3.2)
R2

87 lx — x|

whenever f, g : R> — R are measurable with Fy(f) < 0o and Fyyf(g) < 00.

Turning to the volume charges, for measurable functions f,&:R? - R2 with
V. feL*R¥andV-§ e L%(R?) we define

N PO
Fot (f> = E/Rz k| @2m)? (3-3)
F(V-f)FV- 2
Fo (£.8) =3 /R 2 ( 3{' d (zik)z’ (3:4)

the latter of which requires Fyoj( f ) < oo and Fyg (g) < oo.

The following, standard lemma ensures this is indeed an extension of the original
definition (2.7) and provides a number of interpolation inequalities for both Fgy¢
and Fy, we will use throughout the paper:

Lemma 3.1. Formaps f, g : R? — Rsuch that there existc, d € Rwith f+c, g+
de H'(R? and f : R* — R? such that V - f € L*(R?) we have Fyu(f, g) € R
and

Fsurf(f) > 0, (3-5)
Ful(f) =0, (3.6)

1
| Fourt (f, )1 = SIS +cll2lVElla- (3.7)
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If. for p € (1, 00), we additionally have f, § € LP(R?; R?) N WP (R?; R?) with
V-g e L2(R®» and p’' = p/(p—1), then we have Fyoi(f, g) € R with the estimate

Fa (f.2) <c, | 7] 1va,. (38)
Finally, we have the representation

1 -
Furfo9) =5 [ WF( +0F G+ (3.9)

k
Qm)?’
andfor f,§ € C°(R?; R?) we also have

/ / V. f(x)V- g(x)dxdx_l/ f(V-f)f(V-g) dk
4 Jre Jre lx — %] T2 e k| Q)2

(3.10)

In particular, the definition (3.3) extends that in (2.7).

With these extensions, we prove that the representation (2.13) of Ey ; is still
valid. Notice that the density result below is a variant of [63, Lemma 4.1] (see also
ScHOEN and UHLENBECK [75]).

Corollary 3.2. Foro > 0, . > Oandm € fll(Rz; S?) withm + e3 € L*(R?; R?)
there exists a sequence m, € D with lim,_, « ||m, —m| g1 = 0, and we have

EU,;L(m)z/ |Vm|2dx+02</ |m’|2dx—2x/ m' - Vm3dx
R2 R2 R2

(3.11)
+ (1 —=2) ( Fyot(m') — surf(m3))>~
Proof of Lemma 3.1. We first deal with the surface term. The estimate (3.5) is
trivial. The Fourier representation (3.9) follows immediately from [55, Theorem
7.12, identity (4)]. The estimate (3.7) is then a straightforward consequence of the
Cauchy—Schwarz inequality and Plancherel’s theorem, [55, Theorem 5.3].

Next, we turn to the volume terms. Again, non-negativity (3.6) is a trivial
consequence of the definition (3.3). For f ,8eCX (R2; R2), the equality (3.10) is
a result of [55, Theorem 5.2, identity (2)].

By a density argument, it is sufficient to prove the interpolation result (3.8)
still under the assumption f ,8 € C¥ (Rz; Rz). To this end, we define a vectorial
variant of the Riesz transform

Tf:=F"! (zm J—'f) (3.12)

By the standard fact that 7 (V - f) (k) = ik- ff(k) fora.e. k € R? and Plancherel’s
identity, we have

1 f(v.f)f(v.g) dk 1 Ao -
E/Rz k| Qm)? E/Rz T (f) V- gdr. (3.13)




A Quantitative Description of Skyrmions 235

By the Mihlin—-Hormander multiplier theorem [36, Theorem 6.2.7], T extends to
a bounded operator from L”(R?; R?) to L?(R?) for all p € (1, o0). As a result,
Holder’s inequality implies the desired inequality (3.8). O

Proof of Corollary 3.2. By the density result [63, Lemma 4.1] we may choose a
sequence m,, € C®(R2; S?) with m,, +e3 € L? such that lim,,_, o |12, — ml gt =
0. The proof of [28, Lemma 8] implies that we may furthermore take m, + e3 to
have compact support for all n € N, so that we have m,, € A. The local terms are
obviously continuous in the H '-topology. Continuity of Fy and Fyyy is ensured
by Lemma3.1. O

4. Rigidity of Degree + 1 Harmonic Maps

The goal of this section is to prove Theorem 2.4, the quantitative stability
statement for Belavin—Polyakov profiles with respect to the Dirichlet energy F (m).
As explained in Sect. 2.2, it will be helpful at times to think of maps 771 : S — S?
by setting /7% := m o ¢~ for some appropriately chosen ¢ € B. The maps ¢ € B
have the nice property of being conformal, see [27, Chapter 4, Definition 3]. As
such, the above re-parametrization leaves the harmonic map problem invariant, see
Lemma A.2, and we gain compactness of the underlying sets, as well as a greater
conceptual clarity in some of our arguments.

The definitions of gradients, Laplace operators and Sobolev spaces on the sphere
can be found in Sect. A.1. In particular, we use the same symbol for the Euclidean
and Riemannian versions of gradients and Laplace operators as it is always clear
from context which one is meant.

4.1. The Spectral Gap Property for the Linearized Problem

This subsection is devoted to the solution of the linear problem corresponding
to Theorem 2.4 and Corollary 2.6, i.e., we establish the sharp spectral gap property
for the Hessian of F, or equivalently Fg2, at minimizers. The notions and arguments
needed are fairly standard. Here we provide the proof for the convenience of the
reader.

Given a map m € C thatis close to ¢ € B in H(R%; RY), by Lemma A.2 we
also have that m o qb_l is close to idge in H l(Sz; IR3). Therefore, we only have
to compute the Hessian at the identity map idg> : S*> — S2. The corresponding
Hessian on S? and in local coordinates given by ¢ € B is, respectively

9, &) = /S (V€ VE=20-8) dH?, 4.1)
Pt = [ (Veo: Ve~ o 8o VOF) dx. @)
RZ

see [62,77], defined for tangent vector fields ¢, & € H l(Sz; TSZ), see equation
(A.5) for the definition of this space, and

Lo Ep € Hoy (R TpS?)
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- {§¢ e HL(R%:RY) : E4(x) - ¢(x) = 0 for almost all x & Rz} . 43)

Here, we introduced a vector-valued variant HvlV (RZ: R3) of the weighted Sobolev
space

|ul?

H'®R?* :=luecH R2:/ Vul> + ————
W( ) {M ]()c( ) RZ | Ml + 1+|x|4

) dx < oo} , 4.4
arising from H'(S?; R3) under parametrization by ¢ € B due to Lemma A.2, and
the pullback T¢82 = Uyer2{o ()} x T¢(X)SZ of the tangent bundle 7'S? of the
sphere. In particular, note that ¢y - E¢|V¢|2 is integrable. As ids> is a minimizer

of Fg, the Hessians are non-negative bilinear forms in the sense that for all £ €
H'(S?; TS?) and &4 € H)(R?; T,S*) we have

9. 8) =0, (4.5)
99 g, 5p) = 0. (4.6)

In view of identity (4.1), the inequality (4.5) can be interpreted as a Poincaré type
inequality on the space H'(S*; TS?) that does not rely on subtracting averages.
The next step is to identify the null space of the Hessian:

J o= {; cH! (S2; TS2> R, E) = o} . 4.7
It is well known that ¢ € J is equivalent to ¢ solving the so-called Jacobi equation
L) (y) = —AL(y) —2¢(y) —=2(Vy : VE(y)y =0 (4.8)

for all y € S?, where the Laplace-Beltrami operator is taken component-wise. We
call solutions to the Jacobi equation Jacobi fields. In local coordinates given by
¢ e B, ie., foriy :=¢o ¢!, this equation is

Ly(Ly) = =Ny — |Vo|*tp —2(Ve : Vi) ¢ = 0. (4.9)

For our purposes we only need to rigorously ensure that { € J solves a weak
version of the equation in local coordinates under the (a posteriori unnecessary)
assumption that { € J is smooth, which we will do in Lemma 4.1 below for the
convenience of the reader.

Lemma 4.1. Let ¢ € J be smooth and ¢ € B. Then for all & € H'(RZLR¥) N
L%®(R?; R?) the function Ly 1= o ¢ satisfies

/Rz (Vg¢:vg—;¢,.s|v¢|2—2¢-gv¢;v;¢) dx = 0. (4.10)

Using the characterization of the Hessian §) as the second derivative of Fg» at
ids2, we can readily find Jacobi fields: If for ¢ > O and ¢ € (—¢, ¢), the function u;,
is a smooth curve of minimizers of Fg» with g = idge, then % |i=ou; € J.To use
this idea, we recall the representation

u=®o fod! (4.11)
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for fi(z) = %ﬂ’l’ and a;, by, ¢; € Cwitha; — by Z0andag = 1, by = c9 = 0,
see equation (2.46). Differentiating in 7, we see that j € J, where by the chain rule

we have
j0) = (VPod () god ) yes? *.12)

for the complex polynomial g(z) := —%I,:oc;zz + %It:oatz + %h‘:obt- In
particular, we know that dim J > 6.

In the next Proposition (4.2), we prove that all Jacobi fields arise in such a
manner and we compute the spectral gap. To this end, we use to the notion of vector
spherical harmonics [35, Chapter 5.2], as they turn out to diagonalize §). They are
related to the spherical harmonics Y, ; : S2 - Rforn > 0 and j=—n,...n,
which are eigenfunctions of the Laplace—Beltrami operator A with eigenvalues
—n(n + 1). Here, we take them to be normalized such that they form a real-valued,
orthonormal system for L>(S?). Their definition is well-known and we do not need
their explicit expressions in the following (an interested reader may refer to [35,
Chapter 3.4]). The vector spherical harmonics, see [35, equation (5.36)] are defined
for y € S? as

Vo) = J%_ny, (4.13)
andforn > 1land j = —n,...,nas
Vo) =Y 0y, (4.14)
V) = e V), (4.15)
V) = \/ﬁ VX V¥ (). (4.16)

Similarly to their scalar counterparts, they are eigenfunctions with eigenvalues
—n(n+ 1) for a suitably defined vectorial Laplace—Beltrami operator [35, Theorem
5.28 and Definition 5.26]: For & € C2(S?%; RY), using the projections 7 and 77, onto
tangential and normal components, we set

AvE = (A +2)(mné) + T A(Ti6), (4.17)

where A is to be understood as the component-wise Laplace—Beltrami operator.
Furthermore, they form an orthonormal system for LZ(Sz; R3), see [35, Theorem
5.9].

Turning to tangential vector fields, we note that by the above results the set
{yf}, yf; :n > 1,j = —n,...,n} of tangential vector spherical harmonics
forms an orthonormal system for

L2S%: TS?) = {g € L2(R%:R%) : £(y) - y = O for almost all y € SZ}. (4.18)
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Additionally, we can use the fact that the vector spherical harmonics are eigenfunc-
tions of A, to integrate by parts, see equation (A.7) below, to obtain

/S i VI VYCLAH? = n(n + 18y p8;.i8k.0 (4.19)

forn,p>1,j=—-n,...n,i =—p,...pandk, o € {2, 3}, where the § symbols
denote the corresponding Kronecker deltas.

With this information, we are finally able to characterize both the space of
Jacobi functions J and the spectral gap of the Hessian § with respect to the H'-
scalar product. To this end, we define the space of tangent vector fields which are
H!'-orthogonal to the space J of Jacobi fields

H' = {s e H\(S*: TS?) : /2 (VE Vi) dH? =0forall ¢ € J} . (4.20)
S

The choice of the H'-scalar product is motivated by Theorem 2.4 requiring us to
estimate the H'-distance of any given m € C to B.

52])7 yf}, j=-10, 1}. In particular, all

Jacobi fields are smooth and it holds that dim J = 6. Furthermore, we have the
spectral gap property

Proposition 4.2. We have J = span {y

2
9EE) > 3/82 V[ K @21)

for all £ € H'. Finally, the L*-orthogonal projection w; : L*(S*; TS?) —
L2(S?; TS?) onto J is well-defined and orthogonal with respect to the inner product
in H'(S?).

Thus all Jacobi fields arise from variations of the form (4.11).
Having presented all statements of this subsection, we provide their proofs
below.

Proof of Lemma 4.1. Step 1: We have ¢ € J if and only if the condition
/ (Ve :VE—2¢-6)dH> =0 (4.22)
S2

holds for all £ € H'(S?; TS?).

Let ¢ € J, meaning we have ¢ € H'(S?*; TS?) with $(¢,¢) = 0. As § is a
non-negative bilinear form, the Cauchy—Schwarz inequality implies for all £ €
HY(S?; TS?) that

0 <95 < HE HHIE£) =0, (4.23)

which yields (4.22). Furthermore, by choosing & = ¢ we getthat (4.22) is equivalent

09, ¢) =0.
Step 2: Prove equation (4.10).
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If ¢ € H'([R2%:RY) N LY®R2LRY) ¢ HL(R2 R3) satisfies £(x) - ¢p(x) = 0
for almost all x € R2, then the statement immediately follows from (4.22)
and Lemma A.2. Consequently, it is sufficient to consider & € H'(R%; R?) N
L®(R?; R3) with & = (£ - ¢)¢. In this case, by virtue of o6 =E-90)(lp-9) =0
almost everywhere we can write

[ (V6o 1 V6 — o €1V07 ~2V6 5 Ve - ) dx
R2

/R i (m V@ - §)¢] = 2(Ve : Vi) (@ - é)) dx (4.24)

3

2
ZZ/ $;0; (5 - $)0;Cp,j dx —/ (Vo : Vip) (@ - &) dx.
i=1 R2 R2

i=1 j=

For i = 1,2 using the identity 0 = 9 (s - ¢) = Y 1—; (Cp. ;i) + ¢0i%p.)) We
obtain

2 3 2 3
DN IR LN 3) B IR NI

i=1 j=1 i=1 j=1
(4.25)

As &, ¢ and ¢y are bounded by assumption and |V¢| decays quadratically at
infinity, we can integrate by parts on the right-hand side of equation (4.25) without
incurring additional boundary terms at infinity. Thus we get

2 3
_ZZ/Rz 8.0 (& - @)D dx = /RZ(S 0o+ Ab+ Vs : Vo) dx.

i=1 j=1
(4.26)

The first term drops out due to ¢ solving the harmonic map equation Ag+|Vp|?¢ =
0 and ¢, being a tangent field. The remaining term cancels with the other term on
the right-hand side of equation (4.24), yielding (4.10). O

Proof of Proposition 4.2. As the tangential vector spherical harmonics form an
orthonormal basis for L%(S?; TS?), for each &€ € H'(S% TS?) we have the
Plancherel identity

n 2
/2 HEGEED DY (/zg.yr(f;dH2) . 4.27)
S n=1 j=—nk=2,3 /S
For N € N let
Hy = spaniy,i]f; :0<n<N; j=-—n,...,n k:2,3]. (4.28)

In view of inequality (4.5) the expression sz V¢ @ VE dH? defines a scalar product
on H1(S?; TS?), which we call the H'-scalar product. Let Ty be the H! -orthogonal
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projection onto Hy and let & € HY(S%, TS?). Thenforl <n < N,j=-n,...,n
and k = 2, 3, we can integrate by parts, see identity (A.7), and use the fact that
y,ﬁ"j is an eigenvector of A, with eigenvalue —n(n + 1) to get

0= [, V& —mye): VI =nin 1) [ (€ =) a1
S2 ’ S ’
(4.29)

As a result, we have

n,j

/ TNE - VA dH? = / g-y0an? (4.30)
S? ’ s2

foralll <n <N, j=—n,...,nand k = 2, 3, so that we get

N n
anE=) > ) (/st A dH2> . 4.31)

n=1 j=—nk=2,3

Therefore, from identity (4.19) we obtain

N n 2
D Zn<n+1>(/ s~y,5"}dH2) = [P ar
s? ' §?

n=1 j=—nk=2,3
5/ |VE2 dH2. (4.32)
SZ

In the limit N — oo, we consequently deduce

n 2
DD IRICES) (/ s-y,j"}dM) 5/ \VE? dH2. (4.33)
S? ’ s2?

n>1 j=—nk=2,3

By the identities (4.31) and (4.27) we have myé — & in L?(S?; TS?), which
implies that Vay& — V£ in L2(S?; R%). As a result, from the equality in (4.32)
and lower semicontinuity of the L?(S?; R?) norm we get

n 2

>3 E:n(n+1)</ g-y,j"j.d#) = lim / \VrnE|? dH?
K S2 ’ N—oo Js2

n>1 j=—nk=23

> / |VE? dH>. (4.34)
SZ

Combining the two inequalities (4.33) and (4.34), we obtain

n 2
Y3 > i+ (/ g-y,ﬁ"j.dW) =/ |VE|? dH2. (4.35)
S? ’ S?

n>1 j=—n k=2,3

By the two equalities (4.27) and (4.35) we obtain the representation

n 2
HEEH=D DY (nn+1)-2) (/Szg 00 dH2> . (4306)

n>1 j=—nk=2,3
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from which the representation J = H;| immediately follows by virtue of n(n+1) >
6 for n > 2. To deduce the spectral gap property, note that by the same token we
have the sharp estimate n(n + 1) — 2 > %n(n +1).If& € H' we therefore have

25y k) P2
NEHZTY Y Z"<”+1></Szf'3’n,jd*‘2> =§/S2'V5'2dH2’

n>1 j=—nk=273
(4.37)

which concludes the proof of estimate (4.21).
Finally, in view of the fact that the tangential vector spherical harmonics are an
orthonormal system for L2(S?; TS?) we see that

_ @ @ 3 @
wy () = Z [(/st 'yl,jdH2> i+ (/gzé 'yl,jde) yl,./']

j=—1,0,1
(4.38)

is the L?-orthogonal projection onto J, which by identity (4.31) coincides with the
H'-orthogonal projection. 0O

4.2. From Linear Stability to Rigidity

In order to make use of the spectral gap property of Proposition 4.2, we first
have to find a degree one harmonic map to which to apply it. It turns out that it
is advantageous to take ¢ € B minimizing the Dirichlet distance D(m; ), see
definition (2.38), between B and m € C, which is possible due to the following
Lemma 4.3. As in its proof it is more convenient to deal with Belavin—Polyakov
profiles rather than Mabius transformations, we formulate it in the R?-setting.

Lemma 4.3. For any m € C there exists ¢ € B such that

1
D(m; B) = </2 |V(m—¢)|2dx>2. (4.39)
R

With this statements, we are in a position to prove a local version of Theorem 2.4
by projecting m — ¢ onto a vector field tangent to ¢ and using Lemma 2.5 to control
the resulting higher order terms.

Lemma 4.4. Let 7j > 0 be as in Lemma 2.5. For m € C with D*(m; B) < 7j we
have

(% _ %c}mm; B) — %cjzﬂ(m; B)) DX(m; B) < F(m) — 87,  (4.40)

where Cy is the constant from Lemma 2.5.
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Proof of Lemma 4.3. Towards a contradiction, we assume thatinf yc5 fRZ |V (m—
¢)|* dx is not attained. Throughout the proof, we ignore the relabeling of subse-
quences without further comment.

Step 1: If the infimum is not attained, then [g, |V(m—@)|* dx > [p2 [Vm|? dx+
81 forall ¢ € B.

Forn € N, let R, € SO(3),0 < p, < oo and x,, € R2 be such that ¢n =
R, ® (,o”_l (o — x,,)) € B satisfies

lim IV(m — ¢p)|* dx = inf / [V(m — ¢)|* dx. (4.41)
n—o0 [m2 peBB R2
As SO(3) is compact, there exists a subsequence and R € SO(~3) such that
lim,—, ~ R, = R. By direct computation, we have uniformly for all ¢ € B
- 2
lim [ |v (Rn¢) —v (Rq&)‘ dx = 0. (4.42)
n—oo Rz

‘We may thus suppose that R,, = R forall n € N. Due to the fact that there does not
exist an optimal approximating Belavin—Polyakov profile we have lim,,_, o, p, = 0,
limy,_, o0 p, = 00, or lim,,_, o0 X, = 00.

Let us first deal with the case lim,,—, », 0, = 0, which implies V¢,, — 0 in L2,
Consequently, by expanding the square we get

inf/ IV(m — ¢)|* dx = lim/ |V(m—¢n)|2dx=/ |Vm|? dx + 8.
¢eB Jr2 n—00 [p2 R2
(4.43)

As the infimum is not achieved, we obtain
/ |IV(m — ¢)|* dx > / [Vm|? dx + 87 (4.44)
R2 R2

for all ¢ € B.
In the case lim,_, o, p, = 00, we rescale m, := m(p,x + x,) and observe
Vm, — 0in L?. Similarly as in the previous case we thus get for all ¢ € B:

/ IV(m — ¢)|>dx > lim / |V(m, — R®)|* dx =/ |Vm|* dx + 8.
RrR2 n—oo R2 R2
(4.45)

In dealing with the case lim,_, 5, X, = 00 we may consequently assume that
lim, pn = p € (0,00). Once again we then get V¢, — 0 in L2, and we
conclude as in the first case.

Step 2: Derive the contradiction.

Expanding the square in the result of Step 1 yields

/]RZ Vm :V¢dx <0 (4.46)

for every ¢ € B. Now, for x € R? we define the four Belavin—Polyakov profiles:

P14 (x) 1= (P (x), P2(x), P3(x)), (4.47)
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P+ (x) 1= (P2(x), P1(x), —=P3(x)), (4.48)
¢4, - (x) == (=P1(x), =P2(x), P3(x)), (4.49)
¢ —(x) = (=P2(x), =P1(x), —P3(x)). (4.50)
It is straightforward to see that

/ Vmsz - V¢ y3dx = —/ Vms - Vé_ _.3dx, (4.51)

R2 R2
/ Vms - V¢ _.3dx = —/ Vms - Vé_ y.3dx, (4.52)

R2 R2
/ Vm' V¢l  dx = —/ Vm': V¢! _dx. (4.53)

R2 ' R2 '

Therefore, by (4.46) and (4.51)—(4.53) we get
0> /2 Vm : (V¢+,+ +Vo, _+Vo_ o + Vq)_,_) dx
R
- /R Umy (Vi + Vo s H VOtV )y (454)

+/ Vm': (V! + V¢l _+Ve¢.  +Ve. _)dx =0,
R? ’ ’ ’ ’
which is a contradiction. 0O

Proof of Lemma 4.4. Lemma 4.3 ensures the existence of ¢ € 3 such that

/]Rz |V(m — ¢)|> dx = D*(m; B). (4.55)

As ¢ arises from ® purely by invariances of the energy, we may without loss of
generality suppose ¢ = ® by re-defining m. Throughout the proof, we abbreviate
J={od:£&e ).

Step 1: We decompose m — @ into a vector field parallel to ®, a Jacobi field
and a tangent vector field normal to Jacobi fields. Furthermore, we state a few
preliminary estimates and identities.

For & € H)(R?* ToS?), let m5(§) := m;(§ o 1) o ®, where 7, is defined in
(4.38), which makes sense in view of Lemma A.2. We decompose ¢ := m — ®
pointwise into the three parts:

1
g = @) b =—|m - | P, (4.56)
Cii=miC =&, 4.57)
== - g, (4.58)

where we noted that £ — ¢ € HI!(RZ, RHNL®RZ R3) ¢ HVIV(RZ; RR3). Since by
Proposition 4.2 the map 777 is both an L2(S?; TSz)-orthogonal andan H'! (S2; TS?)-
orthogonal projection, Lemma A.2 implies that

/ ¢ ¢ VOPdx = 0, (4.59)
RZ
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/ Vi Verde =0. (4.60)
R2

Lemma 2.5, which we may apply due to our smallness assumption D?(m; B) < 7,
together with Lemma A.2 tells us that

1 ct
1 2IVe)PPdx = = [ |m— @Y |IVe>dx < —2D*m; B). (4.61)
R2 ” 4 RrR2 4
Step 2: We claim that
5
/R2 1Z)PIVD|?dx < /}R2 12 IVD|? dx + ZCjD“(m; B). (4.62)

Indeed, by construction we have (¢ + ¢*) - ¢ = 0 almost everywhere. Therefore,
by (4.59) we obtain

/ 1Z12|V* dx
R2

- /Rz (112 420 @7+ +1g72 +285 - ¢+ 1P ) VP d

= [ (16P +1e;2 +17F) 9 0Pax.
(4.63)

The ¢j-term in (4.63) is controlled by (4.61), so that we only have to estimate
the ¢ j-term. Furthermore, since ¢ is a Jacobi field, Proposition 4.2 implies that
we can find ¢ > 0 and a smooth map ¢ : (—¢, &) — B such that ¢ (0) = ® and
09 (t)l;=0 = ¢;. Differentiating the expression fRZ |V(m — <;5(t))|2 dx in ¢ and
using the fact that + = 0 is its minimum, we obtain

/ Ve Ve de =0, (4.64)
R2
Thus we have together with {7 = ¢ — ¢ — ¢* and the identity (4.60) that

/ |V§j|2dX=/ V(= —¢"):Vgjda = —/ V¢ VEjdx.
R2 R2 R2
(4.65)

By Proposition4.2, {5 is smooth, and we may use Lemma 4.1, the fact that g L= 0
almost everywhere, as well as (4.56) to obtain

= [ Ve Ve == [ 2@ e vepas
R R (4.66)

=/ Im — ®*(V® : V¢;)da.
RZ
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The two identities (4.65) and (4.66) allow us to obtain from the Cauchy—Schwarz
inequality and the estimate (4.61) that

/ IV¢;12dx < CiD*(m; B). (4.67)
R2
This and the Poincaré type inequality (4.6) furthermore implies
/ 1£712IV|* dx < C4D*(m; B), (4.68)
R2

which together with (4.61) yields the claim.
Step 3: We also claim that
/Rz V¢ P dx = /R (Va1 +298 2 V@& = 4 + V5, +V¢"?) d
(4.69)

and

/ 2Ve V(¢ — ¢ dx +/ V¢ ? dx = —2C3 D3 (m; B) — C{D*(m; B).
R2 R2
(4.70)

The first equality follows directly from (4.60). With the help of the identities d; [P -
(¢ —¢Pl =0and 3y = —5lm— P23 P, — 33 lm—d|> ace. fork = 1, 2and
[ =1, 2, 3 obtained from (4.56), the second term in the right-hand side of (4.69) is

/ 2V V(¢ =g dx
R2

2 3
=/RzZZ(—|;|2ak<bl 0(c = &1 — PLOKIEP 0 = Gn) dx g )

k=1 I=1
2 3

= /RZ ZZ ((§ — 41 g DD — 1217 Py 0k (C — §||)z) dx.
k=1 I=1

As |[VO(x)| = O(Jx|~?) for |x| — oo, we may integrate by parts in the first term
to get

2 3
L3 = apnandel o ox

k=1 I=1

2 3

k=1 I=1

(4.72)

The first term drops out by the harmonic map equation A® + |[V®|?®d = 0 and
the fact that ® - (¢ — &) = 0 almost everywhere, while the second one combines
with the second term on the right-hand side of identity (4.71) to give

/ 2Ve V(@ =g dx = —/ 2|§|2Vd> :Vedx +/ 2|§|2 Vo : Vg dx.
R2 R2 R2
(4.73)
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The Cauchy—Schwarz inequality and the equality in (2.38) applied to the first term
on the right-hand side, as well as Young’s inequality applied to the second term

imply
1

—/ 2V§||1V(§—C|)dx§2(/ |z|4|vcl>|2dx>21)(m;6>
R? R? (4.74)

+/ |c|4|V<I>|2dx+/ Ve dx,
R2 R2

By estimate (4.61), this gives the second part of the claim.

Step 4: Conclusion.
We now use Steps 2 and 3 to decompose the conclusion of Lemma A.4 in terms of
¢*, ¢ and ¢, taking care to not estimate fRZ |V¢*|? dx in the identity (4.69) and
only to estimate one third of the remaining terms, by which we obtain

F(m)—8n=/ IV(m — ®))> — (m — ®)?|VP|*dx
RZ

ko ok z 2 . _ 12
> 50" 00+ 5 [ (IValP+296: V@ - 5 +196;) de
R2

2 19
- 5C}{D%m; B) — Ecj{D‘*(m; B).
(4.75)

As we have ¢* o ®~! € H! by construction, see definition (4.58), the spectral gap
proved in Proposition 4.2 along with Lemma A.2 gives

2 2
e ¢ =HE 0 Fod ) = "/ ‘V (C* o @‘1)‘ dH?
3 Js2
2
= —/ Ve | dx. (4.76)
3 R2
As aresult, the estimate (4.75) and Step 3 imply

2 2 1
F(m) — 81 > -/ |V(m — ®)|>dx — ZCID*(m; B) — —gcg‘D“(m; B),
3 Jr2 3 12
(4.77)

concluding the proof. 0O

4.3. Proofs of Theorem 2.4, Lemma 2.5 and Corollary 2.6

Having collected all the necessary intermediate statements in the two previous
subsections, we now proceed with proving our main results, starting with Theo-
rem 2.4.
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Proof of Theorem 2.4. Step 1: For all o« > 0 there exists B > 0 such that for all
m € C with F(m) — 87 < B we have D(m; B) < a.

Towards a contradiction, we assume that there exists « > 0 and a sequence
of m,, € C for n € N such that F(m,) — 87 < % and D(m,; B) > «. Then, for
r > 0 we introduce the Lévy concentration function Q,(r) := sup, g2 in (B (x))
associated with the measure u,, such that du, := |Vm, |2 dx. Observe that Q,,(r)
is a non-decreasing continuous function of r and satisfies lim,_.o Q,(r) = 0 and
lim, 00 On(r) = F(m;,) > 8m. Using translation and scale invariance of F, we
can thus assume the sequence (m,,) to satisfy

/ |V, > dx = Q,(1) = 4x (4.78)
B1(0)

for all n € N. Lemma A.2 implies that the sequence of 711, (y) := m, o ®~!(y) for
y € S? and n € N is a minimizing sequence for Fg. Consequently, [56, Theorem
1] implies that there exists a harmonic map 7 : S> — S? and a defect measure
v on S? supported on an at most countable set such that 71,, — i in H'(S?; R?)
and |Vii,|*dy A |Vai|? dy + v as Radon measures. Furthermore, [56, Theorem
5.8] implies that for v # 0 there exist P € N points {y[,}[‘[;:1 e S? such that
V= Zf;:l 87 Npdy, for some Nj, € N.

If we had v # 0, then on account of lim,_, » Fg2 (7,) = 87 there can be at
most a single defect y; € S? such that v = 8mdy,, and we must have Vi =0
almost everywhere. We must consequently have y; € ®(Bj (0)), which, however,
implies

lim |Vm,|>dx = 87, (4.79)
0SB (@ ()

contradicting the second equality in (4.78).

. . ~ *
Therefore, we must have v = 0, in which case the convergence |Vm,, |2 dy —
|Vai|2 dy gives

/S2 \Vii|>dy = 8, (4.80)

which, in turn, implies that m,, — m in H! (Rz; ]R3). However, this contradicts the
assumption D(m,; B) > « foralln € N.

Step 2: Conclusion.
By Step 1 we can choose 8 > 0 such that for all m € C with F(m) — 8w < B we
have D?(m; B) < i}, where 7 is as in Lemma 2.5. If we additionally choose 8 > 0
small enough, Lemma 4.4 thus implies that there exists 7 > 0 such that

AD*(m; B) < F(m) — 87 4.81)

for all m € C with F(m) — 87 < B. For m € C with F(m) — 8t > 8 we use
Lemma A.4 together with fRZ (m — $)?|Ve|*>dx < 327 forall ¢ € B to get

Dz(m; B) < F(m) +24n < <1 + 32%) (F(m) —8m). (4.82)
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Given m € C, existence of ¢ such that

/R2 IV (m — ¢)|> dx = D*(m; B) (4.83)

—1
was proved in Lemma 4.3. Thus the theorem holds for  := min { 1, (1 + 3%”) } .

O

Proof of Lemma 2.5. By Jensen’s inequality, it is sufficient to prove the estimate
for p > 2. The Sobolev inequality applied to the map u(y) = m(y) —y —
sz (m(3) — ¥) dH*() for y € S? implies (see, for example, [5, Theorem 4])

2
(][ ‘m(y) (m(y) %) dH (y)‘ dH%y))

— I dH () (4.84)

- 2 SZ
+][ ’m(y)—y—][ mG) — §) dHG
S2 S2

The sharp Poincaré type inequality, following from the first nontrivial eigenvalue
of the negative Laplace-Beltrami operator —A on S?, see for example [35, Theo-
rem 3.67], implies

][ 'mm —][ MG — 5) dHG
SZ

][ IV (m(y) — y)I> dH>(y), (4.85)

2
dH?(y).

2
dH2(y)

so that we obtain the Sobolev—Poincaré inequality

(][ ‘m(y)—y—][ m(3) — 7) dH*(G
S2? S2
- p-l

— I dH2 ().

2
, .
dH%y)) ’

(4.86)

As the right-hand side of this estimate is part of the desired Sobolev inequality,
we only have to control the average. To this end, for the moment we only consider
the case that m is smooth. By symmetry of S?, we obviously have

][ (m(3) — 3) dH*(3) =][ m() dH*(§). (4.87)
2 s2

With the goal of finding a similar cancellation for the remaining term, we work
towards writing it on the image of m.
Setting 711 := m o ® and using Lemma A.2, we have

1 -
][ mdH> = — | m|V®|*dx. (4.88)
S2 8 R2
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The identity |[V®|> — |Vii|> = 2V : V(® — i) + |V(P — m1)|* and Cauchy—
Schwarz inequality imply

1 - ~
—/ m<|Vm|2—|vq>|2) dx
8w R2

<L</ |V(%—<I>)|2dx>é+i/ |V (7 — )| dx
= V2r \Ur? 87 Jr2 .

With the goal of further rewriting % Jre | V|2 dx, we use the estimate (A.23)
to get

(4.89)

V| = 2|7 - (917 x dai1)], (4.90)

and thus we obtain

1 ~ ~ ~ ~
—/ (2|m (017 X dpt)| — |Vm|2) dx
8w R2

i
1 P
< (|Vm| NG 32m)|) dx
8 R2

4.91)
l ~ 2 ~ ~ ~

< (|Vm| — 25 - (017 % Bgm)> dx
8w R2

1
—/ |VAi|?dx — N ().
877.' R2

By choosing 77 > 0 small enough, we get /() = 1 due to H I_continuity of AV,

so that the above turns into
1 ~
< — (/ |Vii|? dx —871).
8 R2

A -
—/ i (2|m (017 X 0oit)| — |Vm|2) dx
Rz

8
(4.92)
By Lemma A .4, we get
1 ~2 1 ~ 2
— [Vm|“dx —8m | < — [V(m — ®)|°dx, (4.93)
8t \JRr2 8 JRr2

so that the above gives

1
—/ i <2|ﬁi (017 X da)| — |Vﬁi|2) dx
8 R2

1 ~
< —/ V(i — ®)|% dx.
8w R2
(4.94)
We now aim to use the area formula [3, Theorem 2.71] to rewrite the first term
on the left-hand side as an integral over the image of 7. As we have m - 9;m =

m - 9,m = 0 everywhere, the two vectors 711 and 817 x dpm are parallel. Therefore,
we have

|71 - (1 x 0,m1)|> = |91 x dait|> = 17 - (Bt x (17 x Bril)))

(4.95)
= 8170|2927 | — (D177 - 1),
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so that |7 - (3;m x 8ym)| is the modulus of the Jacobian of 2. Consequently, the
area formula gives

1

— | - (v x dam)|dx =][ HY () dHA (2)
4 JR2 s?

(4.96)
:]éz ZHO(m ™ () dHA ().

For all z € S? there exists at least one y € S? such that m(y) = z since m has non-
zero degree, see [18, Property 1]. On account of H° being the counting measure,
this means that we have H°({m~"'(z)}) > 1 for almost all z € S*. By symmetry of
the sphere we get

‘][ cHO(m ™ () dH2(2)
S

= ‘][ 2 (H(m™ @) — 1) 412 2)
S2

(4.97)
=, (R on 1) .
S2

Going back to R? and exploiting that averaging leaves constant functions invariant,
by (4.90) we obtain

][ (HO({m_l(Z)}) — 1) dH*(z) = L/ |m - (9ym x dpm)|dx — 1
S2 47 R2

1 ~
< _/ |Vii|* dx — 1.
8 R2

Straightforwardly concatenating the estimates (4.96), (4.97), (4.98) and (4.93), we
then obtain

(4.98)

1 ~ o~ ~ ~
—/ m|m - (0ym x dym)|dx
4 R2

1
< —/ V(i — ®)|% dx. (4.99)
8 R2

Adding the estimates (4.89), (4.94), and (4.99) we get

1

7or (frvi- o)
< V(i — @))% dx
2 \Jr? (4.100)
+i/ V(7 — )| dx.
8 R2

! ~ 2
— m|Vo|~dx
87 R2

Concatenating the identities (4.87) and (4.88), and again applying Lemma A.2, we
thus obtain

1

1 2
~—~dH2~‘_ </V N2 >
‘]éz (m(y) —y) ) <—m Sz| (m(y) — y)l ) @101

3
+8—/ IV(m(y) — ) dH?(p).
T S2
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Under the assumption fRZ V(i — ®)|?dx < 7 for 7 > 0 small enough, we then
get

1
1 2
§ﬁ</szlv(m(y)—y)|2dy> L0

which by a density result of SCHOEN and UHLENBECK [75] even holds for all
m € H'(S*; S?) with [ |Vm|* dx — 87 < 7j. Together with inequality (4.86), this
proves the desired Sobolev inequality.

In order to obtain exponential integrability, we exploit the Moser—Trudinger
inequality, [66, Theorem 2], which says

‘][ m() - §) dHG)
SZ

/ AT g2 < ¢ (4.103)
SZ

for a universal constant C > Oand u : S> - R satisfying sz |Vu|2 dH? < 1 and
sz udH? = 0. To thisend, fori = 1,2, 3 and y € S? we define, assuming without
loss of generality that m # idg2:

1

22 )
ui(y) := (/S2 [V(m(y) — y)I"dH (y))

x ((m(y) -y - ]é (m() — ) de(i)) (4.104)

i

By Holder’s inequality and the Moser—Trudinger inequality we have

3 3 1/3
/ e TP g1 :/ [Te¥ " an? < H(/ Aluil? dH2> <cC.
s? S i \Us?
(4.105)

At the same time, as a result of the inequality (a + b)2 < 2(a2 + b2) fora,b e R,
we have for all y € S? that

-1
20ui (P = (/S IVn(y) = y)|2dH2(y))

2
X (|ml-(y> —yil? =2 ‘]é (m(y) = 9); dH* () ) . (4.106)
which by the estimate (4.102) gives
. —v:]2

() > i) = Wil S - (4.107)

[V(m —idg2) 15

The two estimates (4.106) and (4.107) together imply

7 () —yI? 5
/ e V2 g1 (y) < C, (4.108)
S2

concluding the proof. O
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Proof of Corollary 2.6. The statement for degree 1 maps immediately follows
from Theorem 2.4 and Lemma A.2. The estimate for degree —1 maps is a simple
consequence of the fact that m € H'(S?; S?) has degree —1 if and only if —m has
degree 1. O

5. Existence of Minimizers

The goal of this section is to show that minimizers of the energy E, , over A
exist in an appropriate range of parameters by proving Theorem 2.1.

5.1. First Lower Bounds

Here, we describe the basic coercivity properties of E, ;. To do so, we
ensure that exchange and anisotropy energies being finite forces either m — e3 €
L?>(R% R3) or m + e3 € L2(R?*; R?), justifying our choice of the latter as an
assumption in the definition of A. Recall that m = (m’, m3), where m’ = (m1, my)
is the in-plane component of the magnetization vector.

Lemma 5.1. Let m € Fll(Rz; S?) be such that m' € L*(R?; R?). Then we have
m —e3 € L2(R2: R3) or m + e3 € L2(R2; R3) with the estimate

1
min{/ |m3—1|2dx,/ |m3+1|2dx} 5—/ |Vm|2dx/ (1 —m3)dx.
R2 R2 47T R2 R2
(5.1)

In particular, for m € A we have

/ Im3 + 1> dx < 4/ (1 —m3)dx. (5.2)
R2 R2

Using this estimate, we are in a position to prove that E, , is bounded from
below and controls both the Dirichlet and the anisotropy energies.

Lemma52.Let 0 > 0 and A € [0,1]. Let m € H'(R%; S?) withm + e3 €
L?(R%; R3) and fRZ [Vm|?dx < 167. Then Es ;. (m) < 0o, and we have the lower
bounds

2
(1 — 02¥> /Rz |Vm|? dx < Eq; (m), (5.3)

1 A 2 2
<1 —02u> /2 |Vm|? dx + % /2 ' Pdx < Epa(m).  (5.4)
R R

2

In particular, in the regime o (1 + A) < 2 we have Es ; (m) > 0 for allm € A.
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Proof of Lemma 5.1. Step 1: We have either mz — 1 € L2R%:RHYormy+ 1€

L%(R?; RY).

For almost all x € R? with m3(x) < 1 we have the inequality |1er3|22 < |Vm/|?,
3

see for example [69, (3.17)] for the argument, which together with the fact that

|Vm3|(x) = 0 for almost all x € R? with |m3(x)| = 1 and together with Holder’s

inequality gives

/ |Vm3|dx:/ |Vms| dx
R2 {m3<1}

1 1 (5.5
2 : 2 .
< ( |[Vm| dx) (/ (1 —m3) dx> < Q.
R2 R2
The co-area formula, see for example [3, Theorem 3.40], reads
1
/ |Vms|dx :/ P({ms > t})dt. (5.6)
R2 -1
Therefore, there exists ¢t € (—%, %) such that
P({m3 > t}) 5/ |[Vms3|dx < oo. 5.7
R2
The isoperimetric inequality [3, Theorem 3.46] then implies
. L
min {|{m3 > t}|, [{m3 < t}]} < EP ({m3 > t}) < oo. (5.8)

In the following we only deal with the case |{m3 < t}| < oo, as the other
case can be treated similarly. Using 0 < 1 — m3(x) < 2 for all x € R?, and
1+m3(x)>1+1¢t> % for all x € {m3 > t}, we have

/|m3—1|2dxsz/ (1 —m3)dx + 4|{m3 < 1}]
R2 {m3>t}
54/ (1+m3)(1 —m3)dx +4l{m3 <t} (5.9)
{m3>t}

54/ (1 —m3%) dx 4 4|{m3 < 1}| < co.
]RZ

Step 2: Prove the quantitative estimates.
By [34, Theorem 2] the optimal Gagliardo—Nirenberg—Sobolev inequality is

1
lellz = S—=IIDulls (5.10)

27
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foranyu € L” (R2) with r € [1, 00). Combining this inequality with estimate (5.5)
yields

1 2
min{/ |m3—1|2dx,/ |m3+1|2dx} < —(/ |Vm3|dx)
R2 R2 47'[ R2

1 2 2
— [Vm|~ dx (1 —m3)dx,
4 JRr2 R2
(5.11)

A

IA

which concludes the proof of estimate (5.1). Finally, inequality (5.2) for m € A
follows from m + e3 € L*(R*; R?) and [, |[Vm|?dx < 167. O

Proof of Lemma 5.2. By Lemma 3.1, we have 0 < Fyo(m’) < oo. Furthermore,
the estimate (3.7) gives

1

Fyuf(m3) = §||m3 + 1l2[IVm3]2. (5.12)

Lemma 5.1 and the assumption ||Vm|, < 4./7 for all m € A then imply

1
Fourf (m3) < mllm/llzllvlﬂllﬁ < m'll21Vm]2. (5.13)
To handle the DMI term, note that the Cauchy—Schwarz inequality gives
2 [ 'z dx < 2 o s (5.14)
R2

Combining these insights and applying Young’s inequality we obtain

Enam = [ (19m +02n'R) dx = 021+ )l 2|Vl
R

5 (5.15)
> (1—a2u>/ |Vm|? dx
4 R2

and
1 A 2 2
Eq.(m) z/ ((1 —UZQ) \Vm? + G—Im/|2> dx, (5.16)
’ R2 2 2

which gives the desired statements. O
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5.2. Upper Bounds via Minimization of a Reduced Energy

We now turn to defining a simplified energy that reduces the minimization
to finding the best Belavin—Polyakov profile taking the correct value at infinity.
As these profiles have logarithmically divergent anisotropy energy, a truncation is
necessary to make sense of the energy.

Let

2r

f0) =1

(5.17)

be the in-plane modulus of the Néel-type Belavin—Polyakov profile

2x 1 —x?
] ={- , . 5.18
0 ( T+ 2P 1+|x|2> G189

‘We consider the truncation at scale L > 1 defined as

QL(x) = (‘fL(|x|)|i_|» sign(l — |x[){/1 — ff(|x|)> ; (5.19)

where

1) ifr <L2,
fLir) = f(L%)liﬁﬁil e LY (5.20)

KI(L’%>

Here, K is the modified Bessel function of the second kind of order 1, for a more
detailed discussion see Sect. A.3. The ansitze are then given by

bpo.L(x) = Sp®r (o 'x) (5.21)

forp > 0,0 € [-m, ), L > 1 and where Sy is given by (2.24). For convenience,
we also define ¢ 9,00 (x) = SgCD(p_lx).

For later computations, it turns out to be convenient to not quite use the variables
p and L in the definition of the reduced energy, but to make the substitutions

L
N

We furthermore divide the energy by H(‘:ﬂ. As we will show below, for o > 0,
A € [0, 1] and a constant K > 0 the rescaled energy of ¢, g 1. is then given to the
leading order in o < 1 by

p=llogolp, L= (5.22)

47 log (KZ2)

PP —g(h.0)p, (523
[logo|

Eosk (.6,L) :=|logo] (02)72 +

on the domain

~ ~ o~ ~ 1
V, = {(p,@,L):p>0,9€[—n,n),Lz4aﬁ}, (5.24)
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where

7.[3
8, 0) i= 8 cost + (1 =) (1 —300520). (5.25)

The first term on the right-hand side of definition (5.23) represents the Dirichlet
excess. The constant 4,/7 in the bound for L in the definition of V, is the result
of the a priori estimate (6.5) for the Dirichlet excess arising in the proof of the
lower bound in Sect. 6. The second term captures the logarithmic blowup of the
anisotropy energy as the profile approaches a Belavin—Polyakov profile. Finally,
the third term combines the contributions of the DMI and stray field terms.

The details of the truncation (5.20) will only enter through the constant K > 0,
with our construction giving K = K*, where

. 167

K™ := pEIER (5.26)
in which y & 0.5772 is the Euler—-Mascheroni constant. As this constant matches
the one obtained in Lemma 6.4 below, we do expect our ansatz to be optimal.
However, we will lose a constant factor of % — ¢ for ¢ > O sufficiently small
in the application of the rigidity Theorem 2.4, so that we get different energies
Espkx and & ok (3e)- 1K appearing in the upper and lower bounds for min Ej; ;.
Nevertheless, we w111 see that the stability properties of the two reduced energies
are strong enough to prove Theorem 2.2.

The next lemma contams an estimate comparing Eq ; (¢p.0,1) With & 5.k
(p 0, L) The rate o2 | log o] is likely not optimal, but it is sufficient for our argu-
ment. Additionally, we keep track of a number of identities which will be useful
later.

Lemma 5.3. There exist universal constants C > 0 and o9 > 0 such that for
all o € (0,00) and for all A € [0, 1] we have the following: For p € (0, 1],

0 €l-nm,m)and L > 5 wehave¢ngeAand(|loga|p H,ZI)GV
Furthermore, it holds that

|logo| :
= (Eop.(¢p.0.0) — 87) — Exiik+ | |logolp. 6, 2f < Co#|logol,
(5.27)
where K* is defined in Eq. (5.26). Additionally, for any p > 0 we have
4r  Clog? L
2
/]RQ |v¢p,9,L| dx — 87 < ﬁ + T, (5.28)
2 _
L1V @0 = dp0) ax < L2, (5.29)
412 Cp?log? L
/ 2 2
[ 1800 ax < ampttog (i ) + LA 530
C,o2

16p.6.003 — Bp.o.0:317dx < ——, (5.31)
R2 L
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/ 20, .00 - Vp.0.00:3 dx = 87p cos b, (5.32)
2 P00
/ 20/, o1 - Vbpo,1:3dx = 8pcosd + O (pL—%) : (5.33)
2 200,
, 33 5 3 1
Fyol (¢p,9,L> — Fout (¢p.0.0:3) = g °os 0 — < )Pt o (,OL 4)~
(5.34)

Having thus established the correspondence between E, j and & 3.k, we can
carry it out explicitly for the first part of the following statement. The stability
properties of &, ;. x are collected in the second part, which will yield convergence
of the skyrmion radius and angle in Sect. 6.

Proposition 5.4. There exists a universal constant o9 > 0 such that for all o €
(0,00), A €[0,1]and K € [%K*, 2K*] we have the following:

(i) The function E; 5.k has at most two global minimizers (po, Ooi, Lo) over V,
and no further critical points in V. Recalling the definitions (2.26) and (2.27),
the minimizers are given by

g(A I 1
po = S8 | (loglloga] (5.35)
167 |logo|
0 ifh > Ac,
96: - {:I:arccos (32—’\) 1 (5.36)
2—n ) €@
8 I 1 1
LO=<_—ﬁ+O(Og| 0g0|>> |loga| (537)
g) [logo| o

Furthermore, we have

32()
200 20 loglloge] 3200 02 (&%)

e
o Cokik 27 | 327 |logo| 64w |logo|
log? |1

+0 log” [logo]| (5.38)

|logo|?

and

g, 05) = g(). (5.39)

(ii) Let (05,05, Ls) € V5 be such that

=2
) g=(V)
Eo; 0y, Ly) <min&y . + —>—t . 5.40
J,A,K(pa o, Lo) _H{l/}’n oK Tt 647 log o ( )
. 7o) . .

1 = 1 = 41
o0 = Ton alino|9"| % (541

and there exists a universal constant C > 0 such that

1llogo| _ . lloga]|
— o = .

5.42
C o o ( )
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Remark 5.5. We point out that it is possible to show the rates

g\ ¢ ! L2
— < , 5] — 6, A= Xl 65| — 6, <
<I0(r 167‘[) = Tlog o] ||cr| 0| =+ | c|||a| 0‘ = Tlogo|

(5.43)

for some C > O universal in the setting of the second part of Proposition 5.4.
However, as we do not attempt to capture the sharp rates and as the proof is a
somewhat lengthy calculus exercise, we will not reproduce it here.

Finally, we present two corollaries to these bounds. The first simply translates
the minimal energy for & ».x into an upper bound for the minimal value of E; ;.

Corollary 5.6. There exist universal constants oy > 0 and C > 0 such that for all
o € (0,00) and A € [0, 1] we have

1
| 0g20| <inf Eq) — 871) <miné&; ). g* + CG%Ilogal. (5.44)
o A V.

o

While Corollary 5.6 is concerned with asymptotically precise minimization,
the existence of minimizers relies on an upper bound by 8z for general o > 0 (see
also [64]).

Lemma 5.7. For o > 0 and ) € [0, 1] we have

iif Es ) < 8m. (5.45)

Proof of Lemma 5.3. The computations for ®;, can be found in Lemma A.6, so
that we only have to translate them to ¢, ¢ ;. here. By assumption, we have L > %,
so that we can indeed apply Lemma A.6 for o € (0, op) with op > 0 small enough.

Scale invariance of the Dirichlet energy allows to translate the bounds (A.51)
and (A.56) into the bounds (5.28) and (5.29), as well as to obtain the bound

/ |Vp.o.L|* dx < 167. (5.46)
RZ

The fact that N (¢, 5,2) = 1 follows from A (®;) = 1 and scale and rotation
invariance of \V/.

The bound (5.30) follows directly from the estimate (A.52) via rescaling. Sim-
ilarly, we get the bound (5.31) from the bound (A.57), as well as ¢, 0,1 + €3 €
L*(R?*; R?) from ®; + e3 € L?(R?*; R?) on account of ®; € A. Together with
N(¢p0,0) = 1 and the estimate (5.46) we therefore obtain ¢, 91 € A for all
o € (0, og) with o small enough universal.

For x = (x1,x2) € R? we define x := (—xz, x1). The fact that (CID’L)L .
V&, 3 = 0 everywhere and the identity (A.53) allow us to calculate the DMI term
to be

/ Zqﬁ;’g’l‘ “Vépo,03dx =2p COS@/ QD/L - Vo 3dx
R2 R? (5.47)

=8mpcosh + O (pL_%> ,
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taking care of estimate (5.33). The same argument using the identity (A.50) instead
of the identity (A.53) gives the identity (5.32).

Dueto V - qb;)’@’ ; = cosfV - ¢;10’ ;, and equation (A.54), the contribution of
the volume charges is

/ / 2 3773 2 _1
Fvol(¢p,6,L) = pFyo1(P}) cos” 0 = T,o cos“ 0+ O (,oL 4) . (5.48)

As a result of the identity (A.55), the surface charges are simply given by
3 1
Furt @p.0,0.3) = PPt (®13) = "o+ 0 (pL72). (5.49)
Combined, these two estimates give the identity (5.34).
Taking everything together and recalling (5.23), we obtain

4m 412
Eo($p0.0) =87 + —5 + 4707 p* log (W) —o?pg(r,0)

log? L o?p*log’ L 2 -1\ (5.50)
(U)o (P o

+o0 ((1 - A)asz—%) ,
which for a given (p, 0, L) € V, and p < 1 translates into the estimate (5.27). O

Proof of Proposition 5.4. Step 1: Minimization in 6.
2

We define A(A, 0) == g(A) — g(A,0) and for A < A, = ﬁﬁ calculate

AG. 9)—£(1—x)< e—i)z (5.51)
T P20 —n) '

For A > A, we instead have

373 [ A 373
AGLO) =2 (L 1) (1 —cosO) + 2221 = 1)1 —cosB)?. (5.52)
4 \ A, 8

By inspection we have A(A,0) > O forall A € [0,1] and 6 € [—m, ), and
A(X,0) =0ifandonlyiff = 95:’ where th is given by (2.29). In particular, we get
the identity (5.39) and the fact that —g(}) is the minimal value of —g (X, #) which
is achieved at the two minima 6 = 983 Therefore, we have for all o € (0, og),

1

rel0,1], p>0,and L > mthat
47 log (K L? _
#/ﬂ —g()p + AR, 0)p.
|logo|

(5.53)

Eorik(p 0, L) = |logo| (L) +

Step 2: Minimization in p.
We observe that
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477 log(K L?) gW)|loga| \*  4mlog(KL?) -
[logo| 87log(KL2)) — |logo| gine
52
M1
g~ (W)|loga| . (5.54)
167 log(K L?)
Consequently, the quantity
g(\)|logo|
L)y=—"——"—"— 5.55
Ao(L) 87 log(K L?) (535)
minimizes the map p +— &, 5.k (p, 0, L), and we have the identity
52
_ g (M)|logo]|
Esnk(0,0,L) =1 [y 2o el
oK (P ) =|logo|(aL) T67 log(KL?)
log(K L?) gW)llogo| \?
AL, 0 4 — .
A O+ T \P T S og(K L2)
(5.56)
Step 3: Minimization in L.
We make the substitution # = K ~! L2 and minimize
[logo | g*()|logo]
t):=K t 5.57
F® o2 + 167 log ¢ (5:57)
in0 <1t < 167”02 < 1 for o € (0, 0¢) with g > 0 small enough universal, in

view of the assumption on K. Since f () /' 0 as ¢t N\ 0, the function attains its

minimum over this interval. We also observe that limy ¢ f (16—” 2) = 00, so that

the minimum is achieved for 0 < ¢ < 16”

We calculate

107 72 < 1 for 0y > 0 small enough.

IIOgGI g’ (W)logo|

= 5.58
fi= o2 1671 1og? t ( )
and note that 0 < 7y < 167”02 < 1 solves f'(tg) = 0 if and only if
1 1 g(\
—1Z log <t02> _ &) (5.59)
8r2K?2

for op small enough. In turn, for 5o := log ( ) this equation is equivalent to

spe = _ 8Ho (5.60)

SJT%K%

Solutions to this equation only exist provided m < e~ !, which is the case for
8m2K2

o € (0, 09) with o9 > 0 small enough. Under this condition there are precisely
two solutions given by
gMa
s0.i = Wi (— T > (5.61)
8m2K?2
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fori = —1 and i = 0, where W; are the two real-valued branches of the Lambert
W -function, see CORLESS et al. [22]. In terms of 7y, these are
g(M)o
fo; = exp <2W,- (— g(l) : )) (5.62)
872K?2

As Wy is smooth at 0, with Wy (0) = 0, we have
16
to=1+0() > 7”02 (5.63)

for op sufficiently small, so that this solution is irrelevant to us. The point #p _1
being the only other critical point of f, we get that it indeed is the minimizer
over ) <t < ]67”02 for o € (0, op) with o9 > 0 small enough. Consequently,
the minimum is taken at fo := #9 _;, and exploiting the identity f'(#p)tp = O the
minimal value can be seen to be

H\l/in Es0:x = f(t0)

g2 1 z(\ g(\
_ g“(M)|logo| (le (_ 8(1)01>+2W11 (_ 8(1)01)).
647 ST21K?2 S72K2

(5.64)

In order to determine the behavior of the minimal energy as o — 0, for —e~! <

s < 0 with |s| <« 1 we refer to the expansion

log | 10g(—S)|> (5.65)

W_1(s) = log(—s) — log|log(—s)[ + O (
[log(—s)|

see CORLESS et al. [22, equation (4.19), as well as the discussion following equa-

tion (4.20)]. Combined with log <%) = logo + log ( gl(k) 7 > and (2.28),

872K?2 872K?2
this gives
g(A)o g(A
W_i <— g(l) 1) =logo+log< gf )1>—10g|10ga|
8m2K?2 8m2K?2
log (%)
logo

0 log|logo| (5.66)
logo|

g(A
= —|logo| —log|logo| + log (#)
8

0 log|logo|
|log o]
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for oy sufficiently small. With —— l+r =1—r+ 0@?) forr <« 1 we obtain

10g< 20 )
w-l (_ é(k)cr)__ 1 +log|logo|_ §72K3
T\ grik? lloga| = [logo|? |loga|?
log? | log o
o(M)o 1 log |logo
w2 (-8R _ o (loellerl) (5.68)
STIK?3 |logo| |logo|

As a result, we have

g2 ()
20 20 loglloga| g2 log <6§¥neK)

E
H‘I/}fn 0K 32m 327 |logo| 64 |logo]|
log? |1
Lo (logtllogal) (5.69)
log o 2

Recalling the relation 1 = K~'L~2, the definition (5.62), and using the identity
W_1(s)eW-10) = s fors € (—e !, 0), we also get that the optimal truncation scale
is

1

_1 2 (\ 872

LO = Ki%[() 2 :_W—l <_$> _7T

8r2Kz2/ 8(A)o

1
8mz |1 log | 1
_ 8 |0gal+0 og|logo| ' (5.70)

g) o o

Finally, recalling the definition (5.55) the optimal skyrmion radius is given by

) Lo <10gllogff|> ‘

5.71
6 |logao]| ( )

po(Lo) = Tow

This concludes the proof of the first part of Proposition 5.4.

Step 4: Proof of stability for L.
Let now (o, 65, Ls) € Vs be such that (5.40) holds. Let 7, := K’IL’2 and note
that by (5.24) we have 1, € (0, 1%52), so that f(ty) is defined. The fact that
miny, & .k = f (), the representation (5.56), and the assumption (5.40) imply
that

. 2(3)

fte) — fto) < &6,k (Po, 05, L) —min&y . x < g— (5.72)
Vo 64r|logo|

For s :=  and fols) i= 64@1(?\%“ (f(sto) — f(10)) with s € (0 16”” )th is

translates to

For(s0) < 1. (5.73)
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In order to explicitly compute fa, we use the definitions (5.57) and (5.62) together

with the fact that for all 0 < § < e~ we have W_;(—5)e"-1-9 = 5, obtaining
~ 647 K 19| log o |? 1 1
fo(S)Zﬁ(S—l)—i-‘”lOgﬂz -
g~(Mo log(stp)  logto
1 2
_ | oga_l G-1)
w2, (_ g(lx>a1>
872K2
2|logo|?
_ |logo| log s (5.74)
<2W_1 (—%) +10gs> W_, (— g(fh)(’,)
872K?2 872K?2
2 lw_ [ —8%e ) log s
_ llogof L ) ‘( seixd )|
w2, (_ §(1x>01> 2'W_1 (_ g(}k)al)‘ ~logs
872K2 872K?2

Under the assumption s € (0, 1), this expression can be estimated as

~ logo |2 1 g(A)o
fo = — 12T (i Din 2 ‘W_l (-5 ) e ).
Wz1 (_ g(lk)al> 8m2K?2
- 8T2K?2

(5.75)

Together with (5.65), (2.28) and K € [KT*, 2K*] we get for o € (0, og) with
oo > 0 small enough and some universal constant C > 1 that for s € (0 l) we

' C
have f,(s) > 1. As a result of (5.73), we therefore get s, > %
To handle the denominator in the second term on the right hand side of (5.74)
16,?5), note that for all such s we have s < C|loga|? for

in the case s € [1,
C > 0 universal by (5.70), (2.28) and K € [KT*, 2K*]. Again using (2.28) and

K € [KT*, 2K *] we therefore get for o € (0, o) with o sufficiently small that

W (—w» (5.76)

logs < T
8m2K?2

Thus, together with (5.65), (2.28) and K € [KT*, 2K*] we deduce

fols) > é (s —1—2logs) (5.77)

fors € [1, 16,?52),0 € (0, og) with oy > O sufficiently small and C > Ouniversal.

By the assumption (5.73), we thus get s, < C, and in total é < s, < C for some

C > O universal and o € (0, og) with oy > 0 small enough.
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Finally, we can translate the estimate for s, back to L, using the relations
Sg = to’ ty = K~ 1L and 7o = K _lL(; 2 Therefore, with the help of equation
(5.70) and (2.28), we 0bta1n the desired estimate in (5.42).

Step 5: Proof of stability for pg.

Using & .k (05,05, Ls) > miny, Egix = min(o 16w 2]f the fact that

AA,05) >0, Ly > f and K € [K 2K*] in the 1dent1ty (5.56) we obtain

2

logo| g C

o _llozol g\ __c 578
log(K2Lg) 167 |logo|

Again, using L, > together with o € (0, op) for og > 0 sufficiently small

4o f
and K € [KT*, 2K*] gains us

2 1
1 log?(K2o L log?(o L 1
| oglal _q) o log( i o) ~cloe (o 20) + (5.79)
log(K2 L) log?(K2 L) log®o
which by the estimate (5.42) can be upgraded to
1 log|1 C
| oglcrl il<c og|logo] - _ (5.50)
log(K? L) logo |[logo|l/
for o € (0, 09) and op > 0 small enough. In particular, we conclude that
) ~_llogal g |, &g@) | [loga| 1
o o
167 log(K%L(,) 167 167 log(K%Lg) (5.81)
_ C
= llogo |72

which gives the first limit in (5.41).

Step 6: Proof of stability for 0.
Turning towards proving an estimate for ., as for estimate (5.78) we similarly get
from the representation (5.56), the estimate (5.81) and (2.28) that

A, 105]) < (5.82)

|logo|’
Therefore, from estimate (5.82) and the form of the function A(A, ) computed in
equations (5.51) and (5.52) together with the facts that cos 93‘ = 331—22% in the
case A < A, and %(1 — Cos 6’(,)2 < (1 — cosby), with 6’6" =0, in the case A > A,
we obtain

1im0 cos |0y | = cos ;. (5.83)
o—

As z +—> arccos z is a continuous function from [—1, 1] to [0, r], we obtain the
second limit in (5.41), which concludes the proof. O
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Proof of Corollary 5.6. For1 o € (0, 0g) with op > 0 small enough, we use p =
\lop_g?cﬂ’ 0= Ggr and L = 272 Ly in Lemma 5.3, where pg, Ggr and L are from the
first part of Proposition 5.4. O

Proof of Lemma 5.7. As the proof of Proposition 5.4 already contains the full
details of the minimization, and as this proof closely follows that of [64, Lemma
3.1], we only provide a sketch here. The main step is to find truncations of suitable
Belavin—Polyakov profiles such that the sum of the DMI and stray field terms are
negative. Inthe case A = 1, we choose ¢,, ¢, 1., which by equation (5.33) has negative
DMI contribution for sufficiently large L depending on p. In the case L < 1 we
choose ¢, 7,48 for this function the DMI and volume charge contributions vanish
and only the stray field terms contribute a negative term. First minimizing in p and
then taking L large enough gives the desired statement. O

5.3. Existence of Minimizers via the Concentration Compactness Principle
We are now in a position to prove existence of minimizers.

Proof of Theorem 2.1. Throughout the proof C (o, A) denotes a generic constant
depending on ¢ and A that may change from estimate to estimate.
By definition (2.17), there exist m, € D for n € N such that

lim E;;(m,) = inf Es; ) (m). (5.84)
n— 00 meA
Consider the Borel measures

1in(A) ::/ (|an|2+ m, +e3|2) dx (5.85)
A

for all Borel sets A C RZ. By estimate (5.3), Lemma 5.7 and the assumption
0 < o2(1+ )% <2 we have

/ |Vm,|>dx < 167 (5.86)
RZ

for n large enough. Hence Lemma A.3, Lemma 5.1 and the estimate (5.4) imply
87 < ua(R?) < C(0, 4. (5.87)

Consequently, we may apply the concentration compactness principle [59], see also

[78, Section 4.3], to see that the limiting behavior of the sequence w,, up to taking

subsequences, falls into three alternatives of vanishing, splitting, and compactness.
Case 1: Vanishing.

Here, we have for all R > 0 that

lim sup w,(Bg (x)) =0. (5.88)

n— 00
xeR?
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In this setting, the proof of [64, Lemma 4.2] establishes that m, + e3 — 0 in
L*(R?; R%). The identity |m,(x) + e3]*> = 2(1 + m3_,(x)) implies that

1
lim [ (14+m,3)?dx = lim Zlmn+ e3]*dx = 0. (5.89)
2

n—oo [p2 n—oo [p

Integrating by parts and applying Cauchy—Schwarz inequality, we thus see that

lim m; -Vm,3dx = — lim (mp3+ 1)V m; dx =0. (5.90)
n—oQ Rz n—o0 R2

Similarly, the interpolation inequality (3.7) implies Fgyrf (mg,n + 1) < %ng,n +
112/lVm3 |2, which, combined with the convergence (5.89), yields

lim Fgt(m3,,) = 0. (5.91)
n—00

Together with (3.6), the topological bound (A.24) and Lemma 5.7, this then yields
a contradiction:

liminf E, 5 (m,) > 87 > inf E,;(m) = lim E, ;(my). (5.92)
n—oo meA n—oo

This rules out the case of vanishing.

Case 2: Splitting.
In this case, there exists 0 < 1 < 1 with the following property: For all ¢ > 0, after
a suitable translation depending on ¢, there exists R > 0 such that for all R > R
we have

(B (0)) = 110 (B2)| +

a (B2O) = (1 = pita @) < .
(5.93)

lim sup (

n—o0

Without loss of generality, we may assume R > 1. Let R > 32R. Then the proof
of [28, Lemma 8] establishes the existence of R, € (R,2R), Ién € (%, g) and

smooth mf,l), m,(f) : RZ — S? such that

m(x) = my (x) for x € Bg, (0), (5.94)
mD(x) = —e3 for x € BSy (0), (5.95)
m® (x) = my,(x) for x € BS; (0), (5.96)
mP(x) = —e3 forx € Bz (0) (5.97)
and
2 2
/ <‘Vm£ll)‘ + ’mill) + e3 ) dx < C(o, Ve, (5.98)
B, (0)
2 2 2 2
/ (‘me) + P + ) ) dx < C(o, Me. (5.99)
BZR,I 0)
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By the pointwise almost everywhere estimate |m - (d;m x d,m)| < C|Vm/|* and
the estimates (5.93), (5.98) and (5.99) we get that |\ (im,,) —N(m,sl)) —N(mf,z))| <
C (o, M)e. Discreteness of the degree then implies for ¢ > 0 small enough that

1 =N@my) = NmD)+ Nm?). (5.100)
Next, combining the estimates (5.98), (5.99) and (5.86), gives

2 2
/ <‘Vm£ll)‘ + ‘Vm,(f)‘ ) dx 5/ [Vm,|? dx + C(o, Me < 167 + C(o, Me.
R2 R2
(5.101)

Therefore, for ¢ > 0 small enough we get, applying the topological bound (A.24)
along the way, that

o (Won |+ o)) = [ (|

2
+|vm®| ) dx < 24r.

(5.102)
Elementary combinatorics using the identity (5.100) consequently give
N(m,g“) ~1 and/\/(m,?)) =0 (5.103)
or
N (mD) =0and 7 (mP) = 1. (5.104)

In the following we will only deal with the first case, as the other one can be handled
similarly.

By the estimate (5.87) and the splitting alternative (5.93) for ¢ > 0 small and
n large enough we obtain

1 - 2
4n(1—n)§T"un(R2)s/ (‘Vm,(f)‘ +|m,§2>+e3|2> dr.  (5.105)
R2

Lemma 5.1, along with the bound (5.101), further implies that

2 2
/]1%2 (‘me,z)‘ + Im® +€3|2> dx 5/ ‘Vm,?)‘ dx

(5.106)
+ C(o, A)/ ‘ <2>

as, by the topological lower bound we have fRZ |Vm(1) |2 dx > 8, we obtain from

estimate (5.101) for ¢ > 0 small enough that
/ |Vm? > dx < 167. (5.107)
RZ

Therefore we can apply Lemma 5.2 to get

2
/2 | dx+/
R

R2

(mff))" dx < C(o. )\)EM( <2>) (5.108)
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Consequently, concatenating the estimates (5.105), (5.106) and (5.108) we deduce
that there exists § > 0 such that for all n large enough we have

Eos <m§12>) >85>0 (5.109)
As a result, in order to rule out splitting we only have to prove that

timsup | Eg,x (") + Eox (m) = Eo(m)| < ge.B)  (5.110)

n—o0

for some function g : (0, 00)2 = (0, 0o) with limg—olimg_,  g(e, I§) = 0.
Indeed, assuming that the bound (5.110) holds, we can test the infimum inf 4 E; )
with mf,l) and use the estimates (5.109) and (5.110) to get

inf E,;(m) < liminf Eq (m,g”)
meA n— 00

< lim sup (EC,,A (m,(})) +E,; <m,<f)) - 5) (5.111)

n— 00

< lim E,; (my) + g(e, R) — 6.
n— oo

Then, by first taking R big enough and then ¢ > 0 small enough we obtain a
contradiction.

We now turn to proving the claim (5.110). The local terms are straightfor-
ward to handle using the Cauchy—Schwarz inequality, see for example the proof of
Lemma 5.2, and give a contribution of C (o, 1)¢ to g(e, R). Of the nonlocal terms,
we first deal with the volume charges by computing

/ / / /
Fvol(m;) = Fyol ((m,(ll)) ) + Fyol <<m,(12)> ) + Fyol (m,/l - <m21)> - (m,(12)> )
/ ’ ’ /
#2700 (1) + () o= () = (m?) )
/ /
+ 2Fyol ((m,&”) , (mf?) > .

(5.112)

By (3.6), we may discard the term Fyq (m;l — m;,(l) - m,’f”) > 0 right away since

we only claim an upper bound in estimate (5.110). The usual interpolation inequality
(3.8) for p = 2 implies

/ / / /
Fug <<m}(11)> n (mzz)> ,m. — (mill)) _ (m,(f)) )
MY @Y A OY _ (@Y
<C{|V(m, + |V (m, m, — (m, m,

2 2 2

(5.113)
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Using (5.102) we obtain that the H'-norms on the left-hand side are uniformly
bounded. The identities (5.94) through (5.97) imply

supp <m;1 - (m,g))’ — (mff))/> c Em (0) \ Bg, (0),

and on B, R, (0) \ Bg, (0) we can estimate each of the terms m (m,(l )) and
( ( )> separately by virtue of (5.93), (5.98) and (5.99). Therefore (5.113) gives

/ /! !/ /
Fuol ((m,i‘)) + (m®) oy, = (mD) = (m2) ) < C(o, )b, (5.115)
To estlmate the last term in (5.112), we would like to exploit that the sequences
mpy

( MY and m(z) have disjoint supports. To this end, we use the real space
representation (3.10) and integrate by parts once in each of the two integrals

Foy <<m£ll)>' ’ (mff))/)
mn V) v (mP &)
ST >K ) e

(5.114)

— 7|
mn”(x) (P ®)
STaaEs
(mP@) G =0 (mP o) - @ -0
-3 Y di dx. (5.116)
=3P

To extract a quantitative estimate, note that we have

1nf{|x—i|:x€supp< (1)+l),iesupp< (2)+1>}

4>|Wz

—4R.

(5.117)
With Kyo1(z) := x (Izl >

E — 8z
2 —4R) (Lrid—3
ity for convolutions implies fi

E |5> for z € R?, Young’s inequal-
R > 32R that

/Rz /R? (mzl)(x)>/ - Kyor(x — x) (ml(f)()z))/ di dx
)] oy

< C(o, )R

<C

1Kvolll1 (5.118)
2 2



270 A. BERNAND-MANTEL ET AL.

For the surface charges we similarly compute

2
surf(mn 3) = Fourf ( ) + Fourt (mil ;)
1 1 2
+ Fourt (mn,s +m +m m s —my — m;g) (5.119)
1 2
+ 2 Fgurt (mﬁl; m;)3> .

As in the proof of estimate (5.115), the interpolation inequality (3.7) together with
the fact that Fy,, is invariant under the addition of constant functions gives

1
Fout (mn s+ m 4 m m s —m - mff>3> <C(o,0)ez.  (5.120)

The real-space representation (3.2) allows us to write the last term in the identity
(5.119) as

1 2
Fourf (mfl )3, mﬁ, )3)

(0 =mB@) (mZe0 = mA@)
// didx. (5.121)
87'[ R2 JR2

v — X

(1) (2)

We may now exploit the fact that m, 5 + 1 and m,,;

get

3 + 1 have disjoint supports to

n3<x>+1)( D@ +1)
Fourt (m,(ql)y 22)3 . /]Rz /]RZ dx dx,

— i
(5.122)

x(Iz1= % —4R)

EE for

so that Young’s inequality for convolutions with Kgyt(z) =
z € R? implies
Font (m;{;,m@) <c Hm(l) n 1” Hm@ + 1” 1Kt < Clo, )R,
(5.123)

All together, we see that estimate (5.110) holds, with
o(e, B) = C(o, 1) (a% +1é—1), (5.124)

which rules out splitting.

Case 3: Compactness
As vanishing and splitting have been ruled out, we obtain that after extraction of a
subsequence and suitable translations, for every & > 0 there exists R > 0 such that
we have

pn(BR(0) <& (5.125)
foralln € N.
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By the Rellich—Kondrachov compactness theorem, [55, Theorem 8.9], there
exists my : R* — S? such that m, + e3 — my + e3 in L?(B (0); R?) for all
R > 0 and my + e3 — my + e3 in H1(R%; R3). We first argue that we even have
mp, — my in L2(R%; R3). Let ¢ > 0 and let R > 0 be such that the tightness
estimate (5.125) holds. Then, by lower semi-continuity of the L2-norm and the
Minkowski inequality, we have

lim sup/ |m,, — mgl2 dx <2e+ lim sup/ |m,, —my |2 dx = 2e.
n—>oo JR2 n—o00 J Bg(0)
(5.126)

Therefore, we see m, + e3 — my + e3 in Lz(Rz; ]R3), and in particular we have
me + ez € L*(R%; R3).
Next, we argue that

lim inf (Eq,;.(m4) = 87N () = Eo(me) — 87N (o). (5.127)

By the identity (A.23), we obtain for any n € N that
Eq 5 (my) — 87N (my)
= /RZ <|81mn +my X dma|® + (72|m:1|2 — 202 m, - an,g) dx (5.128)
+0%(1 =) (Fuol(m})) = Furt (m 3)) -
We have d;m,, — 91my and m,, x dam, — my X damy in L2(R2; R3), the latter
by a weak-times-strong convergence argument. In the first term, we can thus use

lower semi-continuity of the L2-norm. The anisotropy term converges strongly by
our previous argument. By (5.126) and weak convergence of the gradients we have

lim m), - Vm,3dx = lim m. - Vmy,3dx = / m. - Vmg3dx
n—00 Jp2 n—00 [p2 R2
(5.129)

so that also the DMI-term converges. Finally, we see Fyo(m)) — Fyo(m))
and Fguf(m3 ) — Farr(me3) as n — oo by the interpolation inequalities of
Lemma 3.1. Taking all of these things together, we see

lim inf (Egp(my) — 87N (my))

> / <|81ma +my X domg|* + c72|1n:7|2 — 202)»(111; . V)ma,g) dx
IRZ

+ 02(1 =) (Fvol(m;) - Fsurf(mo,3))
= EG,A(mJ) - SnN(mO')s
(5.130)

where in the last line we again use the identity (5.128).
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Therefore, together with the upper bound of Lemma 5.7 and the observation that
E; ;. (ms) > 0, which follows from the assumption of the theorem and Lemma 5.2,
we have

0> linniiogf (Egp(mp) —87) = Eg.(mg) — 87N (mg) > —87N (my),
(5.131)

giving N'(ms) > 0. At the same time, by lower semi-continuity of the Dirichlet
energy and the estimate (5.86) we furthermore have

/ [Vimg|>dx < lim/ [Vim,|>dx < 167. (5.132)
]R2 n—oQ Rz

Thus the topological bound (A.24) implies V' (m) = 1. As we have already shown
my +e3 € LZ(RZ; R3) above, we therefore have m, € A. Consequently, we have

inf EU,A(’%) = liminf E; 5 (m,) > Es;(mys) > inf EJ,)L(I’Ti), (5.133)
meA n—00 meA

which concludes the proof. O

6. The Conformal Limit

In this section we prove Theorem 2.2. In the spirit of a ['-convergence argument,
we do so by providing ansatz-free lower bounds matching the upper bounds obtained
in Corollary 5.6. As the Dirichlet term provides closeness to a Belavin—Polyakov
profile ¢ = S<I>(,o_1x) for § € SO@3) and p > 0 via Theorem 2.4, we have to
capture the behavior of the lower order terms as the magnetization approaches ¢.

Here the main difficulty is the fact that the limiting Belavin—Polyakov profile ¢
from Theorem 2.4 does not necessarily satisfy lim|y|— o0 ¢ (x) = —e3, whichis a
more subtle issue than one might expect. The fundamental problem is that for» > 0
the embedding of H L(B, (0)) to L*®(B, (0))) fails logarithmically, and we only
have H!(B, (0)) = BM O(B, (0)) (as a simple result of the Poincaré inequality
and the definition [18, (0.5)] of BM O), which in and of itself is not strong enough
to control the value at infinity. Indeed, at this stage it is entirely possible that the
minimizers exhibit a multi-scale structure: On the scale of the skyrmion radius the
profile might approach a tilted Belavin—Polyakov profile, while only on a larger
truncation scale decaying to —e3, see for example [28, Step 2b in the proof of Lemma
8] for a construction. Of course such a profile would have a large anisotropy energy,
which we exploit in the following Lemma 6.1. The idea is to replace the logarithmic
failure of the embedding H' <> L with the Moser-Trudinger inequality proved
in Lemma 2.5.

Throughout this section we use the abbreviations

-3
L:= </ |Vm|* dx — 871) , (6.1)
RZ

pi= lim ¢(x) = —Ses, 6.2)

|x]—00
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provided ¢ = S®(p~! (s — xp)) for S € SO(3), p > 0 and xo € R2. Note that this
choice of L is consistent with its usage in & ;. k*, see definition (5.23), in view of
estimate (5.28) and the substitution (5.22). In particular, it can also be thought of
as the cut-off length relative to the skyrmion radius.

Lemma 6.1. There exist universal constants Ly > 0 and C > 0 such that for
m € A with L > Lg and the distance-minimizing Belavin—Polyakov profile from
Theorem 2.4 given by ¢(x) = SCD(p_l(x — xp)) with § € SOQ3), p > 0 and
xo € R2 we have

/R2 Im'|* dx = Clv + e32p*L2. (6.3)

In order to use this bound to rule out v being too far away from —e3 we also
need a first lower bound for the DMI and the stray field terms.

Lemma 6.2. There exist universal constants Ly > 0 and C > 0 such that for
m € Awith L > Lo and the distance-minimizing Belavin—Polyakov profile from
Theorem 2.4 given by ¢(x) = S®(p~'(x — x0)) with S € SOQ3), p > 0 and
xo € R2 we have

_zx/>n/.Vm3¢x+(1—A>UMum6——nmﬂm9)

Rl 1 (6.4)

> ——/ Im'|>dx — Cp (log L)Z — CL™2.
2 RrR2

Armed with these estimates, we obtain that v does indeed converge to e3 as
o — 0.

Lemma 6.3. There exist universal constants C > 0 and o9 > 0 such that for
o € (0, op) the following holds: Let ms be a minimizer of E ; over A. Let p > 0,
S € SO3) and xy € R? be such that S (,0_1 (x — x0)) is the distance-minimizing
Belavin—Polyakov profile from Theorem 2.4 for m = m. Then we have

L2 < 16mn02, (6.5)
log? L
—.

v+elP<C (6.6)

Now that we know that we essentially have pinning of the value at infinity, we
turn to proving a more precise lower bound for the anisotropy energy which almost
matches the expression (5.30) obtained in Lemma 5.3.

Lemma 6.4. There exist universal constants C > 0 and Lo > 0 such that forz >
L the following holds: Let m € A be such that there exist ¢(x) := S@(p‘l(x —
X)) for x € R? with S € SO(3), p > 0 and x¢ € R? satisfying

2

/RZ IV(m —$)|*dx <L, (6.7)
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and
1Ses —es)? <. (6.8)

Then we have the estimate
— —_2
/ im'2dx > 4rp®log (K*LZ) —Cp?L 3, (6.9)
R2
where K* is the constant defined in Eq. (5.26).

We also have another look at the DMI and stray field terms in order to obtain
sharper estimates matching those of Lemma 5.3. As therein the expressions depend
on the rotation angle 6, we have to replace the profile ¢ obtained in Theorem 2.4
by a rotated one having the correct value at infinity.

Lemma 6.5. There exist universal constants C > 0 and o9 > 0 such that for
o € (0,00) and A € [0, 1] the following holds: Let ms be a minimizer of E
over A. Let S € SO3), p > 0 and xo € R? be such that SdJ(,o_l(x — Xp)) is
the distance-minimizing Belavin—Polyakov profile from Theorem 2.4 for m = m,.
Then there exists 6 € [—m, ) such that with the rotation Sp of angle 6 around the
x3-axis defined in (2.24) we have

Clog’ L

73— (6.10)

/]Rz \V (ma(x) — Sp®(p (x —xo)))f dx <

/ 2m. - Vmy3dx < 8mpcosf + Collogol|, (6.11)
R2

8
— Coi|loga|2. (6.12)

, 373 5 3
FVOl(mg') - Fsurf(ma,3) = TCOS 0——|p

Furthermore, we have

.

, (6.13)
log o

Proof of Lemma 6.1. The known scaling properties of the L2- and H'-norms
allow us, without loss of generality, to set p = 1. Additionally, we may suppose
xo = 0 by translation invariance. By Lemma 5.1 we notice that

1
/Rz Im'|> dx > E/Rz Im + e3|* dx (6.14)

for some universal constant C > 0. It is thus sufficient to estimate the right-hand
side from below.
For R > 0, by the inequality |a + b|*> < 2(|a|*> + |b|?) for a, b € R we have

1
/ |m+eg|2dx2/ —|¢+e3|2dx—/ Im —¢|>dx.  (6.15)
Br(0) Br(0) 2 Br(0)
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As the in-plane components of ® average to 0 on radially symmetric sets and the
out-of-plane component is radial (recall the definition in (2.21)), the first term in
the above estimate can be computed explicitly to give

/ |¢+e3|2dx=2/ (14 ¢ -e3)dx
Br(0)

Br(0)

1— 2
=27 R? <1+e3 .Se3][ |X|2 dx) .
Bz 1+ [x|

In view of v = —Sej3, see definition (6.2), we have

(6.16)

2
/ |¢+€3|2dx=7TR2|v+e3|2—2v~e3/ ———dx
Br(0) Br(O) 1XI7+1

=7 R*|v+ e3)% — 4 log(l + R>) v - e3

= (nR2 — 2 log(1 + RZ)) v+ e3]? + 4m log(1 + R?).
6.17)

For R > Ry with Ry > 0 big enough we therefore have
2 Uy 2 2
/ [¢p + e3]“dx > —R"|v + e3]” + 4 log(R~). (6.18)
Bg(0) 2

In order to control the second term on the right-hand side of estimate (6.15), we
make use of the fact that y(log(y) — 1) for y > 0 is the Legendre transformation of
the exponential map e*, i.e., we have the sharp inequality xy < e* 4 y(log(y) — 1)
for x € Rand y > 0, see for example [12, Chapter 3.3 and Table 3.1]. For
L:=|V(n— qb)||271 we consequently get

/ Im — ¢|* dx =/ Im — ¢* V| 72| V|* dx
Br(0) Bg(0)

2
5/ eFLIm=9P|v6|2 dx (6.19)
Br(0)

3 3|Ve|~2
+ — log —_2 — 1] dx.
Br(0) 277 L 27 L

Applying Lemma 2.5, specifically our version of the Moser—Trudinger inequality
(2.41), where Theorem 2.4 and Lemma A.2 ensure its applicability for L > Ly
with Ly > O sufficiently big, we see that the first term on the right-hand side is
universally bounded. For R > R for Ry > 0 big enough, there furthermore exists
a universal constant C’ > 0 such that |[V¢ (x)| > %|R|’2 for x € Bg (0). We can
therefore also estimate the second term on the right-hand side to see

R R? R4
/ |m—¢|2dx§C[1+_—2+_—210g (3)} (6.20)
Br(0) L L L
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Theorem 2.4 allows us to write this in the form

) R*> R? R*
—¢PPdx <C|1+— + —log(—)|. 6.21
[ mesPasclie e fue ()] e

Choosing R = nL for a suitable n > 0 and requiring L > L for some Ly > 0
sufficiently big we combine the two bounds (6.18) and (6.21) with the one in (6.15)
to obtain

/ Im + e3> > C|v + e3]*L? (6.22)
Br(0)

for C > Q universal. 0O

Proof of Lemma 6.2. Step 1: Estimate the DMI term.

Without loss of generality, we may take xo = 0. Let ¢ (x) := S®, (p~'x), where
@ was defined in equation (5.19). Estimate (5.29) and the fact that ¢ was chosen
according to Theorem 2.4 give

/ IV(pr —m)|*dx < 2/ IV(ér, — ¢)|*> dx +2/ V(¢ —m)[*dx < CL™2.
R2 R2 R2
(6.23)

We calculate
/ m' - Vmzdx = / m' - V(m3 — ¢r 3)dx +/ m' -Ve¢rzdx. (6.24)
R2 R2 R2

By Young’s inequality and the estimate (6.23), the first term is bounded from above
by

1
/ m'-V(mz — ¢p3)dx < —/ |m'|?dx + CL™2. (6.25)
RZ 8 ]R2

To estimate the second term, note that ¢ 3(x) — vz = (S(Pr(p~'x) +e3)),
for all x € R2 by definition (6.2). Using estimate (5.30) to control the in-plane
contributions and (5.31) together with &3 4+ 1 € L%(R?; R?) to control the out-of-
plane contributions, we have

/2 l¢r.3 — v3|*dx < Cp*log L (6.26)
R

for L > Lo with Lo > 0 big enough. Therefore, the function x — (¢r 3(x) —
v3)m’(x) is integrable, and we can integrate by parts to obtain

/ m' -V 3dx = —/ (Gr3—v3)V-m'dx < CplogL)2.  (6.27)
R? R?
In total, we obtain

1
2/ m' - Vmzdx < -/ im'dx + Cp(log L)? + CL™2 (6.28)
RZ 4 RZ
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for all L > L with Ly > 0 sufficiently big universal.

Step 2: Estimate the nonlocal terms.
The volume charges are simply estimated by Fyoj(mm’) > 0, see Lemma 3.1. For the
surface charges, we exploit bilinearity of Fg,r and the fact that Fgyr is invariant
under addition of constants, see (3.2), to get

Fourt(m3) — Fsurf(P1,3) = Faurt (M3 + 3+ 1 —v3,m3 —¢r3).  (6.29)
The inequality (3.7) together with (6.23) then implies
| Faurt m3) = Fourt (¢1.3)| < C (Ipz.3 = v3llz + lm3 + 12) L~ (6.30)
By (3.7) and (5.28) we furthermore get
Fourf(#r,3) = Fsurt (91,3 — v3) = Cllgpr,3 — v3ll. (6.31)

Thus we can combine (6.30) and (6.31), estimating the ||¢, 3 —v3||2 and ||m3 4 1|2
contributions by (6.26) and (5.2), respectively, and applying Young’s inequality, to
get

1
Fu(m3) = / ' dx + Cp(log L) + CL™2, 632)
RZ

provided L > L for Lo > O sufficiently big. O

Proof of Lemma 6.3. Combining the a priori bound (5.3) with the upper bound of
Lemma 5.7 we see that

12— / Vg 2 dx — 87 < 16702 (6.33)
Rz

for all o > 0, which is the desired estimate (6.5). Therefore, for all o < op small
enough universal we may apply Lemmas 6.1 and 6.2, the latter together with the
bound (6.33) to control the C L~ 2-term, to get

1
L (B ) — )

> |log(r|((rL)_2 + |10g0|<C1|v +e3|2L2,o2 ) (,o(log L)% +02>)
(6.34)

for two universal constants C;,C; > 0. By (2.28), we may define p :=

1
Cz“ogé‘_f(# p. Recalling the definition (5.24), observe that for 6, as in the

first part of Proposition 5.4 we have (p, 90+, L) € V, by estimate (6.33). We thus
get from Corollary 5.6, (2.28) and (5.39) that

v+ es|’L? ~ ) ~ 1
| | pz—g(k,GJ)psrglnga,x;K*+Cza4llogal,

(6.35)

1 L)y 24+C— =
llogolio L) + &y
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for some Cy, C, > 0 universal.
Towards a contradiction, assume that

Cilv+ e3)*L? > 167 log* L. (6.36)
Then we have, for all o < o small enough, the universal

- 272 47 log (2K*L?
&t all? 5 drlog( )52, (6.37)

1|10go|10gL'0 |logo|

by estimate (6.33). Recalling the definition (5.23) and that (9, 9; ,L) € Vy, we
therefore obtain from (5.39) and the bound (6.35) that

~ . ~ 1
H‘l/in Eonk < Egni2k+ (0, 93_» L)< H‘llln Eo ik + Caod|logo|. (6.38)

o

This evidently contradicts the identity

. . g>(W) log2 log? |logo|
min &y )25+ — min Eq . g* = 0 .
Ve Vs ’ 64 |logo| |logo]|

) , (6.39)

resulting from the expansion (5.38). O

Proof of Lemma 6.4. Step 1: Write the problem in Fourier space.
The strategy is, essentially, to relax the unit length constraint on m and carry out
the resulting quadratic minimization in Fourier space. Without loss of generality,
we may assume p = 1 and xo = 0.

By assumption, we have m’ € LZ(Rz; Rz), together with

/]R IVon' = (s®))Pdr <L (6.40)

with |Se3 — e3]? < 77" for § € SOQ3). Letting h := Im (Fm') € L*>(R*; R?),
where F denotes the Fourier transform defined via (3.1), Plancherel’s identity

implies
dk
/|m’|2dxz/ |h)? . (6.41)
R2 R2 (27'[)2

In order to express the constraint (6.40) in Fourier space, let S’ € R2%2 pe defined
by Sl.’j = §;; for i, j = 1, 2. Notice that by Lemma A.5 we have that F(V®3)
is purely imaginary, while F(V®’) is purely real. Therefore, in view of (A.46)
we have Re (.7-"(8,~(S<I>)j (k)) = F(@0;(S®")j)(k) = ki(S'g); fori,j = 1,2 and
almost all k € R2, where g : R> — R? is defined as

k

g(k) := —4nK1(|k|)|k|.

(6.42)
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Furthermore, we have .7-'(8,-m’j)(k) = ik,-.7-'(m’j) for all i, j = 1, 2 and almost all

k € R2, so that we obtain Re (f(a,»m’j)(k)) = —k;h ;. Only keeping the real parts,
Plancherel’s identity and the assumption (6.40) then give

dk d
/R2 k12 |+ g Gt = /]R2 |7 (V (m' = (s®)))| G =L (643

Step 2: Introduce the expected minimizer into the quadratic expressions.
Let u > 0 be a proxy for the Lagrange multiplier associated to the minimization of
the right-hand side of (6.41) under the constraint (6.43). By (A.44) and (A.43) we

have A S'g € L*(R?; R?) and L S'g € L*(R?; R?). Therefore, we may

T+ plk]2 1+plk|?
calculate
2
(271)2 R? 1+ pulk|? (2m)?

Wkl wk> o\ dk
-2 ———=S8'g-(|h S (6.44)
/Rzl+mk|2 8 +1+M|k|2 $) Gny
/ B g
e a2 8 2x )2’

and
plk? 1P dk

dk
kP2 |+ §el? =/ k|2
/Rz' Pl el oz = J Tk 8| a2

2/ [k|> S/g_(“ ik S,g> dk
w2 1+ plkl? L+ k2™ ") @n)?

ok
2m)?

/ k|2 s
g2 (14 ulk|?)?
(6.45)

Multiplying (6.45) by . > 0 and rearranging the terms we get by estimate (6.43)

that
k|2 k|? dk
_2/ k| 25'8'(h+ Hlk| ZS/g) i
r2 1+ k| 1+ k| (2m)

dk __
>/ WRE g Sk 12, (6.46)
r2 (14 wlk|*) (2m)
Plugging this into the first identity (6.44), we obtain
dk k|? dk _
/ I z/ MR |5'g|? —uLl 2 (6.47)
g2 (2m)2 T Jg2 1+ plkl? (2m)?

Step 3: Conclusion.
Since S € SO(3), we have (§'7S" — id);; = —83,i83,j for i, j = 1, 2. Therefore,
with v; := S3; fori = 1, 2 we obtain that the symmetric 2 x 2 matrix S'7 §’ —id has
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the eigenvalues A1 := —|v|? and A» := 0 with eigenvectors v and v, respectively.
—1
By (6.8) we have |v|2 < |Sez — e3> < L, so that we can calculate

ISP =1g'P+g (ST —idg = g P - 1D = 1gP(1-T7").
(6.48)

Recalling the definition (6.42), we can thus upgrade the estimate (6.47) to

dk — wlk|? dk —
h|? > 1672 (1 -1 /—sz —uLl "
/Rz| G 2167 ( ) o T e Tk s —#
(6.49)

Then by Lemma A.7 we can rewrite the above inequality as

dk —1 4 —2 —1, 1
2
P Gz = 47 (1 -7 )log<e2y+l> WL —ca -1 Hus
(6.50)

R2

for some C > 0 and all ;1 sufficiently large universal. For L > Lq with Ly > 0 big
enough, the right-hand side of (6.50) is maximized by u = 471Z2 to the leading
orderinL ™ <« 1. Plugging in this value of p into (6.50) then yields

dk 16w — __2
2

for some C > 0 universal, which is the desired estimate. 0O

Proof of Lemma 6.5. Step I: Preliminary bounds on the radius.
For o € (0, 09) and op > 0 small enough, the lower bound (6.9) of Lemma 6.4,
which is applicable due to Lemma 6.3 and Theorem 2.4, gives

270 log (L2) < /]R Imf . (6.52)

From the topological bound (A.24) and the estimate (5.4) we get

o’ /2 2 o’ 12
> - |mg |~ dx < Rz|Vm(,| dx—8rr+7 - |m, |~ dx

(6.53)

1+1)2

< Eq5(mg) — 87 +02%/ |V | dx.
]R2

Therefore, Lemma 5.7 and the bound fRz |[Vmy|? dx < 167 resulting from m, €
A, see definition (2.15), imply

/ Im/|?dx < C (6.54)
R2
for some C > 0 universal. In particular, from the estimates (6.52) and (6.5) we get

the bound (6.13).
Step 2: Estimate the DMI term.
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Without loss of generality, we may assume xop = 0. By Lemma 6.3 and the fact
that v = —Ses, see definition (6.2), we obtain |Se3 — e3> < CL~2log? L for oy
small enough. On the other hand, by the Euler rotation theorem the matrix S admits
a representation S = RSy, where Sp is defined by (2.24) for some 6 € [—m, )
and R € SO(3) is a composition of rotations around the x- and x,-axes. It is not
difficult to see that

IR—id| < C|Res —e3] = C|Ses —e3] < 'L log L (6.55)

for some universal C, C’ > 0. Therefore, by the properties of the Frobenius norm
we get

1S — Sp1> =|R—id|> < CL?log’ L (6.56)

for some universal C > 0. Together with Theorem 2.4, Lemma 6.3 and definition
(6.1), we deduce that the function ¢ (x) := Sp®(p~'x) for x € R? satisfies

/]Rz IV(n, — ¢)|*dx < C/Rz IV(my — SO~ x))[2dx + C|S — Sy
2
- log” L

for some C > 0 and o9 > 0 small enough, both universal, which is estimate (6.10).
By the identity (5.32) we have

(6.57)

/ 2¢" - Vg3 dx = 8mpcosh. (6.58)
R2

Therefore, the bound (6.11) for the DMI term follows once we control
/ (m), - Vmg3 —¢' - Ve3) dx
R2
= /R2 m. - V(me3 — ¢3)dx + /]RZ(mZT —¢) - V(g3 +1)dx (6.59)

= /Rm V(o = ¢3) dx - /Rz(¢3 + DV - (m; ¢ dx.

where the decay of ¢3 + 1 at infinity is sufficiently strong to erase the boundary
term in the integration by parts. By explicit calculation and (6.13), we have

/2 I3 + 112 dx < Cp* < (6.60)
R

|logo|’
Consequently, the Cauchy—Schwarz inequality applied to the right-hand side of
(6.59) and the estimates (6.54), (6.60), and (6.57) imply

log L

5 (6.61)

/IRZ (¢'- Vo3 —m - Vmg3) dx| < C

The bound (6.5) then gives the desired estimate (6.11) for the DMI term.
Step 3: Estimate the stray field terms.



282 A. BERNAND-MANTEL ET AL.

We consider ¢;, := Sy CDL(p_lx), with @ as defined in equation (5.19), and note
that we still have

log L

/ IV(mo — ¢r)*dx < C (6.62)
RZ
by the bounds (6.57) and (5.29). In Lemma 5.3 we also already computed
, 373 5 3 1
Fool(¢1) — Fsurt(¢1.3) = KN cos“ 6 — Y p—CpL™ %
3 3 (6.63)
> Slcos29—ﬂ— —CU%HO o|”2
> 3 g o g
where in the last step we used estimates (6.5) and (6.13).
As the nonlocal terms are bilinear, we have
Fyot(m},) — Fyoi(¢7) = Fyol(my, + ¢7,m, — @) (6.64)

and the interpolation inequality (3.8) for p = 2 together with estimate (6.62) imply

’ gL
| Fyol(mgy) = Fuol(@7)] < C (9712 + llmy l12) —— 3 (6.65)

The fact that ||¢] [l2 < Cp(log L)%, see (5.30), together with the estimates (6.54),
(6.13) and (6.5) thus gives

| Fyol(my,) = Foi(¢})| < Collogal. (6.66)

A similar argument exploiting the estimates (3.7), and (6.60), as well as Lemma 5.1
gives

|Fsurf(ma,3) - Fsurf(¢L,3)| < Collogao|. (6.67)
Combining the last two estimates with (6.63) yields (6.12). O

6.1. Convergence to Shrinking Belavin—Polyakov Profiles via Stability of the
Reduced Energy E; 5k

Having completed the preparatory work in the form of the previously presented
statements, we now proceed to prove Theorem 2.2.

Proof of Theorem 2.2. By Theorem 2.4 and definition (6.1), there exist S €
SO@3), ps > 0 and x, € R? such that

J.

Without loss of generality, we choose x, = 0. For ¢ > 0 to be chosen sufficiently
small later and for o € (0, og) for og > 0 small enough depending only on &, we

V (mo () — 5o (x - x,,)))‘2 dx < CL™2 (6.68)
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combine the bound (6.5) and the local version of the stability result in Lemma 4.4
to improve the above estimate to

J:

Existence of 6, € [—m, ) with

v (m(,(x) - S@(pglx)) ‘2 dx < (% + s> L2, (6.69)

log? L

L2

/R Vg (x) = Sg, @ (o5 1) dx < C (6.70)

follows from Lemma 6.5, and (| log o | oy, 65, L) € V, is aresult of estimate (6.5).
_ _1
Recalling the definition (5.23) of &, .k, for L = (% + 8) 2L and K =
(% + 8)71 K* we have by Lemmas 6.3, 6.4 and 6.5:

|log o , :
Eanir (1108010500, L) = 5 (Eqp(mq) = 87) + Corlogo|*. (671)

Corollary 5.6 gives

|loga|
o2

(Eq(mg) = 8) < min €k + Coillogol.  (6.72)

o

For e < % we have K > %K*, so that the expansion (5.38) implies

_ K*
2o 'lee (%) o log’ [logo|
64w |logo| |logo|?

H‘l/in go-")\_;K* < 1’1‘1/111 gg’)L;K + (6.73)

Concatenating the estimates (6.71), (6.72) and (6.73), we get for o € (0, og) for
oo > 0 sufficiently small that

22 log (3 +e)

Eonik (|1 05, L) < min (&5
sk (11080 1pa. 0. L) = min (€aaik) + "= = o

(6.74)
log? |logo|

|logo|?

where we also used the definition of K.
Since log % < 1, for ¢ > 0 and op > 0 small enough universal we deduce

Fl0))

_— 6.75
+ 64m|logo]| ( )

Eonk(|logolps, 05, L) < rr‘1/in (E.2:x)

Consequently, part 2 of Proposition 5.4 then implies the desired convergences for
po and 6, . Furthermore, the bounds (6.70) and (5.42) give

/ |V (mg (x) = S5, @(py ' x) [P dx < Co?.
R2
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Finally, the estimate

1
OB (£ mp) — ) (

_F0 ZWlegllogal\| €
32r 327 |logo| ~ |logo]|
(6.76)

follows from estimates (6.71), (6.72) and the expansion (5.38) of Proposi-
tion5.4. O
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A. Appendix

Here, we first provide a concise set-up of the differential geometry necessary
for our argument. In a second section, we prove the topological bound (1.4) and
prove that all extremizers are in fact Belavin—Polyakov profiles. Both sections are
included for the convenience of readers who may be unfamiliar with the presented
material, and we do not claim originality of the definitions and results. Finally, we
will present a number of calculations involving Bessel functions.

A.l. Sobolev Spaces on the Sphere

Letu : S2 — R" forn > 1 be a smooth map, which we may extend to a smooth
map on R\ {0} by setting U(x) := u <‘;—|> Following [3, Definition 7.25], we
consider its gradient

Vu(y) := (05 U)(y)11(y) + (0, U) () 12(y) (A.T)

fory € S? and {r1(y), 12(y)} an orthonormal basis of the tangent space TyS2 =
{veR3:v-y=0}. Due to the chain rule in R”, we recover the standard notion
of gradient in Riemannian geometry. We will also need the tangential divergence
for smooth functions & : S* — R3, for y € S? defined as

V-E(y) == (05 8) ) - 11(y) + (35, E)(¥) - 12()s (A2)

where again E(x) := & (Ii_l) forx € R3 \ {0} and {1 (y), 12(y)} is an orthonormal

basis of TySz, see [3, Definition 7.27 and Remark 7.28]. The Laplace—Beltrami
operator for a smooth map u : S> — R then is Au := V - Vu, see [46, (2.1.16)].
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We define the space H 1(S2) as the completion of C °°(S2) with respect to the

norm
%
leell 12y 1= (/ (1vul + u?) dH2> : (A3)
S2

Let H'(S?; R?) be defined analogously for R3-valued maps and set
H'(S? S?) = {ﬁ e H'(S: R : ii(y) € S2 for H2-ae. y € SZ} . (A4
H'(S%: TS?) = {g € H'(S% R 1 £(y) € T,S% for H2-ae. y € Sz} . (AS)

where 7S? := [ J yes2 (¥} x Ty S? is the tangent bundle of S?. The weak gradient Vu

foru € H'(S?) and weak divergence V- £ for & € H 1(S%; R?) exist as measurable
maps characterized by the following integration-by-parts formula:

Lemma A.l. Let u € H'(S?) and € € H'(S*; R3). Then we have
/2s~WdH2<y> _ / QuE -y —uV-£) dH2(y), (A6)
S S

and this identity determines Vu and V - & up to sets of H>-measure zero. Further-
more, for smooth maps ¢, € : S — R we have

/sz V$~V§dH2=—/S2§A$dH2. (A7)

We furthermore remark that, following BREZ1s and NIRENBERG [18], we can
define the Brouwer degree for maps 71 € H'(S?; S?), and even for functions of
vanishing oscillation, in the following way: For y € S2, let y — (11(y), 72(y)) be
an orthonormal frame of 7y S? which is smooth except in a single point. For maps
m € C*®(S?; S?) we use the integral formula (see also definition (2.44))

N (1) = % /S det (Vi) dH?, (A.8)

where for y € S? we define det(V7i(y)) := det M(y) with M;;(y) := 7; (7 (y)) -
[(z:(y) - V)m(y)] for i, j = 1,2 to be the determinant of the linear map v +>
(v - V)m from TyS2 to T,a(y)Sz, expressed in the ordered bases (71 (y), T2(y)) and
(t1(m(y)), T2(m(y))). It can be seen that this definition is independent of the frame
(11, 72); in fact, for certain choices of 71 and 77 this is part of the proof of the
representation

N(m) = N (m ° ¢—‘) , (A.9)
for any ¢ € B, found in Lemma A.2. The degree can then be extended as a contin-

uous map to H'(S?; S?) by approximation with smooth maps provided by a result
of ScHOEN and UHLENBECK [75]. In particular, the above representation (A.S8)
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holds true, as the 2 x 2 determinant is a quadratic function, and thus the integral is
continuous in the strong H !-topology, see also [18, Property 4].

Using the above definitions, we describe how the various quantities behave
under reparametrization by ¢ ~! with ¢ € B. In particular, we prove that the har-
monic map problem is invariant under this operation.

Lemma A.2. Let ¢ € B and let u : R* — R be measurable. Then the map
x = u(x)|Veo(x)|? is integrable on R? if and only if u o ¢~ is integrable on S?,
and we have

/Rzu|V¢>|2dx = 2/8214 o LdH>. (A.10)

Furthermore, we have u € Hv{, (R2), where the space Hv{,(Rz) is defined in (4.4), if
and only ifu o =1 € H'(S?), and for every u, v € Hv{, (R?) there holds

/ Vu - Vo dx:/ Vo™ -Vwoe™!) dH>. (A.11)
R2 S?

We also have m € H' (R2: Sz) ifand only if m := m oqb*] c H! (Sz; S?), in which
case we additionally have N'(m) = Ng (m). In particular, we have that m € C is
a minimizer of F if and only if m € Cg is a minimizer of Fgp.

Proof of Lemma A.1. The fact that Vu and V - £ are determined up to sets of
H2-measure zero is a standard fact in analogy to uniqueness of weak derivatives
of functions defined in the Euclidean space. By approximation, it is sufficient to
prove the formula for smooth functions u# and &. Using the definitions (A.1) and
(A.2) it is straightforward to check the identity

V. ué)=Vu-&+uVv-E&. (A.12)
We therefore have
£ -VudH> = / (V- (u€) —uV - &) dH>. (A.13)
s? §?

By the divergence theorem on manifolds [3, Theorem 7.34] we have

L v-woat = [ ue- -y oo = [ ueyao. @iy

where —(V - y)y = —2y has the significance of being the mean curvature vector
aty € S2, see [3, Definition 7.32]. This proves the identity (A.6), from which the
formula (A.7) easily follows. O

Proof of Lemma A.2. For all x € R? we have the identities
1
Y (x) - hp(x) = §|V¢(x)|2 > 0, (A.15)
019 (x) - hep(x) =0 (A.16)
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fori = 1, 2, and thus the map x — (lvﬁc)lalqﬁ(x) |V¢(x)|82gb(x)) provides a

smooth orthonormal frame for Ty (,)S? for x € R?. Equation (A.10) and the corre-
sponding equivalence are straightforward results of the area formula [3, Theorem

2.71] and the fact that 5 |V¢|2 (det V¢TV¢) 2 is the Jacobian of ¢.
Letu,v:R> - R be smooth functions and let x € R2. The chain rule implies

() = 8,90 - (V (uod™") (9(x)) (A17)

fori = 1, 2. As a result, we obtain
1
Vi) - Vo) = SV (we ™) 9) -V (vog™!) (6. (A18)

Since smooth functions are dense with respect to the H I_topology in both spaces
HV{, (Rz) and H! (Sz), as can be easily seen via convolutions, we obtain equation

(A.11). Form € H'(R%; S?) we thus have m :=m o ¢! € H'(S*; S?).
In order to show N (m) = Ng (1), we first define the orthogonal frame

V2. V2 1
, == o A.19
@), () [(W' 19 Sg0 ¢> ¢ }(y) (A.19)

for y € S?, which is smooth except in the single point v := limy|— 00 @ (x). We
may, therefore, calculate

N(@m) = % /Rzm - (0ym x drm) dx (A.20)
1
= I Js m (@ () - Vi x (1) - Vm] dH(y), (A.21)

due to the chain rule (A.17), the area formula and the fact that % |V |? is the Jacobian
of ¢. For almost all y € #~!(v) we have Vm(y) = 0 by standard statements
about weak derivatives. Therefore, for i = 1, 2 we can almost everywhere express
(t; - V)mi(y) in the basis {r; (m(y)), T2(71(y))} to get

N(m) = % /2 - (r1 (M) x (1)) det (Vi) dH? = N2 (m), (A.22)
S
by virtue of z - (71(z) X 2(z)) = 1 forall z € S\ {v} according to (A.19). O

A.2. The Topological Bound and Energy Minimizing Harmonic Maps of Degree 1

In this section, we prove the topological bound (1.4) and characterize the corre-
sponding minimizers for the convenience of the reader. The following statement is
an amalgam of results due to BELAVIN and POLYAKOV [6], LEMAIRE [52] and WooD
[80], see the discussion in Sect. 1. Our approach below is to reduce the problem to
that of the solutions of an H-system treated by BREzIs and CorON [17].
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Lemma A.3. For all m € H'(R?: S?) we have
IVm|*> £ 2m - (9ym x dom) = |dym Fm x dom|*> > 0, (A.23)

almost everywhere, as well as
/ |Vm|?>dx > 87 [N (m)]. (A.24)
RZ

The functions with N' = 1 achieving equality, i.e., energy minimizing harmonic
maps of degree 1, are given by the set of Belavin—Polyakov profiles B, see definition
(2.20). We furthermore have the representation

ax +b
cx +d

Bg = {d)ofo(IJ1 D f(x) = fora,b,c,de@withad—bc;éO}

(A.25)

for the set Bgp of minimizing harmonic maps of degree 1 from S? 1o itself, see
definition (2.45).

We also briefly state a version of [54, Lemma 9] in our setting relating the energy
excess to the Hamiltonian, see Sect. 4.1, which will come in handy a number of
times.

Lemma A.4. ([54, Lemma 9]). For m € H'(R%;S?) and ¢ € B we have the
identity
F(m) — 87 = /R (1V0n = ) = m = 921V9?) dx. (A.26)

Proof of Lemma A.3. The inequality (A.23) is a result of completing the square,
and the topological bound (A.24) then follows by integration.
Let ¢ € H'(R?; S?) be such that A'(¢) = 1 and

/ |Vo|? dx = 8. (A.27)
R2

Then equation (A.23) implies d1¢p = —¢ X dr¢ almost everywhere. Together
with the fact that ¢ - ;¢ = 0 for i = 1,2 almost everywhere, we also have

¢ x 019 = —¢ X (¢ X 2¢) = 02¢ and
2016 x 02 = 01 x (§ x 01§) — (¢ x D2p) x ap = | V|’ (A.28)

Because ¢ is evidently an energy minimizing harmonic map, it satisfies (2.23)
distributionally, and thus the map ¢ := —¢ satisfies

AG =210 X Do, / V@|” dx = 8. (A.29)
R2
Thus [17, Lemma A.1] implies for almost all x € C that

~ P
Fx) = o, ( Qg ;) (A30)
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for complex polynomials P and Q of degree 1 such that £ is irreducible, where
D, (x) ;= —P(x) for x € C and &, (0c0) := e3 is the stereographic projection
with respect to the north pole and division by zero is taken to evaluate to infinity.
Therefore, we get the representation

o0 = (LY. (A3D)
o)

for the smooth representative of ¢. Let a, b, c,d € C such that P(x) = ax + b
and Q(x) = cx +d for x € C. As P and Q are irreducible, they must be linearly
independent polynomials. Consequently, we have

ab
ad — bc = det <c d) # 0, (A.32)

and the representation (A.25) follows from Lemma A.2.

Let S € SO(3) be such that limy| o0 S¢p(x) = —e3. Because S¢ also satisfies
N(S¢) = 1 and g [VS¢|?> dx = 87, there exist d, b, ¢,d € C withad — b # 0
and

ax + b
Sp(r) = o [ L2 (A33)
cx +d
forall x € C. From lim|y|— oo S¢(x) = —e3 it follows that lim | oo ?;‘Ig‘ = 00,

and thus ¢ = 0. Therefore, czd —bé+0 implies a # 0 and d # 0. Without loss of
generality we may assume d = 1, so that for all x € C we have

Sh(x) = ® (ax + 15) . (A.34)
With p := |a|~! and x¢ := —g we get for all x € C that
Sé(px +xp) = D (f’—|x> . (A.35)
a

a
lal

Since we evidently have = 1, there exists § € [—m, ) such that

|Q1

| = (cos @, sinH). (A.36)

The symmetry properties of @, see definition (2.21), immediately imply

B

Sh(px +xp) = @ <|a—|x> — Syd(x), (A37)
a
where Sy was defined in equation (2.24). Consequently, for all x € C we obtain

o) =57"5® (p7'r = x0)). (A38)

concluding the proof. O
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Proof of Lemma A.4. We follow the arguments in the proof of [54, Lemma 9]. A
straightforward algebraic computation gives

/ <|Vm|2 - |v¢|2) dx = / (|V(m — P +2Ve: V(m — ¢)) dx.
R2 R2

(A.39)
By inspecting the definition (2.21) of @ we see that |[V® (x)| = 0(|x|_2) as x —
oo. Consequently, we may integrate by parts in the second term on the right-hand

side and use the fact that ¢ solves the harmonic map equation A¢ + |V¢|>¢ = 0,
see equation (2.23), to obtain

L (m = 1962) @ = [ (1900 = @) +20- = 4)99P) ar.
R2 R2

(A.40)
The fact [m — ¢|? = —2¢ - (m — ¢) gives the claim. O

A.3. Integrals Involving Belavin—Polyakov Profiles

Here we collect the results of a number of computations involving the original
and truncated Belavin—Polyakov profiles ® and &, respectively. As they involve
dealing with modified Bessel functions of the second kind, specifically Ko and K1,
we begin by collecting some of the well-known properties of these functions (for
definitions, etc., see [2, Section 9.6]).

Recall that Ko(r) and K (r) are positive, monotonically decreasing functions
of r > 0. They have the following asymptotic expansions as r — 0:

Ko(r) = |logr| +1log2 —y + O(r*|logr|), (A41)
1
Ki(r) = ~ + O(r[logrl), (A.42)

where y & 0.5772 is the Euler—Mascheroni constant, while as r — oo we have

K _ T —1
01(r) = /3¢ (1+0(r )). (A.43)

Finally, we will need the following basic upper bound:

K
Koy < K10 oo, (A.44)
r

which easily follows from the strong maximum principle for the differential equa-
tion

rPK{ +rK{ = (*+ DK =0 (A.45)

satisfied by K1, the asymptotics in (A.43), and the facts that g(r) := M isa
strict supersolution for the above equation.

We next express the Fourier transforms of several quantities involving the
Belavin—Polyakov profile & and use them to compute its nonlocal energies. We
also compute the contribution of @ to the DMI energy.
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Lemma A.5. We have

F(VO')(k) = —4n K| (|k|)% ®k, (A.46)

F(P3 + 1)(k) = 4n Ko(|k]). (A.47)

Furthermore, it holds that

3
Fool(®) = §n3, (A.48)
1
Faurt(®3 + 1) = §n3, (A.49)
/ 29" . Vdzdx = 87. (A.50)
RZ

Having obtained the above formulas, we are in a position to derive the formulas
that are useful in obtaining an upper bound for the energy of a truncated Belavin—
Polyakov profile.

Lemma A.6. There exist universal constants C > 0 and Lo > 0 such that for all
L > L the truncation O defined in (5.19) satisfies &1 € A and the estimates

4 Clog’ L
/ VO, Pdx — 87 < — + —= 2, (A.51)
R2 L L3
@ 2dx <471 412 Clog2L ASD
Rzl 17 dx =< 4mlog s )t (A.52)
/ 20, -V, 3dx =87 + O (L—%) , (A.53)
]RZ
3
Fyo(®}) = =n° + 0 (L‘%) : (A.54)
8
1 L
Fart(®3.0) = <7> + O (L 2), (A.55)
8
/ IV(®, — ®)|* dx < CL™2, (A.56)
RZ
/ @3, — @3  dx < CcL . (A.57)
RZ

Lastly, a direct computation allows to establish an estimate for an integral
appearing in the lower bound of the anisotropy energy in Sect. 6. Here and every-
where below the integrals and the series expansions have been carried out using
MATHEMATICA 11.2.0.0 software. We have also verified these computations explic-
itly by hand, but the details are too tedious to be presented here.

Lemma A.7. As u — 00, we have

00 3 2
ur 2 1 ) log”
K dr > =1 - o\—). A.58
/0 1+ pr? 1 "=2 Og(627+1>+ ( W (A.58)
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Proof of Lemma A.5. Foraradial function U (x) := u(|x|) withu € L' (R, rdr)
it is well known that the Fourier transform of U reduces to the Hankel transform

FWU) k) = 271/ u(r)Jo(lk|r)rdr, (A.59)
0

see for example [14, p. 336], where Jo is the zeroth order Bessel function of the

first kind. Due to ®3(x)+1 = ‘xle ,V-d'(x) = (1+|x\2)2 and [14, Table 13.2],
this allows us to compute
F (@3 + 1) (k) =4n Ko(lk]), (A.60)
F(V - d)k) = —4n|k|K1(|k]). (A.61)
As ®'(x) = —Vlog(l + |x|?), there exists a tempered distribution H such that
F(®') = ikH, and from equation (A.61) we get
\k|>H = 47 |k| K (k). (A.62)
Therefore, we have
k
FVOYk)=—k®kH = —471K1(|k|)m k. (A.63)

Inserting the expressions (A.61) and (A.60) into the representations (3.3) and
(3.9), respectively, we obtain

o0
1
Fouf (P53 + 1) = 471/ s?K3(s)ds = §n3, (A.64)
0
/ o 22 3 3
Fo(®) =47 [ s*Ki(s)ds = o’ (A.65)
0

Lastly, (A.50) follows by direct computation. O

Proof of Lemma A.6. Step 1: Proof of estimate (A.51).

For L > 1, we first note that f7, is piecewise smooth, so in view of (A.43) we
have ®; + ez € H!(R?; S?). A direct computation also shows that N (1) = 1,
as it should. Therefore, admissibility of @ for large enough L would follow, as
soon as we establish (A.51).

In the following, all estimates and expansions are valid for L > Ly with Ly > 0
sufficiently large. We begin by observing that

BCARCOI G

Vo,
| 2 1= fA3xD |x|2

(A.66)

and thus an explicit calculation gives

87 L
/ VoL de = 2= (A.67)
B /7(0) 1+ L
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With the help of (A.44) we then obtain for all r > L%:

1
fur) < Ef (L%) < %. (A.68)
r

r

Consequently, we have for r > L? that

) 4 C C\ 4
=1+fL2(r)+1—L—fL2(r)51+r_2+r_451+(1+_>_2‘

L= f7 ()
We can insert this estimate into the identity (A.66) and compute for all x € Bf/Z 0):

4222 (5) + (e 4+ 401 + L) (Ko (51) + &2 (1))

VoL (x)* < 1
L(L + 1)2K? (L*z) Ix|2

’

(A.70)

where K> is the modified Bessel function of the second kind. Integrating in radial
coordinates and then expanding in the powers of L~ yields

5 8t 4w log? L
Vo, |"dx < — ——=+0 | —— |, (A.71)
VL

which together with equation (A.67) finally implies (A.51). In particular, ®; € A
for all L > L¢ with some L > O sufficiently large.
Step 2: Estimate the rates of convergence of ® to ® in several norms.

1
We start with an L2-estimate for the out-of-plane components. For r > L2, by the
estimate (A.68) we have

2 2008 £20,0)\2
<\/1—f2(r)—\/1—fL2(r)> _ (fL(r) f (V))

2
(x/l—fz(r)Jr,/l—ff(r)) (A.72)

C
= (fu(r) = f(r)*.
r

IA

Thus the right-hand side decays as r—* for » — oo, and we have
/ |3 — @5  dx <CL™. (A.73)
R2

Similarly, together with (A.68), f(r) < % for r > 0 and the fact that |V<I>(x)|2 <
C|x|~* for x € R? we obtain

/ |®; — ®>|VP|>dx < CL™2. (A.74)
R2
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Combining this with Lemma A.4 and the estimate (A.51) we get the bound (A.56),
meaning

/ V(P — ®)>dx < CL™2. (A.75)
R2

To handle the volume charges, we need L”-estimates for p # 2 in view of the fact
that & ¢ L2(R?; R?). To this end, we can use estimates (A.68) and f(r) < % for

r > 0 to obtain

/ |®) — @'|*dx < L7 (A.76)
RZ

Additionally, we will need a matching L3 -estimate for V&, in order to apply
Lemma 3.1 later. For x € BSE(O) we use (A.66) and (A.68) to calculate

(A.77)

IV, (x)| < C (|fg(|x|>| + fL('x')).

x|

By the identity K} (r) = —Ko(r) — @ for all » > 0, the estimate (A.68) and the
expansions (A.41) and (A.42) we have for all x € BSFL(O):

x|

1 1\ _u
Vo) (x)| < C <ﬁ + W) e T, (A.78)

Integrating this bound we arrive at

4 _2
/BC o |V (x)|3 dx < CL73. (A.79)
VL

The remaining integral over B ﬁ(O) is bounded since |[V®’| € L3 (R?) and we get
/ V@, |3 dx < C. (A.80)
RZ

Step 3: Estimate the anisotropy, DMI and stray field contributions.
First compute the contribution to the anisotropy energy from the core region:

1
/B o |®) |>dx = 4n (—L — +1log(L +1) — 1) ) (A.81)
VL

Next, evaluate the contribution of the tail region:

412 (K2 (L—%) YLK (L—%) K (L‘%) _ K2 (L—%»
0 1 0 1

/ 1@ > dx = 1
BS(0) (L + 1)2K? (L_7>

(A.82)

Combining these two expressions and expanding in L™! yields (A.52).
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As @ decays exponentially at infinity by virtue of estimate (A.43) and ®3 + 1
decays as r~2, we can integrate by parts in the difference of the DMI terms

/ (@) - VP 3— P - VP3) dx
R2
= /2 (@34+ DV @ —(Pr3+1) VD)) dx (A.83)
R
= /]RZ (@34 1DV (& —d}) — (Pr3—P3) V- D) dr.

By the facts that &3 + 1 € L%(R?), the estimates (A.75) and (A.73), and the
Cauchy—Schwarz inequality we deduce

0=

(A.84)

/2 (P - VP 3— @ - VP3) dx| < CL™ 2.
R

Together with (A.50), this then yields (A.53).
Similarly, by Lemma A.5 we only need to estimate the error terms in the stray
field contributions to prove estimates (A.54) and (A.55). By bilinearity and the

estimates, (3.8) with p = 4, (A.76), (A.80) and |[V®'| € L3 (R2; R?) we get

| Fuot (®7) = Fuai ()] < [Foi(®], + @', @) — @)
< ClIO) — @ [4lIV(@L + ®)]l4 (A.85)

<cCLi.
A similar calculation for the surface term gives
| Fourt (P1.3) — Fourt (93)] < Cl|PL 3 — P3]2IV(PL 3 + P3)]2 (A.86)

We can now apply the interpolation inequality (3.7) together with the estimates
(A.51) and (A.73) in order to obtain

1
|Fsurf(q)L,3) - Fsurf(q>3)| <CL™z, (A.87)

concluding the proof. 0O
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