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Abstract

We investigate the scaling of the ground state energy and optimal domain pat-
terns in thin ferromagnetic films with strong uniaxial anisotropy and the easy axis
perpendicular to the film plane. Starting from the full three-dimensional micromag-
netic model, we identify the critical scaling for which the transition from single
domain to multidomain ground states such as bubble or maze patterns occurs as the
film thickness goes to zero and the lateral extent goes to infinity. Furthermore, we
analyze the asymptotic behavior of the energy in these two asymptotic regimes. In
the single domain regime, the energy I"-converges towards a much simpler two-
dimensional and local model. In the multidomain regime, we derive the scaling of
the minimal energy and deduce a scaling law for the typical domain size.

1. Introduction

Ferromagnetic materials are an important class of solids which have played an
indispensable role in data storage technologies of the digital age [22,51,65]. Their
utility for technological applications stems from the basic physical property of ferro-
magnets to exhibit spatially ordered magnetization patterns—magnetic domains—
under a variety of conditions [32]. The mechanisms behind the magnetic domain
formation can be quite complex, but usually domain patterns may be understood
from the energetic considerations based on the micromagnetic modeling framework
[9,20,32]. Starting with the early works of LANDAU AND LiFsHITZ [46] and KITTEL
[39], ground states of various ferromagnetic systems have been the subject of exten-
sive studies in the physics community (see [32] and references therein), and more
recently in the mathematical literature (for a review, see [20]). In particular, within
the micromagnetic framework the ground state domain structure of macroscopically
thick uniaxial ferromagnetic films is by now fairly well understood mathematically
in terms of the energy and length scales, as well as some of the qualitative properties
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of the domains [14,15,17,40,59]. In contrast, apart from only a handful of stud-
ies [16,28,50,54], the vast majority of mathematical treatments of microscopically
thin ferromagnetic films deal with the situation in which the magnetization prefers
to lie in the film plane (see, for example, [12,13,18,19,26,33-35,41,44,52]; this
list is certainly not complete). Thus, one of the fundamental open problems in the
theory of uniaxial ferromagnets is to rigorously characterize their ground states in
the case of films of vanishing thickness when the magnetization prefers to align
normally to the film plane (for various ansatz-based computations in the physics
literature, see [21,38,42,57]). This problem is the main subject of the present paper.

Recent advances in nanofabrication allow an unprecedented degree of spa-
tial resolution, with features of only a few atomic layers in thickness and tens of
nanometers laterally for planar structures [66], enabling synthesis of ultrathin fer-
romagnetic films and multilayer structures with novel material properties. Over the
last decade, there has been a major focus on films with thickness of only a few
atomic layers, primarily due to their promising applications in spintronics [2]. One
of the important features of these films is the emergence of perpendicular magne-
tocrystalline anisotropy due to the increased importance of surface effects [30,36],
which favor the magnetization vector to lie along the normal to the film plane.
As a result, the magnetization may exhibit either stripe or bubble domain phases
depending on the applied external field and other factors [31,56,61,64,68]. We
note that studies of magnetic bubble domains in relatively thick films have a long
history in the context of magnetic memory devices (see, for example, [42] and the
book [48]). However, the occurrence of additional physical effects in ultrathin films,
such as spin transfer torque [7,24,37], Dzyaloshinskii-Moriya interaction [5,60]
and electric field-controlled perpendicular magnetic anisotropy [23,49] allow for
much greater manipulation of the domain patterns, resulting in a renewed attention
to bubble domains from experimentalists [37,43,62,63,67]. In particular, the topo-
logical characteristics of the bubble domain patterns in these materials are of great
current interest [8,24,55]. These considerations further motivate the present study
of the basic problem noted at the end of the preceding paragraph.

In this paper, we are interested in deriving a reduced two-dimensional model
for ultrathin ferromagnetic films with perpendicular anisotropy and using it to
asymptotically characterize the observed ground states and, more generally, all
low energy states in films of large spatial extent. Our starting point is the three-
dimensional micromagnetic energy functional, coming from the continuum theory
of uniaxial bulk ferromagnets [45]. In a periodic setting and after a suitable non-
dimensionalization, the micromagnetic energy is

Em] = / <|Vm|2 +0 (m% +m§)) dx +/ h|? dx. (L)
T2x(0,1) T2xR

Here, T% x (0, t) denotes the space occupied by a ferromagnetic sample in the
form of a film of thickness ¢, period ¢ and whose magnetocrystalline easy axis is
normal to the film plane, m € H 1 ('JI‘% x (0, 1); S?) is the magnetization vector and
h : T2 x R — R? is the stray field, which is uniquely determined by m via the
distributional solution of the static Maxwell’s equations
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V-(h+m)=0 and Vxh=0 inT?xR, (1.2)

where m has been extended by zero outside T% x (0, t). Up to a sign, h equals
the Helmholtz projection of m onto the space of gradients. Note that the energy
depends on m in a nonlocal way. To emphasize this fact, we sometimes use the
notation 7’ [m] := h to denote the solution of (1.2). Finally, QO > 0 is the material
quality factor. For an introduction to micromagnetic modeling we refer to, for
example, [20,32]. Note that additional physical effects due to the external applied
magnetic field and the film surfaces may be easily incorporated and would lead to
the same type of a reduced two-dimensional model [54]. Also note that it is well
known that the infimum of & is attained (see, for example, [20]).

Since our focus is on materials with perpendicular magnetic anisotropy, we
assume that O > 1 (for a detailed explanation, see the following section). The
high magnetocrystalline anisotropy leads to magnetizations that are predominantly
perpendicular to the film plane. It is well-known that such materials feature mag-
netizations that consist of one or many regions of nearly constant magnetization,
called magnetic domains, separated by interfaces, called domain walls. Note that
the energy in (1.1) depends on the three dimensionless parameters ¢, f and Q. To
describe such magnetic domains, we investigate the asymptotic behavior of the
energy in (1.1) for thin films (that is # < 1) with large extension in the film plane
(that is £ > 1). In this work, we identify the critical scaling for the size of the
sample where a transition from single domain states to multidomain states occurs.
Moreover, we analyze the asymptotic behavior of the energy in the two regimes
separated by this transition.

In the subcritical regime, the global minimizers are the single domain states
m = Fe3. We derive the asymptotic behavior of the energy in this regime in the
framework of I"-convergence. The reduced energy turns out to be much simpler
than the full energy, in particular, it is two-dimensional and local. In the supercritical
regime, which lies beyond the transition towards multidomain configurations, we
establish the scaling of the energy (up to a multiplicative constant) and characterize
sequences that achieve this scaling. Our analysis shows that the magnetization
in this regime consists of several domains and suggests that the typical distance
s between domain walls (with all lengths in the units of the so called exchange
length, a material parameter [32]) scales as

e2m‘K/Q—1
0-—1

We will show that in the regimes we consider the leading order of the micromag-
netic energy, upon rescaling and subtracting a constant, is given by the following
two-dimensional functional defined for m € H'(T?; S?):

s~

IV2m3)? dx. (1.3)

Foslm] / EIVmP + (1 —md)) d
mi| = — m —_— —m X —
et 1 \2 2¢ 3 Ine| Jr

In (1.3), T? = R?/Z? denotes the square flat torus of unit side length representing
a rescaling of the two-dimensional footprint of the ferromagnetic film, ¢ is the
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renormalized Bloch wall width and A is the renormalized film thickness (see the
following section for the precise definitions). We note that a similar result for a
closely related problem of a Ginzburg-Landau energy with dipolar interactions has
been obtained in [53], where the meaning of the asymptotic equivalence between
the full energy of three-dimensional configurations and the reduced energy of their
ez-averages is discussed in more detail. Also, for € and A fixed the infimum of F
is clearly attained.

The main part of our analysis is concerned with the asymptotic behavior of
(1.3) as ¢ — 0 for different values of A > 0. Note that the last term in (1.3) occurs
with a negative sign and hence prefers oscillations of m3. As it turns out, the value
of the parameter A is crucial—in fact, we will show that the asymptotic behavior
changes at A = A., where

Ae = (1.4)

55
which is a singular point in the terminology of [6]. For A < A, the I'-limit F ) :=
F(L] )-limg_, ¢ F, , measures the length of the interface separating regions with
m = e3 and m = —ej3 (see Theorem 2.5)

(1 - %) Jyo IVm3]dx, form e LI(T?; {es}),

+00, otherwise.

Fialm] = { (1.5)

Note that the last term in (1.3) leads to a reduction of the interfacial cost by )\)‘—E
compared to the classical result [1] for A = 0. On the other hand, for A > A, the
scaling of the minimal energy changes (see Theorem 2.6)

Ac—h
AETT g0

min Fo[m] ~ —

5 _OO,
meH! (T%;S?) |Ing|

and sequences (m,.) which achieve the optimal scaling F; ;[m.] ~ min F; , are
highly oscillatory in the sense that

Ac=h e—0
f |Vmgsldx ~¢ » — H4o00.
T2

Furthermore, for A = A, the leading order contributions of all three terms in
(1.3) cancel out. The main difficulty in the proof is to find asymptotically optimal
estimates for the non-local term.

A reduction of the full three-dimensional micromagnetic energy to a local two-
dimensional model in the thin film limit was first established rigorously in [28].
Subsequently, several thin film regimes for magnetically soft materials have been
identified and analyzed, see for example [10-12,19,34,41,44,52]. However, since
we consider materials with high perpendicular anisotropy, our setting is consider-
ably different.

To conclude our introductory remarks, we note that the behavior of the material
changes markedly when the film can no longer be considered to be thin. In [14] the
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scaling of the ground state energy was identified for the two-dimensional micro-
magnetic model and in [15] for the three-dimensional model. Magnetizations with
optimal energy involve the so-called branching domain patterns which become finer
and finer as they approach the boundary of the sample. When the ferromagnetic
sample is exposed to a critical external field, a transition between a uniform and
a branching domain pattern occurs. The critical field strength and the scaling of
the micromagnetic energy for this regime were derived in [40]. In our regime, the
thickness of the film is so small that this does not only exclude the branching pat-
terns that occur in bulk samples, but actually forces the magnetization to become
constant in the direction normal to the film plane.

Notation: For x = (x1, x2, x3) € R3 we write x = (x/, x3), where x’ = (x1, x2)
is the projection of x onto the film plane. Similarly, in R we write V = (V’, 83),
where V' = (91, 83) is the in-plane part of the gradient. The square flat torus with
side length ¢ > 0 is denoted by T% := (R?/£Z%), and we abbreviate T? := T%.
We frequently identify functions defined on 'JI’% with doubly £-periodic functions
defined on R%. For u € L' (']I‘% x (0, 1)) we write u € L' (T%) to denote the e3-
average

1 t
ux') = ;/ u(x’, x3)dxs.
0

Moreover, for every v € LI(T%) we write x0,nv € LI(T% x (0, t)) to denote the
function (x0.nv)(x’, x3) = x©0.nx3)v(x"). By fT% |Vu| dx we denote the total
variation of u.

The expression f(x) < g(x) means that there exists a universal constant C > 0
such that the inequality f(x) < Cg(x) holds for every x. The symbol = is defined
analogously and we write ~ if both < and 2 hold.

For future reference, we now fix the constants in the definition of the Fourier
series. For f € L2(T%), we write

- . 2
fi= / eF £ (x) dx, where k € —~72.

T2 14
The inverse Fourier transform is then given by

1 DN
f(x):e—2 Z e g forxe']I‘%.
keZx 72
Parseval’s theorem then states that
1 S~
/ g =5 3 R for £, g € L*(T}),
Te ke 72

where f* is the complex conjugate of f. Furthermore, for s € (0, 1), we write

1
s 12 . 251~ (2
/T,ZZ [Viu|*dx := 7z E [k Tug )~

2 72
ke 2
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For s = 1/2 we will also use the following well-known real space representation
of the (square of the) homogeneous H I/ 2(T%)-norm:

1 _ 2
V202 dx = — e + ) —w@F 404, (1.6)
3
T2 4 Jr2 Jr2 |yl

Lastly, with the usual abuse of notation, for ¢ — 0 we will refer to (m;) €
H'(T?; S?) as a sequence, implying the sequence of mg € H 1(T2; $?) for some
sequence of g — 0ask — oo. Similarly, when we refer to the family of functionals
(F¢,») we are always dealing with sequences Fy, ;.

2. Main Results

Our main result is the identification of two thin-film regimes and the derivation
of the asymptotic behavior of the energy in these regimes. We will state the results
for a suitably rescaled version of & (m) — & (e3), the energy relative to that of the
monodomain state.

For Q > 1 and £4/Q — 1 > 2, which is assumed throughout the rest of the
paper, it is convenient to introduce the new parameters ¢, A (replacing ¢, t):

1 tIn(/0 —1
&= ——— and A= M 2.1)
/0 —1 40 —1
We rescale the domain of the ferromagnetic film to a fixed domain by means of
the anisotropic transformation T% x (0,1) — T? x (0, 1) with (x1, x2, x3) >
1(;71, 7 );—3) and study the energy E 5 : L' (T? x (0, 1); S?) — RU{+00}, defined
y

ElmL-, L, )] — 3t . @
Eoplm] = TN form € H* (T- x (0, 1); S7), 2.2)

+00 otherwise,

noting that &(e3) = £%¢, as can be verified by an explicit computation. We will
show that the energy E ; in (2.2) may be well approximated, in a certain sense, by
the reduced two-dimensional energy F ; introduced in (1.3). For both functionals,
we study the limit ¢ — O for fixed A > 0, corresponding to the limit of vanishing
thickness with suitable rescaling in lateral direction, while keeping Q as a fixed
material parameter. For both functionals, we will identify two regimes (recall that
Ac was introduced in (1.4)):

e the subcritical regime: 0 < A < A,
e the supercritical regime: A, < A.

We will show that in the subcritical regime, single domain states appear. Physically
this corresponds to relatively small samples where there is not sufficient space
to accommodate multidomain states (as imposed by the periodicity). On the other
hand, low energy states in the supercritical regime are characterized by the presence
of multidomain states. We also give some results about the transition at A = A..
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The asymptotic behavior of E. ; in the subcritical regime is characterized in
the following theorem:

Theorem 2.1. (Subcritical regime) Let Q > 1 and A € (0, A.). Then as ¢ — 0 the
following holds:

(i) Compactness: For every sequence (mg) € LY(T? x (0, 1); S?) with

limsup E; ) [m¢] < 400,
e—>0

there exists a sub-sequence and m € BV (T?; {+e3}) such that
o1 (2 .w3) .
mg — mxyo,1) inL (']T x(O,l),R),

(i1) I"-Convergence: The sequence of functionals (E¢ 3 ) I"-converges towards Fi, 3,
in the following sense:
— Every sequence (mg) € LY(T? x (0, 1); S?) with m, — mxo,1) in LY(T? x
(0, 1); R3) for some m € L' (T?; {+e3)}) satisfies

lim i(I)lf Eg;[me] 2 Fy . [m]. (liminf inequality)
£—

— For every m € LY(T?, {£e3}) there exists a sequence (mg) € LY(T? x
(0, 1); S?) with ms — mx.1) in L'(T? x (0, 1); R3) such that

limsup E; x[me] < Fy 3 [m]. (recovery sequence)
e—0

Theorem 2.1 shows in particular that single domain states are preferred asymptot-
ically in the subcritical regime, since the limit energy is local and prefers constant
magnetizations. We note that a related model has been studied in a subcritical
regime in the context of lipid bilayer membranes, in which the nonlocal energy
vanishes in the I"-limit, but affects the leading order constant of the limit energy
[25].

On the other hand, the next theorem shows that the energy leads to pattern
formation in the supercritical regime.

Theorem 2.2. (Supercritical regime) Let Q > 1 and A > A.. Then there is g =
ego(A, Q) > 0 such that the minimal energy in (2.2) satisfies the bounds

c he—h Ae—A
g7 . ‘
———— <minE;) < —

|In g|

(2.3)

for some universal constants 0 < ¢ < C and for any ¢ € (0, &p).

We note that by the direct method of the calculus of variations the minimum energy
in the above theorem is indeed attained. Configurations achieving the minimal
scaling of energy, including minimizers, can be characterized as follows:
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Theorem 2.3. Let Q > 1 and A > .. Then there is g = go(A, Q) > 0 such that
forany e € (0, &), any y > Oand allm € HY(T? x (0, 1); S?) which satisfy

he—h
yAE 2
E¢j[m] £ ———, (2.4)
|Ing|
we have
e
3
(i) f m —mxo,nl* dx < C,23(Q — 1) ——, (2.5)
T2x(0,1) [In |
.. 2 2 < re 6
(ii) my+m5)dx = Cyper, (2.6)
T2x(0,1)
(iil)) c¢ye 7 §/ |[Vimzldx < Cpe 7, 2.7
T2

\v/ 2 1— 2
(iv) / elvmp” 1= mj dx§<1+ )/ \Virs|dx (2.8)
T2x(0,1) 2 2¢e [Ineg|

for some constants 0 < ¢, < C,, depending only on y.

We take a moment to interpret the statements (i)—(iv) in Theorem 2.3 above. Item
(i) shows that for configurations with the scaling of the minimal energy the mag-
netization is approximately two-dimensional, that is independent of the thickness
variable. Item (ii) implies that the magnetization is mostly perpendicular to the
film (that is m ~ +e3). Item (iii) is an estimate for the total length of the domain
walls which confirms the conjecture from the physics community (see also Remark
2.4).Item (iv) in Theorem 2.3 indicates that domain walls approximate Bloch walls
of thickness (in the original, physical variables) proportional to ¢f = 1/,/0 — 1
for which the left hand side of estimate (iv) is exactly sz |[Vms|dx. Indeed, (iv)
implies that m approximates the optimal Bloch wall profile in an L?-sense:

2
2
v 1 —mj3 2C,
/ Vel m3| © < Gt f Vi3 do,
T2 (0,1) 1 —m? JE [In ¢

with the convention Y22L — 0 if [m3] = 1.
l—m3

Remark 2.4. (Scaling of domain size) The estimate (2.7), written in terms of the
original physical variables, confirms the exponential dependence of the typical
distance s between neighboring walls on the inverse thickness 1!, as was already
observed in ansatz-based computations in [38] for a two-dimensional sharp interface
model. Indeed, in view of Theorem 2.3(iii), the total length of the domain walls w
satisfies (for fixed y)

/ | Vi3] dx 2D

2D 2 [0 -1 29)
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In particular, we have the estimate

22 2.9) ezm—l 0—1

T w 0-—1

where s can be interpreted as the typical domain size. In fact, we expect that the
stray field energy induces a repulsive interaction of (nearest) neighboring domain
walls and leads to an approximately equidistant spacing of the walls.

’

We now formulate results analogous to the ones in the previous section, but for
the reduced energy F; ;. The relation between the full energy E, ; and the reduced
two-dimensional energy F; ; will be made rigorous in section 5, and, indeed, most
of the results stated above for the energy E, , are corollaries of those for F; ;
presented below. The reason to formulate our results also in terms of F; ; is two-
fold: on one hand, the main ideas are easier to understand when they are not obscured
by additional difficulties arising from the reduction to a two-dimensional model and
the stray-field energy approximation; on the other hand, the energy F; , itself may
be considered as a good starting point for modeling ultrathin ferromagnetic layers
with perpendicular magnetic anisotropy. The asymptotic behavior of the reduced
energy Fg  in the subcritical regime is summarized in the following theorem:

Theorem 2.5. (Subcritical regime) Let . € (0, A.) and F¢  as defined in (1.3).
Then as ¢ — 0 the following holds:

(1) Compactness: Every sequence (mg) in H 1(’]1‘2; Sz) with lim sup,_, o Fg »[mg]
< 400 converges in L' (T?) (up to extracting a subsequence) towards a limit
in BV (T?; {£e3));

(i) I"-convergence: The family of functionals (F¢ ;) I"-converges with respect to
the L' (T?)-topology towards F 5., defined in (1.5).

The next theorem is concerned with the minimal energy and the structure of
low energy states in the supercritical regime.

Theorem 2.6. (Supercritical regime) There are universal constants 0 < 6 < 1 <
K such that for

A
O<e<K** and Ao <A <3d|lne|,

the minimal energy of the family of functionals (Fy ;) satisfies

he—h he—h

AR AE X
|Ineg| |Inég|

SminF,) < —¢

for some universal constants 0 < ¢ < C. Moreover, for all profilesm € H'(T?; S?)
achieving the optimal scaling in the sense that

Ae—h

AR
|Ineg|

Fs,k[m] § -V
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for some y > 0, we have

£ 1 —m? A
/ |Vms| dx g/ IV + —3 ] dx < —f IV 2m3)? dx.
T2 T2 \ 2 2¢e |Ing| Jp2

2.10)

Furthermore, if A and B are any of the three quantities in (2.10), we have

Ae—A Ae—A ~ A
cye’ T SA<Cye™T  and |A—B|< cymA @2.11)
ne

A

for some positive constants c,,, C), and c y which depend only on y.

Under the assumptions of Theorem 2.6, statements analogous to (2.6)—(2.8) in
Theorem 2.3 hold as well, they are simple consequences of the stronger statements
in (2.10) and (2.11).

The next theorem addresses the structure of minimizers in a neighborhood of
the transition.

Theorem 2.7. (Critical scaling) We have the following:

(1) Cross-over of global minimizers: There exist ey > 0 and two constants 0 <
B1 < 1 < Ba such that the minimal energy min F; ; is zero and only attained
by the constant configurations m = *xes if ¢ € (0, g9) and

A< (6) = he <1 4 nhi ) . (2.12)

|Inég|

On the other hand, the minimal energy is strictly negative and minimizers
cannot be constant if ¢ € (0, &y) and

A (e) = A (1+ 1n,32>; (2.13)
| Ing|
(ii) I'-convergence: The family of functionals (Fy ) I"-converges with respect
to the L'(T?)-topology towards Fiy, fore — 0;
(iii) Lack of compactness: There is a sequence (m;) in H 1(']1'2; Sz) which is not
precompact in L! (']I‘z) such that limg 0 Fg 5 [me] = 0;
(iv) Compactness upon rescaling: For every C > 0, any sequence (mg) with

FejIme] < Cling|™!

converges in LY(T?) ( up to extracting a subsequence) to a limit in
BV (T?; {£e3}).

Theorem 2.7 suggests that | In | F; ;. is the appropriate rescaling for the critical
case. Unfortunately, it seems not possible to obtain the I"-limit of | In | F} ;_  with
our H'/2-estimate (3.1) of the following section, because the constant c, there is
not optimal.

We illustrate our results in a phase diagram (Fig. 1). It is not difficult to see
that for each 0 < ¢ < % there is a sharp threshold value A = A.(¢) > 0 at
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min F; , =0,

attained by
m = tes

Fig. 1. Sketch of the phase diagram for minimizers of F; ; interms of A > O and ¢ <« 1

which a transition from monodomain states (m = const) to multidomain states
(m # const) as global energy minimizers occurs, with A (&) a Lipschitz-continuous
function on [§, 1 — §] for every 0 < § < %, see [58]. While we do not know
the precise value of A.(¢) for ¢ > 0, we show in Theorem 2.7 that A_(g) <
Ac(8) £ Ay(e) and limg_gAc(e) = %, that is the definition above agrees with
Ae = A (0) = % Furthermore, global minimizers m, ; of F ; with (e, 1) between
any two curves of the form A(g) = A. + | Ing| ™! (the dashed curves in the figure)
satisfy a uniform bound of the form ¢ < sz [Vm ).3ldx < C, with constants

C > ¢ > 0 depending only on the values of 8 € R for these curves.

3. A Bound on the Homogeneous H '!/>-Norm

Since all three terms in F; ) contribute in highest order to the limit, it is important
to estimate the negative term ng |V1/2m3)? dx with precise leading order constant.
In this section we will establish an upper bound for the homogeneous H'/2-norm
which is the key ingredient for the lower bounds (since the nonlocal term in the
energy has a negative sign). We will prove the following:

Lemma 3.1. There is a universal constant ¢ > 1 such that for every f € C®(T?)
and every 0 < ¢ < 1 we have

/|v1/2f|2dxsf/ V£ P dx
TZ 2 TZ

2 . Il f lloo 1
+ ;ln <c*max{l,mm{m, EH> ”fHOO/W [V fldx. (3.1)

In Lemma 3.1, we improve an inequality established in [18]. Expressed in our
setting, the inequality proved in [18, Lemma 1] asserts that for every § > 0 there
exists My > 1 such that forall¢ < Rand all f € C(T?), we have
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sR
00 V dx.

1! 5~ 2. (2M,
Y ming— k[, RIKP} [ fil> < (1 +8)=1n
& T
3.2)

ke2n7?

Note that (3.1) implies for all ¢ < 1 a similar estimate
[overea<s [ wreac Zn(E) i [ 9 63

which is weaker than (3.1). Estimate (3.2) is an inequality for a regularized HY2.
norm, whereas (3.3) estimates the full a1/ 2_norm, but needs an additional H'-
term. It ceases to be optimal for functions which oscillate significantly. Indeed, let
a € (0, 1) and consider functions f; with

/Tz IV feldx Z eIl felloo- (3.4

Then the second term in (3.1) is smaller than the second term in (3.3) by a factor of
(1 — «) for all f, which satisfy (3.4). Asymptotic optimality in the case of strong
oscillation is crucial to obtain the results on the supercritical regime. The proof of
Lemma 3.1 uses similar ideas as in [18] and is based on a separate treatment of
distinct scales. However, our proof does not involve any Fourier Analysis.

Proof. (Lemma 3.1) We will show that the following estimates hold for all f €
C®(T?) andall0 < r < R:

_ 2
// fe+2) = f)l dzdx§nr/ IV £2 dx, (3.5)
T2 JB, T2

2|3

_ 2
T2 JBg\B: M

_ 2
[ [ Heras dzdxgmmm{wnm,/ |Vf|dx}.
- R ™

|z]3
(3.7)

The claim of the lemma will follow by adding (3.5)—(3.7) and a suitable choice of
r and R. Before we start with the proofs of estimates (3.5)—(3.7), we first record
an auxiliary inequality for further use. By the Fundamental Theorem of Calculus,
Jensen’s inequality and Fubini’s Theorem we get

f G +2) — F)IP dx < / IV F () - 2P d (3.8)
T2 T2

forallz € R?andall 1 £ p < oo. Inorder to prove (3.5), we use Fubini’s Theorem
and apply (3.8) with p = 2 to get

5 2
// [fr+9— fOP <38>// VI 2 qear @39)
2 /B, |23 e 1P
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We apply Fubini’s Theorem again and evaluate the integral with respect to z in
polar coordinates to get

2 r 2
/ / |Vf(x)3 d dxdz = (/ / cosz¢d¢>d,0> (f V) dx)
L Jr Izl 0 Jo B

= m/ IV £ ? dx. (3.10)
'H‘Z

Together, (3.9) and (3.10) yield the first estimate (3.5).
For the estimate involving intermediate distances (3.6), we use Fubini’s Theo-
rem (twice) and (3.8) with p = 1 to conclude

_ 2 .
f f [f(x+2) - fx)] dz dx <358)2||f||oof / |Vf(x3) z| dzdx.
T2 J BR\B, |z T2 JBR\B, Iz

@3.11)

Using polar coordinates, we get

/ Vi@l / /2” IVf(x)IICOS¢| 4m< )lvf(x),
Br\B, |Z|3

Inserting this identity into (3.11) yields the claim (3.6).
In order to prove (3.7), we first show

1
/If(x+z)—f(X)|dx§min{2||f||oo,—/ IVfIdX} (3.12)
T2 2 T2

for all z € R?. Indeed, the upper bound of 2| f ||« in (3.12) is trivial. Furthermore,
since f is periodic it is sufficient to show the second upper bound in (3.12) only

for z € ( ) Thus the second bound in (3.12) follows from (3.8) with p = 1
3. 8)

/If(x+z)—f(x)|dx fIVf(x) oldx < /IVf(x)Idx
T2 T2

so that the proof of (3.12) is complete. With (3.12) at hand, estimate (3.7) now
follows by direct integration.

It remains to prove (3.1), for which we use the real-space representation of the
homogeneous H'/?>-norm

_ 2
/lvl/zﬂzdx:L// et = fP
T 4 T JR2 |Z|3

see for example [18]. Without loss of generality, we may assume that f is not
constant. Adding (3.5)—(3.7) to estimate the right hand side of (3.1), we get

/ |V‘/2f|2dx55/ 17712 dx
TZ 4 TZ

2 RN 1 [ Alfle
+<;ln< )+— {—fTZWﬂd })Ilflloo/TZIVfldx~ (3.13)

o . : 4l flloo :
For r := 2¢ and R := max {28, min T2 VAl 1” the claim (3.1) now follows
from (3.13). O
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4. Proofs for the Reduced Energy F; ;

In this section we give the proofs of the theorems involving the reduced energy
F¢ 3. The proof of Theorem 2.5 is a direct consequence of Lemmas 4.1 and 4.3.
Similarly the proof of Theorem 2.6 follows immediately from Lemmas 4.4 and 4.5.
Finally, the proof of Theorem 2.7 is presented at the end of this section.

4.1. Proof of Theorem 2.5

In this section, we present the proof of Theorem 2.5. The proof of the lower
bound and compactness for the I"-limit is based on the interpolation resultin Lemma
3.1 and is given in Lemma 4.1. The proof of the upper bound follows by explicit
construction and is given in Lemma 4.2.

Lemma 4.1. (Lower bound and compactness) Let . < L. and F ) as defined in
(1.3). Then any sequence (mg) in H'(T?; S?) with

limsup F 5 [me] < +00
e—0

converges in L'(T%; R3) (up to extracting a subsequence) towards a limit in
BV (T?: {£e3}). Furthermore, for every sequence (m;) in L' (T?; S?) with m, —
m for some m in L' (T?; R?) we have

A
— ; 2.
li ig‘f Foylmel = (1 3 >/11‘2 |Vms|dx, if m € BV (T~; {£e3}),
E—>

+00 otherwise.

“.1

Proof. We first show that for all A > 0 and all sufficiently small & > 0 we have

Allnce|
AclIneg|

Foslm] = (1— / \Vms|dx, forallm e H' (TZ;SZ), 4.2)
'H‘Z

for some universal constant ¢ > 0. For this, it is sufficient to use Lemma 3.1 for
m3 in the form (3.3). Recalling that [|m3(cc < 1 and A, = 7, we get

GBI 2 Al
/ IV 2msdx < £ \Vms2d n(c*/g)/ Vs3] dx.
|Ing| Jr2 [Ing| Jp2 2 AC |Ineg|
4.3)
We also use the well-known estimate
Vsl < £1Vmf? + 2 (1—m2> (4.4)
=3 2¢ 3) '

which is obtained by differentiating |m|> = 1 and applying Young’s inequality. The
claimed lower bound in (4.2) then follows from (4.3) and (4.4), since
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@3 A : I
Foslm] = (1— |1H8|)/ <§|Vm|2+g(l—m%))dx

A In
_k_|lns|/ |Vms| dx
Aln‘ ‘*
( Ilnel / V3| dx. (4.5)

Now, let (m.) be a sequence in H'(T?;S?) with limsup,_, o Fe[me] < +00.
From the argument in (4.5), |m¢| = 1 and A < A, we obtain

/

1 A
0 =limsupeF,  [m.] = —(1 - —) lim sup/ (m§1 +m§ 2) dx
’ 2 A T2 ’ ’

e—0 c e—0
for any A’ € (A, Ac) and ¢ < 1, implying that the first two components m, | and
me of me converge to zero in L*>(T?) as & — 0. Again, as a consequence of
|mg| = 1 this further implies that m, — m in L*>(T?; R?) and, upon extraction
of a subsequence, we have m.(x) — m(x) for almost everywhere x € T2, with
m(x) = =£e3. Moreover, (4.2) yields a uniform bound form, 3 in BV, which implies
that m € BV (T?; {:|:e3}) Finally, (4.1) follows directly from (4.2), the fact that

limg_, ¢ ;' }Ill[fgl‘ £ < 1 and lower semi-continuity of the BV -seminorm. 0O
L

Before we begin with the construction of the upper bound, we define a family of
asymptotically optimal profiles and record some of their properties.

Lemma 4.2. (Family of asymptotically optimal profiles) For R € (0, co] and 0 <
e <R leté g € CL(R) be given by & r(x) = sign(x) for |x| = R and

in(tanh
o p(x) = sin ( L 2SnGanh@/e) ) e “6)
2 arcsin(tanh(R/¢))
Then for some universal C, c,a > 0 we have
1 (R elgl g? 1-&24
_ > < —aR/e
2[ (1_§2 +—58)dx < 24 CeToRN, @.7)
X g r(0) — &) X
: dxdy = 8In| — forX =22e.  (4.8)
lx — yI? €

Proof. We begin by observing that & r(x) tends to the optimal one-dimensional
Modica-Mortola profile &; o (x) = tanh(x/¢) associated with the left-hand side of
(4.7) when R — oo. Introducing 6, g := arcsin &, g, we have for all [x| < R that

elELrIP 182500 e
1 —£2,(x) €

cos? O r(x)

el g (0> +

<28 (x) + Celem R/ 4.9)

for some universal @ > 0 and C > 0, and thus (4.7) follows from integrating (4.9),
possibly modifying the values of a and C.
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It remains to prove (4.8). By symmetry of & g we have

/ /X be.R () — & kOO 4 _2/ /X e, R () — BRI

lx =yl x — yI?
X g R(xX) — & r(D)I?
22/. / d 5 dy dx
[x — vl
—& X 4 —& rX 4 — _ 2
:2/ / 2dydx—2/ / e, r(x) ?,R(y)l dy dx.
-x Jo Ilx—yl —x Jo |x — yl

(4.10)

The first term on the right-hand side yields

e X X X
/ / —2dydx=1n(5+ >Eln(—>
-x Jo |x—yl 2¢

Thus, the argument is concluded by showing that the second term on the right hand
side of (4.10) is bounded independently of ¢, X or R. Indeed, using the fact that
Isign(x) — & g(x)| < Ce @FI/? for all x € R, we get

— X 4 — _ 2 e ax —ay
/ / 1€, R (x) fg,R(y)l dy dx </ / +e e T ardy S,
-x Jo lx — vl lx + vl

which yields the desired result. O

For the special case A = 0, the I"-convergence and in particular the construction
of arecovery sequence is a classical result, relying on the optimal one-dimensional
transition profiles to smooth out the jump discontinuity in the limit configuration
[1]. As it turns out, this construction also works for A > 0, where F; ; is nonlocal.
We will use a construction based on the nearly optimal profile & g from Lemma
4.2. As the calculations for the local part of the energy are well-known, our focus is
on the contribution of the homogeneous H'/2-norm. Recall that we need to prove
a lower bound for the H'/?-norm in order to obtain an upper bound for F .

Lemma 4.3. (Recovery sequence) Let A < L. and m € L'(T?; S?). Then there is
a sequence (mg) in H'(T?; S?) with

limsup Fy ;[m] < Fy 3[m],

e—0

where F ) is given by (1.3), and F , is given by (1.5).

Proof. Itis sufficient to prove the limsup inequality under the additional assumption
that m = (x4 — XT2\ 4)esz foraset A C T2 with smooth boundary. By standard
density results (see for example [47, Prop. 12.20]) and a diagonal argument, the
limsup inequality then extends to arbitrary A C T2 with finite perimeter for A < A,
or to measurable A C T? for the A = A. case. Since Fialm] = +oo form ¢
BV (T?, {+e3}) when A < A, or form ¢ L'(T?, {#e3})) when A = A, this yields
the claim.
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Our strategy is to adapt the optimal profiles &, g from Lemma 4.2 to the two-
dimensional setting by means of the signed distance function d, given by d(x) :=
dist(x, A°) — dist(x, A). Without loss of generality, we may assume 0 < |A| < 1
(otherwise take m, = =e3). To fix the notation, let v : dA — R? denote the smooth
inward normalto A andt : 94 — R2, 7 = v+ denote a smooth tangent vector field
to d A obtained by a counter-clockwise 90° rotation of v. As dA is assumed to be
smooth, there exists a tubular neighborhood (9 4) g = (J, <54 Br(x) C T forsome
R > 0 such that the projection p : (dA)g — 9A, p(x) := argmin s |x — y| is
single-valued and hence well-defined. Furthermore, the projection p and the signed
distance function d are smooth on (d A) g and the identity x = p(x) +d(x)v(p(x))
holds for all x € (0A)g, see for example [27, Lemma 14.16].

With the necessary notation at hand, we define the recovery sequence by

me(x) = & r(d(xX))es + /1 =& L (d () T(p(x)), (4.11)

which is Lipschitz continuous and piecewise smooth. It is easy to see that m; — m
in L1(T?),
and by the co-area formula we have for all ¢ <« 1,

€ 2, 1 2
- §|Vm5| +Z(l_m8‘3) dx

f ( elEl g@IF 1
= 51— 2 T2
@ar \2(1 — &7 p(d)) ~ 2¢

R ! 2
- / (M + i(1 — ggR(s))) A ({d(x) = s}) ds.

(1— ES,R(d))) dx

“R\2(1 =82 5(5))  2e
(4.12)
Inserting the estimate for the 1-d profile from Lemma 4.2, we obtain
Rooelg, g 1
[ (ﬁ + (- sﬁ,Rm)) A ({d(x) = 5))ds
~R A2 =50 k(s (4.13)

.7
< 2/'({d(x) = 0}) + CR (1 n e—aR/s) ,

where C > 0 is a constant depending only on A, and a > 0 is universal. Thus
1
lim sup lim sup/ (E|Vm€|2 +— (1 — m? 3) ) dr <21 (9A).  (4.14)
R—0 e—0 T2 2 2¢e ’

We now turn to the estimate of the nonlocal term in the energy F. As for the
local terms, our strategy is to use the one-dimensional estimates from Lemma 4.2.
Invoking the co-area formula twice and inserting (4.11), we get

/ / Imes@) —mesOE 2
T2 JR2 lx —yP?

R R N 2
> / / / / l&e.x (0)) sgémpn 4 5)dpd A ) do
—R J{x:d(x)=p'} /=R J{y:d(y)=p} lx — |

(4.15)
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We claim that the integrals over curves tangential to the boundary may be estimated
as follows: for every 6 > 0, there is an Rs 4 such that

1
/ / 3d%1(y)d¢“f x) = (1- )L("’/AZ) (4.16)
(r:d@=p) Jy:dm=p} 1¥ = ¥ (0= ")

forall R < Rs 4 and all p # p’ € (—R, R). Assuming for a moment that (4.16)
holds, we conclude by inserting (4.16) into (4.15) and applying the one-dimensional
estimate (4.8)

|V1/2m€,3|2 d’x

|In g|
GINHIO | _ 5y 0A) R e, R<p) Er(OI
> (1-— - dp'dp
271| Ineg| — 0]

S& A In(cR

> (1 — 82 (94) = M.
de |Inegl

Since § was arbitrary, we obtain
lim inf lim inf / IV 2mg 3% d%x > ;zﬂ (0A). 4.17)
R—0 ¢—0 |Ing|

Together, (4.14) and (4.17) imply the limsup inequality by a standard diagonal
argument.

It remains to prove (4.16), for which we fix x € (0A)g with d(x) = p’ and
pass to curvilinear coordinates in a neighborhood of X := p(x) € 9dA. More
precisely, let the curve y : (—R'/2, R'/?) — 3 A be a parametrization by arclength
of a neighborhood of ¥ in dA with y(0) = X. Then, for all R £ R4 with some
R4 > 0 the function ¥ (o, p) := y (o) + v(y(0))p is a diffeomorphism from
(—R'2, R'2) x (=R, R) onto its image, which we denote by I';. The choice of
R'/2 will become clear later. Note that due to compactness of d A, we may choose
R4 independent of x. A transformation of variables then yields

/ LN )_/R”z (1 + k(¥ (©))p)
(y:d()=p)N Ty 1¥ — YI3 _r12 [W(0, p') — W(o, p)|?

do, (4.18)

where « (¥) denotes the signed curvature of d A at y (negative if A is convex). Since
the curvature of 9 A is bounded, there is, for any § > 0, an Rs 4 > 0 such that for
all R < Rj 4 we have

kIR=68 and |W(0,p) —W(o,p)| < (1+HVo2+(p—pH2 (419

We conclude that, for any 5> 0, there is an Rg 4 > 0 such that forall R < Rg N
and all p, o’ € (=R, R) we have
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1
/ ———dA(y)
yrd()=pIN Ty ¥ = I
(4.18),(4.19) _ pRV2 1
> (1-9) / do
_RI2 (02 +(p _p/)2)3/2
2RY2(1=§) 220 —28)

- AR+(p—p)? (0=p)?
Integrating this estimate over x and again invoking smoothness of A, we obtain
(4.16). O

4.2. Proof of Theorem 2.6

We begin with the proof of the lower bound in Theorem 2.6, which is the subject
of Lemma 4.4. The proof of Theorem 2.6 is completed with the construction of the
upper bound, carried out in Lemma 4.5.

Lemma 4.4. (Lower bound) Let F, ; be defined in (1.3). Then there is a universal
constant § > 0 such that for all ¢ < % and all

Ae S A< 8lIng|, (4.20)

the family of functionals (Fy ) is bounded below by

he—h

AET T
|[Ine| *

min F, , 2 —

4.21)

Moreover, the profiles achieving the optimal scaling can be characterized as fol-
lows: For any y > 0 and all m € H'(T?; S?) which satisfy

de—h

AET R
Felm] = ————v, (4.22)

|Inég|

there holds
g 2, |1 2 A 12, 2
[Vms|dx < —|Vm|*+ —(1 —m3) ) dx £ —— IV “m3|~ dx.
3
T2 T2 2 2¢e |11’18| T2

(4.23)

Furthermore, if there is ¢, > 0, depending only on y, such that for any

P s l—mZ, A 12, 2
A B¢ / |Vm3|dx,/ Z\Vm|)? + 22 | dx, / IV2ms12dx b,
T2 T2 \ 2 2¢e |Ing| Jp2

we have

A
A~cye'T  and |A—B| < YA (4.24)

|Ing|
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Proof. By (3.1), we may bound the energy from below by

sAlitl = el ) Jp \ 2!V Tt T

A 1 1
— In{cemax{l, mny ————, — |Vms|dx.
Acllne] & [p2 |Vm3|dx’ ¢ T2
(4.25)

Without loss of generality, we may assume that sz |[Vm3|dx > 0. We first consider

the case min {m, é} < 1, for which, with the help of (4.4), the estimate

in (4.25) turns into

ca 4.20)
Fg)\[m]§<l— )/ \Vms|dx = (1—c3)/ \Vms|dx  (4.26)
' |Ing|/ Jp2 T2

for some universal C > 0. For § < 1/C, the right hand side of (4.26) is positive

and the lower bound follows. Hence, we may assume min {#, l} > 1,
8./T2|Vm3‘dx €
so that (4.25) implies
A & 1
F, >(1- —|Vm)? + —(1 —m3) ) d
e,k[m]_< |1n8|>/T2(2| m| +28( mg)) X
G G Vi3 d (4.27)
- n m3|dx. .
ellnel  \e fpo [Vmsldx ) Jpo
With the abbreviation

1
D.[m] :=/ <f|Vm|2+—(1—m§)) dx—/ Vs dx,
T2 2 28 T2

A—he . .
and inserting p 1= & » f,ﬂ.z |Vm3| dx and ¢4y = cye’ into the lower bound in
(4.27), we get

D - — . 4.28
e[m] e el M6 (4.28)

Coese
F“[mg(l— ) 200 e
’ |Ineg|

Since Sup, o 4 In(cyx /) = Cxi/e, and since De[m] = 0 by (4.4), the lower bound
in (4.21) follows.

In order to prove (4.24), we first note that (4.4) and F; ;[m] < 0 yield (4.23).
Furthermore, combining the lower bound (4.28) with the upper bound (4.22) yields
uln(ces /) 2 1, which in turn implies 1 ~ 1. Hence,

he—h

re—X
/2|Vm3|dx=,u,8 T~
T

The proof of (4.24) is then completed by noting that for § > 0 sufficiently small
universal, 4 ~ 1 and in view of (4.28), we have

A 4.28) 30257
—f IV 2ms3) dx — f |Vms|dx = —Fg 3[m] + De[m] <
|Ing| Jp2 T2

|[Ing|
0
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Lemma 4.5. (Upper bound) There is a universal constant K > 1 such that for any
g, A with

A
e <A and 0<eg< Khre=2, (4.29)
there is m, € H'(T?; S?) which satisfies

he—h

A

Fs,k[ms] 5 -

|[Ing|

Proof. We make an ansatz with N, transitions equally separated by 1/N,-sized
regions of approximately constant magnetization. More precisely, we take the tran-
sitions as solutions of the optimal Modica-Mortola profile & ~, given in Lemma
4.2, and define

1
X1— A3
&, oo( 2N€ )63 + \/1 - 53,00( e )62, x1 € [0, m]
213\/ —X 213\/ 1 12
ée,oo( y )33 + 5 <F—>€2, X1 € [FF’ N_s]’

extended periodically to T? for N, to be fixed later. Applying Lemma 4.2 with
X = ﬁ and using symmetries of m., we get

me(xy, x2) =

. € 2 1 2
limsup | (= |Vmel* + — (1 — m? 3) dx < 2N, (4.30)
e—0 J12 \2 2¢e ’
and, for all ¢ < ﬁ, we have

1! ,0) — ,0)?
/ V2, 2 dx (L0 _/ / Ime3(x1,0) = me 3y OF | dxy dyy
T2 ’ 4r (|x1 — y1I> +5%)3/2

N¢
1 / /m Ime3(x1,0) — me3(y1,0)|?
— dxydy;
27 ,; lxr —yil?

v

dxdy > 2N,

We |Ee.00(X) — Ee 00 ()] @8 In(z5)
T 4 /77/ lx — |2 A 30

2N5

for some universal ¢ > 0. To obtain the upper bound, we combine estimates (4.30)

and (4.31) and optimize in N, € N. With K-l.= %min{l, c}, the choice N, :=
2LK‘18¥J is admissible because N, > 2 by (4.29) and eN, < 2K~ ! < }‘.
Since 0 < ¢ < 1, we get
kln(zzv) Cre™ T
Fealme] 2N [ 1~ A (4.32)
’ AclIne| |Ing|

for some universal C > 0, which is the desired estimate. O
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4.3. Proof of Theorem 2.7

We begin with the proof of (i). Inserting (2.12) into the lower bound (4.2), we
get, for sufficiently small ¢ > 0,

Foylml = (Ilnelln(C/ﬁ1)+ln(C) 1n(ﬁ1)>/ Vi3] dx.
T2

[Ine|?

For 81 < c and ¢ « 1, the bracket above is positive, so that the minimal value
Ay (&)—he
F¢ 5 = Ois only attained for m = =£e3. On the other hand, since ¢ *+® < % for

sufficiently small ¢ > 0, m = =e3 is not a minimizer by Lemma 4.5.

We turn to the proof of (ii): We first note that the construction of the recovery
sequence was already carried out in Lemma 4.3. For the proof of the lower bound,
we claim that

/ |Vm3|dx§max{l,|ln8|Fs,;\c[m]}. (4.33)
T

For the proof of (4.33), it is enough to show that there are constants C, g9 > 0 such
that for all ¢ € (0, g9) we have

/2|Vm3|dx;c —  F.,[m]> /2|Vm3|dx. (4.34)
T T

|Inég|

Indeed, by (3.1), we may bound the energy from below by

a0 e ¢ , 1 5
F . ‘v — (- d
exclmel = ( |ln8|)/q;z<2| mel” 4 5o (I =mi3) | dx

ln(c*max{l min{+ l”)

’ v . dx’

- AR / |Vime 3] dx.
']1'2

|In g|

‘We first consider the case min{m 8} < 1, when (4.35) turns into
&

Ae +1
Fey Ime]l 2 ( * n(c*)>/‘ |Vmg 3| dx >[ |Vms|dx.

|Ing|

For the remaining case, we have min{ Py 11>, and (4.35) implies

|Vm3\dx €

Ae € 1
F, >(1- = “IVme* + —(1—m23) ) d
eaclMmel 2 < |1I18|) /1;‘2 (2| mel|” + 28( ma,S) X
1
— In O / [Vm, 3| dx
[Ine| ¢ [p2 |Vme3ldx ) Jo2 '

4.4) 1
> _ ln< Coex )/ Vs dx,
[Ineg] Jp2 IVm3|dx ) Jp2

inserting Cyy 1= cxe. The estimate (4.34) follows with the choice C = 2¢s.
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Let now m,; — m in L'(T?) for some m € L'(T?; R?). Lemma 4.4 yields

liminf F 5 [m.] = 0,
e—0

which proves the lower bound if m € L! (T?; {#e3}). Otherwise, we may assume
sz (11— mg ;) dx 2 1. For sufficiently small &, estimates (3.1) and (4.33) then yield

A
15/(1—m§3)dx§e<F8,x[ms]+ < /|v1/2mg,3|2dx>
T2 ’ T2

|Inel 436
(3.1 (4.33) (4.36)
S 8<F8,A[ms] + /2 [Vmg 3| dx) 5 & (1 + |1n8|F€,AC[m8]) ,
T
which implies liminf,_.o F;;.[mes] = +4oo, concluding the proof of I'-

convergence.
To prove item (iii), we use the construction in Lemma 4.5; however choosing
N := [In(] Ing[)] this time. Analogous to (4.32), we get for ¢ < 1 that

In(zx)\ _ N:InN,
|Ineg| |In g|

Fealme] = 2N€<1 - —> 0 fore — 0.
It hence remains to show that m, is not compact in the strong L!-topology. Since
sz Ime|2dx =1, any possible limit 7 of (a subsequence of) m, then would need
to satisfy sz |n~1|2 dx = 1. However, since e N, — 0 as ¢ — 0, clearly m; — 0 in
L?(T?), leading to a contradiction.

Finally, item (iv) follows directly from (4.36), (4.33) and the compact embed-
ding BV (T?) — LY(T?).

5. Stray Field Estimates and Reduction of the Full Energy

In this section, we establish a basic lower bound for the full micromagnetic
energy & by an expression in which the stray field energy is represented, up to an
additive constant, by an effective anisotropy term minus a multiple of the square
of the H'/2 (T%)-norm of the average of the out-of-plane component of the mag-
netization, provided the exchange stiffness is slightly reduced. Importantly, this
lower bound becomes asymptotically sharp in the limit of vanishing film thickness.
We note that in the context of ferromagnetic films in which the magnetization lies
mostly in the film plane, related results have been obtained in [10-12,41].

Proposition 5.1. (Reduction of the energy) Lett > 0, £ > 0 and Q > 1, and let
m e H! (T% x (0, 1); R3). Then there is a universal constant C > 0 such that &
may be bounded below as follows:

st 2 Cov (1-c2) [ umPare@-n [ a-mdas
T3 x(0.0) T2 % (0,1)
t2
- —f |V 1273 dx. 5.1)
2 T%

where m(x") = % fot m(x’, x3) dxs.
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Also note that for two-dimensional magnetizations, that is, for configurations of the
form m = my,s), the estimate in (5.1) also holds in the reversed direction if —C
is replaced by C. We remark that a similar sharp estimate for the three-dimensional
dipolar energy holds for thin three-dimensional domains in the whole space [53].
For the proof of Proposition 5.1, which is deferred until the end of this section, we
need several estimates presented in the sequel.

We begin with an observation that since the thickness ¢ of the film is small, the
exchange energy strongly penalizes oscillations of the magnetization in the normal
direction of the film. Hence the averaged magnetization m is a good approximation
of m, which can be made rigorous by the following Poincaré-type inequality which
holds for allm € H'(T? x (0, 1); R?):

/ Im — x0.nm|* dx < tZ/ |03m|? dx. (5.2)
T?x(0.1) T? % (0,1)

We next show that for thin films the difference between the stray field energy
&slm] = f’I[‘%x]R |2 [m]|* dx and
12 1?
&E0m] = / m3dx — — / V%m0 dx + — f |IV-12v w12 dx
T2x(0,1) 2 Jp2 2 Jr2
(5.3)

may be estimated by the exchange energy at lower order. We state the result in the
form of a theorem, as it is of independent interest. In fact, our result provides a
universal stray field energy expansion for thin films in a periodic setting and thus
contains all previously obtained asymptotic estimates for specific thin film regimes
[10-12,19,41]. Note that our result is slightly stronger than what is necessary to
prove Proposition 5.1.

Theorem 5.2. Lett > 0, £ > Oand letm € H'(T? x (0, t); R®). With the notation

D = / |Vm|2dx,
T2x(0,1)

the stray field energy then satisfies
W[, (1P = 1 mel? - 1#1m = me?) ax] £ 2D,
Ty xR
G| [, 10£tmIP = 1P x| < 2D
T2xR
Furthermore, the contributions due to mz and m — mse3 may be approximated by
2
t
(iif) ’ / | Im3es]? dx — / m2 dx + — / |v1/2m3|2dx( < 2D,
T2xR T2x(0,1) 2 Jr2
2
t
(iv) ‘/2 | Tm — m3es]|? dx — E/ v-12y. (ﬁ—m3e3)|2dx‘ < 2D.
T2 xR T2

In particular, ifé”so is defined in (5.3), then |&[m] — é”so[m]| < 2D.
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Proof. It is sufficient to argue for m € Cfo(']l“% x R; R3), since the general
case follows by an approximation argument, as we now explain. For every m €
H! (T% x (0, 1); R?), extended by zero to the rest of T,% x R, there is a sequence
(Mn)nen with m, € C2(T? x R; R?) such that [m — mn||L2(T%XR) — 0 and
Vi — Vi, || L2 x(0.0)) 0. It remains to check that all terms in (i)—(iv) are
continuous. By Jensen’s inequality we have ||m, — m]|| 21 0. Moreover,

clearly t||Vm, ||i2 a2 < || Vmy, ||i2 0.1 Hence the convergence follows from

the elliptic estimate ||.#[m,, — m]||L2(T%XR) < |\my, — m||L2(Tng) and by inter-
polation for the terms involving fractional derivatives.
We write the stray field energy in terms of the magnetostatic potential ¢:

/ |jf[m]|2dx=—/ ¢V -mdx, A¢=V-min2'(T? x R).
TZxR TZxR

Upon passing to Fourier series with respect to the in-plane variables, we get
1 ~ ~ L
oV omdx = — | Y ¢r(2) (034 (2) — ik -y (2) dz.  (5.4)
T2xR e Jr e

where the Fourier coefficients Zb}c :R—>C, ke ZTHZZ’ of ¢ solve
27 270 a o~ . ~/
07k — |k|"¢ = 0,im3 ; — ik - .
We introduce the fundamental solution (for a closely related approach, see [10,11])

L o—lkllz| fork £ 0
e or >
Hi(2) = I—k|z| A

which, using the notation §(z) for the Dirac measure at z = 0, satisfies
—82H, + [k*Hy =28(z)  in 2'(R). (5.5)

The fundamental solution allows us to rewrite ak () as

—~ 1 Py o~

Pe@) =3 /R Hi(z = 2) (0.3 1(2) — ik - i ()7,
which, by (5.4), leads to the following expression for the stray field energy:

1
A Im] | dx = — / / @34 (2) — ik - M (2))*
/H‘%XR 262 Jr Jr Xk: ) g

x Hy(z — 2) (0,3 1 () — ik - my(2))) dzdz'.  (5.6)

To prove (i), we need to show that the mixed terms in (5.6) of the form

I ;:Eiz /R /R S o} (D Hi(z — )Gk - Ay dzde (5.7)
k
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satisfy |I| < 2 D. Integrating by parts in (5.7) and writing m = X(,nm + u with
the usual notation m(x’) = % fé m(x’, x3) dxs3, we get

1 _ o~
I = _ﬁf / > i (2)0: Hy(z — 2)(ik - i (2)) dz dz’
RJR X

1 A~ /
=5 /R A;{ S Ot @t g + 8 4 ()8 He (2 — 2
k

x (ik - x0,0(@)my + ik - Tp(z)) dzdz'. (5.8)
Since 9, Hy(z) = —ée“k‘m is anti-symmetric in z, we have [; [o . Hi(z —

7')dzdz’ = 0 so that upon expanding (5.8), the term involving %3,/( and ﬁk van-
ishes. Using |9, Hx| < 1, (5.8) then can be estimated by

1 R N =~
] < E_Z/R/RZ (13,6 @) |k - M )]+ Ixo.0 @ms el 1k -0 (2)]) dzdz’.
k

5.9)
We note that passing to Fourier series in the in-plane variables commutes with taking
ez-averages. Thus iij,k has e3-average zero for all j = 1, 2, 3. By the fundamental
theorem of calculus, we thus get

t
k()| < [) |0.m i (t)|dt  forallz € (0,7)and j =1,2,3.  (5.10)

Inserting (5.10) into (5.9), we get

3 ropt
t ~ —~
MBS E 5_2/0 /(; E 10,7 . ()| k| |70 4 (z")] dz 2.
k

n,j=1

By Young’s inequality and Parseval’s identity, we conclude

3 t ot
t ~ ~
N5 Y 5 [ [ X (104@P + Wi c)P) dzd’ 5 2D,
. 0 JO
n,j=1 k

completing the proof of (i).
Assuming that (iii) and (iv) hold, estimate (ii) is obtained as follows. Applying
(i) to m and x(o,r)m, we get

‘ f A Im]P dx — / A xR dx
TZxR TZxR
- / | [m3es])* dx + f | x0.0m3e3]|* dx
T?xR TZxR

- f A m — mies] 2 dx + / A 0. (71 — mses)] dx| < 2D,
T? xR T? xR

(5.11)
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where we also have used that
/ IV x0,0)|* dx = t/ |Vm|*>dx < D.
T2 x(0,1) T2

Applying (iii) and (iv) to (5.11), we get

f A Im]P dx — / A L. dx
T2xR TZxR

— / m% dx + / X(o,,)ﬁ% dx| <’D,
T2x(0,1) T2x(0,1)

which yields the claim with the help of (5.2) and in view of the fact that
—2 p—
fqrgx(o,z) (m3 — x©.nm3) dx = fqrgx(o,z) Im3 = X0.nm3|? dx.
We turn to the proof of (iii). Integrating by parts twice and by (5.5), with the
help of Parseval’s identity we get

/11‘2 Rléf[mseﬂlzdx(—@ 222//Zm3k(Z)8 Hy(z — 23 (z) dz de’
ZX

<5~5>/ 2 ! // ~ kllz=2' =
= m5dx — — m3 (2)|kle” m3(z) dz dz.
Rx(0,1) 3 202 Jg R; 3k

(5.12)

Since |1 — e ¥lIzl| < |k|z for z € (—1, 1), the last integral above

I _ _
=ﬁ/R/RZm§k<z>|k|e Klle=I73, (') dz d
k

may be estimated, with the help of Cauchy-Schwarz inequality, as follows:

t t
—~ 2~ / /
- kanmgk(zn ErN| 3 sk IR ) 0 d
2t 5 5
5 /0 Xk:IkI 3.1 ()| dz.

which by Parseval’s identity is equivalent to
2
t
_ —f |V1/2m3|2dx‘ 5;2/ \V'ms2dx < 2D. (5.13)
2 Jr2 T2x(0,)

Assertion (iii) then follows from (5.12) together with (5.13).
We continue with the proof of (iv). By (5.6) we have

f | #m — m3es]|* dx
T2 xR

(5.6) 2@2//Z(k My (2))* Hy(z — 2k - my(z') dz dz’.
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Since |1 — e ¥Il2l| < |k|t for z € (0, 1), we may insert |H(z — 2') — ﬁ| <t for
k # 0 above. Using Cauchy-Schwarz inequality, this yields

12

k-2 2 PO
At = maenPax = 305 ST < 0 [ S k@)
‘/Tgxm w% Ik| 202 R; k

S D,
which completes the proof of (iv) and of the theorem. 0O

We are now ready to give the proof of Proposition 5.1.

Proof. (Proposition 5.1) We invoke Theorem 5.2 to obtain a lower bound for the
stray field energy. Combining Theorem 5.2(i) with (iii) and neglecting the non-
negative term fT%XR | [m — m3ze3]|* dx, we get

f | [m]|? dx z/ |,9f[m3e3]|2dx—cﬂf |Vm|* dx
T2xR T2 xR T2x(0,1)

2
t
g/ m%dx——/ |V1/2n_13|2dx—Ct2/ [Vm|>dx (5.14)
T2x(0,1) 2 Jr2 T2x(0,)

for some universal C > 0. Inserting (5.14) into the energy E yields (5.1). O

6. Proofs for the Full Energy E; ;

The proofs for the full energy E , are based on the corresponding arguments for
the reduced energy F ;. Under mild assumptions on £, ¢, Q, weaker than those of
Theorems 2.1 and 2.2, Lemma 3.1, and Theorem 5.2 yield the following estimates
for the full energy E; ; (given in (2.2)):

Lemma 6.1. Let Q > 1 and A > 0. There is 9 = g9(A, Q) > 0 such that for all
e € (0, &) andm € H'(T? x (0, 1); S?) we have

Cr2(Q -1 A 1
Egpm] = (1— Q-0 _ / f|Vm|2+—(1—m§) dx
’ |11’1<E‘|2 |1n8| T2x(0,1) 2 2¢e

A 1 1
— In{cymax{l, mn{ ———, — |Vms|dx,
AclIng| & [ |Vm3|dx’ e T2
Cllne|? / )
+ — |03m|” dx. 6.1
ex2(Q — D2 Jr2. 1

Furthermore, for any m € H'(T?; S?), we have

Cr2(Q0—1) € 1
E.,[m <14+ ———— SVl + —0 —m3) ) d
exlmyo,nl = ( + e '/;1'2 2| m|” + 25( m3) | dx

/2 [V 275)? dx.
T

N 6.2)

|Ing|
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Proof. The lower bound for & in Proposition 5.1 implies

Elml-, -, )] — £%¢

E¢[m] =

20t/0 — 1
|V'm|? 14 5
>(1—-Cr? ( + |83m|? ) dx
T2x(0,1) 2[«/ Q —1 2[2«/ Q —1
/0 — 1 t
el (1 - mé) dx — —/ V1253 dx.
2 T2x(0,1) 40 -1 Jr

In terms of &, A (defined in (2.1)), this turns into

E¢ 3[m]

CiZ2(0 -1 |l V'm|2 1—=m?2 Cyllnel?|d3m|?
><1_1(Q2 ))/ (I |+ 3+2|2||32|>dx
|11'18| T2x(0,1) 2 2¢e A (Q - 1)

A
f V277312 dx (6.3)
| 1n8| T

for some universal C1, C> > 0. Therefore, with the help of Jensen’s inequality and
Lemma 3.1, we obtain

Callnel? Cix} (0 -1

22| nel 2<1_ 1 (Q2 ))/ \93ms 2 dx.
er=(Q—1) [In ¢ T2 (0,1)
where X denotes the first two lines on the right hand side of (6.1). By choosing

go(A, Q) > 0O sufficiently small, (6.1) follows. The proof for the upper bound (6.2)
is simpler and analogous to the arguments that led to (6.3). O

Egslml = X +

6.1. Proof of Theorem 2.1

We apply the lower bound of Lemma 6.1 directly and extend the corresponding
arguments to F j in the proof of Theorem 2.5. Note that it would also be possible
to invoke the lower bound for F; j on slices {x3 = const} to obtain the lower bound
for the full energy E. 5. We will not pursue this option, since this approach would
get rather technical in view of the fact that C®(T? x (0, 1); S?) is not dense in
H'(T? x (0, 1); S?), see for example [3,4,29].

Consequences of the lower bound in (6.1): By assumption we have Q > 1 and
0 < A < A.. We also note that for ¢ < 1 we have

1 1 Cx
I l,miny ——————, — < In(— 6.4
“(C*max{ ’mm{efqrzlvwdx’e}}) sin(3). 69

where c, is as in Lemma 3.1. Inserting (6.4) into the lower bound in (6.1) and using
(4.4) and Jensen’s inequality, we deduce that for any y > 0 and sufficiently small
e = eo(y, Q), we have

A £ 1
E 2(1——— f (—V 24 (- 2>d
ealm] = Ae y) T2x(0,1) 2| ! +28( m3))
Cllngl?
+%/ |03m|? dx. (6.5)
er=(Q — D= Jr250,1)
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Applying (4.4) to (6.5) and again using Jensen’s inequality yields
A L
Eealml 2 (1= = =) [ 1V7s]dx (6.6)
)Lc T

for sufficiently small ¢. With the choice y := %(l - %), (6.5) and (5.2) imply

&
f (1—m3) dx < E; . [m),
T2x(0,1) Ae — A 7

o (5.2) (6.5) S)LZ(Q _ 1)2
/ Im —mxon*dx S / |o3m|* dx S ——=—5—"FE¢,[m].
T2x(0,1) T2x(0,1) [Ing|

6.7)

Compactness: In order to prove compactness, we consider a sequence m, €
H'(T? x (0, 1); S$?) with E¢;[m.] < C. Since A < A, (6.6) yields a uniform
bound on 77z, 3 in BV (T,), which implies that 77, 3 — m3 in L'(T?) as ¢ — 0
for a subsequence and some 713 € B V('IFZ). In view of (6.7) and by application of
the triangle inequality, we also get my — x(0,1)713€3 in LY(T? x (0, 1); R?), with
m3(x) taking values +1 for almost everywhere x € T?.

Liminf inequality: Let my € H'Y(T? x (0, 1); $?) with my — m in L'(T? x
(0, 1)). By Jensen’s inequality, we also have m, — m in L'(T?; R3). By lower
semicontinuity of the BV seminorm, the liminf inequality follows from (6.6) by
arbitrariness of y.

Recovery sequence: It remains to prove the upper bound for the I"-convergence.
As it turns out, we may use the recovery sequence for the reduced energy F ; also
for the full energy E, , (up to thickening). Let A < A., m € BV (T2 {+e3}) and
let m, € H'(T?; S?) denote the recovery sequence for Fg ; from Lemma 4.3. We
set

me(x', x3) i= xo.1(x3)e (x)  for (x', x3) € T x (0, 1).

From the upper bound in (6.2), we obtain

Cr2(Q —1) € 1
< A g 12 1
Ee,k[me](l-i- I oP )fT (51vme? + - —m2y)) ax

A
——/ V127, 5% dx
[Ing| Jp2 ’
_ Cr2(Q - 1) I | -
= FS,;\[mE] + W /’];2 <§|Vmg| + % (1 —m£’3>> dx.
(6.8)
From (4.12) and (4.13) in the proof of Lemma 4.3, we note that the second term on

the right hand side of (6.8) vanishes in the limit ¢ — 0. The estimate then follows
upon applying Lemma 4.3 to (6.8).



Magnetic Domains in Thin Films 757

6.2. Proof of Theorem 2.2

Lower bound in (2.3): As in the argument that lead from (4.25) to (4.27), we reduce
(6.1) to the estimate

2 _
Eoalm] 2 <1 LG 1)>f <f|vm|2+i(1 _m§)> dx
T2 (0,1) 2

" |lne| [Ing|? 2
A
_ In S f |Vizs) dx
Aellneg & [p2 |Vm3|dx ) Jp
Cllnegl?
+ %/ j3m 2 dx. 69)
er=(Q — D= Jr2x 0,1

‘We introduce the notation

|
D.[m] :=/ (f|Vm|2+ —a —m%)) dx —/ Vi3] dx,
TZX(O,I) 2 2e T2

and set
M::s%f |Vt | dx, (6.10)
TZ

and ¢, := cxe?* > 1 (a universal constant, as in the proof of Theorem 2.6). For &
sufficiently small, as in the argument leading to (4.28), (6.9) then can be written as

Ae—A
2A re 1
Eeplm) 2 (1= === )Delm] —In (=5 ) 222
’ |Ineg| uw AelIng]
Cllne|? / 2
+— 193m | dx. 6.11)
er2(Q — 12 Jr2x 0,1y

Minimizing in u > 0, (6.11) yields u ~ 1, and the lower bound in (2.3) follows
by positivity of D.[m] in view of (4.4).

Upper bound in (2.3): Let m, denote the function constructed in Lemma 4.5 and
Y

let mg(x’, x3) := X(o)l)(xg)ms(x/). We choose N, = 2L£.A * |, noting that N; > 0
for ¢ sufficiently small. We insert (4.30) and (4.31) into (6.2) to deduce that for &
sufficiently small we have

Ae|Ing|

Aln(55) Chre™
Eep(me) SoN, [1—- —— 2N ) < 222
’ |Ineg|

6.3. Proof of Theorem 2.3

Let u be defined by (6.10). Then (2.4) and (6.11) imply @ ~ 1 and hence (2.7)
in (iii). In turn, inserting (2.4) and (iii) into (6.11) implies (2.8) in (iv). Poincaré’s
inequality together with (6.11) and (2.4) yield (2.5) in (i). Finally, we deduce (2.6)
in (ii) from (iii) and (iv).
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