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- spins act as tiny magnetic dipoles 
- quantum-mechanical interaction between spins: exchange 
- in transition metals below the critical temperature, exchange results in local 

spin alignment into the ferromagnetic state 
-  magnetic field mediates long-range attraction/repulsion between magnets
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interfaces and atomically thin (2D) materials, and examine their utility 
towards the generation and conversion of spin currents. Next, we describe 
the developments on interfacial-DMI-induced non-collinear spin textures 
(skyrmions and chiral domain walls) in magnetic films, and techniques 
to generate, stabilize and manipulate them in devices. Finally, we explore 
the feasibility of realizing the technological promise of these diverse SOC-
induced surface and interface phenomena towards room-temperature 
device applications.

Spin-polarized surface and interface states
Rashba states
The Rashba effect arises from SOC and broken inversion symmetry at 
material surfaces and interfaces1, with the corresponding Hamiltonian:

ˆ σ= ⋅ ×z kH v ( ) (2)R 0

Here v0 is the Rashba parameter, σ is spin, k is momentum and ẑ  is the 
unit normal to the surface or interface. The Rashba effect results in spin-
split 2D dispersion surfaces and, importantly, in the locking of spin and 
momentum degrees of freedom to each other (Fig. 2b).

Rashba SOC–split states have been investigated across various sur-
faces and interfaces2,12,13, as shown for angle-resolved photoemission 
spectroscopy (ARPES) measurements of the Au(111) surface (Fig. 2d)13. 
Interface alloying of heavy elements with intermediate-weight metals 
can enhance the in-plane potential gradient via hybridization, leading to 
more pronounced Rashba effects, as on the Bi/Ag(111) alloyed interface 
(v0 = 3 eV Å; ref. 14).

Topological surface states
In materials with heavy elements, strong SOC can split the p band by a 
large enough magnitude to flip the s–p band structure, inducing band 

inversion. Notably, 2D heterostructures of HgxCd1−xTe exhibit, in 
 addition to such an inversion, an associated topological phase 
 transition15,16, which results in protected states at the edges of the sample. 
The presence of edge states in 2D heterostructures was subsequently 
 generalized to 3D insulators17,18. The surfaces or interfaces of such topo-
logical insulators must host protected states at time-reversal-invariant 
k-space points17,18. These topological surface states have a nearly linear 
energy–momentum relationship (Fig. 2a)18. The Dirac Hamiltonian that 
describes these  surface states, ˆ σ∝ ⋅ ×z kH v ( )D 0 , has the same Rashba 
form (Equation (2)) and locks the spin and momentum degrees of 
 freedom (Fig. 2a, c)18. However, whereas Rashba SOC leads to spin-split 
parabolic surface states in conventional metals, topological surface states 
are distinguished by their helical single Dirac cone character, which 
emerges from the  requirement to connect the bulk valence and 
 conduction bands.

ARPES measurements demonstrated the topological nature of surface 
states first in the indirect-bandgap semiconductor Bi1−xSbx (ref. 19) and 
then in a larger, direct-bandgap (300 meV) topological insulator Bi2Se3 
(ref. 20). The discovery of a simple Dirac cone within the bandgap of bulk 
Bi2Se3 (Fig. 2c), with a chemical potential that is tunable via chemical 
doping20 and the electric field effect21, has since led to the discovery of 
several other single-Dirac-cone topological insulators18.

The electronic transport of topological insulators is governed by the 
helical Dirac nature of topological surface states. First, surface-state 
transport arises from a 2D Dirac cone: therefore, it can be ambipolar, 
controlled by electric fields, and tuned through the Dirac point with a 
characteristic minimum conductivity21. Second, spin–momentum lock-
ing prevents backscattering between states of opposite momenta with 
opposite spins, as evidenced across several topological insulators22. 
Because backscattering dominates charge dissipation in conventional 
metals, quasiparticles of topological insulators are expected to exhibit 

Figure 1 | Emergent phenomena from spin–orbit coupling (SOC) at 
surfaces and interfaces. A schematic illustration of the connection between 
the presence of strong SOC at material surfaces and interfaces (inner ellipse) 
and the resulting emergence of new interactions and electronic states 
(middle ellipse), such as Dzyaloshinskii–Moriya interaction (DMI; see 
Fig. 4a, e for details), Rashba interfaces (Fig. 2b, d) and topological surface 

states (TSS; Fig. 2a, c). These emergent phenomona can in turn be used to 
generate new 2D spintronics effects (outer ellipse), such as spin–charge 
conversion (Fig. 2e, f and 3), the photogalvanic effect, enhanced SOC  
in 2D materials, such as graphene (Fig. 3d, e), magnetic skyrmions  
(Fig. 4b) and chiral domain walls (Fig. 4c), which have direct device 
applications (periphery). FM, ferromagnet; NM, non-magnetic material.
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MgO layer relating to the Mg insertion. We first verified
whether the self-heating phenomenon changes according to
the electrons direction using Technology Computer Aided
Design (TCAD) simulations under the same experimental
environment. Next, we fabricated the actual MTJs and
identify the amount of trap sites generated according to the
Mg layer through interval voltage stress (IVS) tests. Finally,
we investigated a suitable reliability model via a time-
dependent dielectric breakdown (TDDB) experiment, and
confirmed that the power-law V model is most appropriate
for the case of MgO with an Mg insertion.

2. Device fabrication

To evaluate the effect of the Mg insertion upon resistance
drift and TDDB characteristics, we fabricated MTJ structures
with an Mg layer inserted below the MgO dielectric. We
deposited multilayer stacks on thermally oxidized Si sub-
strates by using an ultrahigh vacuum magnetron sputtering
system with a base pressure of less than 8×10−7 Pa. The
stacks had the following structure, with numbers in par-
entheses representing thicknesses in nm: Ta (5)/Ru (10)/Ta
(5)/ Ni80Fe20 (5) buffer layer/Ir20Mn80 (11)/Co75Fe25
(CoFe) (2.5)/Ru (0.85)/Co40Fe40B20 (CoFeB) (2)/CoFe (1)/
Mg (0.25 or 0.5)/MgO (1)/CoFe (0.4)/CoFeB (2)/Ta (2)/
Ru (8). Here, the CoFe layers below the Mg insertion and
above the MgO layer are inserted to promote crystallization of
the CoFeB layers for a large TMR ratio. After deposition, the
stacks were annealed at 360 °C for 30 min under a 5 kOe
magnetic field to obtain a large TMR ratio and to improve a
magnetic hysteresis shape. After the annealing process under
5 kOe, the MTJ is in plane magnetized and the purpose of
5 kOe was to set the exchange bias of the pinned layer. The

stacks were then patterned into 100×200 nm2 ellipsoidal
shapes by means of electron beam lithography, photo-
lithography, and Ar-ion milling. Figures 1(a) and (b) show a
schematic illustration and a high-resolution transmission
electron microscopy (TEM) image, respectively. The TMR
ratio and the RA of the MTJ with a 0.25 nm Mg layer were
125% and 39Ω·μm2, and those of the MTJ with a 0.5 nm
Mg layer were 143% and 78Ω·μm2, respectively. Here,
values of RA showing 39∼79Ω·μm2 are higher compared
to 5∼10Ω·μm2 in STT-MRAM [21]. The RA value is
critical for cycling tests based on STT, but this work is to
extract the breakdown model of MTJ under constant voltage
stress. From this consideration, we believe that the results
from this MTJ can be applicable to a TDDB model in those of
STT-MRAM. When an Mg layer is inserted under the MgO,
it not only suppresses the generation of trap sites but also
extends the total MgO thickness since the Mg layer itself
reacts with oxygen in the sputter chamber to form MgO as
investigated in our previous works [18]. MTJs without the Mg
insertion in our experiment showed very small TMR ratios
(below 50%) due to a degraded bottom MgO barrier interface
(overoxidation). Therefore, we selected the Mg inserted MTJs
for this work. The actual MgO thicknesses (tMgO) evaluated
using TEM images of the MTJs with the 0.25 and the 0.5 nm
Mg insertion were approximately tMgO=1.1 and 1.2 nm,
respectively. Note that state-of-the-art MTJs for STT-MRAM
applications use perpendicular MTJs with high thermal sta-
bility. In the present study, although experiments were con-
ducted using in-plane MTJs instead of perpendicular ones, the
results of our experiments can be thought to be sufficiently
applicable to the case for state-of-the-art MTJs (tMgO∼1 nm)
because almost the same tunnel barrier thicknesses
(tMgO∼1.1–1.2 nm) with the adaptable RA range were used.

Figure 1. Cross-sectional structure of MTJ device: (a) schematic illustration and (b) high-resolution TEM image.
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Topological spin textures
spin spirals and chiral domain walls from Dzyaloshinskii-Moriya interaction (DMI):
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When the DM interaction is comparably small or the ani-
sotropy energy
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plays a significant role a system can also form an inhomogeneous 
spin spiral, where the variation of the angle between adjacent 
spins depends on the quantization axis. In an extreme case this 
may lead to collinear magnetic domains which are separated by 
walls with unique rotational sense due to the DM interaction, i.e. 
chiral domain walls. This means that a pair of domain walls will 
always fulfill a 360° rotation of the magnetization as the walls 
must have the same rotational sense. If in such a case the domains 
are ferromagnetic also contributions from the dipolar energy
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need to be considered for the magnetic properties of the 
system.

Higher-order Heisenberg interactions are typically 
neglected but recently it has been shown that they can become 
important and contribute to the energy landscape and ground 
state formation [15, 19]. In the extended Heisenberg model 
the next higher-order interactions are the biquadratic and four-
spin interactions, which involve two and four nearest neigh-
bors, respectively, as is obvious from their Hamiltonians:
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In the Heisenberg model spin spirals (single- ⃗Q  states) are 
degenerate with superpositions of symmetry-equivalent spin 
spirals (multi- ⃗Q  states); however, the higher order interac-
tions can lift this degeneracy and depending on the sign of the 
interaction favor one over the other state [16].

3. Chirality and topological protection

A phenomenological view of the symmetry of spin spirals 
helps to understand the DM related selection rules from 

Moriya [20, 21]. Figure 5 sketches helical (left) and cycloi-
dal (right) spin spirals. Whereas helical spirals can exist 
with two opposite rotational senses, there is only one type 
of cycloidal spiral possible (the ones shown in figure 5 can 
be transformed into each other by rotation and translation). 
However, such a cycloidal spiral can be placed onto a sur-
face (dark blue plane in figure  5) in two different ways, 
i.e. due to the breaking of the inversion symmetry of the 
environment two distinct rotational senses of cycloidal 
spin spirals are generated. Looking at the yellow ribbons 
symbolizing the different spirals it becomes evident that 
the two helical spirals (with or without surface) are mirror 
images of each other, meaning that they are degenerate in 
energy. Contrary to that, the two cycloidal spirals on the 
surface cannot be linked by any symmetry operation, prov-
ing the possibility to have different energy, i.e. one rota-
tional sense is favored due to the DM-interaction and the 
other one does not occur as it possesses higher energy. The 
same arguments also hold for domain walls induced by the 

Figure 3. The DM interaction favors a 90° rotation between 
adjacent spins and the rotational sense is determined by the sign 
of the DM vector.

Figure 4. The two-dimensional Brillouin-zone of a hexagonal 
lattice. The red line indicates a typical cut for the calculation of 
the spin spiral dispersion, where the angle φ between adjacent 
spins ranges from 0° at the Γ -point (ferromagnetic FM) via 120° 
at the K -point (Néel state) to 180° for the M -point (row-wise 
antiferromagnetic order RWA).

= 0° 120° 180°

FM RWANéel

Figure 5. Sketch of helical (left) and cycloidal (right) spin spirals, 
where the propagation direction is perpendicular to or within the 
plane of the spin rotation, respectively. While the helical spin spirals 
are degenerate in energy even when they are on a surface (dark blue 
plane), the cycloidal spin spirals can have a different energy due 
to the DM interaction, i.e. one cycloidal spin spiral can be favored 
while the other one has a higher energy on the surface.
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the field grow (shrink). Thus, the direction of ms can be identi-
fied for all domains. On the tip side, sweeping the field causes 
mt to increasingly rotate into the perpendicular direction. 
Consequently, the in-plane domain wall contrast gradually 
disappears and is eventually replaced by an out-of-plane con-
trast, allowing to image the domains rather than the domain 
walls, figures 9(c) and (d). The large domains with ms being 
parallel to the field appear bright whereas residual domains, 
being shrunken to mere lines and with ms being antiparallel 
to the field, appear dark. This observation can be generalized 
such that for the tip-sample combination in our experiment, at 
the given bias voltage, bright colors (high dI/dU signal) indi-
cate a parallel alignment of ms and mt while dark (low dI/dU 
signal) corresponds to an antiparallel alignment. Applying this 
result to the measurement shown in figure 8(a) one can iden-
tify the direction of ms also for the domain walls. Combining 
the knowledge from these two experiments (figures 8 and 9) 
we can conclude that the Fe DL exhibits only right-rotating 
Néel-type walls ↑ →↓(  and ↓←↑ ) [29, 34].

This experimental finding of cycloidal walls with unique 
rotational sense immediately suggests that the DM interaction 
is the relevant factor determining the rotational sense of the 
walls, see section 3. Indeed, starting from phenomenological 
DM vectors [20] Monte-Carlo simulations showed that the 
unique rotational sense can be explained as a consequence 
of the DM interaction [36]. By density functional theory 
(DFT) combined with micromagnetic calculations the DM 
vector was determined from first principles [37]. The mag-
netic ground state was predicted to be ferromagnetic although 
within numerical accuracy a non-collinear spin spiral ground 
state could not be ruled out. However, two domains of opposite 

magnetization induced in this system by appropriate boundary 
conditions were found to be separated by right-rotating Néel-
type domain walls extending along the [110] axis, in agree-
ment with the experiment [29].

It appears to be an academic question whether this spin 
configuration of the extended Fe DL should be classified as an 
inhomogeneous spin spiral or a periodic arrangement of chiral 

Figure 8. Spin-polarized dI/dU maps of the Fe DL on W(1 1 0) (red 
areas correspond to DL and black to other Fe thickness); B indicates 
the in-plane orientations of the external magnetic field B = 150 mT 
which aligns the tip magnetization. (a), (b) Domain walls show up 
in the DL as black and white lines along the [110] direction; they 
invert the contrast from (a) to (b). (c), (d) Vanishing domain wall 
contrast. Tunnel parameters: U = + 0.55 V, I = 0.5 nA (all images 
taken from [29]).
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Figure 9. Spin-polarized dI/dU maps of the Fe DL on W(1 1 0) 
measured for variable field values B applied normal to the surface, 
as indicated in (a)–(d). The domains parallel to B grow while 
antiparallel domains shrink. The tip magnetization (and hence the 
magnetic sensitivity) is gradually rotated from in-plane to out-of-
plane due to the applied magnetic field. Tunnel parameters:  
U = + 0.55 V, I  = 0.5 nA (all images taken from [29]).
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Figure 10. Chiral domain walls in Fe DL wires on W(1 1 0). 
(a) Spin-polarized dI/dU map. The density of domain walls 
decreases with decreasing DL wire width while the chirality is 
preserved. Tunnel parameters: U = + 0.7 V, I = 0.3 nA, T = 14 K.  
(b) Schematic side view of two right rotating domain walls.
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which is magnetized mostly in-plane; the arrow indicates the 
tip magnetization, which was derived from the analysis of the 
magnetic contrast. As in SP-STM the magnetic contrast reflects 
the projection of tip and sample magnetization this leads to a 
bright-to-dark gradient of a skyrmion along the tip magnetiza-
tion axis. From this image it is apparent, that all skyrmions have 
the same rotational sense not only within one island, but also 
in independent islands, as is expected from the directionality 
imposed by the DM interaction. The spin spiral is now inhomo-
geneous due to the applied magnetic field, but also here one can 
see the unique rotational sense which is identical to that of the 
skyrmions. When the lines of the spin spiral run parallel to the 
tip magnetization axis the magnetic contrast vanishes (see left 
end of top island).

7.  3. Writing and deleting single magnetic skyrmions

While in previous studies the samples were in the thermo-
dynamic ground state, for PdFe the ratio between the energy 
barrier separating two topologically distinct states and the mea-
surement temperature is much larger. This can be exploited to 
study ground state properties at slightly higher temperature, i.e. 

about T  >  8 K, or to trap the magnetic configuration in a meta-
stable state for lower temperatures. This can be understood e.g. 
for the transition between skyrmions (S  =  1) and the ferromag-
netic state (S  =  0) within a simple two state model, see sketch 
in figure 21(a): when the magnetic field is increased, the energy 
of the skyrmion state rises and the ferromagnetic state becomes 
the lower energy state. When the system is in the ferromagnetic 
state and the magnetic field is lowered at reduced temperature, 
then the energy barrier cannot be overcome and the ferro-
magnetic state is preserved to smaller magnetic field values, 
even though the topologically protected skyrmion has a lower 
energy, see top sketch in figure 21(a). It has been found, that the 
energy barrier between the two states can be overcome not only 
by thermal excitation, but also the tunnel electrons can induce 
a transition between the topologically distinct states. Note that 
the potential landscape is asymmetric, as the two states are not 
linked by a symmetry operation, and different attempt frequen-
cies and lifetimes of the two states are likely.

The telegraph noise in figures 21(b)–(d) demonstrates the 
switching between the presence of a skyrmion (S = 1) and 
its absence (S = 0) for different parameters at the same sam-
ple position. While the power of the injected tunnel current 
is identical for all three traces, the response of the system is 
very different: for (b) the switching takes place at a time scale 
of several seconds and the histogram to the right shows that 
the skyrmion state is slightly favored. In (c) the magnetic field 
is increased, which leads to a shift of the population of the 
states towards the ferromagnetic state, as expected. However, a 

Figure 19. SP-STM measurements of the PdFe bilayer on 
Ir(1 1 1) in dependence on an external magnetic field at T = 8 K. 
(a) B = 0 T: spin spiral state, (b) B = 1.4 T: hexagonal skyrmion 
lattice, (c) B = 2 T: ferromagnetic phase. (d) Sketch of the different 
magnetic phases (all taken from [4]).

Figure 20. SP-STM measurements of the PdFe bilayer on Ir(1 1 1) 
at T = 8 K. (a) B = 0 T: the spin spiral state in the PdFe wire and 
island is visible together with the nanoskyrmion lattice in the Fe 
ML on Ir(1 1 1) [15], (b) B = − 1 T: coexistence of spin spiral and 
skyrmions with unique rotational sense, the tip magnetization 
direction is indicated by the arrow (for both: gray-scale of the layers 
adjusted separately for better visibility of the magnetic state).

(a)

(b)
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distance d from its centre for several magnetic field values.
We relate the degree of non-collinearity in the centre of a skyrmion
with the angle αc between a central atom and its neighbouring
spins, and find that αc scales linearly with B (inset of Fig. 3a).
Figure 3b displays spectra taken at the centre of one skyrmion at
different applied fields, as indicated, together with reference
spectra of the FM background. One can clearly see a systematic
shift of the higher-energy peak with the applied field. The
peak shift ΔE with respect to the peak of the FM state is roughly
linear with αc (inset of Fig. 3b), which corroborates our proposal
of an effect of the local magnetic non-collinearity on the
electronic properties. The laterally resolved dI/dU maps at the FM
peak energy in Fig. 3c show how the maximum of non-collinearity
moves from the rim of the skyrmion to its centre with
increasing magnetic field, in agreement with the skyrmion profiles
in Fig. 3a.

For the FM state, the experimental dI/dU spectra (Figs 2d
and 3b) are in good agreement with the vacuum LDOS calculated
by density functional theory (DFT)10 (Fig. 4a). The vacuum
LDOS is typically dominated by states close to the !Γ point. A
detailed analysis of the spin-resolved band structure and LDOS
(Supplementary Sections 2 and 3) reveals that the sharp peak at
about +0.9 eV stems from the minority d states, whereas the
step-like LDOS of the majority spin channel is caused by bands
of s and p character.

In a non-collinear spin structure, there is a mixing between the
two spin channels that results in a change of the band structure
and the LDOS29. This is seen in DFT calculations for the spin
spiral phase (Supplementary Sections 2 and 3), which are in agree-
ment with the corresponding experimental data (Supplementary
Section 4). To capture the key physics of this band mixing for
two-dimensional (2D) localized skyrmions and to include the
skyrmion profiles12 (Fig. 3a) we use a tight-binding (TB)
model. The corresponding Hamiltonian at every atom site is
given by

H0 =
ϵ↑ 0
0 ϵ↓

( )
(1)

where ϵ↑, ϵ↓ are the on-site energies of the two states. Based on
DFT for the FM state, we describe the electronic states of PdFe/
Ir(111), which dominate the vacuum LDOS, by using a majority
band with a hopping parameter t↑ = −0.5 eV, and a minority band
with t↓ = +0.09 and ϵ↑ − ϵ↓ = 3.1 eV, as depicted in green and
red in Fig. 4b. The corresponding spin-resolved LDOS in the
vacuum for the FM state is qualitatively very similar to that
obtained by DFT calculations10 (compare Fig. 4a,c) and a
similar agreement is obtained for the spin spiral states
(Supplementary Section 3). The non-collinearity within the
skyrmion leads to a mixing between the majority and the
minority spin channels and the hopping between adjacent
atomic sites can be described by the matrix

V(αij) =
t↑ cos(αij /2) −t↑↓ sin(αij /2)
t↓↑ sin(αij /2) t↓cos(αij /2)

( )
(2)

where αij is the angle between the spins on neighbouring sites i
and j and t↑↓ = −t↓↑ describes the nearest-neighbour hopping
matrix element between the two states.

Before solving this TB model for a realistic skyrmion profile,
it is instructive to study the effect of the spin mixing in a simpli-
fied way. We assume that the matrix V(αij) is the same for all
atom sites by fixing all αij to the same angle α and thus obtain a
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a   Néel-type skyrmion b   Bloch-type skyrmion

c   Skyrmion lattice in an Fe monolayer 
 on Ir(111)

d   Individual skyrmions in a PdFe 
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and low temperatures (the Curie temperature for one 
Fe monolayer is around 30 K). Moreover, the skyrmion 
lattice ground state of an Fe monolayer on Ir(111) does 
not allow the specific properties of individual skyrmi-
ons to be exploited. In PdFe bilayers epitaxially grown 
on Ir(111), spin spirals are observed at low field, but an 
applied field of about 1 T induces a transition to a ferro-
magnetic state embedding individual metastable skyr-
mions10,11 (FIG. 1d). The conditions for having individual 
skyrmions rather than periodic spin textures such as 
skyrmion lattices or spin spirals are discussed in BOX 1.

A prerequisite for the use of skyrmions in devices is 
hence the ability to stabilize small individual skyrmions 
at room temperature and in zero or very small applied 
fields. Because the transition temperatures of bulk com-
pounds in which skyrmions were first found are gen-
erally below or just around room temperature, these 
systems are not easily implementable for applications. 
Although thin films of ferromagnetic transition metals 
such as Fe or Co are more promising, ultrathin epitax-
ially grown films are not the most convenient candi-
dates for devices, first because, up to now, skyrmions in 
ultrathin films have been found only at low temperature, 
and second because epitaxial growth is not easily com-
patible with common spintronic technologies. A prom-
ising path toward practical room-temperature systems 
with individual skyrmions is represented by the recent 

development of perpendicularly magnetized multi-
layers prepared by sputtering deposition, which exploit 
the possibility of obtaining additive DMI at successive 
interfaces. Several groups have recently reported impres-
sive progress not only in the stabilization of skyrmions 
at room temperature, but also in their current-induced 
manipulation, creation and displacement. This Review 
focuses on the recent advances in this new field of top-
ological spintronics, in which topology, together with 
chiral interactions and spin–orbit torques, is exploited 
in an entirely new context for applications in future  
information and communication technologies.

Interfacial Dzyaloshinskii–Moriya interaction
In systems that lack inversion symmetry, spin–orbit cou-
pling can induce an asymmetric exchange interaction, 
the DMI, which takes the form

HDMI = (S1 × S2) ∙ d12 (2)

where S1 and S2 are neighbouring spins and d12 is the cor-
responding Dzyaloshinskii–Moriya vector. For the inter-
facial DMI, the focus of this Review, d12 can be written12 
d12 = d12∙(z × u12), where z and u12 are unit vectors, respec-
tively perpendicular to the interface in the direction of 
the magnetic layer and pointing from site 1 to site 2.  
For d12 > 0 the DMI favours anticlockwise rotations from 
S1 to S2, similarly to REFS 10,12 (d12 < 0 corresponds to 
lower energy for clockwise magnetization rotation). The 
DMI is a chiral interaction that lowers or increases the 
energy of the spins depending on whether the rotation 
from S1 to S2 around d12 is in the clockwise or in the anti-
clockwise sense. If S1 and S2 are initially parallel, the effect 
of a strong DMI (compared with the symmetric exchange 
interaction) is to introduce a relative tilt around d12. In 
magnetic films with interfacial DMI, the Dzyaloshinskii–
Moriya vector lies in the plane of the film (the x–y plane), 
and the global effect of the DMI on the magnetization 
m can be expressed by the micromagnetic energy per 
volume as

E = D ∙ (mz∂xmx − mx∂xmz + mz∂ymy − my∂ymz) (3)

where D is the DMI constant, which is related to the pair 
interaction d12 of equation 2. For a purely interfacial DMI, 
D is inversely proportional to the thickness of the film;  
it is positive for anticlockwise rotations.

The existence of the DMI was first proposed to 
account for the properties of magnetic compounds with 
a non-centrosymmetric lattice, such as α-Fe2O3 (REFS 1,2). 
The DMI was theoretically understood by Moriya as an 
additional term induced by spin–orbit coupling in the 
super-exchange interaction between spins of magnetic 
insulators in the absence of inversion symmetry. For 
metallic systems, the existence of a chiral interaction 
was first demonstrated for disordered alloys, in which 
an atom with large spin–orbit coupling mediates a DMI 
between two magnetic atoms; d12 in this case is perpen-
dicular to the plane of the triangle formed by the three 
atoms13. The DMI was then predicted to exist with the 
same sym metry at the interface between magnetic films 
and metals with large spin–orbit coupling14. In systems 
composed of a magnetic film (such as Co) and a metal 

Figure 1 | Magnetic texture of skyrmions. a,b | Néel-type (panel a) and Bloch-type  
(panel b) skyrmions with the magnetization rotating from the down direction at  
the skyrmion’s centre to the up direction of the external uniform magnetization at the 
skyrmion’s edge, as in a Néel or in a Bloch domain wall. c | Lattice of skyrmions as observed 
by spin-polarized scanning tunnelling microscopy in a monolayer of Fe grown on Ir(111). 
The colour wheel indicates the in-plane magnetization, and the square unit cell has a side 
length of 1 nm. The grey cones indicate the direction of magnetization in 3D. d | Individual 
skyrmions observed by the same technique in a PdFe bilayer on Ir(111). The out-of-plane 
magnetization is colour-coded from red for ‘up’ to blue for ‘down’ magnetization.  
An external field B = 1.5 T is used to stabilize the skyrmions. Panels a and b are reproduced 
with permission from REF. 94, courtesy of K. Everschor-Sitte, University of Cologne, 
Germany. Panel c is reproduced with permission from REF. 95, Macmillan Publishers 
Limited. Panel d is reproduced with permission from REF. 96, American Physical Society.
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Fe monolayer is around 30 K). Moreover, the skyrmion 
lattice ground state of an Fe monolayer on Ir(111) does 
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erally below or just around room temperature, these 
systems are not easily implementable for applications. 
Although thin films of ferromagnetic transition metals 
such as Fe or Co are more promising, ultrathin epitax-
ially grown films are not the most convenient candi-
dates for devices, first because, up to now, skyrmions in 
ultrathin films have been found only at low temperature, 
and second because epitaxial growth is not easily com-
patible with common spintronic technologies. A prom-
ising path toward practical room-temperature systems 
with individual skyrmions is represented by the recent 
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sive progress not only in the stabilization of skyrmions 
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manipulation, creation and displacement. This Review 
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ological spintronics, in which topology, together with 
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in an entirely new context for applications in future  
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where S1 and S2 are neighbouring spins and d12 is the cor-
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additional term induced by spin–orbit coupling in the 
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dicular to the plane of the triangle formed by the three 
atoms13. The DMI was then predicted to exist with the 
same sym metry at the interface between magnetic films 
and metals with large spin–orbit coupling14. In systems 
composed of a magnetic film (such as Co) and a metal 
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(panel b) skyrmions with the magnetization rotating from the down direction at  
the skyrmion’s centre to the up direction of the external uniform magnetization at the 
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The colour wheel indicates the in-plane magnetization, and the square unit cell has a side 
length of 1 nm. The grey cones indicate the direction of magnetization in 3D. d | Individual 
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magnetization is colour-coded from red for ‘up’ to blue for ‘down’ magnetization.  
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250 T. LANCASTER

Figure 4. (a) The potential energy for d = D = 2. (b) The vor-
tex excitation. (c) The hedgehog or monopole excitation for
d = D = 3. (Adapted from Ref. [2].)

in different regions of space, subject to the all-important
constraint that the field vary smoothly from place to
place. The defect in this case is known as a vortex, an
example of which is shown in Figure 4(b). The vortex has
a core at its centre and has a field that swirls around the
core.3

An important point about the vortex is that there are
lots of very similar structures we can make, for exam-
ple, by globally rotating all of the arrows by some fixed
angle. In fact, from the point of view of topology, each of
these excitations is equivalent. The quantity that defines
the topological properties of the vortex is its integerwind-
ing number w. This quantity counts the number of times
the arrows rotate through 2π radians as we follow a cir-
cle around the vortex core. The diagram shows a w = 1
vortex, since the arrows make a complete rotation as we
follow a circle around the vortex core. It is possible to
make vortices with w = 2. In contrast to a w = 1 object,
a w = −1 object, known as an antivortex, does not have
the arrows pointing in the opposite direction, but rather
has arrows thatwrap in the opposite direction as the circle
is traversed around the core.

In the three-dimensional case of D = 3, d = 3 we
have a configuration called a hedgehog (or monopole)
shown in Figure 4(c). Here the winding number is given
by considering the 3D field φ(x1, x2), where x1 and x2
are coordinates allowing us to locate points on a closed
surface (conventionally we choose angles x1 = θ and

Figure 5. The stereographic projection (denoted P ) squashes
the hedgehog into D = 2, where it becomes a skyrmion. The left-
hand version is aNéel skyrmion; the right-hand version,where the
spins have been combed over (denotedR), is a Bloch skyrmion.
(Based on a figure from Ref. [22].)

x2 = ϕ, for example), and we evaluate the integral

w = 1
4π

∫
dx1dx2 φ̂ ·

(
∂φ̂

∂x1
× ∂φ̂

∂x2

)

, (3)

where φ̂ = φ/|φ| is the normalised (unit) field andwhere
the surface over which we integrate surrounds the core of
the hedgehog. The integrand in this expression gives an
element of the solid angle swept out by the vectors φ. By
comparing the integral of this quantity with 4π we can
therefore compute how many times these vectors wrap
around a sphere. In the same way that we can globally
rotate the D = 2 arrows of the vortex without chang-
ing w, a combed hedgehog, with all of its arrows rotated
globally by the same amount, also has the same winding
number as the conventional hedgehog (see Figure 5, top).

The vortex and hedgehog introduce a new feature
compared to the domain wall: they cost an infinite
amount of energy! This can be understood by inspection
of the vortex. It is swirly at large distances from the core,
so that the fields never become uniform. The first term
in Equation (2) then keeps costing energy causing a vol-
ume integral over the free energy density to diverge. This
energetic cost is a consequence of Derrick’s theorem and
is important in judging whether each of these objects can
hope to exist. That is, if an object costs an infinite amount
of energy to create, it is not going to be realised in a sys-
tem (at least without some other physical property being
introduced) [2,5]. Specifically, Derrick investigated static
field configurations as they are scaled up and down in
their spatial size. If a field configuration is stable, then
there is a pointwhere the energy is stationarywith respect
to such a scaling. If the field configuration has no such
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a w = −1 object, known as an antivortex, does not have
the arrows pointing in the opposite direction, but rather
has arrows thatwrap in the opposite direction as the circle
is traversed around the core.
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have a configuration called a hedgehog (or monopole)
shown in Figure 4(c). Here the winding number is given
by considering the 3D field φ(x1, x2), where x1 and x2
are coordinates allowing us to locate points on a closed
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where φ̂ = φ/|φ| is the normalised (unit) field andwhere
the surface over which we integrate surrounds the core of
the hedgehog. The integrand in this expression gives an
element of the solid angle swept out by the vectors φ. By
comparing the integral of this quantity with 4π we can
therefore compute how many times these vectors wrap
around a sphere. In the same way that we can globally
rotate the D = 2 arrows of the vortex without chang-
ing w, a combed hedgehog, with all of its arrows rotated
globally by the same amount, also has the same winding
number as the conventional hedgehog (see Figure 5, top).

The vortex and hedgehog introduce a new feature
compared to the domain wall: they cost an infinite
amount of energy! This can be understood by inspection
of the vortex. It is swirly at large distances from the core,
so that the fields never become uniform. The first term
in Equation (2) then keeps costing energy causing a vol-
ume integral over the free energy density to diverge. This
energetic cost is a consequence of Derrick’s theorem and
is important in judging whether each of these objects can
hope to exist. That is, if an object costs an infinite amount
of energy to create, it is not going to be realised in a sys-
tem (at least without some other physical property being
introduced) [2,5]. Specifically, Derrick investigated static
field configurations as they are scaled up and down in
their spatial size. If a field configuration is stable, then
there is a pointwhere the energy is stationarywith respect
to such a scaling. If the field configuration has no such
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Reduced energy for thin ferromagnetic films with
perpendicular anisotropy
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Abstract

.

1 Introduction

2 Model

We start by considering a reduced two-dimensional micromagnetic energy for an extended ferromag-
netic thin film of e↵ective thickness � > 0, with the lengths measured in the units of the exchange
length ` =

p
A/Kd, where Kd = 1

2µ0M2
s , µ0 is the vacuum permeability, Ms is the saturation mag-

netization and A is the exchange sti↵ness, that is characterized by the normalized magnetization
vector m(x) 2 R3 at each point x 2 R2 of the film. We assume that the film exhibits perpendicular
magnetic anisotropy, interfacial Dzyaloshinskii-Moriya (DMI) interaction and in the presence of an
applied field perpendicular to the film plane, so that the energy functional E(m) has the form

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m). (2.1)

Here, in order of appearance, the terms are the exchange, anisotropy, Zeeman, the DMI and the
stray field energies measured in the units of A`�. As was discussed in [1,17,27], in an extended film
where

m : R2 ! S2, (2.2)

is su�ciently smooth and goes to, say, m0 = (0, 0,�1) su�ciently fast at infinity, with the notations

m = (m?,mk), m? : R2 ! R2, mk : R2 ! R, (2.3)

∗Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Università degli Studi di Napoli “Federico II”, Via
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where m? is the in-plane component and mk is the out-of-plane component of m, respectively,
these terms take the following form [1,3]:

Eex(m) :=

Z

R2

|rm|2dx, (2.4)

Ea(m) := Q

Z

R2

|m?|2dx, (2.5)

EZ(m) := �2h

Z

R2

(1 +mk)dx, (2.6)

EDMI(m) := 

Z

R2

(mkdivm? �m? ·rmk) dx, (2.7)

Es(m) := �
Z

R2

|m?|2dx+
�

4⇡

Z

R2

Z

R2

divm? (x) · divm?(y)

|x� y| dxdy, (2.8)

� �

8⇡

Z

R2

Z

R2

(mk(x)�mk(y))2

|x� y|3 dxdy, (2.9)

where

Q =
Ku

Kd
,  =

Dp
AKd

, h =
H

Ms
, (2.10)

with Q,  and h being the dimensionless quality factor of the out-of-plane anisotropy, the dimension-
less DMI strength and the dimensionless applied field strength, corresponding to the dimensional
magnetocrystalline anisotropy constant Ku, DMI strength D normalized per unit volume, and the
out-of-plane field H, respectively. Note that  and h may change sign, while for a perpendicular
magnetic anisotropy material we have Q > 1. Under suitable conditions, the above energy ex-
hibits local minimizers in the form of the topologically non-trivial magnetization configurations –
magnetic skyrmions [1–8,16,22,25].

Observe that the stray field energy in (2.9) admits the following representation with the help of
the Fourier transform

cm(k) =

Z

R2

e�ik·x(m(x)�m0)dx (2.11)

of m�m0 2 C1
c
(R2;R3):

Es(m) = �
Z

R2

|cm?(k)|2
dk

(2⇡)2
+

�

2

Z

R2

|k ·cm?(k)|2
|k|

dk

(2⇡)2
� �

2

Z

R2

|k||bmk(k)|2
dk

(2⇡)2
. (2.12)

In particular, the first term in the right-hand side of (2.12), also referred to as the shape anisotropy
term, may be combined with Ea(m) to define an e↵ective out-of-plane anisotropy with strength
Q� 1 (going back to [30]); the second term in the right-hand-side of (2.12) represents the e↵ect of
the bulk charges and can be seen to be non-negative; and the third term represents the e↵ect of the
surface charges and is non-positive. The Fourier representation in (2.12) also arises as a relaxation
of the energy in (2.9) in the natural class of configurations in which m�m0 2 H1(R2;R3). Notice
that by (2.12) and simple interpolation inequalities the energy E(m) is always well defined in this
class (for further details, see [2]).

The expression for the stray field energy in (2.9) or (2.12) may be rigorously obtained as the lead-
ing order terms in the asymptotic expansion of the full micromagnetic energy of a three-dimensional
ferromagnetic film of thickness � ⌧ 1, with the errors controlled by the exchange energy at the
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1 Introduction

2 Model

We start by considering a reduced two-dimensional micromagnetic energy for an extended ferromag-
netic thin film of e↵ective thickness � > 0, with the lengths measured in the units of the exchange
length ` =

p
A/Kd, where Kd = 1

2µ0M2
s , µ0 is the vacuum permeability, Ms is the saturation mag-

netization and A is the exchange sti↵ness, that is characterized by the normalized magnetization
vector m(x) 2 R3 at each point x 2 R2 of the film. We assume that the film exhibits perpendicular
magnetic anisotropy, interfacial Dzyaloshinskii-Moriya (DMI) interaction and in the presence of an
applied field perpendicular to the film plane, so that the energy functional E(m) has the form

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m). (2.1)

Here, in order of appearance, the terms are the exchange, anisotropy, Zeeman, the DMI and the
stray field energies measured in the units of A`�. As was discussed in [1,17,27], in an extended film
where

m : R2 ! S2, (2.2)

is su�ciently smooth and goes to, say, m0 = (0, 0,�1) su�ciently fast at infinity, with the notations

m = (m?,mk), m? : R2 ! R2, mk : R2 ! R, (2.3)
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field

m : Ω → S2.

Let us assume that the sample is a cylinder, i.e.,

Ω = Ω′ × (0, t)

where Ω′ is the cross section of the sample of diameter ℓ and t is the thickness of the cylinder

(see Figure 2.1). According to micromagnetics, stable magnetizations in Ω are described by (local)

tȍ’ t

l

x3

x1
x2

Figure 2.1: A ferromagnetic sample.

minimizers of the energy functional defined as:

E3D(m) = d2

∫

Ω
|∇m|2 dx + Q

∫

Ω
ϕ(m) dx +

∫

R3

|∇U |2 dx − 2

∫

Ω
Hext · m dx. (2.1)

In the following we explain the four components of the micromagnetic energy E3D.

• The first term, called exchange energy is due to short range interactions of spins and favors

parallel alignment of neighboring spins. The constant d is the exchange length and corresponds to

an intrinsic parameter of the material of the order of nanometers.

• The second term in (2.1) represents the anisotropy energy that penalizes certain magnetization

axes. The anisotropy energy density ϕ is a nonnegative function with symmetry properties inherited

from the crystalline lattice. The preferred directions of magnetization are the zeros of ϕ. Typically,

we have uniaxial or multi-axial anisotropy (e.g., ϕ(m) = 1−m2
1 that favors the direction (±1, 0, 0))

and surface anisotropy (e.g., ϕ(m) = m4
3 where the easy plane is the horizontal one). The quality

factor Q is a second intrinsic parameter of the material that measures the strength of the anisotropy

energy relative to the stray-field. According to the values of Q, we distinguish two classes of

materials: soft materials if Q < 1 and hard materials if Q > 1.

• The third term of E3D is the stray-field energy and is created by long range interactions between

electron spins modelled by the static Maxwell equation. More precisely, the stray-field potential

U : R3 → R is determined by

∆U = ∇ ·
(

m1Ω

)

in R3, (2.2)

i.e.,

∫

R3

∇U ·∇ζ dx =

∫

Ω
m ·∇ζ dx, ∀ζ ∈ C∞

c (R3).

By the electrostatic analogy, two types of charges generate the potential U : volume charges with

density given by the divergence of m in the interior of the sample Ω and surface charges represented

by the normal component of the magnetization on the boundary of Ω. Therefore, this nonlocal

term favors domain patterns that achieve flux closure.
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Stray field energy

electron spins are magnetic dipoles

in a thin film the stray field is due to the bulk and surface magnetic charges:

+ _+

+ +

_

__

+

+

_

_
_ +

_ +

here 𝛿 ≪ 1 is the effective film thickness

+
+_

_

Dietze and Thomas, 1961; Garcia-Cervera, 1999; De Simone et al., 2000; М, 2019; Knüpfer, M and Nolte, 2019
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E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

Eex(m) =

Z

R2

|rm|
2d2r, Ea(m) = Q

Z

R2

|m?|
2d2r, EZ(m) = �2h

Z

R2

(1 +mk)d
2r,

EDMI(m) = 

Z

R2

�
mkr ·m? �m? ·rmk

�
d2r,

1

Eex(m) =

∫

R2

|→m|
2d2r, Ea(m) = Q

∫

R2

|m↑
|
2d2r, EZ(m) = ↓2

∫

R2

h(1 +m↔)d2r,

EDMI(m) = ω

∫

R2

(
m↔

→ ·m↑
↓m↑

·→m↔

)
d2r

Es(m) ↗ ↓

∫

R2

|m↑
|
2d2r +

ε

4ϑ

∫

R2

∫

R2

→ ·m↑ (r)→ ·m↑(r↘)

|r↓ r↘|
d2rd2r↘

↓
ε

8ϑ

∫

R2

∫

R2

(m↔(r)↓m↔(r↘))2

|r↓ r↘|3
d2r d2r↘

ϖω(r) = ϖ(ε↓1dist(r,!)) ε ≃ 1 |m| = ϖω

E(m) =

∫

R2

ϖ2ω

{
|→m|

2 + (Q↓ 1)|m↑|
2 + ω(m↔

→ ·m↑
↓m↑ ·→m↔)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

→ · (ϖωm↑)(r)→ · (ϖωm↑)(r↘)

|r↓ r↘|
d2r d2r↘

↓
ε

8ϑ

∫

R2

∫

R2

(ϖω(r)m↔(r)↓ ϖω(r↘)m↔(r
↘))2

|r↓ r↘|3
d2r d2r↘ ↓ 2

∫

R2

ϖωm
↔h d2r

E(m) =

∫

R2

{
|→m|

2 + (Q↓ 1)|m↑|
2 + ω(m↔

→ ·m↑
↓m↑ ·→m↔)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

→ ·m↑(r)→ ·m↑(r↘)

|r↓ r↘|
d2r d2r↘

↓
ε

8ϑ

∫

R2

∫

R2

(m↔(r)↓m↔(r
↘))2

|r↓ r↘|3
d2r d2r↘ ↓ 2

∫

R2

h(m↔ + 1) d2r

E0(m) :=

∫

!

(
|→m|

2 + ϱ|m↑|
2
)
d2r + ς

∫

!

(
m↔→ ·m↑ ↓m↑ ·→m↔

)
d2r

+φ

∫

ε!

(
(m↑ · n)2 ↓m2

↔

)
dH1(r)

5

mω : ! → S2 m↑(r) → ↓1 as |r| → ↔ |m↗
|
2 = 1↓ |m↑

|
2

E(m) =

∫

R2

{
|↘m|

2 + (Q↓ 1)|m↗|
2
↓ 2ωm↗ ·↘m↑ ↓ 2h(m↑ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

ε

8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r
≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

R2

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗|

2
↓ 2ωm↗ ·↘m↑ ↓ 2h(m↑ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

εω
8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r
≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

!

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗|

2 + ω(m↑
↘ ·m↗

↓m↗ ·↘m↑)↓ 2h(m↑ + 1)

}
d2r

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√

(Q↓ 1)

)

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√
(Q↓ 1)

)
↓

ς

2ϑ

!ωεω = !+Bωεω m ⇐ H1(!ωεω; S2)

Eω(m) =

∫

!ωεω

φ2ωεω

(
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗

|
2

)
d2r ↓ 2

∫

!ωεω

φωεωm
↑h d2r

+ω

∫

!ωεω

φ2ωεω

(
m↑

↘ ·m↗
↓m↗

·↘m↑

)
d2r

+
ς

4ϑ| ln ϖ|

∫

!ωεω

∫

!ωεω

↘ · (φωεωm
↗)(r)↘ · (φωεωm

↗)(r≃)

|r↓ r≃|
d2r d2r≃

↓
ς

4ϑ| ln ϖ|

∫

!ωεω

∫

!ωεω

↘(φωεωm
↑)(r) ·↘(φωεωm

↑)(r≃)

|r↓ r≃|
d2r d2r≃

3



The minimal model

use the local approximation for the stray field Winter, 1961; Gioia and James, 1997 

two-dimensional micromagnetic energy:
Bogdanov and Yablonskii, 1989 

Rohart and Thiaville, 2013 
Bernand-Mantel, M and Simon, 2020 
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 = 0 or || >
4

⇡

p
Q� 1

E(m) =

Z

R2

�
|rm|

2
� 2m? ·rmk + (Q� 1)|m?|

2
�
d
2
r

E(m) � krmk
2
2 � 2|| · km?k2krmkk2 + (Q� 1)km?k

2
2 > E(±ẑ)
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field

m : Ω → S2.

Let us assume that the sample is a cylinder, i.e.,

Ω = Ω′ × (0, t)

where Ω′ is the cross section of the sample of diameter ℓ and t is the thickness of the cylinder

(see Figure 2.1). According to micromagnetics, stable magnetizations in Ω are described by (local)

tȍ’ t

l

x3

x1
x2

Figure 2.1: A ferromagnetic sample.

minimizers of the energy functional defined as:

E3D(m) = d2

∫

Ω
|∇m|2 dx + Q

∫

Ω
ϕ(m) dx +

∫

R3

|∇U |2 dx − 2

∫

Ω
Hext · m dx. (2.1)

In the following we explain the four components of the micromagnetic energy E3D.

• The first term, called exchange energy is due to short range interactions of spins and favors

parallel alignment of neighboring spins. The constant d is the exchange length and corresponds to

an intrinsic parameter of the material of the order of nanometers.

• The second term in (2.1) represents the anisotropy energy that penalizes certain magnetization

axes. The anisotropy energy density ϕ is a nonnegative function with symmetry properties inherited

from the crystalline lattice. The preferred directions of magnetization are the zeros of ϕ. Typically,

we have uniaxial or multi-axial anisotropy (e.g., ϕ(m) = 1−m2
1 that favors the direction (±1, 0, 0))

and surface anisotropy (e.g., ϕ(m) = m4
3 where the easy plane is the horizontal one). The quality

factor Q is a second intrinsic parameter of the material that measures the strength of the anisotropy

energy relative to the stray-field. According to the values of Q, we distinguish two classes of

materials: soft materials if Q < 1 and hard materials if Q > 1.

• The third term of E3D is the stray-field energy and is created by long range interactions between

electron spins modelled by the static Maxwell equation. More precisely, the stray-field potential

U : R3 → R is determined by

∆U = ∇ ·
(

m1Ω

)

in R3, (2.2)

i.e.,

∫

R3

∇U ·∇ζ dx =

∫

Ω
m ·∇ζ dx, ∀ζ ∈ C∞

c (R3).

By the electrostatic analogy, two types of charges generate the potential U : volume charges with

density given by the divergence of m in the interior of the sample Ω and surface charges represented

by the normal component of the magnetization on the boundary of Ω. Therefore, this nonlocal

term favors domain patterns that achieve flux closure.
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Compact magnetic  
skyrmions

consider the topologically non-trivial admissible class

note that the last condition simply selects the limit at infinity, since

we have the following nearly optimal existence result: Bernand-Mantel, M and Simon, 2020

adapting arguments of  
Melcher, 2014  

Döring and Melcher, 2017 
see also Greco, 2019 

Note: no minimizers if 

m : R2
! S2 m = (m?,mk) m? 2 R2

mk 2 R

mk ! �1 as |r| ! 1 |m?|
2
= 1�m

2
k

Q > 1 || <

p
Q� 1 m = ±ẑ
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Skyrmions as degree 1 energy minimizers

exchange + anisotropy:                               let 
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goes back to Derrick, 1964; Pokhozhaev, 1965; Berestycki and Lions, 1983

exchange + anisotropy + DMI:

choosing        as the truncated Belavin-Polyakov profile:
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- implies existence of global energy minimizers with non-trivial degree
Bogdanov and Yablonskii, 1989; Bogdanov, Kudinov and Yablonskii, 1989; Ivanov et al., 1990

- quantitative rigidity of degree 1 harmonic maps allows to quantify 
closeness to BP profiles for small |𝜅|

Melcher, 2014; Li and Melcher, 2018; Bernand-Mantel, M, Simon, 2020

ρ

E

of the Skyrmion onto the spin direction of the tip. When tip
and sample magnetization directions are orthogonal to each
other, the spin-polarized contribution to the tunnel current,
and thus the magnetic signal, vanishes: For the image in
Fig. 1(c) this is true close to the center of the Skyrmion and
above and below the center. The two Skyrmions in the
sample area of Fig. 1(c) appear identical, which is always

the case for all Skyrmions imaged with a given SP-STM tip.
This implies that they exhibit indeed a unique rotational
sense [23]. According to the symmetry selection rules of
the DMI, these interface-induced Skyrmions are expected
to be cycloidal [sketch in Fig. 1(a)] [11,25], in agreement
with recent density functional theory calculations and
Monte Carlo simulations for this system [24]. When the
external magnetic field which induces the Skyrmions is
applied in the opposite direction, the contrast of the two
lobes of the Skyrmions is inverted [Fig. 1(d)] since each
spin in the sample is inverted while the spin structure of
the antiferromagnetic tip remains unchanged, providing
an additional proof for the unique rotational sense caused
by the DMI. The two Skyrmions in Figs. 1(c) and 1(d)
appear at identical positions due to pinning at atomic
defects.
To characterize the size and the shape of a Skyrmion, we

take height profiles across the center [see black rectangles
in Figs. 1(c) and 1(d)]. Since there is no exact analytical
expression to describe Skyrmion profiles, we approximate
the cross section of a Skyrmion using a standard 360°
domain wall profile [26,27],

θðρ; c; wÞ ¼

8
>><

>>:
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"i
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w=2

"i
jBz < 0;

ð1Þ

where θ defines the polar angle of the magnetization at
position ρ, and c and w resemble the position and width
of two overlapping 180° domain walls, respectively. To
evaluate the measured data we include the projection of
tip and sample magnetization in the fitting procedure
(methods [22]).
The agreement between experimental data and fit [see

black data points and red fit lines in Figs. 1(e) and 1(f)]
justifies the chosen description. Furthermore, a comparison
to numerically calculated Skyrmion profiles leads to the
conclusion that Eq. (1) is an excellent approximation for a
wide range of material parameters and field values (Fig. S1
[22]). From Eq. (1) it is straightforward to determine the
perpendicular magnetization component mzðxÞ [see the
blue dashed lines in Figs. 1(e) and 1(f)] and the diameter of
the Skyrmion d, which we define as the diameter of the
circle with mz ¼ 0. Exploiting the axial symmetry, the spin
structure of an isolated Skyrmion in two dimensions is then
described by

~Sðx; yÞ ¼

0

B@
− sin½θðρ; c; wÞ'⋅x=ρ
− sin½θðρ; c; wÞ'⋅y=ρ

cos½θðρ; c; wÞ'

1

CA; ð2Þ

where ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
is the radial distance from the center

of the Skyrmion located at the origin. Note that within this

FIG. 1 (color). Spin structure of individual Skyrmion in
PdFe=Irð111Þ. (a) Sketch of the experimental setup of a spin-
polarized STM tip probing a magnetic Skyrmion. (b) Topographic
constant-current SP-STM image measured with out-of-
plane sensitive magnetic tip; each blue circular entity is a
Skyrmion (U¼þ200mV, I ¼ 1 nA, T ¼ 2.2 K, B ¼ −1.5 T).
(c) Magnetic signal (methods [22]) of two Skyrmions measured
with an in-plane magnetization of the tip, ~mT , revealing a two-
lobe structure (U ¼ þ250 mV, I ¼ 1 nA, T ¼ 4.2 K). (d) Same
area as in (c) with inverted magnetic field; due to the preserved
rotational sense, the contrast is inverted. (e),(f) Line profiles across
a Skyrmion along the rectangles in (c) and (d), respectively, and fits
with Eq. (1) [(e) c ¼ ð0.90% 0.01Þ nm, w ¼ ð1.18% 0.02Þ nm;
(f) c ¼ ð0.91% 0.01Þ nm, w ¼ ð1.17% 0.01Þ nm] and corre-
sponding calculated out-of-plane magnetization mz. The sketches
show spins with atomic distance, colorized according to the
SP-STM contrast.
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Theorem 7. There exists ω0 > 0 depending only on Q and ! such that for all 0 < ω < ω0

there exists a minimizer of E over A1.

ω → 0, Q↑ 1 = ε| lnω|↑1
→ 0 O(ω) ε ↓ 0

E(m) ↓ (1↑ Cω)

∫

!
|↔m|

2d2r

∫

!
|↔m|

2d2r ± 8ϑN (m) =

∫

!
|ϖ1m↗m↘ ϖ2m|

2d2r

mn → m≃ and ↔mn ϱ ↔m≃ in L2(!)

E(m≃)± 8ϑN (m≃) ⇐ lim inf
n→≃

(E(mn)± 8ϑN (mn)) = lim inf
n→≃

E(mn)± 8ϑd

E(m≃) ↓ 0 inf
Ad

E < 8ϑd d ⇒ N 1 ⇐ N (m≃) ⇐ d

N (m≃) ↓ 1 (1↑ Cω)8ϑN (m≃) + 8ϑN (m≃) ⇐ 16ϑd

Ad↑1 Ad inf
Ad

E < inf
Ad→1

E + 8ϑ ⇑d ⇒ N

N (m≃) = n < d inf
An

E ↑ 8ϑn ⇐ inf
Ad

E ↑ 8ϑd < inf
An

E + 8ϑ(d↑ n)↑ 8ϑd

Esurf(mR) ⇓ ↑ςR lnR

m : R2
→ S2, ↔m ⇒ L2, m+ ẑ ⇒ L2
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E(mω) =

∫

R2

|↑m|
2 d2r + ω2(Q↘ 1)

∫

R2

|m⇐
|
2 d2r

E(mω) =

∫

R2

|↑m|
2 d2r ↘ 2ωε

∫

R2

m⇐
·↑m⇒ d2r + ω2(Q↘ 1)

∫

R2

|m⇐
|
2 d2r

9

!ω = ω→1! ! εω ↑ 0 ω ↑ 0 mω ↑ m0 ↓ BV (R2; {±ẑ}) in L1(R2;R3)

Eω(mω)
!
↑ E0(m0) = (4

√
Q→ 1→ ϑϖ)P ({m↔

0 = 1})→ 4

∫

{m→
0=1}

h d2r

|ϖ| <
√

Q→ 1 ϱ = 0 0 < 4
√
Q→ 1→ ϑϖ ↗ 1

EMM
ω (m) =

∫

R2

{
ω|↘m|

2 +
Q→ 1

ω
|m≃

|
2
→ 2ϖm≃

·↘m↔

}
d2r

⇐

∫

R2

{
ω|↘m↔

|
2

1→ |m↔|2
+

Q→ 1

ω
(1→ |m↔

|
2)→ 2ϖ

√
1→ |m↔|2 |↘m↔

|

}
d2r

⇐ 2

∫

R2

(√
Q→ 1→ ϖ

√
1→ |m↔|2

)
|↘m↔

| d2r

m = (sech x, 0, tanh x) ςwall = 4
√
Q→ 1→ ϑϖ

m ↓ BV (R2; {±ẑ}) m = →ẑ in !c

Fω(m) = (4
√
Q→ 1→ ϑϖ)P ({m↔ = 1})→ 4

∫

{m→=1}
h d2r

→
εω
8ϑ

∫

R2

∫

{|r→r↑|>ω}

(m↔(r)→m↔(r⇒))2

|r→ r⇒|3
d2r d2r⇒

εω =
ϱ

| ln ω|
ςwall = 4

√
Q→ 1→ ϑϖ→

2ϱ

ϑ
> 0

Theorem 1. For mω ↑ m0 in L1(R2;R3)

Fω(mω)
!
↑ F0(m0) = ςwallP ({m↔

0 = 1})→ 4

∫

{m→
0=1}

h d2r.

1

Bernand-Mantel, M, Slastikov, 2022



Magnetic skyrmions: 
full model

      compact skyrmion                  vs.                 skyrmionic bubble
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for skyrmionic bubble, the stray field energy diverges with radius: 

hence                                         bounded below

no hope to construct solutions as absolute minimizers 
with prescribed degree 

M and Simon, 2019Es(mR) ⇠ �R lnR � = 0 K1 S✓ 2 SO(3)

N (m) =
1

4⇡

Z

R2

m · (@1m⇥ @2m) d
2
r

A :=

⇢
m 2 H̊

1
(R2

; S2
) : N (m) = 1, m+ e3 2 L

2
(R2

),

Z

R2

|rm|
2
d
2
r < 16⇡

�

Z

R2

|rm|
2
d
2
r � 8⇡ |N (m)| |rm|

2
± 2m · (@1m⇥ @2m) = |@1m⌥m⇥ @2m|

2

3

m : R2
! S2 m = (m?,mk) m? 2 R2 mk 2 R

m : ⌦ ! S2 ⌦ = R2 � <
p
2(Q� 1) ⇢� . � (Q� 1) ln ��1 & 1

|m| = 1 � . e�
c

Q�1 Q = Q� ! 1 � ⌧ ⇢� ⌧ 1

m(1) = �ẑ

m 2 A 6) E(m)

mk ! �1 as |r| ! 1 |m?|
2 = 1�m2

k
E = �Jij(Si · Sj)

Q � 1 || <
p
Q� 1 m = ±ẑ m 6⌘ ±ẑ m = �ẑ

 = 0 or || >
4

⇡

p
Q� 1  > 0 ⇢ = �r ·m

0 < || ⌧ 1 H̊1(R2) m m? mk

E(m) =

Z

R2

�
|rm|

2
� 2m? ·rmk + (Q� 1)|m?|

2
�
d2r

E(m) =

Z

⌦

�
|rm|

2 + (mkr ·m? �m? ·rmk) + (Q� 1)|m?|
2
�
d2r

1

Theorem 3. There exists ω0 > 0 depending only on Q and ! such that for
all 0 < ω < ω0 there exists a minimizer of E over A1.

ω → 0, Q↑ 1 = ε| lnω|↑1
→ 0 O(ω) ε ↓ 0

E(m) ↓ (1↑ Cω)

∫

!
|↔m|

2d2r

∫

!
|↔m|

2d2r ± 8ϑN (m) =

∫

!
|ϖ1m↗m↘ ϖ2m|

2d2r

mn → m≃ and ↔mn ϱ ↔m≃ in L2(!)

E(m≃)± 8ϑN (m≃) ⇐ lim inf
n→≃

(E(mn)± 8ϑN (mn)) = lim inf
n→≃

E(mn)± 8ϑd

E(m≃) ↓ 0 inf
Ad

E < 8ϑd d ⇒ N 1 ⇐ N (m≃) ⇐ d

N (m≃) ↓ 1 (1↑ Cω)8ϑN (m≃) + 8ϑN (m≃) ⇐ 16ϑd

Ad↑1 Ad inf
Ad

E < inf
Ad→1

E + 8ϑ ⇑d ⇒ N

N (m≃) = n < d inf
An

E ↑ 8ϑn ⇐ inf
Ad

E ↑ 8ϑd < inf
An

E + 8ϑ(d↑ n)↑ 8ϑd

Esurf(mR) ⇓ ↑ςR lnR

m : R2
→ S2, ↔m ⇒ L2, m+ ẑ ⇒ L2

⇔↖ E(m) > ↑≃

5

mω : ! → S2 m↑(r) → ↓1 as |r| → ↔ |m↗
|
2 = 1↓ |m↑

|
2

E(m) =

∫

R2

{
|↘m|

2 + (Q↓ 1)|m↗
|
2
↓ 2ωm↗

·↘m↑

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

ε

8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r≃))2

|r↓ r≃|3
d2r d2r≃

E(m) =

∫

R2

{
|↘m|

2 + (Q↓ 1)|m↗|
2
↓ 2ωm↗ ·↘m↑ ↓ 2h(m↑ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

ε

8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r
≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

R2

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗|

2
↓ 2ωm↗ ·↘m↑ ↓ 2h(m↑ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

εω
8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r
≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

!

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗|

2 + ω(m↑
↘ ·m↗

↓m↗ ·↘m↑)↓ 2h(m↑ + 1)

}
d2r

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√

(Q↓ 1)

)

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√
(Q↓ 1)

)
↓

ς

2ϑ

!ωεω = !+Bωεω m ⇐ H1(!ωεω; S2)

3



Clamped case

fix                  outside                   for fixed bdd domain     with smooth bdry

m : R2
→ S2 m = (m↑,m↓) m↑ ↔ R2 m↓ ↔ R

m↓ → ↗1 as |r| → ↘ |m↑|
2 = 1↗m2

↓
E = ↗Jij(Si · Sj)

Q ≃ 1 |ω| <
√
Q↗ 1 m = ±ẑ m ⇐⇒ ±ẑ m = ↗ẑ

ω = 0 or |ω| >
4

ε

√
Q↗ 1 ω > 0 ϑ = ↗⇑ ·m

0 < |ω| ⇓ 1 H̊1(R2) m m↑ m↓

E(m) =

∫

R2

(
|⇑m|

2
↗ 2ωm↑ ·⇑m↓ + (Q↗ 1)|m↑|

2
)
d2r

E(m) =

∫

!

(
|⇑m|

2 + ω(m↓⇑ ·m↑ ↗m↑ ·⇑m↓) + (Q↗ 1)|m↑|
2
)
d2r

E(m) ≃ ↓⇑m↓
2
2 ↗ 2|ω| · ↓m↑↓2↓⇑m↓↓2 + (Q↗ 1)↓m↑↓

2
2 > E(±ẑ)

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

Eex(m) =

∫

R2

|⇑m|
2d2r, Ea(m) = Q

∫

R2

|m↑|
2d2r, EZ(m) = ↗2h

∫

R2

(1 +m↓)d
2r,

EDMI(m) = ω

∫

R2

(
m↓⇑ ·m↑ ↗m↑ ·⇑m↓

)
d2r,

1

!ω = ω→1!

m : R2
↑ S2 m = (m↓,m↔) m↓ ↗ R2 m↔ ↗ R

m↔ ↑ →1 as |r| ↑ ↘ |m↓|
2 = 1→m2

↔
E = →Jij(Si · Sj)

Q ≃ 1 |ε| <
√
Q→ 1 m = ±ẑ m ⇐⇒ ±ẑ m = →ẑ

ε = 0 or |ε| >
4

ϑ

√
Q→ 1 ε > 0 ϖ = →⇑ ·m

0 < |ε| ⇓ 1 H̊1(R2) m m↓ m↔

E(m) =

∫

R2

(
|⇑m|

2
→ 2εm↓ ·⇑m↔ + (Q→ 1)|m↓|

2
)
d2r

E(m) =

∫

!

(
|⇑m|

2 + ε(m↔⇑ ·m↓ →m↓ ·⇑m↔) + (Q→ 1)|m↓|
2
)
d2r

E(m) ≃ ↔⇑m↔
2
2 → 2|ε| · ↔m↓↔2↔⇑m↔↔2 + (Q→ 1)↔m↓↔

2
2 > E(±ẑ)

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

1

!ω = ω→1! !

m : R2
↑ S2 m = (m↓,m↔) m↓ ↗ R2 m↔ ↗ R

m↔ ↑ →1 as |r| ↑ ↘ |m↓|
2 = 1→m2

↔
E = →Jij(Si · Sj)

Q ≃ 1 |ε| <
√
Q→ 1 m = ±ẑ m ⇐⇒ ±ẑ m = →ẑ

ε = 0 or |ε| >
4

ϑ

√
Q→ 1 ε > 0 ϖ = →⇑ ·m

0 < |ε| ⇓ 1 H̊1(R2) m m↓ m↔

E(m) =

∫

R2

(
|⇑m|

2
→ 2εm↓ ·⇑m↔ + (Q→ 1)|m↓|

2
)
d2r

E(m) =

∫

!

(
|⇑m|

2 + ε(m↔⇑ ·m↓ →m↓ ·⇑m↔) + (Q→ 1)|m↓|
2
)
d2r

E(m) ≃ ↔⇑m↔
2
2 → 2|ε| · ↔m↓↔2↔⇑m↔↔2 + (Q→ 1)↔m↓↔

2
2 > E(±ẑ)

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

1

perform the Modica-Mortola rescaling

remark: for δ > 0 independent of ε the energy is not bounded from below
=> need to choose               jointly with!ω = ω→1! ! εω ↑ 0 ω ↑ 0

E(m) =

∫

R2

{
|↓m|

2 + (Q→ 1)|m↔|
2
→ 2ϑm↔ ·↓m↗ → 2h(m↗ + 1)

}
d2r

+
ε

4ϖ

∫

R2

∫

R2

↓ ·m↔(r)↓ ·m↔(r↘)

|r→ r↘|
d2r d2r↘ →

ε

8ϖ

∫

R2

∫

R2

(m↗(r)→m↗(r
↘))2

|r→ r↘|3
d2r d2r↘

Eω(m) =

∫

R2

{
ω|↓m|

2 + ω→1
|m↔|

2
→ 2ϑm↔ ·↓m↗ → 2h(m↗ + 1)

}
d2r

+
εω
4ϖ

∫

R2

∫

R2

↓ ·m↔(r)↓ ·m↔(r↘)

|r→ r↘|
d2r d2r↘ →

εω
8ϖ

∫

R2

∫

R2

(m↗(r)→m↗(r
↘))2

|r→ r↘|3
d2r d2r↘

m : R2
↑ S2 m = (m↔,m↗) m↔ ≃ R2 m↗ ≃ R

m↗ ↑ →1 as |r| ↑ ⇐ |m↔|
2 = 1→m2

↗
E = →Jij(Si · Sj)

Q ⇒ 1 |ϑ| <
√
Q→ 1 m = ±ẑ m ⇑⇓ ±ẑ m = →ẑ

ϑ = 0 or |ϑ| >
4

ϖ

√
Q→ 1 ϑ > 0 ϱ = →↓ ·m

0 < |ϑ| ⇔ 1 H̊1(R2) m m↔ m↗

E(m) =

∫

R2

(
|↓m|

2
→ 2ϑm↔ ·↓m↗ + (Q→ 1)|m↔|

2
)
d2r

1

!ω = ω→1! ! εω ↑ 0 ω ↑ 0

E(m) =

∫

R2

{
|↓m|

2 + (Q→ 1)|m↔|
2
→ 2ϑm↔ ·↓m↗ → 2h(m↗ + 1)

}
d2r

+
ε

4ϖ

∫

R2

∫

R2

↓ ·m↔(r)↓ ·m↔(r↘)

|r→ r↘|
d2r d2r↘ →

ε

8ϖ

∫

R2

∫

R2

(m↗(r)→m↗(r
↘))2

|r→ r↘|3
d2r d2r↘

Eω(m) =

∫

R2

{
ω|↓m|

2 + ω→1
|m↔|

2
→ 2ϑm↔ ·↓m↗ → 2h(m↗ + 1)

}
d2r

+
εω
4ϖ

∫

R2

∫

R2

↓ ·m↔(r)↓ ·m↔(r↘)

|r→ r↘|
d2r d2r↘ →

εω
8ϖ

∫

R2

∫

R2

(m↗(r)→m↗(r
↘))2

|r→ r↘|3
d2r d2r↘

m : R2
↑ S2 m = (m↔,m↗) m↔ ≃ R2 m↗ ≃ R

m↗ ↑ →1 as |r| ↑ ⇐ |m↔|
2 = 1→m2

↗
E = →Jij(Si · Sj)

Q ⇒ 1 |ϑ| <
√
Q→ 1 m = ±ẑ m ⇑⇓ ±ẑ m = →ẑ

ϑ = 0 or |ϑ| >
4

ϖ

√
Q→ 1 ϑ > 0 ϱ = →↓ ·m

0 < |ϑ| ⇔ 1 H̊1(R2) m m↔ m↗

E(m) =

∫

R2

(
|↓m|

2
→ 2ϑm↔ ·↓m↗ + (Q→ 1)|m↔|

2
)
d2r

1

case δ = 0:       !ω = ω→1! ! εω ↑ 0 ω ↑ 0 mω ↑ m0 ↓ BV (R2; {±ẑ}) in L1(R2;R3)

Eω(mω)
!
↑ E0(m0) = (4→ ϑϖ)P ({m↔

0 = 1})→ 4

∫

{m→
0=1}

h d2r

E(m) =

∫

R2

{
|↗m|

2 + (Q→ 1)|m↘|
2
→ 2ϖm↘ ·↗m↔ → 2h(m↔ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↗ ·m↘(r)↗ ·m↘(r≃)

|r→ r≃|
d2r d2r≃ →

ε

8ϑ

∫

R2

∫

R2

(m↔(r)→m↔(r
≃))2

|r→ r≃|3
d2r d2r≃

Eω(m) =

∫

R2

{
ω|↗m|

2 + ω→1
|m↘|

2
→ 2ϖm↘ ·↗m↔ → 2h(m↔ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↗ ·m↘(r)↗ ·m↘(r≃)

|r→ r≃|
d2r d2r≃ →

εω
8ϑ

∫

R2

∫

R2

(m↔(r)→m↔(r
≃))2

|r→ r≃|3
d2r d2r≃

m : R2
↑ S2 m = (m↘,m↔) m↘ ↓ R2 m↔ ↓ R

m↔ ↑ →1 as |r| ↑ ⇐ |m↘|
2 = 1→m2

↔
E = →Jij(Si · Sj)

Q ⇒ 1 |ϖ| <
√
Q→ 1 m = ±ẑ m ⇑⇓ ±ẑ m = →ẑ

ϖ = 0 or |ϖ| >
4

ϑ

√
Q→ 1 ϖ > 0 ϱ = →↗ ·m

0 < |ϖ| ⇔ 1 H̊1(R2) m m↘ m↔

1

for                              - technical assumption M and Slastikov, 2016

m : R2
! S2 m = (m?,mk) m? 2 R2

mk 2 R

mk ! �1 as |r| ! 1

Q > 1

E(m) =

Z

R2

�
|rm|

2
� 2m? ·rmk + (Q� 1)|m?|

2
�
d
2
r

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

Eex(m) =

Z

R2

|rm|
2
d
2
r, Ea(m) = Q

Z

R2

|m?|
2
d
2
r, EZ(m) = �2h

Z

R2

(1 +mk)d
2
r,

EDMI(m) = 

Z

R2

�
mkr ·m? �m? ·rmk

�
d
2
r,

Es(m) ' �

Z

R2

|m?|
2
d
2
r +

�

4⇡

Z

R2

Z

R2

r ·m? (r) ·r ·m?(r0)

|r� r0|
d
2
rd

2
r
0

�
�

8⇡

Z

R2

Z

R2

(mk(r)�mk(r0))2

|r� r0|3
d
2
r d

2
r
0

Es(m) =
1

�

Z

T`⇥(0,�)

|mk|
2
d
3
r �

�

8⇡

Z

T`

Z

R2

(mk(r)�mk(r0))2

|r� r0|3
d
2
r d

2
r
0

+
�

4⇡

Z

T`

Z

R2

r ·m?(r)r ·m?(r0)

|r� r0|
d
2
r d

2
r
0

 

p
Q� 1 |Es(m)� Es(m)|  C�

Z

T`⇥(0,�)

|rm|
2
d
3
r

1

!ω = ω→1! ! εω ↑ 0 ω ↑ 0 mω ↑ m0 ↓ BV (R2; {±ẑ}) in L1(R2;R3)

Eω(mω)
!
↑ E0(m0) = (4

√
Q→ 1→ ϑϖ)P ({m↔

0 = 1})→ 4

∫

{m→
0=1}

h d2r

|ϖ| <
√
Q→ 1

∫

R2

{
ω|↗m|

2 +
Q→ 1

ω
|m↘|

2
→ 2ϖm↘ ·↗m↔

}
d2r

≃

∫

R2

{
ω|↗m↔

|
2

1→ |m↔|2
+

Q→ 1

ω
(1→ |m↔

|
2)→ 2ϖ

√
1→ |m↔|2 |↗m↔

|

}
d2r

≃ 2

∫

R2

(√
Q→ 1→ ϖ

√
1→ |m↔|2

)
|↗m↔

| d2r

m = (tanh x, sech x, 0) ϱwall = 4→ ϑϖ

E(m) =

∫

R2

{
|↗m|

2 + (Q→ 1)|m↘|
2
→ 2ϖm↘ ·↗m↔ → 2h(m↔ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↗ ·m↘(r)↗ ·m↘(r⇐)

|r→ r⇐|
d2r d2r⇐ →

ε

8ϑ

∫

R2

∫

R2

(m↔(r)→m↔(r
⇐))2

|r→ r⇐|3
d2r d2r⇐

Eω(m) =

∫

R2

{
ω|↗m|

2 +
Q→ 1

ω
|m↘|

2
→ 2ϖm↘ ·↗m↔ → 2h(m↔ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↗ ·m↘(r)↗ ·m↘(r⇐)

|r→ r⇐|
d2r d2r⇐ →
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Figure 1. Experimental and numerical observations of chiral domain walls in ultrathin ferromagnetic films in the presence of
DMI. (a) The schematics of the multilayer structure (ML, monolayer). (b) A colourmap of the magnetization exhibiting chiral
domain walls. (c) A histogram of the in-plane magnetization orientation angle relative to the in-plane normal to the domain
wall showing a preferred rotation direction. (d) A comparison to the result of a Monte Carlo simulation of a discrete spin model.
In (b), grey indicates the domains with the magnetization up, black indicates the domains with the magnetization down and
the rest of the colours correspond to the directions of the in-plane component, as shown in the colour-wheel. Adapted from [8],
with permission; see that reference for further details. (Online version in colour.)

ferromagnetic sample is responsible for creating another type of domain wall—chiral edge domain
walls. These walls play a crucial role in producing new types of magnetization patterns inside
a ferromagnet. For instance, in the presence of a transverse applied field, chiral edge domain
walls provide a mechanism for tilting of an interior domain wall in a ferromagnetic strip [22,35].
Moreover, they also significantly modify the dynamic behaviour of the interior domain wall
under the action of current and an applied field [18].

In this paper, we study chiral domain walls in ultrathin ferromagnetic films, using rigorous
analytical methods within the variational framework of micromagnetics. Our goal is to
understand the formation of chiral interior domain walls and chiral edge domain walls, viewed
as local or global energy minimizing configurations of the magnetization, in samples with
perpendicular magnetocrystalline anisotropy in the presence of surface DMI and weak applied
magnetic fields. The multi-scale nature of the micromagnetic energy allows for a variety of distinct
regimes characterized by different relations between the material and geometric parameters, and
makes its investigation a very challenging mathematical problem. Many of these regimes have
been investigated analytically, using modern techniques of calculus of variations in the context of
various ferromagnetics nanostructures (e.g. [36]).

Our starting point is a reduced two-dimensional micromagnetic energy, in which the stray
field contributes only a local shape anisotropy term to the leading order (see (2.2)). This energy
gives rise to a non-convex vectorial variational problem, with a non-trivial interplay between
the boundary and the interior of the domain due to the DMI term. We seek to understand the
formation and structure of the domain walls—transition layers between constant magnetization
states—that correspond to minimizers of the micromagnetic energy. The framework for this
analysis is provided by the variational methods of the gradient theory of phase transitions [37].
These types of problems have been extensively studied in the mathematical community in both
scalar [37–40] and vectorial [41,42] settings. The non-trivial influence of the boundary within the
gradient theory of phase transitions was investigated in [38,40].

We begin by investigating the one-dimensional problems on the infinite and semi-infinite
domains. Here we provide a complete analytical solution for the global energy minimizers of
these one-dimensional problems, see theorems 3.1 and 3.4, respectively. Our main tool is a careful
analysis of the case of equality in the vectorial Modica–Mortola type lower bound for the energy
of one-dimensional magnetization configurations. Our analysis yields explicit profiles for one-
dimensional chiral interior and edge domain walls. These optimal profiles are used later on in
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Figure 2: Two types of one-dimensional domain walls due to DMI: (a) interior wall; (b)
edge wall. In the upper panels, ✓ stands for the angle between m and the z-axis. The
vector m rotates in the xz-plane (lower panels).

transformation

 ! �, m? ! �m?, h? ! �h?, (2.4)

without loss of generality we can assume  to be positive.

3 The problem in one dimension

We begin by considering an idealized situation in which the ferromagnetic film occupies
either the whole plane or a half-plane, which leads to two basic types of domain walls
considered below (see Fig. 2). These are the magnetization configurations that vary in one
direction only. In the case of the half-plane, the magnetization is also assumed to vary in
the direction normal to the film edge. Throughout this section, we set the applied magnetic
field h to zero.

3.1 Interior wall

Consider first the whole space situation, in which case we may assume that

⌦ = {(x, y) 2 R2 : x 2 R, 0 < y < 1}, (3.1)

with periodic boundary conditions at y = 0 and y = 1. We then take m to be a one-
dimensional profile, i.e., m = m(x). Then we may write the energy associated with m in
the form

E(m) =

Z 1

�1

n
|m

0
|
2 + (Q� 1)|m?|

2 + 

⇣
mk(x̂ ·m?)

0
� (x̂ ·m?)m

0
k

⌘o
dx, (3.2)
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Fig. 1. (a) M–H curves for sample A at 300 K under in-plane and
out-of-plane magnetic fields. (b) Temperature dependence of satura-
tion magnetization Ms for samples A and B (circles and triangles, re-
spectively). (c) Temperature dependence of perpendicular magnetic
anisotropy energy density K for samples A and B (circles and triangles,
respectively).

magnetization Ms and perpendicular magnetic anisotropy en-
ergy density K = Keff + µ0 M2

s /2 are extracted from the M–H
curves, where Keff is an effective perpendicular anisotropy en-
ergy density. The value of Ms is determined by the average of
M over a range of magnetic fields, 1 T ≤ |µ0 H | ≤ 2 T. The
value of Keff is obtained from the area of triangular region be-
tween Ms and the in-plane M–H curves. Thus, the value of
Keff includes higher order contributions of uniaxial anisotropy.
Fig. 1(b) and (c) show the temperature T dependence of Ms

and K for samples A and B, respectively. Assuming that the
bulk crystalline anisotropy is negligible, the interface magnetic
anisotropy energy densities Ki for samples A and B at 300 K
are 0.49 and 1.4 mJ/m2, respectively. These values are com-
parable to those calculated from the values of Ms , Keff , and
tCoFeB for similar samples obtained in previous work [Ikeda 2010,
Yamanouchi 2011]. For both of the samples, Ms and K increase
at lower temperatures. Since domain structures are determined
by the tradeoff between demagnetization energy and domain-
wall surface energy, which depend on the magnitude of Ms and
K , temperature-dependent structural changes of domains are
anticipated for both of the samples. The magnitudes of Ms and
K for sample B are larger than those for sample A, likely due
to the crystallization of CoFeB triggered by a decrease of boron
concentration during annealing [Hayakawa 2005].

For magnetic domain observation, the samples were placed
in an optical cryostat and the domain structure was observed
by polar magneto-optic Kerr-effect (MOKE) microscopy using
546 nm illumination and 20 times magnification. The maxi-
mum size of the MOKE image is 192 µm × 256 µm, lim-
ited by the capacity of the CCD camera and the magnifica-
tion of the microscope. Before capturing the domain image,
at each temperature, the samples were ac-demagnetized us-
ing an alternating perpendicular magnetic field with exponen-
tially decaying amplitude starting from 20 mT. To enhance the
image contrast, differential images between ac-demagnetized
and remanent states after applying a large enough field to sat-
urate magnetization were taken. Representative selections of
domain images for samples A and B at various temperatures

Fig. 2. MOKE microscope images of domain structures in (a)–(c) sam-
ple A and (d)–(f) sample B in demagnetized state at different tempera-
tures (10, 200, and 300 K).

(10, 200, and 300 K) are shown in Fig. 2(a)–(c) and (d)–(f),
respectively. The bright and dark regions correspond to out-
of-plane magnetization pointing up and down, respectively. At
T ≥ 100 K, the domains were quite mobile, quickly settling
into the labyrinthine patterns. However, at T ≤ 50 K, the do-
main walls were strongly pinned and the domain structure may
not represent the lowest energy configuration. Rather, at low
temperatures, the pattern reflects the distribution of domain nu-
cleation sites because magnetization reversal of the observed
region was dominated by nucleation of many domains during
the ac-demagnetization procedure.

It should be noted that domains as large as a few hundred
micrometers, which is comparable to the maximum size of the
MOKE images, were observed for the as-deposited samples
with tCoFeB = 0.9 and 1.0 nm and the annealed samples with
tCoFeB = 0.9–1.2 nm at room temperature. This is due to the
higher domain-wall energy resulting from the greater influence
of the interface anisotropy in the thinner magnetic films and is
consistent with the domain theory discussed later. However, the
limited field of view of the MOKE microscope prohibits a quan-
titative analysis of these large domain patterns. For thicker, as-
deposited samples with tCoFeB = 1.2 and 1.3 nm, no perpendicu-
lar domain structures are detected at room temperature. Based
on the measured values of Ms and Ki for samples A and B, the
in-plane shape anisotropy is expected to dominate the perpen-
dicular interface anisotropy for films thicker than tCoFeB = 1.23
and 1.39 nm in as-deposited and annealed samples, respec-
tively. Thus, only a limited range of thicknesses is amenable
to domain analysis; in thinner films, the domains are too large
to measure and in thicker films no domains are detected due
to lack of perpendicular anisotropy. Moreover, domain struc-
tures in samples A and B cannot be compared since normal-
ized CoFeB thicknesses of samples A and B with the critical
thicknesses are different (0.89 and 0.94 for samples A and B,
respectively).

To quantify the domain structures, domain images are ana-
lyzed using 2-D fast Fourier transforms (FFTs). The processed
images at 10 and 300 K for sample A are shown in Fig. 3(a)
and (b). The color scale is normalized with black indicating
the largest amplitude and white indicating zero amplitude of
the spatial frequency components. There are no apparent peri-
odic patterns at 10 K, which suggests that randomly distributed
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Eω(mω)
”
↘ E0(m0) = ςwallP ({m↔

0 = 1}) + ςedgeH
1(φ!)↑ 2

∫

!
m↔

0h d
2r.
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ε
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|
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ϖ
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m : R2
↘ S2 m = (m↓,m↔) m↓

≃ R2 m↔
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√
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Key estimate

0 → ω <
√

Q↑ 1 0 → ε < 2ϑ(
√
Q↑ 1↑ ω) ϖω = ε| ln ϱ|↑1
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!
↓ E0(m0) = ςwallP ({m↗

0 = 1})↑ 4

∫

{m→
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h d2r.

Lemma 3. Let f ↔ H̊1(R2) ↘ L≃(R2) be such that f + c ↔ L2(R2), for some c ↔ R.
Then, for any 0 < r < R, it holds
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ϱ|⇐m|

2 +
Q↑ 1

ϱ
|m⇒|

2
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=> compactness:

0 → ω <
√

Q↑ 1 0 → ε < 2ϑ(
√
Q↑ 1↑ ω) ϖω = ε| ln ϱ|↑1
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↓ E0(m0) = ςwallP ({m↗
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∫
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0=1}

h d2r.

Lemma 3. Let f ↔ H̊1(R2) ↘ L≃(R2) be such that f + c ↔ L2(R2), for some c ↔ R.
Then, for any 0 < r < R, it holds
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⇑
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| ln ϱ|
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√
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√
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√
1↑ s2 + arcsin s)↑

εs

ϑ

I =

[
↑2

√
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∫

R2

|⇐!ε(m
↗

0)|↑2

∫

R2

h(m↗+1) d2r =
ςwall
2

∫

R2

|⇐m↗

0|↑2

∫

R2

h(m↗

0+1) d2r

2



Γ-convergence

where

defines a one-to-one,  strictly increasing, odd and continuously differentiable 
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⇒ 2

(√
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⇑
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(√
Q↑ 1↑ ω

√
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√
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2

0 → ω <
√

Q↑ 1 0 → ε < 2ϑ(
√
Q↑ 1↑ ω) ϖω = ε| ln ϱ|↑1

Theorem 2. For mω ↓ m0 ↔ BV (R2; {±ẑ}) in L1(R2;R3)

Eω(mω)
!
↓ E0(m0) = ςwallP ({m↗

0 = 1})↑ 4

∫

{m→
0=1}

h d2r.

Lemma 3. Let f ↔ H̊1(R2) ↘ L≃(R2) be such that f + c ↔ L2(R2), for some c ↔ R.
Then, for any 0 < r < R, it holds

1

4ϑ

∫

R2

∫

R2

(f(x)↑ f(y))2

|x↑ y|3
dy dx

→
2

ϑ
ln

(
R

r

)
↗f↗L↑(R2)

∫

R2

|⇐f | dx+
r

4

∫

R2

|⇐f |2 dx+
2

R

∫

R2

(f + c)2 dx.

Eω(m) ⇒

(
1↑

ε

| ln ϱ|

)
EMM

ω (m)↑
ε

ϑ

∫

R2

|⇐m↗
| dx↑

2ε

| ln ϱ|

∫

R2

(m↗ + 1) dx

↑2

∫

R2

h(m↗ + 1) dx

⇒ 2

(√
Q↑ 1↑ ω↑

ε

2ϑ
↑

ε
⇑
Q↑ 1

| ln ϱ|

)∫

R2

|⇐m↗
| dx↑ C

Eω(mω) ⇒

∫

R2

|⇐!ε(m
↗

ω)| dx↑ 2

∫

R2

h(m↗

ω + 1) dx↑
c

| ln ϱ|

!ε(s) = 2

∫ s

0

(√
Q↑ 1↑ ω

√
1↑ t2 ↑

ε

2ϑ

)
dt

= 2s
√
Q↑ 1↑ ω(s

√
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hence the lower bound follows:

upper bound by approximation and a painstaking computation for smooth sets
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Bounded domain: edge walls
now consider                       , minimal model (λ = 0):mω : ! → S2

E(m) =

∫

R2

{
|↑m|

2 + (Q↓ 1)|m↔|
2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

ε

8ϑ

∫

R2

∫

R2

(m↗(r)↓m↗(r
↘))2

|r↓ r↘|3
d2r d2r↘

Eω(m) =

∫

R2

{
ϖ|↑m|

2 +
Q↓ 1

ϖ
|m↔|

2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
εω
4ϑ
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R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

εω
8ϑ

∫

R2

∫
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(m↗(r)↓m↗(r
↘))2

|r↓ r↘|3
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Eω(m) =

∫
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{
ϖ|↑m|

2 +
Q↓ 1

ϖ
|m↔|

2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
ϱ

4ϑ| ln ϖ|

∫

R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

ϱ

4ϑ| ln ϖ|

∫

R2

∫

R2

↑m↗(r) ·↑m↗(r
↘)

|r↓ r↘|
d2r d2r↘

m : R2
→ S2 m = (m↔,m↗) m↔

≃ R2 m↗
≃ R

Q ⇐ 1 |ω| <
√
Q↓ 1 m = ±ẑ m ⇒⇑ ±ẑ m = ↓ẑ

ω = 0 or |ω| >
4

ϑ

√
Q↓ 1 ω > 0 ς = ↓↑ ·m

0 < |ω| ⇓ 1 H̊1(R2) m m↔ m↗

E(m) =

∫

R2

(
|↑m|

2
↓ 2ωm↔

·↑m↗ + (Q↓ 1)|m↔
|
2
)
d2r

3

DMI has an effect near the sample boundary
Ansatz:

Remark 3. We point out that due to the presence of the edge domain walls (see the

following subsection) the minimizers of the energy in (2.2) in the form of a Dzyaloshinskii

wall on a strip ⌦ = R ⇥ (0, L) are not one-dimensional for any L > 0. Nevertheless, if

one assumes periodic boundary conditions instead of the natural boundary conditions at the

edges of the strip, an examination of the proof of Theorem 1 shows that the global minimizer

is still given by (3.4) and (3.9) in this case.

3.2 Edge wall

Consider now the half-plane situation, in which case we may assume that

⌦ = {(x, y) 2 R2 : x > 0, 0 < y < 1}, (3.24)

with periodic boundary conditions at y = 0 and y = 1. Taking m to be a one-dimensional
profile, i.e., m = m(x), we write

E(m) =

Z 1

0

n
|m

0
|
2 + (Q� 1)|m?|

2 + 

⇣
mk(x̂ ·m?)

0
� (x̂ ·m?)m

0
k

⌘o
dx, (3.25)

where, as before, x̂ is the unit vector in the direction of the x-axis. Once again, in order
for this energy to be bounded, we must have |m?(x)| ! 0 as x ! 1. Hence, in view of
the symmetry

m? ! �m?, mk ! �mk, (3.26)

without loss of generality we may assume that

lim
x!1

mk(x) = 1. (3.27)

Note, however, that the value of m(0) is not fixed and needs to be determined for the
optimal domain wall profile at the material edge. Such edge domains walls were first
discussed in [46] (for closely related objects in bulk helimagnets, see also [37, 53]).

Since for  > c, where c is given by (3.8), the energy favors helical structures [46]
and, hence, is not bounded below on the semi-infinite interval as well as on the whole line,
throughout the rest of this section we assume that  < c. Assuming also the ansatz from
(3.4) and arguing as in the previous subsection, for ✓ 2 H

1(R+) with ✓
0
2 L

1(R+) we may
write the energy in (3.25) as

E(m) =

Z 1

0

n
|✓

0
|
2 + (Q� 1) sin2 ✓

o
dx� ✓(0), (3.28)

which is easily seen to be minimized at fixed ✓(0) = ✓0 2 (0,⇡) by

✓(x) = 2 arctan e(x0�x)
p
Q�1

, x0 =
ln tan

⇣
✓0
2

⌘

p
Q� 1

. (3.29)
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Optimal?
Indeed, using the Modica-Mortola trick [38], we rewrite the energy in (3.28) as

E(m) = 2
p
Q� 1

Z 1

0
| sin ✓| |✓0| dx+

Z 1

0

⇣
|✓

0
|�

p
Q� 1 | sin ✓|

⌘2
dx� ✓0

� �

Z 1

0

⇣
2
p

Q� 1 | sin ✓|� 

⌘
✓
0
dx =

Z ✓0

0

⇣
2
p
Q� 1 | sin ✓|� 

⌘
d✓. (3.30)

In particular, the inequality above becomes an equality when ✓ is given by (3.29).
We now show that there exists a unique value of ✓0 = ✓

⇤
0 2 (0,⇡) for which the function

from (3.29) yields the absolute minimum of the energy in (3.28) for  < c. Denoting the
right-hand side in (3.30) by F (✓0), we observe that F (0) = 0, F 0(0) < 0, and F (✓0) =
F (✓0 � ⇡) + �wall, where �wall > 0 is given by (3.10), for all ✓0 � ⇡. Therefore, for ✓0 � 0
it is enough to consider the values of ✓0 2 (0,⇡), for which we have explicitly

F (✓0) = 2
p
Q� 1 (1� cos ✓0)� ✓0. (3.31)

A simple computation then shows that for ✓0 � 0 the function F (✓0) is uniquely minimized
by

✓
⇤
0 = arcsin

✓


2
p
Q� 1

◆
, (3.32)

and the minimal value of F (✓0) is given by

�edge = 2
p
Q� 1

 
1�

s

1�
2

4(Q� 1)

!
�  arcsin

✓


2
p
Q� 1

◆
< 0. (3.33)

In fact, this is also an absolute lower bound for E(m) in (3.28), since for ✓0 < 0 the energy
remains positive. Furthermore, since ✓

⇤
0 2 (0,⇡), this minimum value is attained by the

profile in (3.29) with ✓0 = ✓
⇤
0. Interestingly, we find that ✓

⇤
0 2 (0, arcsin 2

⇡ ), spanning the
range from 0� at  = 0 to about 39.5� for  = c. Thus, the global minimizer of the energy
in (3.25) among all profiles satisfying (3.4) has the form of an edge domain wall whose
profile is given by (3.29), up to a sign, with an optimal value of ✓ at the edge.

We now prove, once again, that this picture remains true without the ansatz in (3.4)
for a slightly smaller range of the values of  < c. The appropriate admissible class for
the energy in (3.25) is now

A
+ =

�
m 2 H

1
loc(R+; S2) : m

0
2 L

1(R+;R3)
 
. (3.34)

Theorem 4. Let 0 <  <
p
Q� 1. Then there exists a unique minimizer m 2 A

+
of

(3.25) satisfying (3.27). The minimizer m has the form in (3.4) with ✓ given by (3.29) and
✓0 = ✓

⇤
0 from (3.32), and the minimal energy is given by �edge from (3.33).

13

Remark 3. We point out that due to the presence of the edge domain walls (see the

following subsection) the minimizers of the energy in (2.2) in the form of a Dzyaloshinskii

wall on a strip ⌦ = R ⇥ (0, L) are not one-dimensional for any L > 0. Nevertheless, if

one assumes periodic boundary conditions instead of the natural boundary conditions at the

edges of the strip, an examination of the proof of Theorem 1 shows that the global minimizer

is still given by (3.4) and (3.9) in this case.

3.2 Edge wall

Consider now the half-plane situation, in which case we may assume that

⌦ = {(x, y) 2 R2 : x > 0, 0 < y < 1}, (3.24)

with periodic boundary conditions at y = 0 and y = 1. Taking m to be a one-dimensional
profile, i.e., m = m(x), we write

E(m) =

Z 1

0

n
|m

0
|
2 + (Q� 1)|m?|

2 + 

⇣
mk(x̂ ·m?)

0
� (x̂ ·m?)m

0
k

⌘o
dx, (3.25)

where, as before, x̂ is the unit vector in the direction of the x-axis. Once again, in order
for this energy to be bounded, we must have |m?(x)| ! 0 as x ! 1. Hence, in view of
the symmetry

m? ! �m?, mk ! �mk, (3.26)

without loss of generality we may assume that

lim
x!1

mk(x) = 1. (3.27)

Note, however, that the value of m(0) is not fixed and needs to be determined for the
optimal domain wall profile at the material edge. Such edge domains walls were first
discussed in [46] (for closely related objects in bulk helimagnets, see also [37, 53]).

Since for  > c, where c is given by (3.8), the energy favors helical structures [46]
and, hence, is not bounded below on the semi-infinite interval as well as on the whole line,
throughout the rest of this section we assume that  < c. Assuming also the ansatz from
(3.4) and arguing as in the previous subsection, for ✓ 2 H

1(R+) with ✓
0
2 L

1(R+) we may
write the energy in (3.25) as

E(m) =

Z 1

0

n
|✓

0
|
2 + (Q� 1) sin2 ✓

o
dx� ✓(0), (3.28)

which is easily seen to be minimized at fixed ✓(0) = ✓0 2 (0,⇡) by

✓(x) = 2 arctan e(x0�x)
p
Q�1

, x0 =
ln tan

⇣
✓0
2

⌘

p
Q� 1

. (3.29)
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Yes, provided      minimizes                                                    => wall energy:

Indeed, using the Modica-Mortola trick [38], we rewrite the energy in (3.28) as

E(m) = 2
p

Q� 1

Z 1

0
| sin ✓| |✓0| dx+

Z 1

0

⇣
|✓

0
|�

p
Q� 1 | sin ✓|

⌘2
dx� ✓0

� �

Z 1

0

⇣
2
p

Q� 1 | sin ✓|� 

⌘
✓
0
dx =

Z ✓0

0

⇣
2
p

Q� 1 | sin ✓|� 

⌘
d✓. (3.30)

In particular, the inequality above becomes an equality when ✓ is given by (3.29).
We now show that there exists a unique value of ✓0 = ✓

⇤
0 2 (0,⇡) for which the function

from (3.29) yields the absolute minimum of the energy in (3.28) for  < c. Denoting the
right-hand side in (3.30) by F (✓0), we observe that F (0) = 0, F 0(0) < 0, and F (✓0) =
F (✓0 � ⇡) + �wall, where �wall > 0 is given by (3.10), for all ✓0 � ⇡. Therefore, for ✓0 � 0
it is enough to consider the values of ✓0 2 (0,⇡), for which we have explicitly

F (✓0) = 2
p
Q� 1 (1� cos ✓0)� ✓0. (3.31)

A simple computation then shows that for ✓0 � 0 the function F (✓0) is uniquely minimized
by

✓
⇤
0 = arcsin

✓


2
p
Q� 1

◆
, (3.32)

and the minimal value of F (✓0) is given by

�edge = 2
p
Q� 1

 
1�

s

1�
2

4(Q� 1)

!
�  arcsin

✓


2
p
Q� 1

◆
< 0. (3.33)

In fact, this is also an absolute lower bound for E(m) in (3.28), since for ✓0 < 0 the energy
remains positive. Furthermore, since ✓

⇤
0 2 (0,⇡), this minimum value is attained by the

profile in (3.29) with ✓0 = ✓
⇤
0. Interestingly, we find that ✓

⇤
0 2 (0, arcsin 2

⇡ ), spanning the
range from 0� at  = 0 to about 39.5� for  = c. Thus, the global minimizer of the energy
in (3.25) among all profiles satisfying (3.4) has the form of an edge domain wall whose
profile is given by (3.29), up to a sign, with an optimal value of ✓ at the edge.

We now prove, once again, that this picture remains true without the ansatz in (3.4)
for a slightly smaller range of the values of  < c. The appropriate admissible class for
the energy in (3.25) is now

A
+ =

�
m 2 H

1
loc(R+; S2) : m

0
2 L

1(R+;R3)
 
. (3.34)

Theorem 4. Let 0 <  <
p
Q� 1. Then there exists a unique minimizer m 2 A

+
of

(3.25) satisfying (3.27). The minimizer m has the form in (3.4) with ✓ given by (3.29) and
✓0 = ✓

⇤
0 from (3.32), and the minimal energy is given by �edge from (3.33).
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Indeed, using the Modica-Mortola trick [38], we rewrite the energy in (3.28) as

E(m) = 2
p

Q� 1

Z 1

0
| sin ✓| |✓0| dx+

Z 1

0

⇣
|✓

0
|�

p
Q� 1 | sin ✓|

⌘2
dx� ✓0

� �

Z 1

0

⇣
2
p

Q� 1 | sin ✓|� 

⌘
✓
0
dx =

Z ✓0

0

⇣
2
p

Q� 1 | sin ✓|� 

⌘
d✓. (3.30)

In particular, the inequality above becomes an equality when ✓ is given by (3.29).
We now show that there exists a unique value of ✓0 = ✓

⇤
0 2 (0,⇡) for which the function

from (3.29) yields the absolute minimum of the energy in (3.28) for  < c. Denoting the
right-hand side in (3.30) by F (✓0), we observe that F (0) = 0, F 0(0) < 0, and F (✓0) =
F (✓0 � ⇡) + �wall, where �wall > 0 is given by (3.10), for all ✓0 � ⇡. Therefore, for ✓0 � 0
it is enough to consider the values of ✓0 2 (0,⇡), for which we have explicitly

F (✓0) = 2
p

Q� 1 (1� cos ✓0)� ✓0. (3.31)

A simple computation then shows that for ✓0 � 0 the function F (✓0) is uniquely minimized
by

✓
⇤
0 = arcsin

✓


2
p
Q� 1

◆
, (3.32)

and the minimal value of F (✓0) is given by

�edge = 2
p

Q� 1

 
1�

s

1�
2

4(Q� 1)

!
�  arcsin

✓


2
p
Q� 1

◆
< 0. (3.33)

In fact, this is also an absolute lower bound for E(m) in (3.28), since for ✓0 < 0 the energy
remains positive. Furthermore, since ✓

⇤
0 2 (0,⇡), this minimum value is attained by the

profile in (3.29) with ✓0 = ✓
⇤
0. Interestingly, we find that ✓

⇤
0 2 (0, arcsin 2

⇡ ), spanning the
range from 0� at  = 0 to about 39.5� for  = c. Thus, the global minimizer of the energy
in (3.25) among all profiles satisfying (3.4) has the form of an edge domain wall whose
profile is given by (3.29), up to a sign, with an optimal value of ✓ at the edge.

We now prove, once again, that this picture remains true without the ansatz in (3.4)
for a slightly smaller range of the values of  < c. The appropriate admissible class for
the energy in (3.25) is now

A
+ =

�
m 2 H

1
loc(R+; S2) : m

0
2 L

1(R+;R3)
 
. (3.34)

Theorem 4. Let 0 <  <
p
Q� 1. Then there exists a unique minimizer m 2 A

+
of

(3.25) satisfying (3.27). The minimizer m has the form in (3.4) with ✓ given by (3.29) and
✓0 = ✓

⇤
0 from (3.32), and the minimal energy is given by �edge from (3.33).
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where primes denote the derivative with respect to the x variable and x̂ is the unit vector
in the direction of the x-axis. We are interested in the global energy minimizers of the
energy in (3.2) that obey the following conditions at infinity:

lim
x!±1

mk(x) = ±1, lim
x!±1

m?(x) = 0. (3.3)

On heuristic grounds, one expects that the optimal domain wall profile has the form of
the Dzyaloshinskii wall [51]. Namely, one expects that in the domain wall the magnetization
rotates around the direction of the y-axis. Hence, introducing an ansatz

m = (sin ✓, 0, cos ✓), (3.4)

one can rewrite the energy in (3.2) as [46]

E(m) =

Z 1

�1

n
|✓

0
|
2 + (Q� 1) sin2 ✓ + ✓

0
o
dx. (3.5)

Observe, however, that a priori the energy in (3.5) is not well defined in the natural class
of ✓ 2 H

1
loc(R), since the last term in the energy is not sign definite and does not necessarily

make sense as the Lebesgue integral on the whole real line. This fact is closely related to
the chiral nature of DMI, favoring oscillations of the magnetization vector. A simple
counterexample, in which the first two terms of the energy in (3.5) are well defined, while
the last one is not, is given by the function ✓(x) = ⇡

2 � Si(x), where Si(x) =
R x
0 t

�1 sin t dt
is the sine integral function. It is also worth noting that if one were to define the energy
in (3.5) as the limit of the energies on large finite domains, then its minimum value would
be strictly greater than that obtained from the integral on the whole real line due to the
presence of edge domain walls [46] (see also Sec. 3.2 for further details).

To fix the issue above, one needs to assume that ✓0 2 L
1(R), which introduces a bound

on the total variation of ✓ on R. This, in turn, implies that the limit of ✓(x) as x ! ±1

exists, and the last term in (3.5) becomes a boundary term. Furthermore, in order for the
energy to be bounded the limits of ✓(x) at infinity must be integer multiples of ⇡, and
without loss of generality we may assume

lim
x!�1

✓(x) = ⇡n, lim
x!+1

✓(x) = 0, n 2 Z. (3.6)

The energy then becomes

E(m) =

Z 1

�1

n
|✓

0
|
2 + (Q� 1) sin2 ✓

o
dx� ⇡n, (3.7)

for ✓ 2 H
1
loc(R) with ✓

0
2 L

1(R) and ✓ obeying (3.6), with n 6= 0 to exclude the trivial case.
It is easy to see that the energy in (3.7) is uniquely minimized in the above class if and

only if n = 1 and  < c, where

c =
4
p
Q� 1

⇡
. (3.8)
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mω : ! → S2

E(m) =

∫

R2

{
|↑m|

2 + (Q↓ 1)|m↔|
2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

ε

8ϑ

∫

R2

∫

R2

(m↗(r)↓m↗(r
↘))2

|r↓ r↘|3
d2r d2r↘

Eω(m) =

∫

R2

{
ϖ|↑m|

2 +
Q↓ 1

ϖ
|m↔|

2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

εω
8ϑ

∫

R2

∫

R2

(m↗(r)↓m↗(r
↘))2

|r↓ r↘|3
d2r d2r↘

Eω(m) =

∫

!

{
ϖ|↑m|

2 +
Q↓ 1

ϖ
|m↔|

2 + ω(m↗
↑ ·m↔

↓m↔ ·↑m↗)↓ 2h(m↗ + 1)

}
d2r

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√

(Q↓ 1)

)

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓

ς

2ϑ
↓ ω arcsin

(
ω

2
√

(Q↓ 1)

)

Eω(m) =

∫

R2

{
ϖ|↑m|

2 +
Q↓ 1

ϖ
|m↔|

2
↓ 2ωm↔ ·↑m↗ ↓ 2h(m↗ + 1)

}
d2r

+
ς

4ϑ| ln ϖ|

∫

R2

∫

R2

↑ ·m↔(r)↑ ·m↔(r↘)

|r↓ r↘|
d2r d2r↘ ↓

ς

4ϑ| ln ϖ|

∫

R2

∫

R2

↑m↗(r) ·↑m↗(r
↘)

|r↓ r↘|
d2r d2r↘

m : R2
→ S2 m = (m↔,m↗) m↔

≃ R2 m↗
≃ R

Q ⇐ 1 |ω| <
√
Q↓ 1 m = ±ẑ m ⇒⇑ ±ẑ m = ↓ẑ

3

,

M and Slastikov, 2016

mω : ! → S2 m↑(r) → ↓1 as |r| → ↔ |m↗
|
2 = 1↓ |m↑

|
2

E(m) =

∫

R2

{
|↘m|

2 + (Q↓ 1)|m↗
|
2
↓ 2ωm↗

·↘m↑

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

ε

8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r≃))2

|r↓ r≃|3
d2r d2r≃

E(m) =

∫

R2

{
|↘m|

2 + (Q↓ 1)|m↗
|
2
↓ 2ωm↗

·↘m↑
↓ 2h(m↑ + 1)

}
d2r

+
ε

4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

ε

8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

R2

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗

|
2
↓ 2ωm↗

·↘m↑
↓ 2h(m↑ + 1)

}
d2r

+
εω
4ϑ

∫

R2

∫

R2

↘ ·m↗(r)↘ ·m↗(r≃)

|r↓ r≃|
d2r d2r≃ ↓

εω
8ϑ

∫

R2

∫

R2

(m↑(r)↓m↑(r≃))2

|r↓ r≃|3
d2r d2r≃

Eω(m) =

∫

!

{
ϖ|↘m|

2 +
Q↓ 1

ϖ
|m↗

|
2 + ω(m↑

↘ ·m↗
↓m↗

·↘m↑)↓ 2h(m↑ + 1)

}
d2r

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√

(Q↓ 1)

)

ϱedge = 2
√
Q↓ 1

(
1↓

√

1↓
ω2

4(Q↓ 1)

)
↓ ω arcsin

(
ω

2
√
(Q↓ 1)

)
↓

ς

2ϑ

!ωεω = !+Bωεω m ⇐ H1(!ωεω; S2)

3



What about the stray field?

the original 2D energy accounting for the dipolar interactions in      :m : R2
! S2 m = (m?,mk) m? 2 R2

mk 2 R

mk ! �1 as |r| ! 1 |m?|
2 = 1�m

2
k

Q > 1 || <

p
Q� 1 m = ±ẑ m 6⌘ ±ẑ m = �ẑ

 = 0 or || >
4

⇡

p
Q� 1  > 0

0 < || ⌧ 1 H̊
1(R2) m m? mk

E(m) =

Z

R2

�
|rm|

2
� 2m? ·rmk + (Q� 1)|m?|

2
�
d
2
r

E(m) =

Z

⌦

�
|rm|

2
� 2m? ·rmk + (Q� 1)|m?|

2
�
d
2
r

E(m) � krmk
2
2 � 2|| · km?k2krmkk2 + (Q� 1)km?k

2
2 > E(±ẑ)

E(m) = Eex(m) + Ea(m) + EZ(m) + EDMI(m) + Es(m)

Eex(m) =

Z

R2

|rm|
2
d
2
r, Ea(m) = Q

Z

R2

|m?|
2
d
2
r, EZ(m) = �2h

Z

R2

(1 +mk)d
2
r,

EDMI(m) = 

Z

R2

�
mkr ·m? �m? ·rmk

�
d
2
r,

1

restricting the integrals to       would neglect the fringe fields

min

⇢Z

R2

|mk + 1|2 d2r,

Z

R2

|mk � 1|2 d2r

�


1

4⇡

Z

R2

|rm|
2
d
2
r

Z

R2

|m?|
2
d
2
r

cmin
�2B

Z

R2

|r(m� �)|2d2r 

Z

R2

|rm|
2
d
2
r � 8⇡

m 2 H̊
1(R2; S2) : N (m) = ±1

⌦ ⇢ R2
C

2 ⌦ = BR m|@⌦ = �ẑ

A =
�
m 2 H

1(⌦; S2), m = �ẑ on @⌦, N (m) = 1
 

E(m) =

Z

⌦

�
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2
� 2m? ·rmk

�
d
2
r
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solution: extend      by zero outside      ?

m : R2
! S2 m = (m?,mk) m? 2 R2

mk 2 R

mk ! �1 as |r| ! 1 |m?|
2 = 1�m

2
k
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p
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 = 0 or || >
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Z

R2

|rm|
2
d
2
r, Ea(m) = Q

Z

R2

|m?|
2
d
2
r, EZ(m) = �2h

Z

R2

(1 +mk)d
2
r,

EDMI(m) = 

Z

R2

�
mkr ·m? �m? ·rmk

�
d
2
r,

1

min

⇢Z

R2

|mk + 1|2 d2r,

Z

R2

|mk � 1|2 d2r

�


1

4⇡

Z

R2

|rm|
2
d
2
r

Z

R2

|m?|
2
d
2
r

cmin
�2B

Z

R2

|r(m� �)|2d2r 

Z

R2

|rm|
2
d
2
r � 8⇡

m 2 H̊
1(R2; S2) : N (m) = ±1

⌦ ⇢ R2
C

2 ⌦ = BR m|@⌦ = �ẑ
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where C  is a positive proportionality constant called capacitance.  Physically, 
capacitance is a measure of the capacity of storing electric charge for a given potential 
difference . The SI unit of capacitance is the farad ( : V∆ F)
 

1 F 1 farad  1 coulomb volt = 1 C V= =  
 
A typical capacitance is in the picofarad ( ) to millifarad range, 
( ). 

121 pF 10 F−=
3 61 mF 10 F=1000 F; 1 F 10 Fµ µ− −= =

 
Figure 5.1.3(a) shows the symbol which is used to represent capacitors in circuits. For a 
polarized fixed capacitor which has a definite polarity, Figure 5.1.3(b) is sometimes used.   
 

(a)  (b) 
 

Figure 5.1.3 Capacitor symbols. 
 
5.2 Calculation of Capacitance 
 
Let’s see how capacitance can be computed in systems with simple geometry. 
 

Example 5.1: Parallel-Plate Capacitor 
 

Consider two metallic plates of equal area A separated by a distance d, as shown in 
Figure 5.2.1 below. The top plate carries a charge +Q while the bottom plate carries a 
charge –Q. The charging of the plates can be accomplished by means of a battery which 
produces a potential difference. Find the capacitance of the system. 
 

 
 

Figure 5.2.1    The electric field between the plates of a parallel-plate capacitor 
 
Solution:  
 
To find the capacitance C, we first need to know the electric field between the plates. A 
real capacitor is finite in size. Thus, the electric field lines at the edge of the plates are not 
straight lines, and the field is not contained entirely between the plates.  This is known as 

 5-4

Chaves-O’Flynn and M, 2013; M, Osipov and Vanden-Eijnden, 2015;  Lund, M and 
Slastikov, 2018;  Morini et al., 2023; Di Fratta, M and Slastikov, 2024
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Micromagnetics of the film edge

two-dimensional energy with a regularized edge:

rescale lengths by ε, set 𝛿 = 𝛿ε, define                          , take 

Geometric Illustration of an Asymmetric Bean Domain

Strictly Perpendicular Normal Metric Alignment (Version 10)

Figure 1: Corrected mathematical diagram featuring a 2D simply connected domain

Ω and its uniform parallel fattened neighborhood Ω
δ
. The distance indicator arrow is

computed along the exact mathematical local outward normal vector field, ensuring

it is strictly orthogonal/perpendicular to both the solid boundary line and the outer

dashed boundary line. 
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Micromagnetics of the film edge

rescaled two-dimensional energy with a regularized edge:

Geometric Illustration of an Asymmetric Bean Domain

Strictly Perpendicular Normal Metric Alignment (Version 10)

Figure 1: Corrected mathematical diagram featuring a 2D simply connected domain

Ω and its uniform parallel fattened neighborhood Ω
δ
. The distance indicator arrow is

computed along the exact mathematical local outward normal vector field, ensuring

it is strictly orthogonal/perpendicular to both the solid boundary line and the outer

dashed boundary line. 
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Main result
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- existence of skyrmionic bubbles, e.g. in the presence of an MFM tip
- non-eistence of skyrmionic bubbles without an applied field
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Room-temperature skyrmions have also been found in magnetic 
bilayers (Figs. 4f, 5b), although generally with a larger diameter69,77–79. 
These efforts offer promising directions towards stack engineering of 
magnetic interactions to tune skyrmion properties in films for device  
applications80.

Detection and manipulation of chiral spin textures
Skyrmions in epitaxial films were first imaged using spin-polarized 
scanning tunnelling microscopy (SP-STM; Fig. 4d)61,62. Since then, they 
have been imaged in sputtered multilayer films using various magnetic 
microscopy techniques, including scanning transmission X-ray micros-
copy (STXM; Fig. 4g)67,68, photoemission electron microscopy (PEEM;  
Fig. 4f)78, spin-polarized low-energy electron microscopy (SPLEEM)77, 
and magneto-optical Kerr effect (MOKE) microscopy (Fig. 5b)69. 
Importantly, skyrmions can also be detected using a variety of thermo-
dynamic and transport techniques81. In particular, the Berry phase that 
is accumulated by electrons traversing the 2D spin texture of skyrmions 
results in an additional component in anomalous Hall effect measure-
ments, known as the topological Hall effect60,81. The Hall signal can be 
used to detect the presence of skyrmions and to address their motion 
in films and devices81,82. However, such Hall signatures of skyrmions 
have been detected thus far only in bulk crystal and films with intrinsic 

DMI81–83; these techniques remain to be established in multilayer films 
with interfacial DMI.

Magnetic skyrmions, owing to their small size and non-trivial topology, 
are attractive candidates for data storage in magnetic materials—provided 
that they can be nucleated, moved and read. Several nucleation techniques 
have been explored with micromagnetics simulations75,84. In SP-STM 
experiments on Fe/Pd bilayers (Fig. 5a), individual skyrmions were nucle-
ated and deleted using the current injected from the STM tip62. In other 
experiments, skyrmions have been created by applying field pulses68. A 
remarkable result in this regard is the recent demonstration of “blowing of 
skyrmion bubbles”69,85, generated by the current divergence out of a con-
striction (Fig. 5b). In future, skyrmions should be able to be moved with 
notable ease compared with, for example, domain walls82 by exploiting the 
SOT provided by the spin current75,86,87, which emerges naturally from the 
spin Hall effect of the neighbouring heavy metal layers. The dynamic prop-
erties of skyrmions have been explored using micromagnetics simulations 
and microscopy techniques in device configurations68,69. These works 
demonstrate that skyrmions can be manipulated with current and field 
pulses in lithographed geometric structures (Fig. 5b, c)68,69—techniques  
that can be incorporated in memory devices with relative facility.

These properties of magnetic skyrmions portend great potential 
towards realizing high-density and energy-efficient memory86,87. Several 

Figure 4 | Interfacial DMI and chiral spin textures. a, Anatomy of 
interfacial DMI from ab initio calculations. Bottom, Layer-resolved DMI 
in a Pt/Co bilayer. Top, distribution of SOC energies associated with the 
DMI in the interfacial Co layer. Inset, a schematic of DMI at the interface 
between a ferromagnetic metal with out-of-plane magnetization (Co, grey) 
and a strong SOC metal (Pt, blue). The DMI vector D12, associated with 
the triangle composed of two Co atoms and a Pt atom, is perpendicular to 
the plane of the triangle. S1,2, neighbouring spins. b, c, Schematics of the 
spin configuration in interfacial-DMI-induced chiral spin textures such as 
magnetic skyrmions (b) and chiral Néel domain walls (c), with the colour 
scale corresponding to the out-of-plane magnetization component. d, 
SP-STM imaging of an individual skyrmion (with a diameter of 8 nm at a 
field of 3.25 T) in a Fe/Pd bilayer on Ir(111), acquired in constant-current 
topographic mode, with an in-plane magnetized tip, with the modelled 
magnetization overlaid (arrows). e, Skyrmion stabilization in multilayers, 

illustrated using a multilayer stack of Ir/Co/Pt. The close-up of the trilayer 
shows DMI vectors (D12 and D34) at the top (Co/Ir) and bottom (Pt/Co) 
interfaces of Co. The effective DMI magnitude is enhanced by the same 
direction of D12 and D34 at the different interfaces. f, Room-temperature 
skyrmions in a Pt/Co/MgO multilayer in a lithographed 400 nm × 400 nm 
square, seen by XMCD-PEEM, with the magnetization profile along the 
red line shown below. g, Room-temperature skyrmions in (Ir/Co/Pt) × 10 
multilayers patterned into 300-nm-diameter disks (left) or 200-nm-wide 
tracks (right), seen by STXM. Panel a (main panel) adapted from ref. 72, 
American Physical Society. Panel a (inset) adapted from ref. 70, Nature 
Publishing Group. Panel d reproduced from ref. 62, American Association 
for the Advancement of Science. Panels e and g adapted from ref. 67, 
Nature Publishing Group. Panel f adapted from ref. 78, Nature Publishing 
Group.
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but skyrmionic bubbles are observed experimentally under zero field!

Boulle et al., 2016

sputtering is fast and spatially homogeneous and is compatible with
standard spintronics devices such as magnetic tunnel junctions,
which makes the industrial integration straightforward. Whereas
several recent experimental works have studied magnetic bubbles
in these materials14,18,49,50, and demonstrated their current induced
motion14,50, the direct evidence of their chiral internal structure is
still lacking. Here we report on the observation of stable chiral
skyrmions in sputtered ultrathin Pt/Co(1 nm)/MgO nanostructures
at room temperature and zero applied magnetic field. We used
photoemission electron microscopy combined with X-ray magnetic
circular dichroism (XMCD-PEEM) to demonstrate their chiral Néel
internal structure. The XMCD-PEEM combines several advantages
for the observation of magnetic nanostructures, such as skyrmions:
first, a high lateral spatial resolution (down to 25 nm); second, the
magnetic contrast is proportional to the projection of the local
magnetization along the X-ray beam direction. In our experiment,
the X-ray beam impinges at a grazing angle of 16° on the sample
surface plane so that the contrast is approximately three times
larger for the in-plane component of the magnetization than for
the out-of-plane one. This important feature allows the direct
imaging of the internal in-plane spin structure of DWs or skyrmions.

Observation of chiral Néel domain walls
All images shown here were acquired at room temperature and, unless
otherwise stated, no external magnetic field was applied during the
experiments. The PEEM observations were done in a virgin demag-
netized state obtained after nanofabrication and annealing of the
sample. Complementary magnetization measurements on unpat-
terned thin films show that the magnetization in the domains is
oriented perpendicularly to the film plane, which is due to a large
interfacial uniaxial anisotropy. Figure 1a shows an XMCD-PEEM
magnetic image of a multidomain state in the continuous film.
Bright and dark grey regions correspond respectively to the magneti-
zation pointing up and down. Interestingly, we observe a sharp
increase in the dichroic contrast for DWs perpendicular to the
X-ray beam, with a strong dark contrast when going from a down-
to an up-magnetized domain (along the beam direction) and a
strong bright contrast when going from an up- to a down-magnetized
domain. This can be seen more easily in the linescan of the magnetic
contrast shown in Fig. 1b, corresponding to the white dashed line in

Fig. 1a. A peak in the contrast is observed at the up/down DW
position while a dip is observed at the down/up DW position.
Thus, the magnetization in the up/down DW is aligned antiparallel
to the in-plane direction of the X-ray beam whereas the magnetiza-
tion in the down/up DW is aligned parallel. We conclude that the
DWmagnetization is perpendicular to the DW surface with an oppo-
site magnetization direction for the two DWs. This demonstrates that
DWs in this material are chiral Néel DWs with a left-handed chirality.
Note that for Bloch DWs, the magnetization would be always perpen-
dicular to the beam direction so that no peak or dip in the magnetic
contrast should be observed. The linescan is well-fitted assuming a
chiral Néel DW structure, the finite resolution of the instrument
being modelled by a Gaussian convolution (red curve, Fig. 1b). The
fit leads to a DW width of 29.5 ± 4 nm (π

!!!!!!!
A/Keff

√
) (see

Supplementary Information).

Large DM interaction in Pt/Co/MgO thin films
The driving force of the DW and skyrmion chiral structure is the
DMI. To further quantify its strength in our films, we carried out
spin wave spectroscopy experiments using a Brillouin light scatter-
ing (BLS) technique in the Damon-Eshbach geometry (see
Supplementary Information)41. This allows us to extract a DM
parameter D = 2.05 ± 0.3 mJ m−2. As D is expected to be inversely
proportional to the film thickness t (refs 39,41,42), one can define
a related interfacial DM parameter Ds such that D = Ds /t and we
find a value Ds = 2.17 ± 0.14 pJ m−1. To our knowledge, this value is
the highest reported so far for a sputtered magnetic ultrathin film.
To better understand this large value, we carried out ab initio calcu-
lations of the DMI in Pt/Co/vacuum and Pt/Co/MgO multilayers
(see Supplementary Information)42. For 5 monolayers (ML) of Co,
equivalent to a total Co thickness of 1 nm, the ab initio calculations
predict D = 2.3 mJ m–2 in relatively good agreement with experi-
ments, whereas a lower value D = 1.5 mJ m–2 is predicted for a
Pt/Co/vacuum structure. To explain this enhancement, we
calculated a layer resolved map of the DMI by imposing a spin
spiral on one monolayer whereas the other layers stay in a ferro-
magnetic alignment42. We show in Fig. 2 the resulting map for
Pt/Co(3 ML)/vacuum and Pt/Co(3 ML)/MgO multilayers. The
calculations show that for both multilayers, the DMI is largest at
the first Co ML and thus mainly arises from the Pt/Co interface.
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Figure 1 | Imaging of the chiral Néel structure of domain walls using XMCD-PEEM magnetic microscopy. a, Magnetic image of a multidomain state in a
continuous Pt/Co/MgO film. For DWs lying perpendicular to the X-ray beam direction, thin white and black lines can be seen, corresponding to the
magnetization being aligned antiparallel and parallel to the photon beam, respectively. This demonstrates their chiral Néel structure. b, Linescan of the
magnetic contrast corresponding to the dotted white line in a. To reduce the noise, the contrast has been averaged perpendicularly to the linescan
over 60 nm. The red line is a fit assuming a chiral Néel DW structure convoluted by a Gaussian function to take into account the finite spatial resolution
(see Supplementary Information).
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Eω(mω)
!
↑ E0(m0) = (4

√
Q→ 1→ ϑϖ)P ({m↔

0 = 1})→ 4

∫

{m→
0=1}

h d2r

|ϖ| <
√
Q→ 1 ϱ = 0 0 <

4

ϑ

√
Q→ 1 ↗ 1

EMM
ω (m) =

∫

R2

{
ω|↘m|

2 +
Q→ 1

ω
|m≃|

2
→ 2ϖm≃ ·↘m↔

}
d2r

⇐

∫

R2

{
ω|↘m↔

|
2

1→ |m↔|2
+

Q→ 1

ω
(1→ |m↔

|
2)→ 2ϖ

√
1→ |m↔|2 |↘m↔

|

}
d2r

⇐ 2

∫

R2

(√
Q→ 1→ ϖ

√
1→ |m↔|2

)
|↘m↔

| d2r

m = (sech x, 0, tanh x) ςwall = 4
√
Q→ 1→ ϑϖ

m ↓ BV (R2; {±ẑ}) m = →ẑ in !c
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- existence of radial Néel skyrmion solution
- minimizers have the form of a bubble of large radius

M,  Simon and Slastikov, 2026+
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