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Abstract

We present a characterization of the domain wall solutions arising as minimizers
of an energy functional obtained in a suitable asymptotic regime of the micromag-
netics for infinitely long thin film ferromagnetic strips in which the magnetization is
forced to lie in the film plane. For the considered energy, we provide the existence,
uniqueness, monotonicity, and symmetry of the magnetization profiles in the form
of 180 ◦ and 360 ◦ walls. We also demonstrate how this energy arises as a �-limit of
the reduced two-dimensional thin film micromagnetic energy that captures the non-
local effects associated with the stray field, and characterize its respective energy
minimizers.
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1. Introduction

Advances in nanofabrication techniques have enabled an unprecedented de-
gree of precision and control in producing a wide variety of solid state materials
and devices in the form of atomically thin films and multilayers [63]. For ferro-
magnetic materials, this control offers opportunities to develop novel principles of
information processing and storage based on spintronics—an emergent discipline
of electronics in which both the electric charge and the quantum mechanical spin
of an electron are harnessed [5]. In addition to the present day use of spin valves
as magnetic field sensors in hard-disk drive read heads [69], some more recent
applications of spintronic technology include domain wall logic and computing
[2,49,61], magnetoresistive random access memory [3,22,53,60,70] and racetrack
memory [58].

In a typical domain wall device, a bit of information is encoded using the po-
sition and polarity of a head-to-head wall along a thin, long ferromagnetic nanos-
trip. By “head-to-head”, one understands a magnetization configuration in which
the magnetization points along the strip axis, but in the opposite directions at the
opposite extremes of the strip [15]. The structure of such a domain wall in soft fer-
romagnets rather sensitively depends on the ratio of the strip thickness and width to
the characteristic length scale of the ferromagnetic material (the exchange length
�ex = √

2A/(μ0M2
s ), where A is the exchange stiffness, Ms is the saturation mag-

netization and μ0 is vacuum permeability [30]). Depending on the film thickness,
one observes two basic types of walls—the transverse and the vortex wall—for
thinner and thicker films, respectively. This picture was first established numeri-
cally by McMichael and Donahue via micromagnetic simulations [50], and later
corroborated by Kläui et al. through experimental studies in ferromagnetic nanor-
ings [35,44] (for reviews, see [34,65]). Furthermore, as was shown numerically
by Nakatani, Thiaville and Miltat [55], there exist at least two types of transverse
domain walls: symmetric and asymmetric walls. Finally, winding domain walls in
which the magnetization rotates by a 360◦ angle in the film plane are also known to
exist in ferromagnetic nanostrips [33,41,68]. These types of domain wall profiles,
obtained numerically using the method from [52], are illustrated in Fig. 1.

1.1. Micromagnetic framework

The mathematical understanding of domain wall profiles in ferromagnets rests
on the micromagnetic modeling framework, whereby the magnetization configu-
rations representing these profiles are viewed as local or global minimizers of the
micromagnetic energy functional [30,43]. This framework has been successfully
used to characterize a great variety of domain walls and other magnetization con-
figurations (for an overview, see [16]; for some more recent developments, see
[13,20,31,32,36,47,48,54]). However, head-to-head domain walls pose a funda-
mental challenge to micromagnetic modeling and analysis, since these magnetiza-
tion configurations carry a non-zero magnetic charge, which may lead to divergence
of the wall energy in infinite samples due to singular behaviors of the stray field
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Fig. 1. Domain wall profiles in the numerical simulations of amorphous cobalt nanostrips:
(a) vortex head-to-head wall in a 100 nm wide and 5 nm thick strip; (b) symmetric transverse
head-to-head wall in a 50 nm wide and 2 nm thick strip; (c) asymmetric head-to-head wall in
a 400 nm wide and 5 nm thick strip; (d) a winding transverse domain wall in a 400 nm wide
and 5 nm thick strip. The material parameters are: exchange constant A = 1.4 × 10−11 J/m,
saturation magnetization Ms = 1.4 × 106 A/m, and zero magnetocrystalline anisotropy or
applied magnetic field [45]. For this material, the exchange length is �ex = 3.37 nm

[48]. To date, there have been only a handful of micromagnetic studies of such
charged domain walls [27,28,37,39,40,47,48].

In [39,40], Kühn studied head-to-head domain walls in cylindrical nanowires
of radius R > 0. These walls are viewed as global minimizers of the energy

E(m) := 1

2

∫

�

|∇m|2d3r + 1

2

∫

R3
|∇u|2d3r, (1.1)

where m ∈ H1
loc(�;S2), � = �R := R × BR(0) ⊂ R

3, and u ∈ H̊1(R3) is the
magnetostatic potential solving

�u = ∇ · m (1.2)
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distributionally in R
3, with m extended by zero to R

3\�. The magnetization m is
subject to the condition at infinity

m(x, y, z) → (±1, 0, 0) as x → ±∞, (1.3)

in some average sense (for a recent discussion of variational principles of micro-
magnetics, see [17]). Kühn considered existence of minimizers of E in a suitable
class of magnetizationsm for which (1.3) holds, as well as a number of their charac-
teristics depending on R. In particular, she showed that as R → 0 the domain wall
profile is expected to converge, in an appropriate sense, to that of a one-dimensional
transverse wall, which is given explicitly, up to translations along the x-axis and
rotations in the yz-plane, by

m(x, y, z) =
(

tanh(x/
√

2), sech(x/
√

2), 0
)

. (1.4)

Existence and convergence of minimizers were later established by Harutyunyan
for general cylindrical domains � = R × �, where � ⊂ R

2 is a bounded domain
with a C1 boundary [28] (see also [62]). In [27], Harutyunyan also studied the
behavior of the limit energy when � is a rectangle with a large aspect ratio and
obtained an additional logarithmic factor in the scaling of the optimal energy (for
sharp asymptotics, see [23]).

In the case of � = �R with R > 0 sufficiently small, the analysis mentioned
above is enabled by the fact that as R → 0 the magnetization becomes essentially
constant in the yz-plane, allowing to asymptotically reduce the energy to E(m) 	
E1d

0 (m̄), where m̄(x, y, z) := lim
R→0

(
1

πR2

∫

BR(0)

m(x, y′, z′) dy′dz′
)

and

E1d
0 (m̄) :=

∫

�R

(
1

2
|∇m̄|2 + 1

4

(
1 − m̄2

1

))
d3r, (1.5)

whose minimizers among all m̄ ∈ H̊1(�R;S2) with m̄ = m̄(x) satisfying (1.3) are
given by (1.4), up to translations and rotations in the yz-plane. The latter follows
from the fact that the limit energyE1d

0 in (1.5) is fully local, and its minimizers satisfy
a simple ordinary differential equation that can be solved explicitly. The situation
becomes much more complicated for general values of R � 1 or for general cross-
sections �, since in that case the Euler–Lagrange equation for the minimizers of E
is a system of nonlinear partial differential equations whose explicit solution is no
longer available. In particular, it is not known whether or not the minimizers could
exhibit winding, whereby the magnetization rotates by an integer multiple of 360 ◦
along the axis of the wire, as, e.g., in Fig. 1d.

1.2. Thin films

In the absence of exact solutions and in view of the interest from applications,
one can alternatively focus on the case of asymptotically thin films, i.e., for δ � 1
to consider the energy Eδ(m) given by E(m) in (1.1), in which � = �δ := R ×
(0, δ) × (0, wδ). Here δ > 0 is the film thickness and wδ > 0 is the film width,
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respectively, both in the units of the exchange length, with the dependence of wδ

on δ as δ → 0 to be specified. Notice that if �δ were a bounded domain with
the lateral extent of order wδ , then from the results of Kohn and Slastikov [38]
one could conclude that the full micromagnetic energy E asymptotically reduces

to E(m) 	 E2d
0 (m̄), where m̄(x, y, z) := lim

δ→0

(
1

δ

∫ δ

0
m(x, y, z′) dz′

)
such that

m̄3 = 0 and

E2d
0 (m̄) := 1

2

∫

�δ

|∇m̄|2d3r + γ

wδ

∫

�δ

(m̄ · ν)2dH2, (1.6)

where �δ is the portion of the boundary of �δ associated with the film edge and ν

is the outward unit normal to �δ , provided that

wδ = 4πγ

δ ln δ−1 (1.7)

for some γ > 0 fixed, as δ → 0.
Rescaling all lengths in the film plane with wδ and writing m̄ = (cos θ, sin θ),

we then formally have E(m) 	 F(θ)δ, where

F(θ) := 1

2

∫

�0

|∇θ |2d2r + γ

∫

∂�0

sin2 θ dH1, (1.8)

and �0 := R × (0, 1) denotes an infinite strip of unit width, and θ ∈ C1(�0), for
example. As expected, in this scaling regime the contribution of the stray field to the
energy localizes to become a nonlinear boundary penalty term, greatly simplifying
the otherwise highly nonlocal problem for the domain wall profiles.

1.3. Domain walls in strips

We would like to emphasize that finding the domain wall profile in a strip does
not reduce to solving an ordinary differential equation for the magnetization angle,
as in the case of thin ferromagnetic wires discussed earlier. Instead, the problem
may be reduced to a fractional differential equation. To see this, let us formally
reduce the minimization problem for F to the problem for the trace of θ on ∂�0
(for details, see Appendix A). It is easy to see that any minimizer of F in the form
of a domain wall must be reflection-symmetric with respect to the midline of �.
Hence for a given trace θ̄ ∈ C∞(R) of θ on ∂�0 such that

θ̄ (x) = k1π ∀x < −R, θ̄ (x) = k2π ∀x > R (1.9)

for some R > 0 and k1, k2 ∈ Z we can minimize the Dirichlet integral by choosing
θ to be the harmonic extension of θ̄ . A direct computation then shows that F(θ) =
2F̄(θ̄), where

F̄(θ̄) := 1

4

∫

R

∫

R

K (x − x ′)(θ̄(x) − θ̄ (x ′))2dx dx ′ + γ

∫

R

sin2 θ̄ (x) dx, (1.10)



   59 Page 6 of 54 Arch. Rational Mech. Anal.          (2023) 247:59 

in which the symmetric, positive definite kernel

K (x) := π cosh(πx)

sinh2(πx)
(1.11)

has the same singularity at the origin as the kernel K0(x) := 1
πx2 generating

(−d2/dx2)1/2 [19] and decays exponentially at infinity.
The Euler–Lagrange equation corresponding to F̄ reads as

1

2

∫

R

(
2θ̄ (x) − θ̄ (x − ξ) − θ̄ (x + ξ)

)
K (ξ)dξ + γ sin 2θ̄ (x) = 0 ∀x ∈ R.

(1.12)

A solution of this equation is of domain wall type if it satisfies the conditions at
infinity that are obtained from (1.9) by sending R → ∞:

lim
x→−∞ θ̄ (x) = k1π, lim

x→+∞ θ̄ (x) = k2π. (1.13)

We note that it is by no means certain that minimizing the energy in (1.10) among
functions satisfying (1.9) with a distinct pair of k1, k2 ∈ Z that is prescribed would
result in a minimizer satisfying (1.13). The main challenge here is that due to lack
of compactness the minimizing sequences satisfying (1.9) may consist of multiple
transition layers running off to infinity while separating from each other.

The problem in (1.12) and (1.13) is reminiscent of the fractional Ginzburg-
Landau equation, which is the Euler–Lagrange equation for (1.10) with K = K0
and a double-well potential in the last term. This problem is known to exhibit
transition layer solutions connecting the two minima of the potential [10,12,57].
Note that when γ 
 1, minimizers of F̄ are expected to concentrate on the O(γ −1)

length scale, so after a rescaling we have K = K0 to the leading order in γ −1. In
this problem, all domain wall type solutions of (1.12) were obtained by Toland [66]
as

θ̄ (x) = ± arctan 2γ x + π

2
, (1.14)

up to translations and additions of integer multiples of π . In particular, for K = K0
the only domain wall solutions have the form of head-to-head walls which do not
exhibit winding.

It is natural to expect that the head-to-head domain wall profiles minimizing
E with � = R × (0, δ) × (0, wδ) in the regime of δ � 1 and wδ given by (1.7)
with γ 
 1 consist of magnetizations rotating in the film plane in the form of two
symmetric boundary vortices on the opposite sides of the strip, consistently with
the heuristics presented in [64]. Alternatively, when γ � 1, one would expect the
minimizers of F̄ to vary on an O(γ −1/2) scale, for which one can approximate
x2K (x) 	 δ(x), where δ(x) is the Dirac delta-function (cf. also [8]). In this case
(1.12) would reduce to an ordinary differential equation

d2θ̄ (x)

dx2 = 2γ sin 2θ̄ (x) ∀x ∈ R, (1.15)
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whose all domain wall type solutions are θ̄ (x) = ±2 arctan
(
e2

√
γ x

)
, up to transla-

tions and additions of integer multiples of π . After a suitable rescaling and a possible
reflection, these correspond to the profile in (1.4). Once again, the obtained limiting
solution does not exhibit winding.

The minimization of the energy (1.10) could in principle be carried out directly,
yielding existence and properties of minimizers for (1.8). The situation becomes
more complicated, however, in the presence of an applied external field h > 0
along the strip, which amounts to an extra Zeeman term [30] added to the energy
in (1.1),

E(m) := 1

2

∫

�

|∇m|2d3r + h
∫

�

(1 − m1) d3r + 1

2

∫

R3
|∇u|2d3r, (1.16)

after subtracting a suitable additive constant. At the level of the limit thin film
energy in (1.8), this translates into

F(θ) := 1

2

∫

�0

|∇θ |2d2r + h
∫

�0

(1 − cos θ) d2r + γ

∫

∂�0

sin2 θ dH1, (1.17)

and clearly one could no longer explicitly minimize the first two terms in the energy
for a given trace θ̄ , as this would involve solving a nonlinear partial differential
equation for θ in �0. Instead, we will work directly with the energy in (1.17) and
study its minimizers for h ≥ 0 that connect distinct equilibrium solutions θ = const
as x → ±∞.

1.4. Informal discussion of results

We first focus on (1.17) and establish existence of energy minimizers that con-
nect distinct equilibria at x = ±∞, using the direct method of calculus of variations.
As was already mentioned, the difficulty here is the fact that the problem is posed
on an unbounded domain and, therefore, a priori minimizing sequences may fail
to converge to a function that has the right limiting behavior at infinity. We over-
come this difficulty by proving monotonicity of the minimizers on larger and larger
truncated domains with prescribed Dirichlet data at the left and the right ends of
the truncated strip. Taking the limit of the sequence of truncated minimizers, after
suitable translations, we obtain a limiting monotone function. Combining this fact
with the knowledge of the behavior at infinity for functions with bounded energy
(1.17) (see Lemma 3.1), we show that this limiting function is non-trivial and has
the appropriate limiting behavior at infinity. By lower semicontinuity of the energy,
we subsequently conclude that the obtained limit is the desired minimizer.

Notice that the Euler–Lagrange equation form the energy in (1.17) is reminiscent
of problems arising in the studies of front solutions in infinite cylinders, on which
there exists an extensive literature. For example, when γ = 0 and h > 0 the
existence and qualitative properties of such solutions were established in [7]. An
additional challenging aspect of the considered problem is the fact that the bistable
nonlinearity enabling existence of the front solutions is concentrated on the domain
boundary (for several studies of problems of this kind, see e.g. [4,10,14,29]; this
list is certainly not exhaustive). To deal with this challenge, we develop a set of
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tools to address the problems with boundary nonlinearities based on maximum and
comparison principles and the sliding method. Using these tools, we completely
classify the critical points corresponding to domain wall solutions and establish
regularity, symmetry, uniqueness, monotonicity and decay properties of the domain
wall profiles. In particular, we show that after reflections, translations and shifts in
θ , all domain wall solutions associated with (1.17) are the energy minimizers that
connect two distinct equilibria at infinity with no winding for h = 0 (symmetric
180 ◦ walls) or the same equilibrium at infinity with exactly one rotation for h >

0 (symmetric 360 ◦ walls). We also establish the explicit limit behaviors of the
minimizers in the limiting regimes of γ → 0 and γ → ∞ when h = 0.

We finally relate the minimization problem associated with (1.17) with that
of the original micromagnetic problem associated with (1.16). We note that due
to the unbounded domain the standard approach of [11,38] cannot be applied,
and, therefore, new asymptotic tools to control the stray field interaction of distant
points need to be developed. To address this issue, we introduce a reduced thin
film micromagnetic energy functional that is appropriate for modeling ultrathin
ferromagnetic films in which the ferromagnetic layer has thicknesses down to a few
atomic layers and, strictly speaking, the macroscopic energy functional in (1.16)
is no longer applicable. This two-dimensional reduced thin film energy functional
retains the nonlocal character of the micromagnetic energy in (1.16) in the ultrathin
film regime and was introduced by us earlier in the studies of exchange biased
films [47]. It represents an intermediate level of modeling between the full three-
dimensional micromagnetic energy in (1.16) and the two-dimensional thin film limit
energy in (1.17). Notice that the latter formally coincides with the one identified
by Kohn and Slastikov [38]. We prove the �-convergence of the reduced thin film
energy [to be introduced in the following section, see (2.10)] to the limit thin
film energy in (1.17), together with compactness and convergence of the respective
energy minimizers as the film thickness goes to zero. Importantly, we also prove that
at small but finite film thickness the non-trivial energy minimizers of the reduced
thin-film energy (2.10) remain close in a certain sense to the unique minimizers
of the limit problem associated with (1.17). In particular, they exhibit the same
head-to-head (for h = 0) or winding (for h > 0) behavior.

1.5. Organization of the paper

In Section 2, we state precisely the variational problems to be analyzed and
the main results of the paper. In particular, the basic existence and qualitative
properties of the domain wall profiles for the limit thin film problem are presented
in Theorem 2.3, a complete characterization of all domain wall profiles of the limit
problem is given in Theorem 2.6, and convergence of the minimizers in the regimes
of large and small values of γ for h = 0 is presented in Theorem 2.7. Finally, a
characterization and the asymptotic behavior of minimizers of the reduced thin film
energy as the film thickness vanishes is presented in Theorem 2.9. In Section 3, we
present the treatment of the limit thin film energy, in which the existence result for
the minimizers is given by Theorem 3.2 and the rest of the section is devoted to the
proofs of Theorems 2.3, 2.6 and 2.7. We also characterize the infimum energy for



Arch. Rational Mech. Anal.          (2023) 247:59 Page 9 of 54    59 

the limit thin film energy in the classes of configurations with prescribed winding
in Corollary 3.3. Finally, in Section 4 we prove a �-convergence result for the
reduced micromagnetic thin film energy to the limit energy analyzed in Section 3
in Theorem 4.9, and then establish Theorem 2.9 via a sequence of corollaries.

2. Statement of results

We now turn to the precise statements of the main results of our paper. We
begin by simplifying some of the notation. For the limit thin film energy, we drop
the subscript “0” from the definition of the two-dimensional strip domain and
simply write � := R × (0, 1) ⊂ R

2. By r = (x, y) ∈ � we denote a generic
point in the strip, with x ∈ R and y ∈ (0, 1). On the strip � we introduce a
local space H1

l (�) consisting of functions whose restrictions to truncated strips
QR := (−R, R) × (0, 1) belong to H1(QR) for any R > 0. We equip H1

l (�)

with the notion of convergence corresponding to the H1(QR) convergence of the
restrictions to QR . This space plays the role of the space H1

loc(�) of locally Sobolev
functions that allows to make sense of the traces of functions on ∂� in the L2

loc(∂�)

sense.
For h ≥ 0, γ > 0 and θ ∈ H1

l (�) the thin film limit energy

F(θ) :=
∫

�

(
1

2
|∇θ |2 + h(1 − cos θ)

)
d2r + γ

∫

∂�

sin2 θ dH1 (2.1)

defines a map F : H1
l (�) → [0,+∞], provided the last term in (2.1) is understood

in the sense of trace. Notice that the Euler–Lagrange equation associated with (2.1)
is

{
�θ = h sin θ in �,

∂νθ = −γ sin(2θ) on ∂�,
(2.2)

where ∂νθ denotes the derivative of θ in the direction of the outward normal ν to
∂�. The weak form of (2.2) is

∫

�

(∇θ · ∇ϕ + h sin(θ) ϕ) d2r + γ

∫

∂�

sin(2θ) ϕ dH1 = 0

∀ϕ ∈ H1
l (�) with bounded support. (2.3)

Remark 2.1. By Lemma 3.4 below, any bounded weak solution to (2.2), i.e., any
θ ∈ H1

l (�)∩L∞(�) satisfying (2.3) belongs to C∞(�) and thus is a classical
solution of (2.2). Therefore, throughout the paper we will not distinguish between
weak and strong formulations of the problem.

Next, for k ∈ Z we introduce a class of functions

Ak :=
{
θ ∈ H1

l (�) : lim
x→+∞ ‖θ(x, ·)‖L2(0,1) = 0,

lim
x→−∞ ‖θ(x, ·) − kπ‖L2(0,1) = 0

}
,

(2.4)
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where θ(x, ·) is understood as a trace. These functions correspond to the in-plane
magnetization profiles m = (cos θ, sin θ) connecting θ(x, y) = 0 at x = +∞ with
θ(x, y) = kπ at x = −∞ in an average sense. For the limit energy F , we are then
interested in the following variational problem:

minimize F(θ) over θ ∈ Ak with k �= 0 fixed. (2.5)

Remark 2.2. Note that if θ ∈ Ak , then −θ ∈ A−k with F(θ) = F(−θ). In partic-
ular, for every k ∈ N we have

inf
θ∈Ak

F(θ) = inf
θ∈A−k

F(θ).

In view of the previous remark, we may restrict ourselves to the case k ∈ N in (2.5).
Our first result concerns existence, uniqueness and qualitative properties of the

minimizers of F in Ak .

Theorem 2.3. Let γ > 0, h ≥ 0 and k ∈ N. Then a minimizer θmin of F over
Ak exists if and only if k = 1 for h = 0, or if and only if k = 2 for h > 0. The
minimizer is unique up to translations along the x direction, belongs to C∞(�)

with derivatives of all orders bounded and satisfies (2.2) classically. In addition,
for all (x, y) ∈ �, the minimizer θmin satisfies

(a) (strict monotone decrease) ∂xθmin(x, y) < 0;
(b) (symmetry) θmin(x, y) = θmin(x, 1− y) and θmin(x, y) = kπ −θmin(a− x, y)

for some a ∈ R;
(c) (exponential decay at infinity) for every m ∈ N there exist positive constants

αm, βm such that

‖θmin − kπ‖Cm ((−∞,−t]×[0,1]) ≤ αme−βmt and

‖θmin‖Cm ([t,+∞)×[0,1]) ≤ αme−βmt

for all t > 0 sufficiently large.

Our next result characterizes all domain wall type solutions for the limit thin
film model, i.e., all bounded solutions of (2.2) that attain distinct pointwise limits
as x → ±∞. More precisely, we introduce the following definition:

Definition 2.4. Let θ ∈ C2(�) ∩ C1(�) ∩ L∞(�) be a solution of (2.2). We say
that θ is a domain wall solution if there exist �−, �+ ∈ R, �− > �+, such that

lim
x→−∞ θ(x, y) = �− and lim

x→+∞ θ(x, y) = �+ for all y ∈ (0, 1). (2.6)

Remark 2.5. We make several observations regarding the above definition.

(a) The condition �− > �+ is assumed without loss of generality, as otherwise we
can replace θ(x, y) with θ(−x, y) in all the statements.
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(b) If θ is a domain wall solution in the sense of Definition 2.4 and k any integer,
then θ + 2kπ is a domain wall solution as well. If additionally h = 0, so is also
θ + kπ .

(c) By Lemma 3.4, any bounded weak solution (2.3) is smooth up to the boundary
with derivatives of all orders bounded, and, therefore, it solves (2.2) classically.
In particular, domain wall solutions in the sense of Definition 2.4 belong to
C∞(�), and their derivatives of all orders are bounded. Moreover, by the same
lemma, the convergence to �± in (2.6) holds in fact in a much stronger sense,
namely uniformly with respect to the Cm-norm, for every m ∈ N, see (3.27).

(d) If h = 0, or if h > 0 and F(θ) < +∞, then condition (2.6) can be replaced
(see Lemma 3.5) by the following one:

lim
x→−∞ θ(x, 0) = lim

x→−∞ θ(x, 1) = �− and

lim
x→+∞ θ(x, 0) = lim

x→+∞ θ(x, 1) = �+. (2.7)

We also note that in view of Remark 2.5(c) the functions θ(x, y) = �± must
themselves solve (2.2). Hence, a priori we should have �± ∈ π

2 Z when h = 0 and
�± ∈ πZ when h > 0.

We now state the theorem about domain wall type solutions. In essence, our next
result shows that the only domain wall type critical points of F are the minimizers
obtained in Theorem 2.3, up to a reflection and an addition of a multiple of π .

Theorem 2.6. Let γ > 0 and h ≥ 0, let θ be a domain wall solution in the sense
of Definition 2.4, and let θmin be as in Theorem 2.3. Then the following uniqueness
properties hold true:

(a) If h = 0, then there exist k ∈ Z and λ ∈ R such that �+ = kπ , �− = (k + 1)π ,
and for every (x, y) ∈ �

θ(x, y) = θmin(x + λ, y) + kπ;
(b) If h > 0, then there exist k ∈ Z andλ ∈ R such that �+ = 2kπ , �− = (2k+2)π ,

and for every (x, y) ∈ �

θ(x, y) = θmin(x + λ, y) + 2kπ.

Before turning to the relation between the thin limit model in (2.1) and the
micromagnetic energy, we also consider the asymptotic behavior of the domain
wall solutions for both γ � 1 and γ 
 1. In view of Theorem 2.6, it is sufficient
to consider the minimizers of F in the appropriate function classes. For simplicity
of presentation, we will only consider the most interesting case h = 0, as the case
h > 0 may be treated analogously, albeit without an explicit limiting solution when
γ → ∞.

Theorem 2.7. For γ > 0 and h = 0, let θmin,γ be the unique minimizer of F over
A1 satisfying θmin,γ (0, ·) = π

2 . Then

(a) θmin,γ (x/
√

γ , y) → π − 2 arctan(e2x ) as γ → 0;
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(b) θmin,γ (x, y) → π
2 − arctan

(
sinh(πx)
sin(πy)

)
as γ → ∞,

locally uniformly in �.

Remark 2.8. As may be seen from the proof, the result in part a) of Theorem 2.7
also holds with respect to the H1

l (�) convergence. However, the latter does not
hold for part b), as the limit function fails to be in H1

l (�). Finally, in the case h > 0
and γ → 0 the limit solution is easily seen to be that of (2.2) with γ = 0 and is,
once again, one-dimensional, while as γ → ∞ the solution is expected to converge
to a solution of the first equation in (2.2) with Dirichlet boundary condition in the
form of a piecewise-constant function taking values 0 and 2π .

Notice that the result in part b) of Theorem 2.7 provides a rigorous basis for
the physical picture presented in [64] (for a closely related problem, see also [42]).
In addition, Theorem 2.7 provides a rigorous counterpart for the discussion in the
introduction regarding the limiting behavior of the magnetization in the strip in the
limits of large and small values of γ .

We finally turn to the relationship of the results obtained by us for the limit thin
film energy in (2.1) with those for the micromagnetic energy. Notice that in the
regime of interest the film thickness reaches an order of only a few atomic layers,
making the use of the full three-dimensional micromagnetic energy problematic. As
was argued previously, a model that is more appropriate for such ultrathin films is
the reduced micromagnetic thin film energy (for a detailed discussion, see [18,47]).

Let d�(r) := dist(r,R2\�). For ε > 0 sufficiently, small we consider the
family of cutoff functions

ηε(r) = η (d�(r)/ε) , (2.8)

where η ∈ C1([0,+∞)) is such that η(0) = 0, η′(t) ≥ 0 for all t ≥ 0 and η(t) = 1
for t ≥ 1. Then for

m : � → S
1, m = (m1(x, y),m2(x, y)), (2.9)

such that m ∈ C∞(�;R2) and m2 vanishes outside a compact set, we define the
reduced micromagnetic energy

Eε(m) =1

2

∫

�

|∇m|2 d2r + γ

2| ln ε|
∫

�

∫

�

div(ηεm)(r) div(ηεm)(r′)
|r − r′| d2r d2r ′

+ h
∫

�

(1 − m1) d2r,
(2.10)

where γ > 0 is a fixed parameter, which may be obtained from the full three-
dimensional micromagnetics via a formal asymptotic reduction and a suitable
rescaling of the strip width [18,47]. The conditions on m, which we are going
to relax shortly, are needed to ensure convergence of all the integrals in (2.10). In
particular, it ensures that m1(x, y) = ±1 for all |x | large enough, corresponding to
the head-to-head or winding domain wall configurations.
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In (2.10), the parameter ε represents the effective dimensionless film thickness
measured relative to the strip width, and γ is an effective stray field strength nor-
malized by | ln ε| [compare with (1.6)]. As was already mentioned, this energy is
somewhat intermediate in the hierarchy of multiscale micromagnetic energies be-
tween the full three-dimensional micromagnetic energy in (1.1) (with the Zeeman
term added) and the limit thin film energy in (2.1).

The assumptions about m above are clearly too restrictive for the existence of
unconstrained minimizers of Eε. To find a more appropriate functional setting to
seek the energy minimizers in the form of head-to-head or winding domain walls,
we pass to the Fourier space in the nonlocal term and introduce the transform
F (div(ηεm)) of div(ηεm) ∈ C∞

c (R2),

F (div(ηεm))(k1, k2) =
∫ 1

0

∫

R

e−ik1x−ik2 ydiv(ηε(y)m(x, y)) dx dy, (2.11)

where div(ηεm) was extended by zero outside �. Clearly, under our assumption
we have [46, Theorem 5.9]

∫

�

∫

�

div(ηεm)(r) div(ηεm)(r′)
2π |r − r′| d2r d2r ′ =

∫

R2

|F (div(ηεm))|2
|k|

d2k

(2π)2 ,

(2.12)

which is nothing but the H̊−1/2(R2) norm squared of div(ηεm). Thus, under the
above assumptions about m the energy Eε(m) may be alternatively written in the
form

Eε(m) =1

2

∫

�

|∇m|2 d2r + γ

2| ln ε|
∫

R2

|F (div(ηεm))|2
2π |k| d2k

+ h
∫

�

(1 − m1) d2r.

(2.13)

We now wish to relax the assumptions of smoothness of m and of m2 having
compact support and introduce a more natural class of magnetizations for which
the energy in (2.13) remains valid, taking advantage of positivity of the nonlocal
energy term written in the Fourier space. Clearly, form ∈ H1

l (�) all the local terms
in the energy are well defined (possibly taking the value +∞). It remains to make
sense of the nonlocal term. For that purpose, observe that for m ∈ H1

l (�) we have
(with a slight abuse of notation)

div(ηεm)(x, y) = ηε(y)∂xm1(x, y) + ηε(y)∂ym2(x, y) + η′
ε(y)m2(x, y)

(2.14)

distributionally. Therefore, under a natural condition that ∇m ∈ L2(�;R2) the
first two terms in the right-hand side of (2.14), extended by zero outside �, belong
to L2(R2) and thus have a well-defined Fourier transform in the L2-sense. To
make sense of the third term, we additionally assume that m2 ∈ L2(�). Thus, we
introduce the class

M :=
{
m ∈ H1

l (�;S1) : ∇m ∈ L2(�;R2), m2 ∈ L2(�)
}

, (2.15)
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on which Eε : M → [0,+∞] is now well defined for all ε ∈ (0, 1
2 ). Note that the

assumption m2 ∈ L2(�) for all m ∈ M forces m1(x, ·) to approach ±1 in some
average sense as x → ±∞, thus selecting the magnetization profiles in the form
of head-to-head or winding walls.

We will show the �-convergence as ε → 0 of the energy Eε defined on M to
the following reduced energy (see Section 4):

E0(m) = 1

2

∫

�

|∇m|2 d2r + h
∫

�

(1 − m1) d2r + γ

∫

∂�

m2
2 dH1. (2.16)

With a slight abuse of notation, when talking about the limit ε → 0 we will always
imply taking a sequence of εk → 0 as k → ∞.

Associated with the energy in (2.16), we have the following minimization prob-
lem:

minimize E0(m) among m = (cos θ, sin θ) ∈ H1
l (�;S1)

with θ satisfying (3.2) for some k1, k2 ∈ Z, k1 �= k2.
(2.17)

Notice that for m = (cos θ, sin θ), this energy coincides precisely with that in (2.1),
and such a lifting is always possible for any m ∈ H1

l (�;S1) (see, for instance,
[9]), making the energies E0(m) and F(θ) equivalent. The �-convergence result,
stated in Theorem 4.9, is with respect to the strong L2

loc(�) convergence of maps
mε : � → S

1. Using this �-convergence result, we can then establish existence
and a characterization of the minimizers of Eε in the form of domain walls in terms
of those of E0 for all small enough ε. Note that the existence and properties of the
latter are established by Theorem 2.3. Also note that by Theorem 2.3 the minimizers
of E0 over H1

l (�;S1) with suitable behaviors at infinity belong to M.

Theorem 2.9. Let γ > 0, h ≥ 0 and k ∈ N. Then there exists ε0 > 0 such that for
all ε ∈ (0, ε0) there exists a minimizer m = (cos θ, sin θ) of Eε over all m ∈ M
with θ ∈ Ak if and only if k = 1 when h = 0, or if and only if k = 2 when h > 0.
As ε → 0, every minimizer of Eε above converges in H1

l (�;R2), after a suitable
translation, to the corresponding minimizer of E0.

The above result shows that, in the considered regime of ultrathin ferromagnetic
films, the domain wall-like ground states of the micromagnetic energy are head-to-
head walls with no winding (180 ◦ walls) in the absence of the applied field (h = 0).
When an applied field is present (h > 0), the only domain wall-like ground states
are winding domain walls with a single rotation (360 ◦ walls). Furthermore, as the
film thickness tends to zero these ground state profiles converge to the uniquely
defined energy minimizing profiles for the limit energy E0 (up to translations). Thus,
in particular our results provide a mathematical understanding for the symmetric
head-to-head domain wall profiles in the absence of the applied field observed in
experiments and numerical simulations of sufficiently thin nanostrips (see Fig. 1b)
and the discussion in Section 1. At the same time, our analysis does not capture
the asymmetric head-to-head walls observed in wider nanostrips (see Fig. 1c). The
analysis of the latter would require to consider a regime in which the stray field effect
does not reduce to a purely local penalty term at the sample boundary, and is outside
the regime studied in this paper. Similarly, our regime excludes the appearance of
the vortex walls shown in Fig. 1a.



Arch. Rational Mech. Anal.          (2023) 247:59 Page 15 of 54    59 

3. Analysis of the thin film limit model

We start by recalling that for every m ∈ H1
l (�;S1) there exists θ ∈ H1

l (�)

such that m = (cos θ, sin θ) (see, for instance, [9]), and the energy (2.16) may be
rewritten as

E0(m) = F(θ). (3.1)

In what follows, we identify any θ ∈ H1
l (�) with the precise representative such

that for every x0 ∈ R, θ(x0, ·) coincides a.e. with the trace of θ on the vertical line
x = x0.

Lemma 3.1. Let θ ∈ H1
l (�) be such that F(θ) < +∞. Then there exist k1, k2 ∈ Z

such that

lim
x→−∞ ‖θ(x, ·) − k1π‖L2(0,1) = 0 and lim

x→+∞ ‖θ(x, ·) − k2π‖L2(0,1) = 0.

(3.2)

Furthermore, if h > 0 we have k1, k2 ∈ 2Z.

Proof. Set

θ̄ (x) :=
∫ 1

0
θ(x, y) dy.

and note that θ̄ ∈ H1
loc(R) and thus, in particular, it is continuous. We claim that

1

2

∫

R

|θ̄ ′(x)|2 dx + 2γ

∫

R

sin2 θ̄ (x) dx ≤ (5 + 8γ )F(θ). (3.3)

We start by observing that

2γ

∫

R

sin2 θ̄ (x) dx = 2γ

∫

R

sin2 θ(x, 0) dx + 2γ

∫

R

(sin2 θ̄ (x) − sin2 θ(x, 0)) dx

≤ 4γ

∫

R

sin2 θ(x, 0) dx + 4γ

∫

R

| sin θ̄ (x) − sin θ(x, 0)|2 dx

≤ 4γ

∫

R

sin2 θ(x, 0) dx + 4γ

∫

R

|θ̄ (x) − θ(x, 0)|2 dx

≤ 4γ

∫

R

sin2 θ(x, 0) dx + 4γ

∫

R

∫ 1

0
|∂yθ(x, y)|2 dy dx

≤ (4 + 8γ )F(θ) .

Equation (3.3) then follows.
Note that for every α < β we have

1

2

∫ β

α

|θ̄ ′|2 dx + 2γ

∫ β

α

sin2 θ̄ dx ≥ 2
√

γ

∫ β

α

| sin θ̄ ||θ̄ ′| dx

≥ 2
√

γ
∣∣ cos(θ̄(β)) − cos(θ̄(α))

∣∣. (3.4)
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In particular, recalling (3.3), cos θ̄ satisfies the Cauchy condition for x → +∞;
that is,

lim
α,β→+∞

∣∣ cos(θ̄(β)) − cos(θ̄(α))
∣∣ = 0,

and thus cos θ̄ , and in turn sin2 θ̄ , admit a limit as x → +∞. Clearly the same is
true for x → −∞.

Recalling (3.3), we conclude that

sin θ̄ (x) → 0 and cos2 θ̄ (x) → 1 as |x | → +∞. (3.5)

We now claim that there exist k1, k2 ∈ Z such that

lim
x→−∞ θ̄ (x) = k1π and lim

x→+∞ θ̄ (x) = k2π. (3.6)

Let us show only the second limit. We argue by contradiction assuming that there
exist two sequences xn < x ′

n both diverging to +∞ such that lim infn→∞ |θ̄ (xn)−
θ̄ (x ′

n)| ≥ π . But then, by the continuity of θ̄ it is clear that we may also find
x ′′
n ∈ (xn, x ′

n) such that cos2 θ̄ (x ′′
n ) → 0, which contradicts (3.5). Thus, (3.6) holds.

Denote Qt := (t − 1
2 , t + 1

2 ) × (0, 1) and note that limt→±∞ ‖∇θ‖L2(Qt ) = 0.
In turn, by a Poincaré-type inequality we have

‖θ − θ̄ (t)‖2
H1(Qt )

≤ C‖∇θ‖2
L2(Qt )

and thus, taking into account (3.6) we conclude that

lim
t→+∞ ‖θ − k2π‖2

H1(Qt )
= 0 and lim

t→−∞ ‖θ − k1π‖2
H1(Qt )

= 0.

By an application of the Trace Theorem we obtain (3.2). If h > 0, then the fact
that

∫

�

(1 − cos θ) dx < +∞

implies that k1, k2 ∈ 2Z. ��

Note that given m ∈ H1
l (�;S1), the corresponding phase function θ is deter-

mined up to an additive constant of the form kπ , where k ∈ Z if h = 0 or k ∈ 2Z
if h > 0. In view of Lemma 3.1 we may additionally require that

lim
x→+∞ ‖θ(x, ·)‖L2(0,1) = 0. (3.7)

Clearly by enforcing such a condition the phase function θ is uniquely determined.
In the next two subsections we address the existence of minimizers and the

classification of domain wall solutions in the sense of Definition 2.4, respectively.



Arch. Rational Mech. Anal.          (2023) 247:59 Page 17 of 54    59 

3.1. Existence of minimizers

We prove the following existence result:

Theorem 3.2. If h = 0 then the minimization problem (2.5) admits a solution for
k = 1. If h > 0 then the minimization problem (2.5) admits a solution for k = 2.

In both cases, a solution θmin can be found satisfying
∫ 1

0
θmin(0, y) dy = kπ

2
.

Moreover, θmin ∈ C∞(�), with derivatives of all order bounded, and ∂xθmin < 0
in �.

Proof. We provide the proof only in the case h > 0, as the case h = 0 can be
treated analogously and is simpler. To this end, for M > 0, let

A2,M := {
θ ∈ A2 : θ = 0 in {(x, y) ∈ � : x ≥ M} and

θ = 2π in {(x, y) ∈ � : x ≤ −M}},
and note that by standard arguments there exists a minimizer θM of F over A2,M .
Throughout the proof for every M > 0 we set RM := (−M, M) × (0, 1).

We claim that

θM (x, y) ∈ (0, 2π) for all (x, y) ∈ RM . (3.8)

This follows by first observing that by an easy truncation procedure we may con-
clude that θM satisfies

0 ≤ θM ≤ 2π. (3.9)

Moreover, by a standard first variation argument θM is a weak solution to the
following Euler–Lagrange problem

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�θM = h sin θM in RM ,

∂νθM = −γ sin(2θM ) on ∂RM ∩ ∂�,

θM = 0 on {M} × (0, 1),

θM = 2π on {−M} × (0, 1),

(3.10)

that is,
∫

RM

(∇θM · ∇ϕ + h sin(θM ) ϕ) d2r + γ

∫

∂RM∩∂�

sin(2θM )ϕ dH1 = 0

(3.11)

for all ϕ ∈ H1(RM ) s.t. ϕ = 0 on {−M, M} × (0, 1).
Consider now the reflected function θ̃M defined on R3M by

θ̃M (x, y) :=

⎧
⎪⎨

⎪⎩

−θM (−x − 2M, y) + 4π if x∈ (−3M,−M),

θM (x, y) if x ∈ (−M, M),

−θM (−x + 2M, y) if x∈ (M, 3M).
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Using the weak formulation (3.11), one can immediately check that θ̃M is in turn a
weak solution; that is,

∫

R3M

(∇ θ̃M · ∇ϕ + h sin(θ̃M ) ϕ) d2r + γ

∫

∂R3M∩∂�

sin(2θ̃M )ϕ dH1 = 0

for all ϕ ∈ H1(R3M ) s.t. ϕ = 0 on {−3M, 3M} × (0, 1). We may then apply the
very same arguments of Lemma 3.4(a) below (clearly, we can, since the regularity
argument is local) to conclude that for every 0 < M ′ < 3 M , θ̃M ∈ C∞(RM ′). In
particular, θM ∈ C∞(RM ), and (3.10) holds classically.

Note that we can write
{

�θM = c(x, y)θM in (−M, M) × (0, 1),

∂νθM = −γ sin(2θM ) on (−M, M) × {0, 1},
where we set

c(x, y) :=
{
h sin θM (x,y)

θM (x,y) if θM (x, y) > 0,

h if θM (x, y) = 0.

In order to prove (3.8), recall (3.9) and assume by contradiction that θM = 0 at
some point in (−M, M) × (0, 1). But then the Strong Maximum Principle [59,
Theorem 2.2] applies and yields that θM ≡ 0 in (−M, M)× (0, 1), a contradiction
to the fact that θM ∈ A2,M . If instead θM = 0 at some point of the horizontal
boundary (−M, M) × {0, 1}, then thanks to the Neumann condition in (3.10) also
∂νθM vanishes at the same point and thus the contradiction follows from Hopf’s
Lemma [24, Lemma 3.4]. Hence, we have shown that θM > 0 in (−M, M)×[0, 1].
Replacing θM by 2π − θM and arguing as before, we complete the proof of (3.8).

We now show that θM is monotone non-increasing in the x-direction. To this
aim, we adapt the classical sliding method of Berestycki and Nirenberg [6] (see
also [7]) to the problem on the strip with nonlinear boundary conditions. Set

λ̄ := inf{λ > 0 : θM (· + μ, ·) ≤ θM in � for all μ ≥ λ},
and observe that necessarily λ̄ ∈ [0, 2M). Indeed, clearly θM (·+μ, ·) ≤ θM for all
μ ≥ 2 M . Moreover, since θM (· + 2 M, ·) = 0 < 2π = θM on {−M} × [0, 1], by
continuity we may find ε > 0 so small that θM (·+2M−s, ·) < θM on [−M,−M+
s] × [0, 1] for all s ∈ (0, ε], which in turn easily implies θM (· + 2 M − s, ·) ≤ θM
for the same s. Thus λ̄ ≤ 2M − ε.

Note that λ̄ = 0 if and only if θM is monotone non-increasing in the x-direction.
Assume by contradiction that λ̄ > 0. This means that θM (· + λ̄, ·) ≤ θM and we
claim that there exists (x̄, ȳ) ∈ [−M, M − λ̄] × [0, 1] such that θM (x̄ + λ̄, ȳ) =
θM (x̄, ȳ). Indeed, if not then we would have θM (· + λ̄, ·) < θM in [−M, M − λ̄]×
[0, 1] and in turn, arguing as above, θM (·+λ̄−ε, ·) ≤ θM in [−M, M−λ̄+ε]×[0, 1]
for all ε small enough, contradicting the minimality of λ̄. We claim now that x̄ ∈
(−M, M − λ̄). Indeed, if x̄ = −M , then θM (x̄ + λ̄, ȳ) = θM (x̄, ȳ) = 2π which
is impossible thanks to (3.8) since x̄ + λ̄ ∈ (−M, M). If instead x̄ = M − λ̄, then
θM (x̄, ȳ) = θM (M, ȳ) = 0, which is again impossible by (3.8) since x̄ < M .
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We now set u := θM − θM (· + λ̄, ·). Note that u satisfies
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�u = c̃u in (−M, M − λ̄) × (0, 1),

∂νu = −γ (sin(2θM ) − sin(2θM (· + λ̄, ·))) on (−M, M − λ̄) × {0, 1},
u ≥ 0,

u(x̄, ȳ) = 0,

(3.12)

where

c̃ :=
{
h sin(θM )−sin(θM (·+λ̄,·))

θM−θM (·+λ̄,·) in {θM > θM (· + λ̄, ·)},
h in {θM = θM (· + λ̄, ·)}.

Now if ȳ ∈ (0, 1), then we can invoke again the Strong Maximum Principle [59,
Theorem 2.2] to conclude that u ≡ 0 in [−M, M − λ̄] × [0, 1], and in particular
that θM (M − λ̄, y) = θM (M, y) = 0, which is a contradiction to (3.8). If instead
ȳ ∈ {0, 1}, then by Hopf’s Lemma [24, Lemma 3.4] we have ∂νu(x̄, ȳ) �= 0, which
contradicts the boundary condition in (3.12). This concludes the proof of the fact
that λ̄ = 0 and thus that θM is monotone non-increasing in the x-direction.

We now set θ̄M (x) := ∫ 1
0 θM (x, y) dy. Note that θ̄M is continuous on R and

that θ̄M (x) = 0 for x ≥ M and θ̄M (x) = 2π for x ≤ −M . Thus, we may find
xM such that θ̄M (xM ) = π . We set θ̃M := θM (· + xM , ·). Observing that F(θM )

is non-increasing in M , we easily see that {θ̃M }M≥1 is equibounded in H1
l (�).

Thus, we may find a sequence Mn → +∞ and a function θ∞ ∈ H1
l (�) such that

θ̃Mn ⇀ θ∞ weakly in H1
l (�), and

F(θ∞) ≤ lim inf
n

F(θ̃Mn ) < +∞. (3.13)

Moreover, 0 ≤ θ∞ ≤ 2π , θ∞ is monotone non-increasing in the x-direction,
satisfies

∫ 1

0
θ∞(0, y) dy = π (3.14)

and
{

�θ∞ = h sin θ∞ in �,

∂νθ∞ = −γ sin(2θ∞) on ∂� ,
(3.15)

in the weak sense. Again by Lemma 3.4, θ∞ ∈ C∞(�), with derivatives of all
orders bounded, and thus it satisfies (3.15) classically.

We claim that θ∞ ∈ A2. To this aim, in view of (3.13) and Lemma 3.1, and
recalling that 0 ≤ θ∞ ≤ 2π , we have

lim
x→−∞ ‖θ∞(x, ·) − k1π‖L2(0,1) = 0 and lim

x→+∞ ‖θ∞(x, ·) − k2π‖L2(0,1) = 0,

with k1, k2 ∈ {0, 2}. Now, by monotonicity and (3.14) we infer that necessarily
k1 = 2 and k2 = 0. This shows that θ∞ ∈ A2.
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In order to conclude that θ∞ is a minimizer, in view of (3.13) it remains to show
that

lim inf
n→∞ F(θ̃Mn ) = inf

A2

F. (3.16)

To this aim, it is clearly enough to show that

for θ ∈ A2 with F(θ) < +∞ and ε > 0 there exists M > 0 and θ̃ ∈ A2,M

such that F(θ̃) ≤ F(θ) + ε. (3.17)

In order to show this, we select two sequences, x+
n → +∞ and x−

n → −∞, such
that

θ(x+
n , ·) → 0 and θ(x−

n , ·) → 2π uniformly in [0, 1], (3.18)

and

lim sup
n→∞

‖θ(x±
n , ·)‖H1(0,1) < +∞. (3.19)

This is possible by a simple slicing argument thanks to the fact that |∇θ | ∈ L2(�).
At this point, for every n ∈ N we define

θn(x, y) :=

⎧
⎪⎪⎨

⎪⎪⎩

θ(x, y) if x ∈ (x−
n , x+

n ),

θ(x+
n , y)

[(
1 − x−x+

n

‖θ(x+
n ,·)‖∞

)
∨ 0

]
if x ≥ x+

n ,

2π − (2π − θ(x−
n , y))

[(
1 − x−

n −x
‖2π−θ(x−

n ,·)‖∞

)
∨ 0

]
if x ≤ x−

n ,

with the understanding that θn ≡ 0 for x ≥ xn if ‖θ(x+
n , ·)‖∞ = 0, and θn ≡ 2π

for x ≤ xn if ‖2π − θ(x−
n , ·)‖∞ = 0. Clearly each θn belongs to A2,Mn for some

Mn > 0 sufficiently large. Moreover, using (3.18) and (3.19), it is easy to check
that F(θn)− F(θ) → 0 as n → ∞, thus establishing (3.17) and finishing the proof
of existence.

We are left with showing that ∂xθ∞ < 0 in �. We already know that θ∞ is a
smooth function, with ∂xθ∞ ≤ 0 everywhere. Differentiating (3.15) with respect
to x we obtain

{
�(∂xθ∞) = h cos θ∞∂xθ∞ in �,

∂ν(∂xθ∞) = −2γ cos(2θ∞)∂xθ∞ on ∂�.
(3.20)

Assume ∂xθ∞(x̄, ȳ) = 0 at some point (x̄, ȳ) ∈ �. If (x̄, ȳ) ∈ �, then using
the Strong Maximum Principle [59, Theorem 2.2] we obtain a contradiction. If
instead (x̄, ȳ) ∈ ∂�, then also ∂ν(∂xθ∞) vanishes at the same point and thus the
contradiction follows from Hopf’s Lemma [24, Lemma 3.4]. ��
Corollary 3.3. If h > 0 then for every k ∈ 2N we have

inf
θ∈Ak

F(θ) = k

2
min
θ∈A2

F(θ).

If h = 0 then for every k ∈ N we have

inf
θ∈Ak

F(θ) = k min
θ∈A1

F(θ).
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Proof. We provide the proof only for the case h > 0, the other one being analogous.
As in the previous proof, we fix M > 0 and let

Ak,M := {θ ∈ Ak : θ(x, y) = 0 if x ≥ M and θ(x, y) = kπ if x ≤ −M}.
It is clear that there exists a minimizer

θM = argminθ∈Ak,M
F(θ). (3.21)

By the same arguments and with the same notation used in the proof of Theorem 3.2
we obtain

(i) θM ∈ (0, kπ) in RM ;
(ii) θM ∈ C∞(RM );

(iii) θM has negative derivative in x-direction everywhere in (−M, M) × [0, 1].
Arguing as in the proof of Theorem 3.2, we can show that

inf
θ∈Ak

F(θ) = lim
j→∞ F(θMj ), (3.22)

where θMj ∈ Ak,Mj is a minimizer of the corresponding problem (3.21) and {Mj }
is any sequence of positive numbers such that Mj → ∞.

Now observe that by the properties stated above, for every j ∈ N we may find
smooth functions g j

i ∈ C∞([0, 1]), i = 1, . . . , k/2 − 1, such that

Mj > g j
1 > g j

2 > · · · > g j
k/2−1 > −Mj and

θMj (g
j
i (y), y) = 2π i for all y ∈ [0, 1].

Setting also g j
0 := Mj , g

j
k/2 := −Mj and �

j
i := {(x, y) : g j

i−1(y) > x > g j
i (y)},

we clearly have

F(θMj ) =
k/2∑

i=1

(∫

�
j
i

(
1

2
|∇θMj |2 + h(1 − cos θ)

)
d2r

+γ

∫

∂�∩∂�
j
i

sin2 θMj dH1

)

=
k/2∑

i=1

F(ζ
j
i ),

(3.23)

where we set

ζ
j
i (x, y) :=

⎧
⎪⎨

⎪⎩

2(i − 1)π if x ≥ g j
i−1(y),

θMj (x, y) if g j
i−1(y) > x > g j

i (y),

2π i if x ≤ g j
i (y).

Note that ζ
j
i − 2(i − 1)π ∈ A2 and F(ζ

j
i − 2(i − 1)π) = F(ζ

j
i ), and thus

F(ζ
j
i ) ≥ minθ∈A2 F(θ). In turn, by combining (3.22) and (3.23), we deduce that

inf
θ∈Ak

F(θ) = lim
j→∞ F(θMj ) ≥ k

2
min
θ∈A2

F(θ).
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In order to obtain the reverse inequality, we start from the minimizer θ2,Mj of
the problem (3.21), with k = 2 and M = Mj , and define the function ξ j ∈ Ak as

ξ j (x, y) :=
k/2−1∑

i=0

θ2,Mj (x + 2iM j , y),

so that F(ξ j ) = k
2 F(θ2,Mj ). Then, we have

inf
θ∈Ak

F(θ) ≤ lim
j→∞ F(ξ j ) = k

2
lim
j→∞ F(θ2,Mj ) = k

2
min
θ∈A2

F(θ),

where the last equality follows from the proof of Theorem 3.2. ��

3.2. Uniqueness of minimizers and classification of critical points

Next we address uniqueness of minimizers for the problem (2.5). In fact, we will
classify all the critical points subject to constant boundary conditions at infinity;
i.e., domain wall solutions to the boundary reaction-diffusion type problem of the
form in (2.2) satisfying (2.6).

We start by showing that such critical points are smooth up to the boundary,
with uniform estimates at infinity. To this aim, given t ∈ R we denote

�±
t := {(x, y) ∈ � : x ≷ t}, (3.24)

and we recall that given an open set � ⊂ R
2 with Lipschitz boundary the trace space

H1/2(∂�) of H1(�) may be equipped with the norm ‖w‖2
H1/2(∂�)

:= ‖w‖2
L2(∂�)

+
[w]2

H̊1/2(∂�)
, where [w]2

H̊1/2(∂�)
stands for the squared Gagliardo seminorm

[w]2
H̊1/2(∂�)

:=
∫

∂�

∫

∂�

|w(r) − w(r′)|2
|r − r′|2 dH1(r)dH1(r′). (3.25)

Moreover, with a slight abuse of notation, for any subset � ⊂ ∂� (and for w ∈
H1/2(∂�)) we will denote ‖w‖2

H1/2(�)
:= ‖w‖2

L2(�)
+[w]2

H̊1/2(�)
, where [w]2

H̊1/2(�)

is defined as in (3.25), with ∂� replaced by �.

Lemma 3.4. Let θ ∈ H1
l (�)∩ L∞(�) be a solution of (2.3). Then, up to choosing

a representative, the following statements hold true:

(a) θ ∈ C∞(�), and for every k ∈ N there exists a constantCk = Ck(γ, h, ‖θ‖∞) >

0 such that

‖θ‖Ck (�) ≤ Ck; (3.26)

(b) if in addition θ satisfies (2.6), then the convergence at infinity is uniform with
respect to the Ck-norm for any k ∈ N, i.e.,

lim
t→−∞ ‖θ − �−‖

Ck (�
−
t )

= 0 and lim
t→+∞ ‖θ − �+‖

Ck (�
+
t )

= 0. (3.27)

Moreover, if h = 0, then �−, �+ ∈ π
2 Z, while if h > 0, then �−, �+ ∈ πZ.
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Proof. In what follows, for all t ∈ R and R > 0 we set Qt
R := (t−R, t+R)×(0, 1);

moreover, C will denote a positive constant depending only on R that may change
from line to line.

We first observe that by a standard Caccioppoli Inequality type argument,
that is, testing (2.3) with ϕ = η2θ , where η ∈ C∞ is with compact support
in �, we may infer from the boundedness of θ that ∇θ is uniformly locally
bounded with respect to the L2-norm. More precisely, for every R > 0 there exists
C1 = C1(γ, h, ‖θ‖∞, R) > 0 such that supt∈R ‖θ‖H1(Qt

R) ≤ C1. In turn, by the
Trace Theorem, see for instance [56, Theorem 5.5], we have ‖θ‖H1/2(∂Qt

R∩∂�) ≤
‖θ‖H1/2(∂Qt

R) ≤ C‖θ‖H1(Qt
R) ≤ CC1 and, in turn, using the definition (3.25) of the

Gagliardo seminorm we may check that ‖ sin(2θ)‖H1/2(∂Qt
R∩∂�) ≤

C‖θ‖H1/2(∂Qt
R∩∂�) ≤ CC1. Thus,

sup
t∈R

‖γ sin(2θ)‖H1/2(∂Qt
R∩∂�) ≤ γCC1. (3.28)

Fix t ∈ R and a cut-off function ζ ∈ C∞
c (−3R, 3R), 0 ≤ ζ ≤ 1, and ζ ≡ 1 in

[−2R, 2R]. Let �0 ⊂ R
2 be a bounded domain with boundary of class C∞ such

that Q0
3R ⊂ �0⊂ �, and let �t := {(x, y) : (x − t, y) ∈ �0}. Finally, denote by

g the function defined for H1-a.e. (x, y) ∈ ∂�t by

g(x, y) :=
{

−γ ζ(x − t) sin(2θ(x, y)) if (x, y) ∈ ∂�t ∩ ∂�,

0 otherwise.

Using again (3.25), one can check that g ∈ H1/2(∂�t ), with

‖g‖H1/2(∂�t ) ≤ γC‖ sin(2θ)‖H1/2(∂Qt
2R∩∂�), (3.29)

where C > 0 depends only on ζ and �0 and thus, ultimately, only on R. In turn, by
[26, Theorem 1.5.1.2] there exists a lifting function g̃ ∈ H2(�t ) such that ∂ν g̃ = g
on ∂�t and

‖g̃‖H2(�t ) ≤ C‖g‖H1/2(∂�t ) ≤ γC ′‖ sin(2θ)‖H1/2(∂Qt
2R∩∂�), (3.30)

where we used (3.29) (and, again, the constants C,C ′ depend only on R). Since
∂ν g̃ = g = −γ sin(2θ) on ∂Qt

2R ∩ ∂�, integration by parts yields
∫

�

(∇ g̃ · ∇ϕ + �g̃ ϕ) d2r + γ

∫

∂�

sin(2θ)ϕ dH1 = 0

∀ϕ ∈ H1
l (�) with supp ϕ ⊂ Qt

2R .

Subtracting the above identity from (2.3) and setting w := θ − g̃, we get
∫

�

(∇w · ∇ϕ + (h sin θ − �g̃) ϕ
)

d2r = 0 ∀ϕ ∈ H1
l (�) with supp ϕ ⊂ Qt

2R,

that is w is a weak solution to
{

�w = h sin θ − �g̃ in Qt
2R,

∂νw = 0 on ∂Qt
2R ∩ ∂�.
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Thus, by standard H2-estimates (see for instance [24]) and taking into account
(3.28) and (3.30), we get

‖θ‖H2(Qt
R) ≤ ‖w‖H2(Qt

R) + ‖g̃‖H2(Qt
2R)

≤ C
(‖h sin θ − �g̃‖L2(Qt

2R) + ‖w‖H1(Qt
2R) + γCC1

) ≤ C2 (3.31)

for a suitable positive constant C2 depending only on R, ‖θ‖∞, γ , and h.
We can now start a bootstrap argument in order to obtain uniform estimates also

with respect to higher norms. Owing to (3.31) and to the fact that‖ sin(2θ)‖H2(Qt
R) ≤

M , with M = M
(‖θ‖H2(Qt

R)

)
(and thus ultimately depending only R, ‖θ‖∞, γ ,

and h), by applying the Trace Theorem again we can improve (3.28) to obtain, for
all t ∈ R,

sup
t∈R

‖ sin(2θ)‖H3/2(∂Qt
R∩∂�) ≤ γCM.

Now, arguing as above and relying again on [26, Theorem 1.5.1.2], we may find a
“lifting” function g̃ ∈ H3(�t ) such that ∂ν g̃ = −γ sin(2θ) on ∂Qt

2R ∩ ∂� and

‖g̃‖H3(�t ) ≤ γC‖ sin(2θ)‖H3/2(∂Qt
2R∩∂�).

Thus, defining w as before and arguing similarly, we clearly may improve estimate
(3.31) to obtain, for every R > 0,

sup
t∈R

‖θ‖H3(Qt
R) ≤ C3,

for a suitable positive constant C3 depending only on R, ‖θ‖∞, γ , and h. We can
now iterate this argument to show that for every k ∈ N there exists a positive
constant Ck depending only on R, ‖θ‖∞, γ , and h such that

sup
t∈R

‖θ‖Hk (Qt
R) ≤ Ck (3.32)

for all R > 0. In turn, (3.32) combined with the Sobolev Embedding Theorem
yields (3.26).

The uniform bounds (3.26), together with the convergence condition in Defini-
tion 2.4 give (3.27). The latter in particular implies that both �θ and ∂νθ vanish at
infinity. Thus, from (2.2) we deduce that sin(2�±) = 0 and that also sin(�±) = 0
when h > 0. The last part of statement b) readily follows. ��

In the next lemma we show that in the case h = 0, or h > 0 and F(θ) < +∞,
condition (2.7) is equivalent to (2.6).

Lemma 3.5. Let θ ∈ C2(�) ∩ C1(�) ∩ L∞(�) be a solution of (2.2) such that
(2.7) holds. Assume that either h = 0, or h > 0 and F(θ) < +∞. Then also (2.6)
holds true.
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Proof. Consider first the case h = 0. Let {λn} be a sequence such that λn → +∞
and set θn := θ(· + λn, ·). By statement a) of Lemma 3.4 we have that for every
k ∈ N the sequence {θn} is uniformly bounded with respect to the Ck-norm on �.
Therefore, we may find a subsequence {θnk } and a bounded function θ∞ solving
(2.2) such that θnk → θ∞ in Ck on the compact subsets of � for every k ∈ N.
Moreover, in view of (2.7) we also have θ∞ = �+ on ∂�. In particular, θ∞ is a
bounded harmonic function in �, which is constant on ∂�. It easily follows that
θ∞ ≡ �+. One way to see this is to extend the harmonic function θ∞ − �+ to
the whole plane by repeated odd reflections across the lines {x = j}, j ∈ Z, thus
getting an entire bounded harmonic function w, vanishing on such lines. Liouville’s
Theorem implies that w ≡ 0 in R

2 and thus, in particular, θ∞ ≡ �+ in �. In turn,
this implies that θ(λnk , y) → θ∞(0, y) = �+ as k → ∞ for all y ∈ [0, 1]. By the
arbitrariness of {λn} we have shown that the second condition in (2.6) is satisfied.
A similar argument shows that also the first one holds true.

Assume now that h > 0 and F(θ) < +∞ and note that the latter condition
immediately implies that both �−, �+ ∈ πZ. We may now run a similar argument
as in the h = 0 case. Let {λn}, {θn} be as before and let θ∞ be the limit (up to a
subsequence) of θn . One can show that in this case θ∞ solves

⎧
⎪⎨

⎪⎩

�θ∞ = h sin θ∞ in �,

∂νθ∞ = 0 on ∂�,

θ∞ = �+ on ∂�.

Even reflections with respect to ∂� allow one to extend θ∞ to a function θ̃∞ defined
on the “tripled” stripe �̃ := R × (−1, 2) still solving the same equation

�θ̃∞ = h sin θ̃∞ in �̃.

By classical results, see for instance [51, Theorem 6.8.2], we infer that θ̃∞ is analytic
in �̃ and thus, in particular, θ∞ is analytic in � up to the boundary. But then, owing
to the overdetermined boundary conditions on ∂�, by the Cauchy–Kovalevskaya
Theorem (see for instance [21]) it follows that θ∞ ≡ �+ in a neighborhood of ∂�

and thus, by analyticity, everywhere in �. This establishes the second condition in
(2.6) and the first one can be proven similarly. ��

We now start paving the way for the application of the sliding method to our
situation. We recall that owing to Lemma 3.4, bounded weak solutions to (2.2) are
in fact smooth classical solutions and thus, in what follows, we will not distinguish
between weak and strong formulations. We begin with the following comparison
principle for problem (2.2), where we will be using notation (3.24).

Lemma 3.6. Let t ∈ R and let θ1, θ2 be domain wall solutions to (2.2) according
to Definition 2.4, with θ1 ≤ θ2 on �t := {x = t} ∩ �. Denote by �−

i , �
+
i , i = 1, 2,

the boundary conditions at infinity of θi according to (2.6) and assume also that
�+

1 ≤ �+
2 . Assume also that there exists an interval J= (θ−, θ+) such that

sup
�+
t

θ1 < θ+ and inf
�+
t

θ2 > θ−, (3.33)



   59 Page 26 of 54 Arch. Rational Mech. Anal.          (2023) 247:59 

and θ �→ sin(2θ) is strictly increasing in J , together with θ �→ sin(θ) if h > 0.
Then, θ1 ≤ θ2 in �

+
t . The same statement holds true with �+

i and �+
t replaced by

�−
i and �−

t , respectively.

Proof. We prove the statement only for �+
t , the other case being analogous. For

any fixed ε > 0 set ϕε := (θ1 − θ2 − ε)+χ�+
t

and note that from the assumptions

θ1 ≤ θ2 on �t and �+
1 ≤ �+

2 , taking into account part b) of Lemma 3.4, we conclude

that the function ϕε is in H1(�) with bounded support contained in �
+
t . Testing

(2.3) for θi with ϕε and subtracting the two resulting equations we get
∫

�+
t

|∇ϕε|2 d2r + h
∫

{θ1−θ2>ε}∩�+
t

(sin(θ1) − sin(θ2))ϕε d2r

+γ

∫

{θ1−θ2>ε}∩(∂�+
t \�t )

(sin(2θ1) − sin(2θ2))ϕε dH1 = 0.

Note that θ1(·), θ2(·) ∈ J in {θ1 − θ2 > ε} ∩ �+
t , thanks to (3.33). Using now

the monotonicity assumptions on sin(2θ) and sin(θ) for θ ∈ J , we may conclude
from the above integral identity that ∇ϕε ≡ 0 and that θ1 − θ2 ≤ ε, or equivalently
ϕε = 0 on ∂�+

t . Thus, ϕε ≡ 0, that is, θ1 − θ2 ≤ ε in �
+
t . The conclusion follows

from the arbitrariness of ε. ��
In the lemma below, we write down a version of the Strong Maximum Principle

which works for (2.2). Note that a similar principle (and the argument behind) has
been used already in the proof of Theorem 3.2.

Lemma 3.7. Let U ⊂ R
2 be a connected open set and let θ1, θ2 ∈ C2(�)∩C1(�)

be solutions of (2.2) such that θ1 ≤ θ2 in U ∩ �. Assume that θ1(x̄, ȳ) = θ2(x̄, ȳ)
for some point (x̄, ȳ) ∈ U ∩ �. Then θ1 = θ2 in U ∩ �.

Proof. We can argue similarly as in the proof of Theorem 3.2. Indeed, setting
u := θ2 − θ1, we note that u is smooth up to U ∩ ∂� and satisfies

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�u = c̃u in U ∩ �,

∂νu = −γ (sin(2θ2) − sin(2θ1)) on U ∩ ∂�,

u ≥ 0 in U ∩ �,

u(x̄, ȳ) = 0,

(3.34)

where now

c̃ :=
{
h sin(θ2)−sin(θ1)

θ2−θ1
in U ∩ {θ2 > θ1},

h in U ∩ {θ2 = θ1}.
Notice that if ȳ ∈ {0, 1}, then by Hopf’s Lemma [24, Lemma 3.4] we have
∂νu(x̄, ȳ) �= 0, which contradicts the Neumann boundary condition in (3.34).
Thus, necessarily ȳ ∈ (0, 1). We may then invoque the Strong Maximum Principle
[59, Theorem 2.2] to conclude that u ≡ 0 and in turn θ2 = θ1 in U ∩ �. ��
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We continue now with some elementary considerations, showing in particular
that only some specific values are admissible for �1 and �2.

As a consequence of the Strong Maximum Principle and of the comparison
Lemma 3.6 we have the following observation, which will be instrumental in the
implementation of the sliding method.

Lemma 3.8. Let θ1, θ2 bedomainwall solutions to (2.2)according toDefinition2.4,
and denote by �−

i , �
+
i , i = 1, 2, the boundary conditions at infinity of θi according

to (2.6). Assume that θ1 ≤ θ2 in � and that �−
1 > �+

2 . Assume also that there
exist two open intervals J+, J− where θ �→ sin(2θ) is strictly increasing and so
is θ �→ sin(θ) if h > 0, and such that �±

2 ∈ J±. Then, there exists λ ∈ R such that
θ1(· + λ, ·) ≡ θ2.

Proof. Let us first show that it is impossible to have �+
2 > �+

1 or �−
2 > �−

1 . To this
aim we argue by contradiction.

Assume first that �±
2 > �±

1 . Since also �−
1 > �+

2 , there exists λ ∈ R such that
θ1(· + λ, ·) ≤ θ2 and θ1(x̄ + λ, ȳ) = θ2(x̄ + λ, ȳ) for some point (x̄, ȳ) ∈ �. Thus
by Lemma 3.7 the two solutions coincide which contradicts our initial assumption
�±

2 > �±
1 .

Assume now that �−
2 > �−

1 but �+
2 = �+

1 =: �+. Owing to Lemma 3.4(b) and
the fact that �+ ∈ J+, we may choose t+ such that

inf J+ < inf
�+
t+

θ2 ≤ sup
�+
t+

θ2 < sup J+. (3.35)

Set now

λ0 := inf{λ ≤ 0 : θ1(· + λ, ·) ≤ θ2}.
Note that thanks to the assumption �−

1 > �+
2 we have λ0 ∈ R. Moreover, clearly

θ1(· + λ0, ·) ≤ θ2 and thus, in particular, recalling (3.35), we have

sup
�+
t+

θ1(· + λ0, ·) < sup J+. (3.36)

We claim that θ1(· + λ0, ·) and θ2 coincide at some point in �. Indeed if by con-
tradiction θ1(· + λ0, ·) < θ2 everywhere, then, using also that �−

2 > �−
1 , we have

min
�

−
t+

(θ2 − θ1(· + λ0, ·)) > 0. By uniform continuity, recalling (3.36), we may

find ε > 0 so small that

min
�

−
t+

(θ2 − θ1(· + λ0 − ε, ·)) > 0 and sup
�+
t+

θ1(· + λ0 − ε, ·) < sup J+. (3.37)

Recalling also (3.35), we are in a position to apply Lemma 3.6 to infer that θ1(·+λ0−
ε, ·) ≤ θ2 in �+

t+ and in turn, thanks to the first condition in (3.37), θ1(·+λ0−ε, ·) ≤
θ2 in �. This contradicts the minimality of λ0. Therefore, θ1(· + λ0, ·) and θ2 must
coincide at some point in � and thus everywhere thanks to the Strong Maximum
Principle. This again leads to a contradiction. The case where �+

2 > �+
1 but �−

2 = �−
1

is clearly analogous.
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It remains to consider the case �±
1 = �±

2 . In this case choose t+ as before.
Arguing similarly as before and recalling that �−

2 ∈ J−, we may also find t− < t+
such that

inf J− < inf
�−
t−

θ2 ≤ sup
�−
t−

θ2 < sup J−. (3.38)

Let λ0 be as before. We are going to show that in this case θ1(· + λ0, ·) and θ2
coincide at some point in � and thus everywhere by Lemma 3.7. Indeed otherwise

min
�

+
t−∩�

−
t+

(θ2 − θ1(· + λ0, ·)) > 0.

Then, recalling (3.36) and noticing also that sup�−
t−

θ1(· + λ0, ·) ≤ sup�−
t−

θ2 <

sup J− by (3.38), we may find ε > 0 so small that

min
�

+
t−∩�

−
t+

(θ2 − θ1(· + λ0 − ε, ·)) > 0, sup
�−
t−

θ1(· + λ0 − ε, ·) < sup J− and

sup
�+
t+

θ1(· + λ0 − ε, ·) < sup J+. (3.39)

Taking into account also (3.35) and (3.36), we may apply Lemma 3.6 to infer that
θ1(· + λ0 − ε, ·) ≤ θ2 in �±

t± and in turn, thanks to the first condition in (3.37),
θ1(·+λ0 −ε, ·) ≤ θ2 in �. This contradicts the minimality of λ0 and the conclusion
follows. ��

We are now ready to prove the main result of this section, showing that domain
wall solutions in the sense of Definition 2.4 are unique up to horizontal translations
and addition of integer multiples of π , and coincide with the global minimizer
constructed in Theorem 3.2, which is in turn unique.

Proof of Theorem 2.6. We only consider the case h = 0, the other one being anal-
ogous. We recall that by Lemma 3.4 �−, �+ ∈ π

2 Z, hence there are three possible
cases: �− − �+ > π , �− − �+ = π , and �− − �+ = π

2 .
We start by showing that the first case cannot occur. Indeed, assume by contra-

diction that �− − �+ > π and recall that θ̃ := θ + π is also a domain wall solution
thanks to Remark 2.5(b). Moreover, �− > �+ + π = �̃+. Then, arguing as at the
beginning of the proof of Lemma 3.8 we may find λ ≤ 0 such that θ(· + λ, ·) and
θ + π coincide at some point in � and thus everywhere by the Strong Maximum
Principle Lemma 3.7. This is clearly impossible.

Let us now assume �− − �+ ≤ π . First of all note that since �+ ∈ π
2 Z, upon

replacing θ by θ +kπ for a suitable k ∈ Z, we may assume thanks to Remark 2.5(b)
that either �+ = 0 or �+ = −π

2 . Let us consider first the case �+ = 0 and thus
�− ∈ {π

2 , π}. Note that by the Strong Maximum Principle (Lemma 3.7) we may
easily infer that θ < θ(·+λ, ·)+π for all λ ∈ R. Indeed if not, it would be possible
to find λ0 ∈ R such that θ ≤ θ(· + λ, ·) + π , with the two functions coinciding at
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some point and therefore everywhere by Lemma 3.7, which is clearly impossible.
In turn,

θ ≤ lim
λ→+∞ θ(· + λ, ·) + π = �+ + π = π, (3.40)

and in fact the inequality is strict thanks to Lemma 3.7 and the fact that the constant
function π is also a solution to (2.2).

Now recall that θmin , the minimizer from Theorem 3.2, vanishes at x = + ∞
and converges to π at x = − ∞. In particular, thanks to Lemma 3.4 we have

lim
t→−∞ ‖θmin − π‖L∞(�−

t ) = 0 and lim
t→+∞ ‖θmin‖L∞(�+

t ) = 0; (3.41)

moreover, 0 < θmin < π in �. Thus, we may find t− < t+ such that

3

4
π < θmin < π in �

−
t− and 0 < θmin <

π

4
in �

+
t+ . (3.42)

Clearly, we also have that

m := min
�

−
t+

θmin > 0. (3.43)

Since by Lemma 3.4 we also have

lim
t→+∞ ‖θ‖L∞(�+

t ) = 0,

we may now find λ > 0 so large that

− π

4
< −m < θ(· + λ, ·) < m <

π

4
in �

+
t− , (3.44)

where m is the constant in (3.43). We claim that

θ(· + λ, ·) ≤ θmin in �. (3.45)

Indeed, (3.43) and (3.44) imply that the inequality holds in �+
t− ∩�−

t+ . It remains to
show that the inequality θ(·+λ, ·) ≤ θmin holds also in �±

t± . Let us start with �+
t+ .

Recall that θ(·+λ, ·) < θmin on {(x, y) : x = t+}∩� thanks to (3.43) and (3.44).
Note also that (3.44)) implies sup�+

t+
θ(· + λ, ·) < π

4 . As clearly inf�+
t+

θmin = 0,

we may apply Lemma 3.6 with θ1 = θ(· + λ, ·), θ2 = θmin , J = (−π
4 , π

4 ), to infer
θ(·+λ, ·) ≤ θmin in �+

t+ . Concerning �−
t− , observe that sup�−

t−
θ(·+λ, ·) ≤ π and

inf�−
t−

θmin > 3
4π by (3.40) and (3.42), respectively. Moreover, θ(· + λ, ·) < θmin

on {(x, y) : x = t−} ∩ � thanks to (3.43) and (3.44). Thus we may apply again
Lemma 3.6 with θ1, θ2 as before and J = ( 3

4π, 5
4π) to conclude that the inequality

holds also in �−
t− and thus (3.45) is proven.

We are now in a position to apply Lemma 3.8 to deduce that there exists λ̄ ∈ R

such that θ(· + λ̄, ·) = θmin in �.
Finally, the case �+ = −π

2 can be dealt with similarly by finding λ > 0 such
that (3.45) holds and then by applying Lemma 3.8 to conclude. The argument to
show the existence of a such a λ is similar as before, and in fact easier as we may
take advantage of the fact that both limits at x =±∞ of θ(x, ·) are strictly smaller
than the corresponding limits of θmin . The details are left to the reader. ��
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We now collect several corollaries. The first one is an immediate consequence
of Theorems 3.2 and 2.6.

Corollary 3.9. The minimum problem (2.5) with k ∈ N (see also Remark 2.2)
admits a solution if and only if k = 1 in the case h = 0, and if and only if k = 2 in
the case h > 0. Moreover, the solution is unique and coincides, up to a translation
in the x-direction, with the function θmin provided by Theorem 3.2.

Setting θ̌min(x, y) := θmin(−x, y), the previous corollary yields immediately
the following result:

Corollary 3.10. Any minimizer m of (2.17) coincides, up to a translation in the x-
direction, with either (cos θmin, sin θmin), or (cos θmin,− sin θmin), or (cos θ̌min,

sin θ̌min), or (cos θ̌min,− sin θ̌min).

The next corollary deals with symmetry and decay properties of the domain
wall profile θmin .

Corollary 3.11. In addition to the properties stated in Theorem 3.2, the profile θmin

minimizing (2.5) with k = 1 for h = 0, or k = 2 for h > 0 satisfies

(a) (symmetry) θmin(x, y) = θmin(x, 1 − y) and θmin(x, y) = kπ − θmin(−x, y)
for all (x, y) ∈ �;

(b) (exponential decay at infinity) for every m ∈ N there exist positive constants
αm, βm such that

‖θmin − kπ‖
Cm (�

−
−t )

≤ αme−βmt and ‖θmin‖Cm (�
+
t )

≤ αme−βmt

for all t > 0 sufficiently large.

Proof. Observing that θmin(·, 1−·) is still a domain wall solution satisfying the nor-
malization condition

∫ 1
0 θmin(0, y) dy = kπ

2 , the first symmetry property follows
at once from the uniqueness result of Theorem 2.6. The second symmetry property
is proven in a similar way, observing that kπ − θmin(−·, ·) is also a domain wall
solution satisfying the same normalization condition. This concludes the proof of
part a) of the corollary.

In order to prove the second part, we employ a barrier argument. Clearly, by
the symmetry property established in part a) it is enough to show the exponential
decay as x → +∞. To this aim, we fix ε0 > 0 so small that

sin(2θ) ≥ θ for all θ ∈ (0, ε0), (3.46)

and choose t̄ > 0 so large that

0 < θmin < ε0 in �
+
t̄ . (3.47)

Recall that this is possible due to the fact that ‖θmin‖L∞(�+
t ) → 0 as t → +∞.

We now define the barrier θ+ in �+
t̄ as

θ+(x, y) := ε0ψ(y)e−α(x−t̄),
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where

ψ(y) := 1 + 1

2
γ y(1 − y),

and α = α(γ ) > 0 is a constant sufficiently small so that

�θ+(x, y) = ε0e−α(x−t̄)[α2ψ(y) − γ ] ≤ ε0e−α(x−t̄)
[
α2

(
1 + γ

8

)
− γ

]
< 0 .

With such a choice of α, θ+ satisfies by construction
⎧
⎪⎨

⎪⎩

�θ+ < 0 in �+
t̄ ,

∂νθ
+ = − γ

2 θ+ on ∂�+
t̄ ∩ ∂�,

θ+ = ε0ψ ≥ ε0 on �t̄ .

(3.48)

In particular,
∫

�+
t̄

∇θ+ · ∇ϕ d2r + γ

∫

∂�+
t̄ ∩∂�

θ+

2
ϕ dH1 ≥ 0 (3.49)

for all non-negative ϕ ∈ H1(�+
t̄ ) with bounded support and vanishing on �t̄ . For

any fixed η > 0, consider the test function ϕη := (θmin − θ+ − η)+ defined in �+
t̄

and note that thanks to (3.47) and the last condition in (3.48), ϕη = 0 on �t̄ so that
it can be extended by 0 to the whole �. Moreover, by the uniform convergence to
0 of θmin(x, ·) − θ+ as x → +∞, we have that ϕη has bounded support in �

+
t̄ .

Plugging ϕη into (2.3), with θ = θmin , and also into (3.49), and subtracting the two
resulting inequalities, we get

∫

�+
t̄

|∇ϕη|2 d2r + h
∫

{θmin−θ+>η}∩�+
t̄

sin(θmin)ϕη d2r

+γ

∫

{θmin−θ+>η}∩(∂�+
t̄ ∩∂�)

(
sin(2θmin) − θ+

2

)
ϕη dH1 ≤ 0.

Note that both sin(θmin) and sin(2θmin) − θ+
2 are strictly positive in {θmin − θ+ >

η} ∩ �+
t̄ (if nonempty), thanks to (3.46) and (3.47). Thus for the above integral

inequality to hold it is necessary that ∇ϕη ≡ 0 in �+
t̄ and that the sets {θmin −θ+ >

η}∩�+
t̄ and {θmin−θ+ > η}∩(∂�+

t̄ ∩∂�) have vanishing measures. Thus, ϕη ≡ 0,
that is, θmin − θ+ ≤ η in �+

t̄ . From the arbitrariness of η, we may conclude that
θmin ≤ θ+ in �+

t̄ and thus

‖θmin‖L∞(�+
t ) ≤ ε0

(
1 + γ

8

)
eαt̄e−αt . (3.50)

for t > t̄ . The exponential decay with respect to any Cm-norm follows now from
(3.50) by an interpolation argument, taking into account that by Lemma 3.4(a) for
every m ∈ N there exists a constant Cm > 0 such that ‖θmin‖Cm (�

+
t̄ )

≤ Cm . ��
Proof of Theorem 2.3. Finally, combining the results of Corollary 3.9 and Corol-
lary 3.11 yields the conclusion of Theorem 2.3. ��
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3.3. Limiting regimes

We now turn to the analysis of the minimizers of F for h = 0 in the two
extremes of the values of γ covered by Theorem 2.7.

Proof of item a) of Theorem 2.7. We show that asγ → 0 we have θmin,γ (x/
√

γ , y)
→ π − 2 arctan(e2x ) locally uniformly in (x, y) ∈�. Rescaling the x coordinate
as x̃ = √

γ x and defining θ̃ (x̃, y) := θ(x, y), we obtain

F̃γ (θ̃) := 1√
γ

F(θ) = 1

2

∫ 1

0

∫

R

(
|∂x̃ θ̃ |2 + 1

γ
|∂y θ̃ |2

)
dx̃ dy

+
∫

R

(
sin2 θ̃ (x̃, 0) + sin2 θ̃ (x̃, 1)

)
dx̃ .

(3.51)

For θ̄ ∈ H1
loc(R), we can also define G(θ̄) as

G(θ̄):=
∫

R

(
1

2
|θ̄ ′|2 + 2 sin2 (θ̄)

)
dx .

Notice that if θ̃ (x, y) = θ̄ (x), then F̃γ (θ̃) = G(θ̄). Therefore, if θmin,γ is a mini-
mizer of the energy F(θ) for a fixed γ > 0 and θmin,γ (0, ·) = π

2 then it is clear that
F̃γ (θ̃min,γ ) is bounded independently of γ . This implies that |∇ θ̃min,γ | is bounded
in L2(�), and ∂y θ̃min,γ → 0 in L2(�) as γ → 0. It follows that there is a subse-
quence (not relabelled) such that θ̃min,γ ⇀ θ∗ weakly in H1

l (�) and θ̃min,γ → θ∗
in L2

loc(∂�) (see, e.g., [1]) with θ∗(x, y) = θ̄∗(x) for some θ̄∗ ∈ H1
loc(R).

We observe that θ̄∗ is a minimizer of the energy G in the class

A1d
1 :=

{
θ̄ ∈ H1

loc(R) : |θ̄ ′| ∈ L2(R), lim
x→+∞ θ̄ (x)=0, lim

x→−∞ θ̄ (x)=π, θ̄(0)= π

2

}
.

Indeed, for any θ̄ ∈ A1d
1 and θ(x, y) = θ̄ (x) we have θ ∈ A1 and

G(θ̄) = lim inf
γ→0

F̃γ (θ) ≥ lim inf
γ→0

F̃γ (θ̃min,γ ) ≥ G(θ̄∗).

Therefore

θ̄∗(x) = π − 2 arctan(e2x )

is the unique minimizer of G in A1d
1 and we deduce that θ̃min,γ → θ∗ in H1

l (�)

for the whole sequence.
Finally, we note that by the strong convergence of θ̃min,γ to θ∗ in L2

loc(∂�),
monotonicity of θ̃min,γ (·, 0), and continuity and decay at infinity of θ∗ we also have
that θ̃min,γ → θ∗ uniformly in ∂�. Therefore, since θmin,γ is harmonic in �, with
the help of the representation

θ̃min,γ (x, y) =
∫ ∞

−∞
Pγ (x − x ′, y) θ̃min,γ (x ′, 0) dx ′
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from (A.6), where Pγ (x, y) := γ −1/2P(γ −1/2x, y) and P(x, y) is the Poisson ker-
nel given in (A.7), the assertion easily follows by observing that ‖Pγ (·, y)‖L1(R) =
1 and Pγ (·, y) approaches a Dirac delta-function for every y ∈ (0, 1) as γ → 0,
together with uniform bounds on the derivatives of

θ∗,γ (x, y) :=
∫ ∞

−∞
Pγ (x − x ′, y) θ̄∗(x ′) dx ′

away from ∂�. ��
Proof of item b) of Theorem 2.7. We first show that asγ → ∞, we have θmin,γ (x, 0)

→ θ̄0(x) for all x ∈ R, where

θ̄0(x) :=

⎧
⎪⎨

⎪⎩

π, x < 0,
π
2 , x = 0,

0, x > 0.

(3.52)

To see this, for 0 ≤ ε < 1
2 consider a test function

θε(x, y) := π

2
− arctan

(
sinh(π(1 − 2ε)x)

sin(π((1 − 2ε)y + ε))

)
(3.53)

Notice that θε ∈ C∞(�) for all 0 < ε < 1
2 and is harmonic in �. Furthermore, in

this range of ε we have θε(x, ·) → 0 exponentially as x → +∞ together with all
its derivatives, and θε(x, ·) → π exponentially as x → −∞. In particular, θε ∈ A1
for 0 < ε < 1

2 , and using symmetry of θε we have

F(θε) =
∫ ∞

−∞

∫ 1/2

0
|∇θε(x, y)|2dy dx + 2γ

∫ ∞

−∞
sin2 θε(x, 0) dx

=
∫ ∞

−∞

(π

2
− θε(x, 0)

)
∂yθε(x, 0) dx + 2γ

∫ ∞

−∞
sin2 θε(x, 0) dx, (3.54)

where to go to the second line we integrated by parts.
By an explicit computation we get

θε(x, 0) = π

2
− arctan

(
sinh(π(1 − 2ε)x)

sin(πε)

)
, (3.55)

∂yθε(x, 0) = −2π(1 − 2ε) cos(πε) sinh(π(1 − 2ε)x)

cos(2πε) − cosh(2π(1 − 2ε)x)
, (3.56)

sin2 θε(x, 0) = 1

csc2(πε) sinh2(π(1 − 2ε)x) + 1
. (3.57)

In particular, as ε → 0, it holds that

θε(εx, 0) 	 π

2
− arctan x, (3.58)

ε∂yθε(εx, 0) 	 x

1 + x2 , (3.59)
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sin2 θε(εx, 0) 	 1

1 + x2 . (3.60)

Therefore, by standard asymptotic techniques for integrals, we obtain, as ε → 0,

F(θε) 	 π log ε−1 + 2πγ ε, (3.61)

and choosing ε = γ −1 yields

2γ

∫ ∞

−∞
sin2 θmin,γ (x, 0) dx ≤ F(θmin,γ ) ≤ F(θε) ≤ 2π log γ (3.62)

for all γ sufficiently large. Thus in view of monotonicity of θmin,γ we have θmin,γ (x,
0) → θ̄0(x) for all x ∈ R as γ → ∞. Furthermore, this convergence is locally
uniform in R\{0}.

Notice that θ0 defined in (3.53) is the harmonic extension of θ̄0 from ∂� to �.
Furthermore, by direct computation

θ0(x, y) =
∫ ∞

−∞
P(x − x ′, y) θ̄0(x

′) dx ′, (3.63)

where P(x, y) is the Poisson kernel defined in (A.7). Notice that P(x, y) 	
y

π(x2+y2)
for |x |, |y| � 1, and P(·, y) decays exponentially at infinity for all

y ∈ (0, 1). Therefore, by the representation

θmin,γ (x, y) =
∫ ∞

−∞
P(x − x ′, y) θmin,γ (x ′, 0) dx ′ (3.64)

from (A.6) and locally uniform convergence of θmin,γ (x, 0) to θ̄0(x) in R\{0}, we
conclude that θmin,γ → θ0 locally uniformly in � as γ → ∞. ��

4. Analysis of the reduced two-dimensional micromagnetic model

We now turn to the analysis of the relationship between the minimizers of the
reduced micromagnetic model introduced in (2.10) and those of the thin film limit
model in (2.16). In what follows it is understood that both Eε and E0 are defined
for any function in L2

loc(�;S1) simply by setting them equal to +∞ outside M

and H1
l (�;S1), respectively. Note that {m ∈ L2

loc(�;S1) : Eε(m) < +∞} is a
strict subset of H1

l (�;S1), and the same is true for E0.
In what follows, we assume that, if not otherwise specified, C is a positive

constant that might depend only on γ , h and ‖η′‖∞. We also denote by F ( f ) the
Fourier transform of f ∈ L2(R2), defined as

F ( f )(k) :=
∫

R2
e−ik·r f (r) d2r (4.1)

for f ∈ L1(R2) ∩ L2(R2).
We start with several simple lemmas which will be useful in handling an un-

bounded domain �. We provide proofs for the reader’s convenience. Recall that
[w]H̊1/2(R)

refers to the Gagliardo seminorm of w defined in (3.25).
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Lemma 4.1. There exists C > 0 such that, for all w ∈ H1(�) and all y ∈ [0, 1],
it holds that

[w(·, y)]2
H̊1/2(R)

+ ‖w(·, y)‖2
L2(R)

≤ C(‖∇w‖2
L2(�)

+ ‖w‖2
L2(�)

), (4.2)

‖w‖2
L2(�)

≤ C(‖∇w‖2
L2(�)

+ ‖w(·, y)‖2
L2(R)

), (4.3)

where w(·, y) is understood in the sense of trace.

Proof. By a reflection with respect to the lines y = 0 and y = 1 followed by a
multiplication by a smooth cutoff function φ(y) that vanishes outside [−2, 2], we
may extend w to a function w̃ ∈ H1(R2) such that w = w̃ in � and ‖w̃‖H1(R2) ≤
C‖w‖H1(�) for some universal C > 0. Therefore, by a density argument we may
assume that w ∈ C∞

c (R2) throughout the rest of the proof.
To prove (4.2), without loss of generality we may assume that y = 0. Letting

ŵ := F (w) and using the Fourier inversion formula, we get

w(x, 0) = 1

(2π)2

∫

R2
eik1x ŵ(k1, k2) dk1 dk2

= 1

(2π)2

∫

R

eik1x
(∫

R

ŵ(k1, k2) dk2

)
dk1.

Therefore, the one-dimensional Fourier transform v̂(k) of v(x) := w(x, 0) equals

v̂(k) :=
∫

R

e−ikxw(x, 0) dx = 1

2π

∫

R

ŵ(k, s) ds.

Using Cauchy–Schwarz inequality, we thus obtain

∣∣v̂(k)
∣∣2 = 1

(2π)2

∣∣∣∣

∫

R

ŵ(k, s) ds

∣∣∣∣

2

≤ 1

(2π)2

∫

R

ds

1 + k2 + s2

∫

R

|ŵ(k, s)|2(1 + k2 + s2) ds.

In turn, using the fact that
∫
R

ds
1+k2+s2 = π√

1+k2 we deduce that

(1 + |k|) ∣∣v̂(k)
∣∣2 ≤ 2

√
1 + k2

∣∣v̂(k)
∣∣2 ≤ 1

2π

∫

R

|ŵ(k, s)|2(1 + k2 + s2) ds.

Finally, integrating the above inequality in k and using the Fourier representations
of the H1(R2) and H1/2(R) norms [46] we obtain the desired inequality.

We now turn to (4.3). By Young’s and Jensen’s inequalities, for every x ∈ R

and y′ ∈ [0, 1] we have

|w(x, y′)|2 =
∣∣∣∣∣
w(x, y) +

∫ y′

y
∂sw(x, s) ds

∣∣∣∣∣

2

≤ 2|w(x, y)|2 + 2
∫ 1

0
|∂sw(x, s)|2 ds.

Therefore, integrating over x and y′ yields (4.3). ��
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Lemma 4.2. For any a, b > 0 we have

∫ ∞

0

e−a
√
x2+b2

√
x2 + b2

dx = K0(ab),

where K0(z) is the modified Bessel function of the second kind of order zero.

Proof. The identity follows from the integral representation [25, 8.432-1] of K0(z)
by the change of variable x = b sinh t . ��
Lemma 4.3. For any a > 0 we have

F
(e−a|r|

2π |r|
)
(k) = 1

√
a2 + |k|2 .

Proof. Denoting by J0(z) the Bessel function of the first kind of order zero, recall
that for every t ∈ R we have

J0(t) = 1

2π

∫ 2π

0
e−i t cos θ dθ,

see [25, 8.411]. Therefore,

F
(e−a|r|

2π |r|
)
(k) = 1

2π

∫ ∞

0

(∫ 2π

0
e−ir |k| cos θ dθ

)
e−ar dr

=
∫ ∞

0
J0(r |k|) e−ar dr = 1

√
a2 + |k|2 ,

where the last equality follows from [25, 6.611-1]. ��
We now proceed towards the proof of Theorem 2.9. We first establish the fol-

lowing result:

Proposition 4.4. There exists ε0 > 0 and C > 0 depending only on ‖η′‖∞ such
that for all ε ∈ (0, ε0) and m ∈ M, the following inequality holds:

1

| ln ε|
∫

R2

|F (
div(ηεm)

)|2
2π |k| d2k ≥ 2(1 − β)

( ∫

R

m2
2(x, 0) dx +

∫

R

m2
2(x, 1) dx

)

− C

β| ln ε| (‖∇m‖2
L2(�)

+ ‖m2‖2
L2(�)

)

(4.4)

for all β ∈ (0, 1).

Proof . We first note that extending m by zero outside � we have mηε ∈
H1
loc(R

2;R2). Furthermore, due to our assumptions on m we get div (ηεm) =
ηεdivm + η′

εm2 ∈ L2(R2) and, therefore, its Fourier transform makes sense in
L2(R2) [46]. We next fix 0 < a ≤ 1 to obtain

∫

R2

|F (
div(ηεm)

)|2
|k|

d2k

(2π)2 ≥
∫

R2

|F (
div(ηεm)

)|2
√|k|2 + a2

d2k

(2π)2 . (4.5)
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Thus, using Lemma 4.3, we have [46, Theorem 5.8]

∫

R2

|F (
div(ηεm)

)|2
2π |k| d2k ≥

∫

R2

∫

R2
div(ηεm)(r) div(ηεm)(r′)e−a|r−r′|

|r − r′| d2r d2r ′.

(4.6)

The above trick allows us to control the behavior of the expression under the integral
at infinity and significantly simplifies the subsequent analysis of the magnetostatic
energy, essentially reducing it to the analysis on compact domains.

We now define

Ka(r − r′) := e−a|r−r′|

|r − r′| (4.7)

and proceed to write the integral in the right-hand side of (4.6) as

∫

R2

∫

R2
div(ηεm)(r) div(ηεm)(r′)Ka(r − r′) d2r d2r ′ = I1 + 2I2 + I3, (4.8)

where

I1 :=
∫

R2

∫

R2
ηε(r)div(m)(r) ηε(r′)div(m)(r′)Ka(r − r′) d2r d2r ′,

I2 :=
∫

R2

∫

R2
ηε(r)div(m)(r) (∇ηε · m)(r′)Ka(r − r′) d2r d2r ′,

I3 :=
∫

R2

∫

R2
(∇ηε · m)(r) (∇ηε · m)(r′)Ka(r − r′) d2r d2r ′.

(4.9)

Using the Fourier representation and Young’s inequality, one can see that

− 1

β
I1 − β I3 ≤ 2I2 ≤ 1

β
I1 + β I3,

for any β > 0. Therefore, we have

(1 − β−1)I1 + (1 − β)I3 ≤
∫

R2

∫

R2
div(ηεm)(r) div(ηεm)(r′)Ka(r − r′) d2r d2r ′

≤(1 + β−1)I1 + (1 + β)I3.
(4.10)

Using Young’s inequality for convolutions, we can estimate

I1 ≤ ‖Ka‖L1(R2)‖divm‖2
L2(�)

≤ 4π

a
‖∇m‖2

L2(�)
. (4.11)

In order to estimate I3 we write

I3 = J1 + 2J2 + J3, (4.12)
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where

J1 := 1

ε2

∫

R×[0,ε]

∫

R×[0,ε]
η′(y/ε)m2(r) η′(y′/ε)m2(r′)Ka(r − r′) d2r d2r ′,

J2 := 1

ε2

∫

R×[0,ε]

∫

R×[1−ε,1]
η′(y/ε)m2(r) η′(y′/ε)m2(r′)Ka(r − r′) d2r d2r ′,

J3 := 1

ε2

∫

R×[1−ε,1]

∫

R×[1−ε,1]
η′(y/ε)m2(r) η′(y′/ε)m2(r′)Ka(r − r′) d2r d2r ′.

(4.13)

We would like to show that J2 is negligible compared to J1 and J3. Using Young’s
inequality for convolutions, it is straightforward to see that for ε sufficiently small

J2 ≤ C

ε2

∫ ε

0

∫ 1

1−ε

∫

R

∫

R

|m2(x, y)| |m2(x
′, y′)| e−a|x−x ′|

√|x − x ′|2 + 1/2
dx dx ′dy dy′

≤ C

aε2

∫ ε

0
‖m2(·, y)‖L2(R) dy

∫ 1

1−ε

‖m2(·, y′)‖L2(R) dy′.
(4.14)

Hence, by Lemma 4.1, we have

J2 ≤ C

a
(‖∇m2‖2

L2(�)
+ ‖m2‖2

L2(�)
). (4.15)

It is clear that the integrals J1 and J3 are similar. Therefore, we provide an
estimate for J1 only. We write

J1 = H1 + H2

:= 1

ε2

∫

R×(0,ε)

∫

R×(0,ε)
η′(y/ε)m2(x, y) η′(y′/ε)m2(x, y′)Ka(r − r′) d2r d2r ′

+ 1

ε2

∫

R×(0,ε)

∫

R×(0,ε)
η′(y/ε)m2(x, y) η′(y′/ε)(m2(x ′, y′)

− m2(x, y′))Ka(r − r′) d2r d2r ′.

(4.16)

We now estimate H2 as follows:

H2 ≤ C

ε2

∫ ε

0

∫ ε

0

∫

R

∫

R

|m2(x, y)|e−a|x−x ′| |m2(x ′, y′) − m2(x, y′)|
|x − x ′| dx dx ′ dy dy′

≤ C

ε2

∫ ε

0

∫ ε

0

(∫

R

∫

R

|m2(x, y)|2e−2a|x−x ′| dx dx ′
) 1

2 [m2(·, y′)]
H̊

1
2 (R)

dy dy′

≤ C

ε2
√
a

∫ ε

0
‖m2(·, y)‖L2(R) dy

∫ ε

0
[m2(·, y′)]

H̊
1
2 (R)

dy′, (4.17)

where to obtain the second line we used Cauchy–Schwarz inequality. Using again
Lemma 4.1 and Young’s inequality, from (4.17) we may conclude that

H2 ≤ C√
a

(‖∇m2‖2
L2(�)

+ ‖m2‖2
L2(�)

).
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Concerning H1, integrating first in x ′ and using Lemma 4.2, we get

H1 = 2

ε2

∫ ε

0

∫ ε

0

∫

R

η′(y/ε)m2(x, y) η′(y′/ε)m2(x, y
′)K0(a|y − y′|) dx dy dy′

= 2
∫ 1

0

∫ 1

0

∫

R

η′(y)m2(x, εy) η′(y′)m2(x, εy
′)K0(aε|y − y′|) dx dy dy′

= 2
∫ 1

0

∫ 1

0

∫

R

η′(y)η′(y′)m2
2(x, 0) K0(aε|y−y′|) dx dy dy′+2H1,1, (4.18)

where

H1,1 :=
∫ 1

0

∫ 1

0

∫

R

η′(y)η′(y′)(m2(x, εy) − m2(x, 0))

(m2(x, εy
′) + m2(x, 0))K0(aε|y − y′|) dx dy dy′ . (4.19)

Note that for all ε sufficiently small and t ∈ (0, aε) we have K0(t) ≤ 2| ln(t)| and
hence

H1,1 ≤ 2
∫ 1

0

∫ 1

0

∫

R

|m2(x, εy) − m2(x, 0)| |m2(x, εy′) + m2(x, 0)|| ln(aε|y − y′|)| dx dy dy′

≤ C | ln(aε)|
∫

R

(∫ 1

0
|m2(x, εy) − m2(x, 0)|2dy

) 1
2

(∫ 1

0
|m2(x, εy′) + m2(x, 0)|2dy′

) 1
2

dx

+ C
∫

R

(∫ 1

0
|m2(x, εy) − m2(x, 0)|2 dy

) 1
2

(∫ 1

0
|m2(x, εy′) + m2(x, 0)|2dy′

) 1
2

dx,

(4.20)

where for the last line we used Young’s inequality for convolutions. It is clear that
for ε small enough we can absorb the expression in the last line to the expression
in the second line above. Moreover, for a.e x ∈ R we can estimate

∫ 1

0
|m2(x, εy) − m2(x, 0)|2 dy ≤ ε

∫ 1

0
|∇m2(x, y)|2 dy

and
∫ 1

0
|m2(x, εy

′) + m2(x, 0)|2 dy′ ≤ C

(
|m2(x, 0)|2 + ε

∫ 1

0
|∇m2(x, y)|2 dy

)
.

Therefore, using Cauchy–Schwarz and Young’s inequalities, by Lemma 4.1 we
obtain

H1,1 ≤ C | ln(aε)|√ε

∫

R

‖∇m2(x, ·)‖L2(0,1)

(
|m2(x, 0)|2 + ε‖∇m2(x, ·)‖2

L2(0,1)

) 1
2

dx

≤ C | ln(aε)|√ε(‖∇m2‖2
L2(�)

+ ‖m2‖2
L2(�)

).

(4.21)

Now we note that, for ε small enough and t ∈ (0, aε), we have |K0(t)+ ln(t)| ≤ C
and we get
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∣∣∣∣

∫ 1

0

∫ 1

0

∫

R

η′(y)η′(y′)m2
2(x, 0) K0(aε|y−y′|) dx dy dy′ −| ln ε|

∫

R

m2
2(x, 0) dx

∣∣∣∣

≤ C(| ln a| + 1)(‖∇m2‖2
L2(�)

+ ‖m2‖2
L2(�)

).

Finally, combining the above estimates we obtain (4.4), and we establish the propo-
sition. ��

Corollary 4.5. Assume mε ∈ M and lim supε→0 Eε(mε) < +∞. Then

• lim supε→0 ‖m2,ε‖2
L2(∂�)

< ∞;

• lim supε→0 ‖m2,ε‖2
L2(�)

< ∞.

Proof. Using Proposition 4.4 with β = 1
2 and inequality (4.3), we have

Eε(mε) ≥ γ

2

( ∫

R

m2
2,ε(x, 0) dx +

∫

R

m2
2,ε(x, 1) dx

)

− Cγ

| ln ε| (‖∇mε‖2
L2(�)

+ ‖m2,ε‖2
L2(�)

)

≥ γ

2

(
1 − 2CC ′

| ln ε|
)

‖m2,ε‖2
L2(∂�)

− Cγ (1 + C ′)
| ln ε| ‖∇mε‖2

L2(�)
.

Recalling that by our assumption {∇mε} is bounded in L2(�) independently of ε,
we obtain

lim sup
ε→0

‖m2,ε‖2
L2(∂�)

< ∞.

The second conclusion now follows again by (4.3). ��

We now prove the lim inf and lim sup inequalities for the magnetostatic energy
term.

Proposition 4.6. Assume that mε ∈ M and that lim supε→0 Eε(mε) < +∞. If
mε ⇀ m weakly in H1

l (�;S1) then

lim inf
ε→0

1

| ln ε|
∫

R2

|F (
div(ηεm)

)|2
2π |k| d2k≥2

∫

R

m2
2(x, 0) dx + 2

∫

R

m2
2(x, 1) dx .

(4.22)

Moreover, for any m ∈ H1
l (�;S1) with E0(m) < +∞ such that the set {r ∈ � :

m2(r) �= 0} is essentially bounded we have

lim sup
ε→0

1

| ln ε|
∫

R2

|F (
div(ηεm)

)|2
2π |k| d2k≤2

∫

R

m2
2(x, 0) dx + 2

∫

R

m2
2(x, 1) dx .

(4.23)
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Proof. Using Proposition 4.4, we can take the limit as ε → 0 in (4.4). Employing
Corollary 4.5 and the fact that

lim inf
ε→0

( ∫

R

m2
2,ε(x, 0) dx+

∫

R

m2
2,ε(x, 1) dx

)
≥

∫

R

m2
2(x, 0) dx+

∫

R

m2
2(x, 1) dx,

we obtain

1

| ln ε|
∫

R2

|F (
div(ηεm)

)|2
2π |k| d2k ≥ 2(1 − β)

( ∫

R

m2
2(x, 0) dx +

∫

R

m2
2(x, 1) dx

)
.

Finally, taking the limit as β → 0 we obtain (4.22).
We are left with showing the second part of the statement. We note that by our

assumptions on m there exists R > 1 such that

{∇m �= 0} ⊂ QR, (4.24)

where QR := (−R, R)×(0, 1) ⊂ �. Moreover, since by assumptionm2 ∈ L2(�),
we have

m2 = 0 a.e. in �\QR . (4.25)

We start by splitting the magnetostatic energy as in (4.8), with Ka replaced by
the original kernel K0(r) = 1

|r| after passing to the limit a → 0. With the same
notation for I1, I2, I3 (and taking a → 0), it is straightforward to see that the second
inequality in (4.10) still holds.

Using the Young’s inequality for convolutions, we can estimate

I1 ≤ ‖K0‖L1(�∩Q2R)‖divm‖2
L2(�)

≤ C‖∇m‖2
L2(�)

, (4.26)

for some C > 0 depending only on R. We now proceed by splitting I3 as

I3 = J1 + 2J2 + J3,

with the same notation as in (4.12) (and with a = 0). Using (4.25), the estimate in
(4.14) (with a = 0) may be replaced by

J2 ≤ 1

ε2

∥∥∥ 1√
|·|2+ 1

2

∥∥∥
L1(−2R,2R)

∫ ε

0
‖m2(·, y)‖L2(�) dy

∫ 1

1−ε

‖m2(·, y′)‖L2(�) dy′,

and by (4.2), we obtain

J2 ≤ C | ln R|(‖∇m2‖2
L2(�)

+ ‖m2‖2
L2(�)

). (4.27)

Taking into account (4.25), we can split J1 as

J1 = H1 + H2

:= 1

ε2

∫

(−R,R)×(0,ε)

∫

(−R,R)×(0,ε)

η′(y/ε)m2(x, y) η′(y′/ε)m2(x, y′)
|r − r′| d2r d2r ′

+ 1

ε2

∫

(−R,R)×(0,ε)

∫

(−R,R)×(0,ε)

η′(y/ε)m2(x, y) η′(y′/ε)(m2(x ′, y′) − m2(x, y′))
|r − r′| d2r d2r ′.

(4.28)
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We can estimate H2 as in (4.17), with a = 0 but taking advantage of the fact that
(4.25) holds, to get

H2 ≤ C
√
R

ε2

∫ ε

0
‖m2(·, y)‖L2(R) dy

∫ ε

0
[m2(·, y′)]

H̊
1
2 (R)

dy′.

In turn, using (4.2) we obtain

H2 ≤ C
√
R(‖∇m2‖2

L2(�)
+ ‖m2‖2

L2(�)
). (4.29)

Concerning H1, by integrating first with respect to x ′ over (−R, R), we can
argue similarly to (4.18) and write

H1 =H ′
1 + H1,1 :=

∫ 1

0

∫ 1

0

∫ R

−R

∫ R

−R

η′(y)η′(y′)m2
2(x, 0) dx ′ dx dy dy′

√|x − x ′|2 + ε2|y − y′|2 + H1,1,

(4.30)

where H1,1 is defined as in (4.19), with K0(aε|y − y′|) replaced by
∫ R
−R

dx ′√
|x−x ′|2+ε2|y−y′|2 and with the integral in dx running over (−R, R) instead of R.

Observe that

∫ R

−R

dx ′
√|x − x ′|2 + ε2|y − y′|2 ≤ 2

∫ 2R

0

ds
√
s2 + ε2|y − y′|2 .

By computing explicitly the right-hand side, one can easily see that there exists a
constant C = C(R) > 0 such that for ε small enough

∫ R

−R

dx ′
√|x − x ′|2 + ε2|y − y′|2 ≤ C | ln(ε|y − y′|)|.

With this estimate at hand, we can now argue similarly to (4.21) to obtain

H1,1 ≤ C | ln ε|√ε(‖∇m2‖2
L2 + ‖m2‖2

L2). (4.31)

It remains to estimate H ′
1. To this aim, we observe that for any fixed δ ∈ (0, R)

we have
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∫ R

−R

dx ′
√|x − x ′|2 + ε2|y − y′|2 ≤

∫

(−R,R)∩{|x−x ′|>δ}
dx ′

√|x − x ′|2 + ε2|y − y′|2

+2
∫ δ

0

ds
√
s2 + ε2|y − y′|2

≤ 2R

δ
+ 2

∫ δ

0

ds
√
s2 + ε2|y − y′|2 ,

from which we easily deduce that

H ′
1 ≤ C(R)

δ
‖m2(·, 0)‖2

L2

+ 2
∫ 1

0

∫ 1

0

∫ R

−R
η′(y)η′(y′)m2

2(x, 0)

∫ δ

0

ds
√
s2 + ε2|y − y′|2 dx dy dy′

≤ C ′(R)

δ
‖m2(·, 0)‖2

L2

+ 2
∫ 1

0

∫ 1

0

∫ R

−R
η′(y)η′(y′)m2

2(x, 0)| ln(ε|y − y′|)|dx dy dy′

≤
(C ′(R)

δ
+ C ′′)‖m2(·, 0)‖2

L2 + 2| ln ε|
∫ R

−R
m2

2(x, 0) dx ,

(4.32)

provided that δ is sufficiently small. Note that the second inequality can be easily
obtained by computing explicitly the innermost integral and by estimating the result
(for δ sufficiently small) with | ln(ε|y − y′|)| + C̃ for a suitable C̃ > 0, while the
third inequality can be obtained by integrating out | ln |y − y′||. Combining (4.26)
and (4.27)–(4.32) and the completely analogous estimates for J3, we obtain (4.23).

��
As a straightforward consequence of (4.4) in Proposition 4.4 we have the fol-

lowing corollary.

Corollary 4.7. For any M > 0, let ε0 > 0 be as in Proposition 4.4. Then, for all
ε ∈ (0, ε0) and m ∈ M such that Eε(m) ≤ M we have

E0(m) ≤ CM,

for a suitable C > 0 independent of ε, M and m.

Before analysing the asymptotic behavior of Eε as ε → 0, let us show that for
ε > 0 small enough Eε admits a global minimizer in the class of magnetizations
with nontrivial “winding”.

Proposition 4.8. There exists ε1 > 0 such that for all ε ∈ (0, ε1) the following
problem:

min {Eε(m) : m = (cos θ, sin θ) ∈ M with θ satisfying(3.2)for some

k1, k2 ∈ Z, k1 �= k2} (4.33)
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admits a solution.1

Proof. Denote by iε the infimum of the problem in (4.33) and observe that

M := 1+ sup
ε∈(0, 1

2 )

iε < +∞.

Indeed, it is enough to consider a fixed test function m = (cos θ, sin θ) ∈ M such
that the set {r ∈ � : m2(r) �= 0} is bounded and θ satisfies the proper boundary
conditions at infinity. By Proposition 4.6 we easily get

iε ≤ Eε(m) ≤ C.

Let ε1 := ε0(M), where ε0(M) is as in in Proposition 4.4, and let ε ∈ (0, ε1).
If mn = (cos θn, sin θn) is a minimizing sequence for (4.33), by Corollary 4.7 we
have

F(θn) ≤ C

for every n large enough, with C independent of n. Set

θ̄n(x) :=
∫ 1

0
θ(x, y) dy. (4.34)

By shifting and flipping the θn’s if needed, in view also of Lemma 3.1 we may
assume that

lim
x→−∞ θ̄n(x) = knπ and lim

x→+∞ θ̄n(x) = 0

for some kn ∈ −N.
Observe also that

sup
n

∫

R

|θ̄ ′
n|2 dx < +∞ and sup

n

∫

�

|∇θn|2 dx < +∞.

By replacing θn with θn(·−τn, ·), θ̄n with θ̄n(·−τn) and not renaming the minimizing
sequence, we can use the continuity of θ̄n(x) and conditions at infinity to make sure
that θ̄n(0) = −π

2 . It follows that

|θ̄n(x) − θ̄n(0)| =
∣∣∣∣

∫ x

0
θ̄ ′
n(s) ds

∣∣∣∣ ≤ √
x ‖θ̄ ′

n‖L2(R) ≤ C
√
x .

Therefore, we have that θ̄n is bounded in L2
loc(R). Employing the Poincare inequal-

ity we deduce that θn is bounded in L2
loc(�). Thus we may apply [20, Lemma 1]

to deduce that there exists θ∞ ∈ H1
l (�) and a subsequence (not relabelled) such

that θn ⇀ θ∞ weakly in H1
l (�), θ̄n ⇀ θ̄∞ weakly in H1

l (R), and

θ̄∞(0)=−π

2
, lim sup

x→−∞
θ̄∞(x)≤−π

2
and lim inf

x→+∞ θ̄∞(x)≥−π

2
, (4.35)

1 Note that here we are not fixing k1 and k2, but we are also minimizing with respect to
k1 and k2, with k1 �= k2.
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Furthermore, testing θn with φ(x, y) = ψ(x), where ψ ∈ C∞
c (R), and passing to

the limit, it is easy to see that θ̄∞(x) = ∫ 1
0 θ∞(x, y) dy for a.e. x ∈ R. In addition,

using weak lower semicontinuity of the energy F we also have

F(θ∞) ≤ C.

In turn, by Lemma 3.1 there exist j1, j2 ∈ Z such that θ∞ satisfies (3.2), with k1,
k2 replaced by j1, j2, respectively, and

lim
x→−∞ θ̄∞(x) = j1π, lim

x→+∞ θ̄∞(x) = j2π.

Taking into account (4.35), it is clear that j1 �= j2. It is now easy to check that
m∞ := (cos θ∞, sin θ∞) is a solution to (4.33). ��

We are now ready to state the main �-convergence result showing that (2.16)
is the limiting energy of (2.10).

Theorem 4.9. Let γ > 0 and h ≥ 0, and let Eε and E0 be defined by (2.13) and
(2.16), respectively, on L2

loc(�;S2). Then the following two statements are true:

(i) (�-lim inf inequality) Let mε ∈ M and mε → m strongly in L2
loc(�;R2) as

ε → 0. Then

lim inf
ε→0

Eε(mε) ≥ E0(m). (4.36)

(ii) (�-lim sup inequality) Let m ∈ H1
l (�;S1) be such that E0(m) < +∞. Then

there exists mε ∈ M such that mε → m in L2
loc(�;R2) as ε → 0 and

lim sup
ε→0

Eε(mε) ≤ E0(m).

Furthermore, if θ and θε are such thatm = (cos θ, sin θ)andmε = (cos θε, sin θε),
then for every ε sufficiently small we have

lim
x→−∞ ‖θε(x, ·) − k1π‖L2(0,1) = 0 and lim

x→−∞ ‖θε(x, ·) − k2π‖L2(0,1) = 0,

where k1, k2 ∈ Z are as in (3.2).

Proof. Let us first prove the �-liminf inequality. If lim infε→0 Eε(mε) = +∞
there is nothing to prove. Hence we may assume without loss of generality that
(after passing to a subsequence)

lim inf
ε→0

Eε(mε) = lim
ε→0

Eε(mε) < +∞.

Then, in particular, lim supε→0‖∇mε‖L2(�) < +∞ and thusmε ⇀ m ∈ H1
l (�;S1)

weakly in H1
l (�;R2). Inequality (4.36) then follows from the Proposition 4.6 (see

(4.22)) and from the lower semicontinuity of the local terms in the energies.
Let us now establish the upper bound. Let m and θ be as in the second part

of the statement. Then by Lemma 4.1 we have m ∈ M, and by Lemma 3.1 there
exists k1, k2 ∈ Z such that (3.2) holds true. Now, arguing as in the proof of (3.17)
one can construct a sequence {θn} with the following properties:
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(i) for every n there exists Mn > 0 such that

θn(x, y) = k1π if x ≤ −Mn and θn(x, y) = k2π if x ≥ Mn,

(ii) mn → m ∈ L2
loc(�;R2),

(iii) setting mn := (cos θn, sin θn), we have

E0(mn) = F(θn) → E0(m) = F(θ) as n → ∞.

Therefore, by a standard diagonal argument it is enough to prove the upper bound
under the following additional assumption: there exists M > 0 such that

θ(x, y) = k1π if x ≤ −M and θ(x, y) = k2π if x ≥ M.

Under such an assumption, the conclusion follows simply by taking mε = m for
all ε and observing that

lim sup
ε→0

Eε(m) ≤ E0(m),

thanks to Proposition 4.6 [see (4.23)]. ��
Corollary 4.10. Let k ∈ Z\{0}. Then

lim
ε→0

inf
m∈A0

k

Eε(m) = inf
θ∈Ak

F(θ),

where A0
k := {m ∈ M : m = (cos θ, sin θ), θ ∈ Ak}.

Proof. For simplicity of the presentation we provide the proof for k ∈ N only.
Using Theorem 4.9, we know that for any fixed θ̄ ∈ Ak such that F(θ̄) < +∞
we may find mε = (cos θε, sin θε) ∈ A0

k such that θε ⇀ θ̄ weakly in H1
l (�) and

Eε(mε) → F(θ̄). Thus,

lim sup
ε→0

inf
m∈A0

k

Eε(m) ≤ lim
ε→0

Eε(mε) = F(θ̄).

By the arbitrariness of θ̄ ∈ Ak , we obtain

lim sup
ε→0

inf
θ∈Ak

Eε(cos θ, sin θ) ≤ inf
θ∈Ak

F(θ).

For the reverse inequality, let mε = (cos θε, sin θε) ∈ A0
k be a sequence such

that

lim
ε→0

Eε(mε) = lim inf
ε→0

inf
m∈A0

k

Eε(m). (4.37)

Then for ε small enough we may use Corollary 4.5 to get

lim sup
ε→0

(‖∇θε‖L2(�) + ‖ sin θε‖L2(�) + ‖ sin θε‖L2(∂�)

)
< +∞.
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On the other hand, for any β ∈ (0, 1), using inequality (4.4) from Proposition 4.4
and denoting by C a positive constant independent of j and β (that may change
from inequality to inequality) we have

Eε(mε) ≥ F(θε) − C

β| ln ε|
(
‖∇θε‖2

L2(�)
+ ‖ sin θε‖2

L2(�)

)
− Cβ‖ sin θε‖2

L2(∂�)

≥ inf
θ∈Ak

F(θ) − C

β| ln ε| − Cβ.

Taking the limit as ε → 0 and recalling (4.37), we obtain

lim inf
ε→0

inf
m∈A0

k

Eε(m) ≥ inf
θ∈Ak

F(θ) − Cβ.

The conclusion then follows from the arbitrariness of β. ��
Corollary 4.11. Let ε → 0 and let {mε} be a sequence of minimizers for problem
(4.33). Then, after suitable translations in the x-variable and up to a subsequence
(not relabelled), we have mε → m0 ∈ H1

l (�;S1) strongly in H1
l (�;R2), where

m0 is a solution to (2.17). Moreover,

lim
ε→0

Eε(mε) = E0(m0).

Proof. Note that by Corollary 4.5 we have

lim sup
ε→0

E0(mε) < +∞. (4.38)

In turn, by Lemma 3.1, without loss of generality, we may associate to each mε a
phase function θε satisfying (3.7).

We may now argue exactly as in Proposition 4.8 (with θε in place of θn) to
deduce the existence of θ0 ∈ H1

l (�) and of j1, j2 ∈ Z, j1 �= j2 such that (3.2)
holds with θ , k1, k2 replaced by θ0, j1, j2, respectively, and

θε ⇀ θ0 weakly in H1
l (�),

up to a subsequence (not relabelled). Set now m0 := (cos θ0, sin θ0). The fact that
m0 is a solution of (2.17) and the convergence of energies follows from a standard �-
convergence argument in view of Theorem 4.9. In turn, the convergence of energies
implies strong convergence of mε in H1

l (�;R2). ��
Corollary 4.11 combined with Corollaries 3.10, 3.3 and 4.10 easily yields that

for ε small enough the minimization in (4.33) is achieved by at most single winding.
Precisely, we have:

Corollary 4.12. There exists ε1 > 0 such that for ε ∈ (0, ε1) any minimizer mε =
(cos θε, sin θε) of (4.33) is such that θε satisfies (3.2) for some k1(ε), k2(ε) ∈ Z,
with |k1(ε) − k2(ε)| = k, where k = 1 if h = 0 or k = 2 if h > 0. Moreover, after
suitable translations we have

sgn(k1(ε) − k2(ε))(θε − k2(ε)π) → θmin strongly in H1
l (�) as ε → 0, (4.39)

where θmin is the unique (up to translations) minimizer from Theorem 2.3.
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Proof. We provide a proof for h = 0 only. Let ε > 0 be small enough and mε =
(cos θε, sin θε) be a minimizer of (4.33). Using Corollary 4.7 and Lemma 3.1, we
know that there exist k1(ε), k2(ε) ∈ N such that

lim
x→−∞ ‖θε(x, ·) − k1(ε)π‖L2(0,1) = 0 and lim

x→+∞ ‖θε(x, ·) − k2(ε)π‖L2(0,1) =0.

(4.40)

Employing Corollary 4.11, we also know that (after a suitable translation)mε → m0
strongly in H1

l (�) for a subsequence of ε → 0, where m0 is a minimizer of (2.17).
We want to show that |k1(ε) − k2(ε)| → 1. Assume this is not the case, then there
exists a further subsequence εk → 0 such that either: (a) |k1(εk) − k2(εk)| → n ∈
Z+\{1} or (b) |k1(εk) − k2(εk)| → ∞.

In case (a), we see that there exists ε1 > 0 such that for all εk < ε1 we
have |k1(εk) − k2(εk)| = n and therefore (after a suitable shift of θεk by k2(εk)π )
we obtain mεk (cos θεk , sin θεk ) with θεk ∈ An . Since mεk minimizes (4.33), we
cannot have n = 0. Furthermore, since mεk is a minimizer of (4.33) we obtain
limk→∞ Eεk (mεk ) = limk→∞ infm∈An Eεk (m). Using Corollaries 4.10 and 3.3,
we obtain that

lim
k→∞ Eεk (mεk ) = inf

θ∈An

F(θ) = nF(θmin) > F(θmin) > 0,

contradicting the convergence of energies in Corollary 4.11.
In case (b), we assume without loss of generality that k2(ε) = 0 and k1(ε) > 0.

We note that since k1(ε) → ∞, the function θ̄εk = min{nπ, θεk } for any fixed
n ∈ N yields F(θεk ) ≥ F(θ̄εk ). Using Corollary 4.11, we know that Eεk (mεk ) < C
and therefore by employing Proposition 4.4 and Corollary 4.5 we obtain

lim inf
k→∞ Eεk (mεk ) ≥ (1 − β) lim inf

k→∞ F(θεk ) ≥ (1 − β) lim inf
k→∞ F(θ̄εk )

for any β ∈ (0, 1). Finally, taking n = 2 and noting that θ̄εk ∈ An we deduce,
using Corollary 3.3, that lim infk→∞ Eεk (mεk ) ≥ 2(1 − β)F(θmin) > F(θmin)

for β small enough, and again we have a contradiction with the convergence of
energies in Corollary 4.11.

Finally, strong convergence of sgn(k1(ε)−k2(ε))(θε−k2(ε)π) to θmin in H1
l (�)

follows from Corollary 4.11 and uniqueness of the minimizer of the limit problem.
��
Proof of Theorem 2.9. To conclude, the assertion of Theorem 2.9 is an immediate
consequence of Corollary 4.12. ��
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A. Poisson kernel, Dirichlet-to-Neumann map and Dirichlet energy on a strip

Here we provide the details of the computation that leads to (1.10) and (3.64) for the conve-
nience of the reader (see also, e.g., [67]). We start by noting that the symmetry of minimizers
with respect to the y = 1

2 line follows by a standard reflection argument (see also Corollary
3.11). Hence we may assume that

F(θ) =
∫

R

∫ 1
2

0
|∇θ |2dy dx + 2γ

∫

R

sin2 θ̄ dx, (A.1)

with θ satisfying

θ(x, 0) = θ̄ (x) and ∂yθ
(
x, 1

2

)
= 0 ∀x ∈ R. (A.2)

We next minimize F in (A.1) with respect to θ satisfying the first of (A.2) with a fixed
θ̄ ∈ C∞(R) obeying (1.9). This amounts to choosing θ to be the harmonic extension of θ̄

in R× (0, 1
2 ) that satisfies the boundary conditions in (A.2). Notice that by standard elliptic

regularity theory we have θ ∈ Cm(R× [0, 1]) for every m ∈ N under our assumption on θ̄ ,
and θ(x, y) decays exponentially to the respective limits together with all its derivatives as
x → ±∞.
Let

θ̂ (k, y) :=
∫

R

e−ikxθ(x, y) dx (A.3)

be the one-dimensional Fourier transform of θ in the x-variable, understood in the sense of
tempered distributions. The function θ̂ (k, y) solves

∂2
y θ̂ (k, y) − k2θ̂ (k, y) = 0, ∂y θ̂

(
k, 1

2

)
= 0 ∀(k, y) ∈ R × (0, 1

2 ), (A.4)

where we noted that the regularity and decay of θ allows us to interchange the order of
differentiation and an application of the Fourier transform distributionally. The solution of
the above boundary value problem in terms of the boundary data is

θ̂ (k, y) = cosh(k( 1
2 − y))

cosh( 1
2 k)

θ̂(k, 0), (A.5)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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and upon inverting the Fourier transform we can write

θ(x, y) =
∫

R

P(x − x ′, y) θ̄(x ′) dx ′, (A.6)

where

P(x, y) := 2 cosh(πx) sin(πy)

cosh(2πx) − cos(2πy)
(A.7)

is the Poisson kernel for R× (0, 1
2 ) with Neumann boundary condition at y = 1

2 . Notice that
by direct inspection the formula in (A.6) remains valid if, for example, θ̄ ∈ C(R) ∩ L∞(R)
(see also [67]).
By square integrability of |∇θ(·, y)| for θ given by (A.6) and Fubini theorem, we conclude
that the Plancherel identity holds for every y ∈ [0, 1

2 ] in the gradient squared term. Therefore,
by (A.5) we can write

F(θ) = −
∫

R

K̂ (k)|θ̂ (k, 0)|2 dk

2π
+ 2γ

∫

R

sin2 θ̄ (x) dx, (A.8)

where

K̂ (k) := −k tanh( 1
2 k). (A.9)

Notice that by (A.5) we have ∂y θ̂ (k, 0) = K̂ (k)θ̂(k, 0), i.e., K̂ is the Fourier symbol of the
Dirichlet-to-Neumann map at y = 0.
To obtain a real space representation of (A.8), we regularize K̂ (k) for 0 < ε < 1

2 :

K̂ε(k) := k
(

sinh(kε) − tanh( 1
2 k) cosh(kε)

)
, (A.10)

and note that 0 > K̂ε(k) ↘ K̂ (k) as ε ↘ 0. Also, in view of the fact that K̂ε(k)θ̂(k, 0) =
∂y θ̂ (k, ε) and (A.6), the inverse Fourier transform of K̂ε(k) reads

Kε(x) = 2π cos(πε) cosh(πx)(cos(2πε) + cosh(2πx) − 2)

(cos(2πε) − cosh(2πx))2 . (A.11)

In particular, passing to the limit ε → 0 yields K (x) = limε→0 Kε(x), where K is given
by (1.11).
Lastly, the expression for the energy in (1.10) follows from (A.8) by an appropriate limiting
argument with the help of an observation that

∫

R

K̂ε(k)|θ̂ (k, 0)|2 dk

2π

=
∫

R

∫

R

Kε(x − x ′)θ̄(x)θ̄(x ′) dx dx ′

= −1

2

∫

R

∫

R

Kε(x − x ′)(θ̄(x) − θ̄ (x ′))2 dx dx ′, (A.12)

where we noted that
∫
R
Kε(x) dx = K̂ε(0) = 0 and, hence, the functionvε(x) := ∫

R
Kε(x−

x ′) θ̄(x ′) dx ′ is smooth and exhibits exponential decay as |x | → ∞. Indeed, we can pass
to the limit in the left-hand side of (A.12) by monotone convergence theorem to obtain the
first term in the right-hand side of (A.8). At the same time, as can be easily seen we have
|Kε(x)| ≤ K (x) for all 0 < ε < 1

2 . Therefore, we can pass to the limit in the right-hand
side of (A.12) with the help of the dominated convergence theorem.
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