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Abstract
This paper explores the energy landscape of ferromagnetic multilayer heterostructures that fea-
ture magnetic skyrmions — tiny whirls of spins with non-trivial topology — in each magnetic layer.
Such magnetic heterostructures have been recently pursued as possible hosts of room temperature
stable magnetic skyrmions suitable for the next generation of low power information technologies
and unconventional computing. The presence of stacked skyrmions in the adjacent layers gives rise
to a strongly coupled nonlinear system, whereby the induced magnetic field plays a crucial stabiliz-
ing role. Starting with the micromagnetic modeling framework, we derive a general reduced energy
functional for a fixed number of ultrathin ferromagnetic layers with perpendicular magnetocrys-
talline anisotropy. We next investigate this energy functional in the regime in which the energy is
dominated by the intralayer exchange interaction and formally obtain a finite-dimensional descrip-
tion governed by the energy of a system of one skyrmion per layer as a function of the position,
radius and the rotation angle of each of theses skyrmions. For the latter, we prove that energy
minimizers exist for all fixed skyrmion locations. We then focus on the simplest case of stray field-
coupled ferromagnetic bilayers and completely characterize the energy minimizers. We show that
the global energy minimizers exist and consist of two stray field-stabilized Néel skyrmions with
antiparallel in-plane magnetization components. We also calculate the energy of two skyrmions of

equal radius as a function of their separation distance.
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1 Introduction

Magnetic heterostructures have recently garnered significant interest as promising platforms for hosting
room-temperature stable magnetic skyrmions — tiny whirls of spins with non-trivial topology — mak-
ing them ideal candidates for next-generation low-power information technologies and unconventional
computing [19,20,39]. Magnetic skyrmions are particle-like topologically protected magnetic textures
predicted to exist in ferromagnetic materials since the late 1980s [6H8]. They are typically stabilized
by chiral Dzyaloshinskii-Moriya interaction (DMI) [15,42] and have been observed in various mag-
netic materials, including chiral magnets, ferromagnetic ultrathin films and multilayers |241/43/|47H49].
Magnetic skyrmions have been extensively investigated as potential information carriers for spintronic
devices [18,129,/45]. Such investigations are impossible without modeling and computational studies
of these systems. Modeling of magnetic skyrmions often relies on two-dimensional models, a choice
which may be justified in the case of bulk chiral materials [§], or for ultrathin magnetic films, when
the film thickness is much smaller than the exchange length [4,36].

In the last 10 years, there has been a growing body of skyrmion observations in multilayer het-
erostructures, whose intrinsic high tunability enables the observation of skyrmions at room tempera-
ture [41,48]. These heterostructures may present a total thickness that can be larger than the exchange
length, and, most importantly, the reduction of the interlayer exchange interaction due to the use of
non-magnetic spacers facilitates the emergence of a thickness-dependent magnetization, leading to
fully three-dimensional magnetization textures, as observed experimentally [14},32,/40]. Such twisting
of the magnetization in the direction perpendicular to the layers is a well known phenomena related
to the influence of “magnetic charges” in ferromagnetic films with out-of-plane magnetocrystalline
anisotropy. Indeed, the magnetic field induced by magnetic charges modifies the internal structure of
domain walls, a phenomenon widely studied in the framework of bubble materials in the 1970’s [26,/46].

A similar phenomenon occurs in the case of multilayers with in-plane magnetocrystalline anisotropy
in the absence of exchange coupling, i.e. in the case of purely stray field-coupled layers [22,[23].
For magnetic bilayers sufficiently thin to be in the Néel wall regime, the lower-energy state consists
of two Néel walls with opposite rotations in both layers [23], partially cancelling the stray field.
Similarly, in the case of magnetic bilayers with perpendicular magnetic anisotropy it has been observed
experimentally that the Bloch wall, which is energetically favorable in a single layer, is replaced by
two Néel walls with the opposite rotation senses [2]. This configuration can be further stabilized by
the DMI, assuming a proper choice of asymmetric interfaces, as reported in the case of skyrmionic
bubbles in bilayers with opposite DMI constants [25]. For larger number of repeats, the competition
between the dipolar and the DMI interactions leads to twisted walls which present an asymmetry
in the thickness direction with respect to the middle of the magnetic multilayer. This twist has
been evidenced experimentally in the case of domain walls [17,[38] and skyrmionic bubbles [32]. The
asymmetric twisted walls have also been the subject of detailed analytical modeling using domain
wall and skyrmionic bubble ansdtze, where the impact of twist on the spin-orbit torque dynamics of
skyrmionic bubbles has been studied [33}[35].

In the present work, we focus on a study of compact magnetic skyrmions in ultrathin ferromagnetic
multilayers, i.e., magnetic heterostructures whose total thickness lies below the Bloch wall width of the
ferromagnetic material. We use the tools of asymptotic analysis to investigate multilayer systems with
one skyrmion per layer in the case of purely stray field-coupled layers. We start with the micromagnetic
energy functional for a three-dimensional multilayer system that includes the intralayer exchange, the
magnetocrystalline anisotropy (both of bulk and interfacial origin), the Zeeman, the interfacial DMI
and the full stray field interactions. We then derive a reduced energy functional in the case where each
ferromagnetic layer is thin compared to the exchange length and the whole stack is thin compared to the
characteristic length scale of variation of the magnetization in the film plane. We show that in addition
to the usual local shape anisotropy term and the non-local dipolar interaction terms that are already
present in the case of single ultrathin ferromagnetic layers [4,|13}[30,144], the expansion of the stray
field energy for multilayers leads to the appearance of a new local dipolar energy term corresponding
to interlayer volume-surface interactions. This term cancels out in the case of identical magnetizations
in the adjacent layers, but becomes equivalent to a stabilizing layer-dependent interfacial DMI when
the in-plane magnetization components in two consecutive layers are opposite to one another.



The obtained reduced energy functional is investigated in the regime in which the energy is domi-
nated by the intralayer exchange interaction, which corresponds to the conformal limit studied in [5]
in the case of single ultrathin ferromagnetic layers. Following the arguments of [5], we formally ob-
tain a finite-dimensional description of the system of interacting compact magnetic skyrmions with
one skyrmion per layer as a function of the position, radius and the rotation angle of each of theses
skyrmions that is expected to be asymptotically exact in the considered limit. We then investigate
the energy landscape of the above system in the case of zero applied magnetic field and prove that
energy minimizers exist for all fixed skyrmion positions. The difficulty in obtaining such a result is
that a priori it is not clear whether the energy could not be reduced by some skyrmions shrinking to
zero radius. We prove that this phenomenon does not occur, if the skyrmion centers are fixed.

We then apply our results to the case of stray field-coupled ferromagnetic bilayers in the absence
of DMI, where we obtain a complete characterization of global energy minimizers in the intralayer
exchange-dominated regime. These minimizers consist of two concentric Néel skyrmions with anti-
parallel in-plane magnetization and a prescribed chirality. We also provide an expression for the
energy of two skyrmions of equal radius as a function of their separation distance and illustrate our
findings with a result of micromagnetic simulations. Notice that extending such a characterization to
the general case of multilayers presents a difficulty that the energy minimizing sequences could consist
of skyrmions in different layers moving far apart. For bilayers, we show that this cannot occur by an
explicit analysis of all the interaction terms, which, however, becomes intractable for higher numbers
of layers.

Our paper is organized as follows. In section [2] we specify the full three-dimensional micromag-
netic energy functional with all the relevant energy terms in the multilayer geometry and carry out its
non-dimensionalization. In section (3|, we explicitly compute the energy of the magnetizations that are
independent of the thickness variable in each ferromagnetic layer. We then carry out an asymptotic
expansion of the energy as the ferromagnetic layer and interlayer thicknesses go to zero, with the num-
ber of layers fixed, to obtain a reduced two-dimensional variational model of ultrathin ferromagnetic
multilayers with perpendicular magnetic anisotropy. Then, in section [4| we introduce an ansatz in the
form of one truncated Belavin-Polyakov skyrmion in each ferromagnetic layer, which is asymptotically
valid in the intralayer exchange-dominated regime and asymptotically compute the finite-dimensional
energy function of such a skyrmion stack. In section |5 we then explore the basic properties of the
obtained energy function and prove that it admits a global energy minimizer for all fixed locations of
the skyrmion centers, see Theorem [I} Finally, in section [6] we completely characterize the global en-
ergy minimizer in the simplest non-trivial case of ultrathin stray field-coupled bilayers in the intralayer
exchange-dominated regime, see Theorem [2l We also corroborate our conclusions with the results of
micromagnetic simulations and characterize the interaction energy of two skyrmions of equal radius
separated by a prescribed distance.
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2 Micromagnetic model

Our starting point is the micromagnetic modeling framework (in the SI units), in which the observed
magnetization configurations are interpreted as local or global energy minimizers of a micromagnetic
energy functional evaluated on vector fields M : Q — R3 of fixed length |M| = M [9,127,31]. Here
Q) C R3 is the spatial domain (an open set) occupied by a single centrosymmetric crystalline ferro-
magnetic material, M = M(r) is the magnetization vector at point r = (z,y,2) € Q, and M; > 0



is the saturation magnetization (in A/m). The energy functional (in J) that contains the exchange,
bulk magnetocrystalline anisotropy, Zeeman, stray field, interfacial magnetocrystalline anisotropy and
interfacial DMI contributions, in that order, reads

A M Ho
g(M) - /Q {W‘VMZ —+ KM(I)u <M5) - MOHa -M — ?Hd . M} d37“

M D
M s (e, ML — ML I 2
+/m {qu>s< s,r) 1 (M vV, MMtV M )}d’H (r). (2.1)

Here A > 0 is the exchange stiffness (in J/m), K, > 0 is the bulk magnetocrystalline anisotropy
constant (in J/m3), ®, : S — R* = [0, 00) specifies the dependence of the bulk anisotropy energy on
the direction of M, g = 47 x 10~7 H/m is the vacuum permeability, H, € R3 is the applied magnetic
field in (A/m), and Hy : R? — R3 is the demagnetizing field (in A /m) produced by M via the solution
of the stationary Maxwell’s equations

V. (Hy+M)=0, VxH;=0, (2.2)

distributionally in R, with M extended by zero in R*\Q [12]. The interfacial terms in the second
line of contain the interfacial DMI constant Dy : 9Q — R (in J/m), which may take different
values depending on the adjacent non-magnetic material, the DMI energy term written in terms of
M = (M*, M), where Ml is the component of M along the normal to dQ and M is the tangential
component to 9, respectively, and V| is the tangential gradient, Ky : 92 — R™ is the interfacial
magnetocrystalline anisotropy constant (in J/m?), which may also take different values depending
on the adjacent non-magnetic material, and ®; : S? x 992 — RT specifies the dependence of the
interfacial anisotropy energy on the magnetization orientation relative to the crystalline axes in €2 and
the normal to 02. When  is unbounded, one often needs to subtract the contribution of a fixed
reference configuration M* from the integrand in to make the resulting integrals convergent.

As usual, we introduce the normalized magnetization vector m :  — S?, extended by zero to the
rest of R3. In terms of m the energy becomes

E(Msm) = / (A\Vm\2 + K, ®,(m) —2Kz;h-m — Kzhy - m) d3r
Q
+ / (KSCIJS(m, r)+ Dy(m!V, - mt —m*. vm“)) dH3(r), (2.3)
o)

in which K; = %,U,()MSZ, h=H,/M;, hy = H;j/M;, m = (mL,m”) on 0f2 as before. Note that the
demagnetizing field hy satisfies [12]

hy=-VU,  AU=V-m, (2.4)

distributionally in R3. In particular, the magnetostatic potential U is given by

V-m(r') s, 3
Ulr)=— —d R”. 2.5
(x) r3 47|r — /| " re (2:5)
The quantity py, = —V - m hence has the meaning of the magnetic charge density distributionally

in R3, which includes the regular contribution of the volume charges from the absolutely continuous
part of py in © and a singular contribution to py, of the surface charges from the jump of m to zero
across 0f2.

We now specify the geometry of interest, which is that of a system of N identical ferromagnetic
layers of thickness d separated by non-magnetic spacers of thickness (a — 1)d with a > 1, so that the
total thickness of the magnetic layer plus the non-magnetic layer is ad:

N
Q=R?x U [(n—1)ad, (n — 1)ad + d], (2.6)

n=1
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Figure 1: Schematics of the geometry of a multilayer system. The heterostructure consists of N
repeats of a sandwich of thickness ad in the form of a layer of one non-magnetic material (NM a),
followed by a layer of a ferromagnet (FM) of thickness d, followed by a layer of another non-magnetic
material (NM b), from the bottom to the top.

see Fig. The magnetic material is assumed to be uniaxial, with an easy axis perpendicular to
the layers, so that ®,(m) = |m™|?, where we now use the convention m(r) = (m*(r), ml(r)) with
m™*(r) € R? and ml(r) € R being the in-plane and out-of-plane components of the magnetization,
respectively, for all r € R3. Similarly, we assume that the interfacial anisotropy penalizes the tangential
component of the magnetization. Hence, we take ®,(m,r) = |m*|? as well. As is common in the
spintronic multilayer materials [41,47], the spacer is assumed to generally consist of two sublayers, so
the upper surface of each magnetic layer is characterized by the interfacial DMI constant D7 and the
interfacial anisotropy constant K, while the bottom surface is characterized by the parameters Dy
and K, respectively. Notice that in the case of a single material spacer we simply set the parameters
of the two surfaces equal to each other. Finally, we assume that the applied field is perpendicular to
the film plane: h = hz for h € R.
As can be easily seen from the above choices, for K > K4, where

KM+ K;

K=K
ut+ d

(2.7)
is the total magnetocrystalline anisotropy constant that takes into account the interfacial magnetocrys-
talline anisotropy, the uniform magnetization prefers to point out of the film plane. Indeed, if m is
constant across €2, the solution of the Maxwell’s equation in is given by hy = —m in €2, resulting
in the energy density (K — K;)|m"|? minimized by m = 42. Letting y,, be the characteristic function
of the n-th interval I, = ((n — 1)ad, (n — 1)ad + d) C R, we hence define the reference configuration
in which the magnetization points downward in all the layers and is extended by zero to the whole of
R3 as

N
m*(z,y,2) = = > #xn(2), (2.8)

n=1

whose associated demagnetizing field is hy = —VU* = —m*, where U* is a bounded solution of ([2.4))
with m = m*. Subtracting its contribution from the integrand in (2.3) and choosing the units of



energy and length to be given by Ad and the exchange length (., = \/A/K,, respectively, we can
write the resulting renormalized energy functional (non-dimensionalized) as

1 ((n—1)a+1)8
E(m) = < Z/ / (\vmyQ + Qumt 2 = 2h(m!l + 1) + m - VU — 1) d*rdz
n=1 " (n—1)ad R2

N
+ Z/ (Qs_\mHz + 25 mt - Vm”) d*r (2.9)
n=1"R? {z=(n—1)ad}
N
+ Z/ (Q:\mLP — 2k m?t - Vm”) d?r,
n=1"R? {z=((n—1)a+1)s}

where we integrated the DMI by parts as in [4,/5] to make it more compact and mathematically
well-behaved. Here

d K K* D*
5= — =2 o s to s 2.10
o 9Ty YTk, F T avam (2.10)

are the dimensionless ferromagnetic layer thickness, the magnetocrystalline bulk and interfacial anisotropies’
quality factors, and the dimensionless DMI strengths on the top and bottom surfaces of the film, re-
spectively. Note that with this definition E(m*) = 0.

3 Reduced model for ultrathin multilayers

We now consider the situation in which each ferromagnetic layer is thin compared to the exchange
length, i.e., the case § < 1, when the variations of the magnetization along the z-direction in each
layer are highly penalized. In this case, following [21], it is appropriate to consider the magnetizations
m = m that do not vary across each layer and hence have the particular form

N
m(z,y, 2 Zmn 2 9)xn(2) = Y (mir (@) + 2ml(2,)) xa(2), (3.1)

n=1

where m,, : R? — S? for each n = 1,..., N, m;- is treated as an in-plane vector in R3, and now

. (3.2)
0 otherwise.

Xn(z) _ {1 if z € [(n—1)ad, ((n—1)a+ 1)d],

Focusing on the renormalized stray field energy, which for configurations m,(x,y) converging to
—z sufficiently fast as 22 + y?> — oo can be rewritten, after integrations by parts, as

Puw) =5 [ (IVU!2 an> & (3.3)

We define m, = m — m* and U, = U — U*, and observe that

Eq(m) = (15 (yVU 2 - 22Xna U, ) d*r = Ej(m) + Ej(m). (3.4)

Examining the second term, we note that

N
Z/ XnazUr d37‘ = —
n=1 R3

=~ [ m,- VU*d?’r—Z/ (mll + 1)y, d®r, (3.5)

VU* - VU, d°r = / U*V -m, d°r

R3 R3



after integrations by parts and using (2.4). Therefore, using the fact that |m,| = 1 and hence
2(m|r|z 1) = |m} |2 + \m',ll + 1|2 for all n, we obtain

El() = 52/ \nB:Uy dr = — Z/ (lmt 2l + 1) 2. (3.6)

We now investigate

/~_1/ 23_1 v'ﬁlr()va():s 3/
By(mm) = < R3|VUT\ dr=5 1L e dPr dPr (3.7)

as can be seen from ([2.5) and an integration by parts. Explicitly, this integral reads

i /// V.-m,(r,2)V-m,(r, Z)d2rd2r’dzdz/’ (3.8)
=5 Rr2 JR2 477\/\r—r’|2 (z—2)2

where from now on the variables of integration r,r’ € R%. Noting that

n

Ooml(r,2) = (m(r) + 1)Bam-16(2) = Sa(n-1)41)s(z)];  Vr € R?, (3.9)

n=1

where 6,/(2) is the Dirac delta centered at a € R, and integrating in z and 2/, we obtain

1 (s 522//{K“’” —¥) Vo mi )V - mb ()

n=1 k=1
+ K (e =) Vo () (ml () + 1) (3.10)
+ Ko (e =) (ml(r) + DV - mi ()

+ K (r — ) (ml () + 1) (ml () + 1)} & 2,

where for © € R we defined the volume-volume, volume-surface and surface-surface charge interaction
kernels as

(u+1)d
K ( / / dede (3.11)
47T /r2 1 Z — Z’ 2

Hol T ir / m 4 / \/7“2 (z—(1+ u)&) (312)
Rl 47r/ m 47r/ AT (313
K (r) = (3.14)

27r\/7“2 Fu26?  Am/r? (u —1)262 477\/7‘2 (u+1)262

We see clearly that K (r) = K *(r), allowing these terms to be combined in the expression for E.

For simplicity, we express the energy as the sum of the interaction energies:

:Z { (P () + B (@) + EE (i) | (3.15)
where -
ErM (5 /R 2 / K96 (|p — )V - ik (r)V - m- (') d2r a2, (3.16)
Em) (@) = -5 /R 2 /R 2 KoF=m) (jr — o/ ym(r) - Vil (') d®r d7, (3.17)
B (i@ /R /R K= (e = v ) mll () + 1)(ml () + 1) d2r a2, (3.18)



and we integrated by parts in the second line.
We can explicitly evaluate the interaction kernels:

K} (r)= [2\/7‘2+u252 V24 (1 +u)262 — /12 + (1 — u)262
+ (1 +u)dsinh~? ((1+u)6> + (1 — u)dsinh™? <W> — 2uésinh ™! <U5) } , (3.19)
r T

r

KU (r) = ﬁ [2 sinh ™! (1;5) — sinh ™ <(“tl)5) — sinh™? <(“;1)5>] : (3.20)

The obtained expressions for K , K, and K may be viewed as generalizations of those obtained
in [21] for u = 0. Notice that by an exphcit calculation we have

)o@ —ul), Juf <1,
/ sl dr = {o, > 1. (3:21)

By a similar explicit calculation

52
/ vs(lr) d Esgn(u), lu| > 1. (3.22)

Also notice that K, (r) = 0, which can also be seen immediately from the symmetry considerations.
We can further simplify the surface-surface interaction term. First we observe that

(mhe) = ml ) (mhe) = ml)) = (mhe) +1) (mlx) +1) + (mh() +1) (mh () +1)
—(mﬂ(r)—i—l)( ”( )—i—l) (m‘,L(r')—i—l) (mﬂ(r)%—l).

(3.23)

o n)(’r —1’|) with respect to

Integrating with the kernel K ss(k n) , we find due to the invariance of K
interchanging r and r’ that

/ / KOk (|p — ¢/]) (mﬂl(r) - mﬂ(r’)) <m£(r) - mll(r’)) d*r d*'
RQ
= 2/R2/ KF=m) (| — 1']) (m','l(r) + 1) (mlll(r) + 1) d?r d*r' (3.24)
_ a(k—n) (1 _ o I Il 2, 2./
Q/RQ/K r|)(mn(r)+1><mk(r)+1>der.
Therefore, the surface-surface self-interaction energy for layer n may be written as
2
/ mll +1Pdr — RQ/ ' (jr — 1)) ( I ) — ml,L(r')) dr d¥',  (3.25)

where we noted that by (3.21) we have [, K2 (|r|)d?r = §. At the same time, the surface-surface
interaction energy for different layers n # k is

B (@) = — /R LR e =) (b ) = m 1) (b~ ml)) e v (326)

where again we used ( and noted that [p. K ]r|)d2r =0 for all u > 1, recalling that @ > 1 and
|k —n| > 1. Then, combmmg all three mteractlons in with ( we get an exact expression for



the energy of m:
| N
Z/ lm: % d?r + gz / / K= (jp — ')V - mt (r)V - m (¢') d®r d2r
9 N
5 Z/ / Katk=n) —r’])mfl(r)-VmQ(r’) d*r d*r'
=1

—;ii L, [ s =) (mhe) = b @) () = mlle?)) e '
n=1k=1

(3.27)

I MZ WMZ

We now simplify this cumbersome expression in such a way that it is valid asymptotically as § — 0
with m and all the other parameters fixed. Since the layer displacement parameter, u, is understood
to be fixed with respect to § — 0, one expands to find the following asymptotic behaviors for § < 1:

52
K,va(’l”) H + 0(52), (328)
u ud®
K,US(T') = m + 0(63), (329)

Therefore, for m,, sufficiently smooth the expression in (3.25) may be rendered asymptotically for
0k 1as

| /-\\2
/ imll + 12 d2r 5/R/R wr_r,(g ED 2 @ 4 o(s),  (3.31)

where we noted that the strong singularity of the kernel is partially cancelled by (m. | n(r) — m',L(r’ )2 =
O(Jr—r'|?) for ml € C! (R?), making the integral in the right-hand side of (3.31)) convergent. Similarly,

we have
mll I I
- n (1)) (my (r) —my (r')) 2. 20 4o
~ 5/R/R &r &' + o(5) (3.32)

8rlr — /|3

for all n # k. Meanwhile, using (3.28]) the volume-volume interactions can be asymptotically expressed
as

V- my (r)V - my (r)

R2 JR2 471"1‘ — I‘”
As can be seen from (3.29)), we have 5 2K%(r) — 0 as § — 0 for all » > 0. Care, however, is
needed in passing to the limit in the integral, as the strong singularity of the kernel in (3.29) precludes

passing the pointwise limit to the value of Eg?k)(rfl) at O(6). In fact, from (3.22)) and the above
observation it is clear that for all |u| > 1 we have

EGF(m) =6 &r &'+ o9). (3.33)

2

6—2K“ (Ir]) — sgn(u)d(r) as 6 — 0, (3.34)
in the sense of distributions, where 8(r) is a Dirac delta centered at the origin in R?. As a consequence,
by an argument similar to the one in the case of the surface-surface interactions the volume-surface
interaction energies admit the following asymptotic expansion:

E(™ (m) = —sgn(k —n)s | mL - Vmld?r + o(5). (3.35)
RQ



Thus, combining all the terms as in (3.27), we obtain that to within o(d) accuracy for § < 1 and
with all other parameters fixed, the total energy is asymptotically E(m) ~ Ex({m,}), where

N
En({my}) = Z/ (\anP +(Q — 1)|m;: 2 — 2h(m) + 1) — 2km;- - leL) 22r
R2

n=1
N-1 N
-9 Z / (mf; . Vm',i —mj - Vmﬂ) d?r (3.36)
n=1 k=n+1 /R
. 6%%/ / Vo (Vg () (ma(r) = ma ) (1) = my ) e
2 Jre 4|r — 1| 8r|r — /|3 "
n=1k=1
where we defined the material quality factor and the dimensionless DMI strength
K
Q:E’ K=k —kK", (3.37)

respectively. We note that, as can be seen from the above derivation, the asymptotic formula in ([3.36]
is rigorously valid in the limit § — 0 at least for every m,, : R? — S? such that m,,+2 € C°(R?;R?) for
every n=1,..., N, and by an approximation argument also extends to the natural class of functions
m, + 2z € H'(R%R?).

The obtained energy functional in generalizes the one obtained in [3,|4] for a single layer to
the case of multilayers. Notice that in addition to the non-local dipolar interactions present in the
case of a single-layer, a peculiar new local term appears in the second line of that corresponds
to the interaction of the out-of-plane magnetic moments with the approximately vertical magnetic
field formed by the volume charges immediately above and below the layers (see also [35]). This term
vanishes, as expected, in the case when all layers have identical magnetizations, in which case the
energy is equivalent to that of the magnetization of a single layer of thickness N 0. However, when the
in-plane magnetizations in two layers are opposite to one another: m# = —mk, this term works as
an effective interfacial DMI term, favoring Néel rotation in these layers.

The reduced energy is applicable in the situation in which the characteristic scale of variation
of m,(z,y) exceeds the thickness aNJ of the entire stack. Note that in this regime the energy is
independent of a and, hence, does not see the presence of the non-magnetic spacers. This property is
known to be violated once the magnetization conﬁgurations acquire the lateral size comparable to the
stack thickness [32], in which case the full kernels K, K}, and K need to be utilized, resulting in
a much more cumbersome model that only permits a numerlcal treatment [10,133L|35].

4 Energy of N stacked skyrmions

We have demonstrated that for ultrathin multilayers the micromagnetic energy functional of a mag-
netization configuration m : Q — S? obeys F(m) ~ Ex({m,}), where Ex({m,}) is given by (3.36)).
This energy may be further simplified by taking advantage of the scaling properties of different terms

in the energy. For Q > 1, introducing a rescaling and the new parameters:

_ ) _ h K

r— —, 0 = ——, h=——, R =—, 4.1
Q-1 Q-1 Q-1 Q-1 1)

we see that Ex({m,(-/v/Q —1)}) = Ex({m,}), where

N({my)) = Z/ |an|2 + m 2 = 2h(m) + 1) — 2Rm;> va) d*r
—6 m; Vm —mi - Vml) d*r (4.2)
=2 L )

- V- -mb(r)V- mj L(r) B (mﬂ(r)—mﬂ(r’))(m';l() mll( M 2. 2
an /R/R< o Salr — e



Hence in the following we focus our attention on the study of the energy Exn for the magnetization
configurations consisting of a single skyrmion in each ferromagnetic layer. The latter may be specified
by prescribing the topological degree +1 to the magnetization in each layer:

N(m,) = 1 m,, - (9;m,, X Jymy,) d’r=1 Vn=1,...,N, (4.3)
47 R2
which together with some additional technical assumptions should ensure existence of local minimizers
of the energy [4,5].

For N = 1, it is known that for h = 0 the energy Ey admits minimizers in an appropriate function
class for all 0 < & < &y, with dg > 0 universal [4]. Moreover, the energy-minimizing profiles admit a
complete asymptotic characterization in the conformal limit &,5 — 0 [5]. After a suitable translation,
dilation and rotation, these profiles approach the canonical Belavin-Polyakov (BP) profile

mw@y:< 2r 1_“F>. (4.4)

121+ 2

This is due to the fact that for § < 1 the energy of a skyrmion in a single layer gets close to the value
of the Dirichlet energy of harmonic maps with degree +1, whose minimizers are well-known |1}/5}/16].
Furthermore, the rigidity estimates for almost harmonic maps of degree +1 and a fine analysis of the
tail of the skyrmion profiles yield closeness of the profiles to those of the form m(r) = Rm,((r—rg)/p),
where R € SO(3) is a rotation around the z-axis [5]. As the anisotropy energy evaluated on mq
diverges, in order to determine the skyrmion radius p and the rotation angle # as functions of & and §
one needs to consider a truncated BP profile, whose energy yields the asymptotic dependence of the
skyrmion characteristics on &, — 0 [5].
To that end, we define

2r
—_ — > 4.
)=y r20, (45)
and its truncated version
() fr), if?“ﬁ\/f, (46)
L\r) = . .
7Kf(%)K1(r/L) . iftr > VI,

where Kj(z) is the modified Bessel function of the second kind. This choice of the truncation is
motivated by the asymptotic decay of the skyrmion solution at infinity to the leading order in &, < 1
determined by the exchange and anisotropy terms [28]. For L > 1 we then define

0,0, () = ( — (D) B gy - ro>\/ 1 gz () ) )

where Ry € SO(2) is a counter-clockwise rotation by angle § € [—m, 7). Using the above expression
as an ansatz, the task of determining the values of p and 6 for a skyrmion amounts to minimizing the
energy of m,g s, in p, 6 and L to the leading order in &, s < 1.

It is clear that the above considerations should remain valid for several layers, each containing
a single skyrmion. Therefore, we now consider an asymptotic expansion of the energy Ex for the
profiles of the form (see Fig. [2| for an illustration):

m, =M, 0. L. ro n=1,...,N, (4.8)

and study the energy landscape of Ex({m,, g, r.r.}) in terms of its dependence on {py, 6y, L, Ty}
for §,|R| < 1. Notice that despite having reduced our problem to a finite-dimensional one, we still
need to study a strongly nonlinear, fully coupled system whose analysis is a significant challenge. In
particular, it is not a priori clear whether the minimum of Eyx({m,, ¢, 1, r,}) is attained, as it may

be energetically favorable for a skyrmion in one of the layers to collapse, which would correspond to
pn — 0, violating (4.3) in the limit.
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Figure 2: An example of a skyrmion configuration from (4.8]) with three distinct radii and centers in
a ferromagnetic trilayer. The skyrmion in the bottom layer is of Néel type (1 = 0), the skyrmion
in the top layer is of Bloch type (3 = 7/2), and the skyrmion in the middle layer is of mixed type

(65 = m/4).

For simplicity of notation, we can write

N
EN({mpn,G’n,Ln,rn}) = (EeX(mn) + Ban(my) + Ez(my,) + EDMI(mn))
n=1
N-1 N ~ N N ~ ~
+ Z Evs(mrm mk) + Z Z (Evv(mn7 mk) + Ess(mna mk)) ) (49)
n=1 k=n+1 n=1 k=1

where each term in the sum corresponds to the respective one in . As was shown in , for all
L, > Lo, with some Ly > 1 universal, one can carry out an expansion of each term in that
becomes asymptotically exact as Ly — oo. Utilizing the results from Lemma A.6] and [3], we
obtain that for Ly > 1 we have

_ 4
EGX(mn,pn,Gn,Ln) — 8 ~ ﬁ, (4.10)
n
_ 4L2
Ean(my, 0, 1,) = 47p2 In (M) , (4.11)
_ _ 412
Ez(my, p, 0, 1,) ~ —47hp2In (61 +gy> : (4.12)
E_IDMI(mn,pnﬂn,Ln) ~ —8TKpn COS 0,,. (4.13)
We next introduce the Fourier transform of m,,, =m, +z € H L(R2; R3):
m, ,(q) = / e "9%m, ,(r) d*r (4.14)
]RQ
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and write the stray field-mediated terms as [37]

_ 5/ (a-mi,)(q- M) d%g
R2

E = — 4.15
’U’U(m’l’bu mk) 2 ‘q’ (27_[_)27 ( )
_ 5 N 1 d%q
Bus(m,me) = =5 [l )il 55 (4.16)
E = —i5 (LA —@mLal ) L 4.17
vs(My,, M) = —i q- (my,m, , —m-m;, 5 (4.17)
R? e v (2m)
where the overline denotes complex conjugate.
We now assume that the magnetization m,, takes the form (4.8). Using the fact that
r—ry, r—ry (I'—I'n)L
Ry, = cos b, + sin 0, (4.18)
r —r,| |r—ry Ir — 1y, |

where (r—r,, )" denotes the 90° counter-clockwise rotation of r—r,,, we can split the in-plane component
of m,, into two terms and note that the second term has zero divergence and will not factor into the
volume charge energy. Using the results from [5, Lemmas A.5 and A.6], we obtain asymptotically for
Ly > 1:

Eyo(my,, my) =~ 25p2 p? cos 0y, cos O, /2 =) |q| Ky (pn]al) K1 (pxlal) dq, (4.19)
R

Buslm,mg) = 28} | 0 lal oonlal) Kolpla) oo (420)
R

Eys(my,, my) = —45p% pi. cos by, /RQ €' T |g| K (p|all) Ko (pr|al) d2q

+abgipeosty | 40T (pula Ka(pilal) o (1.21)
R

Integrating in polar coordinates with ¢ = |q| and ¢ being the polar angle between the vectors r,, — ry
and q, we can further reduce the above integrals with the help of the well-known formula

1 2

o eiql[‘n—l‘k‘COSS@dw = Jo (q|rn — 1)), (4.22)
™ Jo

where Jy(z) is the Bessel function of the first kind. Introducing the new variables

[k B e —
o= 2 B= o, A=t (4.23)
and the rescaled variable of integration { = q,/pnpr, We can write the energies above as
Eyp(m,, my) ~ 4763 cos 0,, cos Oy, /OO Jo(NE) K1 () K1 (&) ) £2dE, (4.24)
0

Pl m) = —4m38 | O Kalag) Ki(e/a) 625 (4.25)

Eys(m,, my) ~ —876 cos b, /OOO Jo(A) Ko(a&) K1 (&/ ) £2d¢
T 838 cos by /0 " K (a€) Ko(€/a) E2dE. (4.26)

Now define the functions
32 [,
FulaN) = 55 [ €R0OKi @O K(E/a)de, (127
0

Fulo ) = 5 [T 000 K0 Koe /o (4.25)
Fula ) =2 [ € R0 KalaO K¢ a)de, (4:29)
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Figure 3: The plots of Fy,(«,0) (a), Fss(a,0) (b), and Fis(a,0) (c).

normalized so that F,,(1,0) = Fys(1,0) = F,s(1,0) = 1. Notice that all these three functions are
uniformly bounded. Indeed, since Ko (t) > 0 for all ¢t > 0 and |Jo(t)| < 1, we have |[Fy,(a, A)| <
Fy(a,0), |Fss(a, N)| < Fos(r,0) and |Fys(a, A)| < Fys(ar,0), with the equality achieved only for A =0
(see Lemmas 1] and 2 in the Appendix). At the same time, for 0 < o < 1 there holds

160 (' +1) B (1 - af) ~ 20'K (1 - o))

Fyo(a,0) = ol 17 , (4.30)
a3 014 _ a4 _ _ a4
Fou(on0) = 16a° ((a' +1) Iﬂ(((; . 1))2 2E (1 -at)) | (431)

where K (m) and E(m) are the complete elliptic integrals of the first and second kind, respectivelyT]
For a > 1 one can infer the values of the above functions via identities F,,(c,0) = Fy,(a™!,0) and
Fys(,0) = Fys(a™1,0). We also can explicitly compute for any a > 0

203 (a4 —4lna — 1)
(ot —1)°

Fys(c,0) = , (4.32)

extending the last expression by continuity to F,s(a,0) = 1 at @ = 1. The graphs of the above
functions are presented in Fig.
With these definitions, we have the following representation for the energies:

3
Eyp(my,, my,) ~ 3%55 08 0, cos O Fyp (v, A), (4.33)
_ 7'(3 —
Egs(my,, my) ~ —géﬁFss(a, A), (4.34)
Eys(my,, my,) ~ —4766 cos 0, Fys (o, N) + 4763 cos 03, Fys (@™, \). (4.35)

!We use the convention K (m) = foﬁ/Q \/1‘1797'20 and E(m) = f0"/2 V1 —msin® 6 dob.
—1m sin
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Coming back to the original set of parameters {pyn, Ly, 0,1y}, it is clear that

33 r, —r
Ey(my,, my) ~ ?5‘//)“,% cos 0, cos 0, <1 /Z—k, |npp:|> , (4.36)
n V n

s r, —r
ESS(mTL7 mk) = _ga\/ PnPszs ( Zi) |p\/7p:|> ) (437)

_ - Pk |Tn — Tk
Evs(mrw mk) = _4775\/ Pn Pk COS eans ( p?y L ,prk|>

< Pn |rn - rk|
+ 470/ pr i €OS O Fys (1 [—, ) , 4.38
Pk \/PnPk ( )

and from the definitions of F,, and Fys we observe that

_ 7'(3 _
v (M, My,) >~ ?6% cos® 6, (4.39)
i
Ess(my,, m;,) ~ —gdpn. (4.40)

Using the above expressions, we may asymptotically express the full energy, to leading order in Ly > 1
as Ex({pn,On, Ln,tn}) — 87N ~ Fn({pn,0n, Ln,ry}), where

FN({pnv 9717 Ln) I'n})

N
4 AL2 . AL? r
= Z [LZ + 47p% In <€2(1fw)> — 47hp? In (el+gv> — 81k py, cos Oy, + (5%/)”(3 cos® 6, — 1)}

n=1 n
+N71 i 5”3F[3 0 cosrF ( Pk |I'n—I'k|> P < Pk \rn—rk>]
—/Pnpr |3 cos b, cos by, LA L ol ],
ol PR Voo onee ) \V o pare
3By 4 5\/7[ 0. F ( Pk |1‘n—fk|) 0. F < Pn |I'n—I‘k|>:|
- O\ PrPk | COS —,——— | —cosb LN
PR AN RN “\V oo Vmoe

(4.41)
This is the reduced energy function that determines the energy landscape of an N-skyrmion stack in
terms of the skyrmion parameters.

5 The landscape of the energy function Fly

We now investigate the energy landscape governed by the function Fy in the regime of its applicability
to stacked magnetic skyrmions in ferromagnetic multilayers. To simplify the discussion, from now on
we assume that there is no applied external magnetic field, h = 0, and omit the Zeeman contribution
to the energy from now on. The analysis below can be easily extendable to the case h < 0, when the
field is applied opposite to the magnetization direction in the skyrmion core. At the same time, for
fields applied along the magnetization in the core, h > 0, the energy landscape becomes more complex
due to skyrmion bursting [3|, a new phenomenon whose study goes beyond the present paper.

As we are interested in the minimization of Fiy, we introduce several auxiliary functions which are
obtained by partial minimization. With a slight abuse of notation, we still utilize the symbol Fiy to
denote those functions, which now depend on fewer variables. For example, we introduce

FN({pna Qn, rn}) = im>no FN({Pn, Qn, Lna rn})7 (51)

which is obtained by minimizing the energy function in all L,. An explicit calculation shows that
Fx({pn,0n, Ly, ry}) is minimized for L,, = p,; !, which is also the unique critical point of Fx ({pn, 0n, Ln,Trn})
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in L, resulting in

Fn({pn, On:tn})

N el+2v 3
= Z [—47Tpi In ( pi) — 8TRpy cos Oy, + 5§pn(3 cos? 0,, — 1)]

4
n=1
N-1 N 3
il Pk |rtn — T Pk |rn — ril (5.2)
+ 0—/PnPk |:3C089 cos O F, ( ,)—F ( Pe Tn— Tkl
nlk;rl 1 Vo " \V oo onrk “\Von' onpr
N-1

N
Pk |tn — i P |tn — T
AT/ Dnpr [cos@ F < ,> — cos O F, ( —— .
Z " AV o Vonpr RN

Note, however, that this value of L,, is admissible only when L,, > Ly, where Ly > 1 is the parameter
that measures the applicability of the energy function Fy to the system of N stacked skyrmions (see
section ' This means that for consistency we need to restrict the admissible values of p,, to p,, < Ly !
for a fixed Lo > 0 sufficiently large. We thus define, for {r,}_; C R2, an admissible class

An({ra}) = {pn € (0,L51), 0, € [-m,7), T}, (5.3)

Without loss of generality, from now on we may assume that Ly > Lg, where

|
Lo = 562+7, (5.4)

which ensures that the first term in the first line of the right-hand side of is strictly convex in
P

We next investigate the energy Fy({r,}) obtained by fixing the positions of the skyrmions and
minimizing with respect to angles and radii. We note that as the admissible set of the radii 0 < p,, <
Ly 1is not closed, the existence of solutions for this minimization problem is not a priori clear, since
some skyrmions may prefer to collapse, p, — 0, or burst, p, — Ly ! in the course of minimization.
As a first step, we prove that the minimization of Fy({pn,0n,rn}) in 6, and p, is well defined, i.e.,
that minimizers of this problem exist. The obtained minimal energy can be used to understand the
interaction between magnetic skyrmions at different locations. It also allows to estimate from below
the energy of the saddle points that separate the basins of attraction of different skyrmion spatial
arrangements. We will subsequently illustrate the explicit solution of this problem in the simplest
case of stray field-coupled ferromagnetic bilayers with no DMI.

Theorefn 1. Let N € N and Lo > Lg. There exists 5y > 0 such that for any fized {r,} C R? and all
d,|R| < 0 there exists a minimizer of the problem

Ey({rn}) = min En({pn; Onsrn}) (5.5)

Proof. Step 1. We first minimize in angles 6,,, keeping {p,,r,} fixed, with 1 < n < N. It is clear
that if we fix r, € R? and p, € (0, L"), the function Fx({pn,0n,rs}) is continuous and periodic in
0,, with period 27 and, therefore, there exists a global minimizer {03} C [~m,7)Y. We define the
resulting minimal energy as Fn({pn,rn}) = ming, Fn({pn,0n,rn}), where

= 2 e, o, 5T 2 p*
FN<{pn,rn}>—Z[—4mnln< PR — SR cost 4 57 pu(3cost o~ 1)
=1
—1

N
. Pk |rtn — T Pk |Tn — 1
+ g 5 ,/pnpk [3cosﬁncosﬁ F,, ( ,> — F, < —_—
2 SN Ny RNy

-1 N
z P |t — T P |tn — 1
A7/ pn [cos& F, ( ) — cos O, F, ( — .
1 kZH “\Voon' /onpk UV o’ v/pnpr

2:

,_.»—n

n

(5.6)
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Step 2. Now we show that Fxn({pn,rn}) is bounded from below. From Lemmas [I| and [2[ in the
Appendix, we know that Fss(a, A), Fyy(a,A), and Fys(a, A) are bounded functions. Then since
2/pnpk < pn + pi, it follows that for some C' > 0 universal we have

1+27

w({pura) >Z[ tngiin (a2 ) - CORI+ D] = 04 (5.7

for some C; > 0 and all 0 < p, < Ly
Therefore, for 1 <n < N there are minimizing sequences (p;;); such that as | — oo

Fn({pni,tn}) = i’%f Fn{pn,rn}) > —o0. (5.8)

Since py,; € (0, Ly 1), up to extraction of a subsequence (not relabeled) they converge:
lim p,,; = p;, € [0, Ly (5.9)
l—o0

Step 3. We now show that in a minimizing sequence p,, ; do not converge to 0. Assume this is not true
and, without loss of generality, there is a minimizing sequence with px; — 0, while for 1 <n < N —1
we have p,; — p;, > 0 as [ — 0o. Let us assume p;, > 0 for all 1 < n < N — 1, as the other case
is simpler and will follow in a similar fashion. We also assume that ry # r, forall 1 <n < N — 1,
as the other case is also simpler. We now observe that the infimum of the energy is achieved on

{op 3 u{o):

1 o127 a3 ,
1anN({pn,rn} [ 47 ( pn ( 1 (pr) > — 8mkp,, cos O + 5§p:(3 cos” 0 — 1)]
n=1
+N§ Y 57 ok |3 costr cos by, ( ()28, = 2kl) g [Pk Ton — 1l
n P cos 07, cos 0}, ) - B T &
T ! NN oen one A\ e Voo (5.10)
N—2 N-1

5 ; Pi |tn — il . Pr Itn — T
— 4o/ pi py. | cos O, Fys 5, ———— | —cosOpFys = —
Z:1 k=n+1 ! " Pn, \Y4 p;klp]t; p;; \/ ,0;:,02

Therefore, we only need to show that there exists py # 0 such that with p, = p;, for 1 <n < N —1
we have

Ex({pn:tn}) < Fn-1({pp,tn})- (5.11)

Since Fn({pn,rn}) is obtained by minimizing in 6, from (5.10)) we know that by taking 6,, = 6} for
1<n<N-1and 6y = 7§ we have

Fn({pnstn}) < FN({pn:OnsTn}) = —1({pn,tn}) — G{pn,tn}), (5.12)

where

3N1
PN TN — Ty
n,Tn}) = 4mpy In . —1—5— n Fss< —, ) 5.13
L e RO RR W A (e = BT

N-1
< * PN |I‘N B I'n‘
+ 4md v cos @ F, < —_—, ) . 5.14
ngl PnPN nt'vs o \/m ( )

We now need to show that G({pn,rn}) > 0 as then we will have a contradiction with minimality. We
will take py > 0 small and investigate Fis(a, A\) = Fiss(a™!, \) defined in ([4.28)), where a = , /%’,

A= %. We can use the change of variables ¢t = £\ to obtain

Fas(a, \) = % /0 T 200 () Ko (/) Kot/ ()t (5.15)
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Next we observe that for py < 1 the value of 8 = § = % > 0 is small, while ﬁ = |erer| is
fixed. We have estimates on the Bessel function:

0< Ko(t) < h(t) = max{—Int+ 1,1},  Vt>O0. (5.16)

It is now clear that with the help of |Jy(f)| < 1 we can estimate

0 0

/Oo t2J0(t)Ko(at/)\)Ko(t/(a)\))dt‘ < /OO t2Ko(t/(aX))h(Bt)dt

=Inp! /Oﬁ_ tng(t/(a)\))dt+/0 t2Ko(t/(aX))| Int|dt (5.17)
+/Oo t2*Ko(t/(aN)dt < C|In pyl,
0

3
for some C' = C(pp, [ty —r,]) > 0 and all py > 0 small enough. Since A\~3 = <7V'0Np”> , we obtain

[rn—rn]

PN’ \/PNPn

for some C' = C(py, |rny —1rp|) > 0 and all py > 0 small enough.
We now use the same approach to estimate F,s defined in (4.29)):

3 N—1

s [pon |rny — 15 =

5Z § VPNPnFSS( L N|> > _C(SP%VHHPN‘ (5.18)
n=1

Fus(a,\) =2 / b k2 Jo(\k) Ko(ak) K1 (k/o)dk = % OOtng(t)Kg(ozt/)\)Kl(t/(a)\))dt. (5.19)
0 0
Using the fact that
Pyl V)] < % /OOO 2K, () () h(Bt)dt < C“;f’N', (5.20)

where C' = C(pn, |rn —ry|) > 0, for all py > 0 sufficiently small, we deduce

N-1
< * PN ‘rn_rN‘ <2
4md ~ cos 0" F; ( ,) > _C9 In pn|. 5.21
31 VPP nFus \/pn N Pl Inpn| (5.21)
It follows that

G > 4mp3 1 @2 553 — Cop31 0 5.22
({pn;rn}) > 4mpy In 1PN ) o pn|Inpn| > (5.22)

for any ¢ > 0 and all py > 0 small enough.

Step 4. It remains to show that p; < Ly U with Ly > Lo for all 1 < n < N. Assume this is not
true and, without loss of generality, that pjy = L 1 In this case it is not difficult to show that for all
0 < dg with some §y > 0 small enough depending only on NV and Ly we have

inf F({pn,rn}) > lim F({pn1,1n}), (5.23)
Pn [—0

where p,; = pj, for all 1 <n < N —1 and py; — 0 as | — oo. Therefore, py = Lgl cannot be a
minimizer and pf € (0,Ly") for all 1 < n < N. Finally, as the function Fy({pn,rn}) is continuous
for pp € (0, Lyt), the minimum is attained in Ay ({r,}) for all § < do. O

Having established existence of minimizers of Fn({pn,0n,rn}) over Ayx({r,}), it would next be
interesting to understand the nature of the minimizers of Fy({r,}) with respect to the positions r,
of the skyrmions in each layer. This, however, is in general a daunting task, as the interaction energy
describes a fully coupled, strongly nonlinear system, in which the dependence on positions arises,
in addition to the direct interaction term, due to the implicit and a priori unknown dependence of
the skyrmion radii p, and angles 6,, on the skyrmion positions {r,}. In particular, it is not a priori
clear whether minimizers of Fy({r,}) over the positions exist, as the interaction between different
skyrmions could be repulsive, leading to failure of compactness of the minimizing sequences and, as a
consequence, to failure of existence of minimizers.
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6 Application to the case of bilayers in the absence of DMI

Instead of treating the problem in its full generality, in the remainder of this paper we focus on the
simplest particular case of stray field-coupled ferromagnetic bilayers in the absence of DMI. Here we
can obtain a complete characterization of the energy minimizers. We show that minimizers indeed
exist, signifying an attractive interaction of the skyrmions in the adjacent layers. We find that the
energy minimizers consist of pairs of concentric identical skyrmions of Néel type, except that their
in-plane magnetizations are anti-parallel. Furthermore, these skyrmion pairs are chiral, as the sense
of the magnetization rotation in each of the layers is fixed by the direction of the magnetization at
infinity. This is in contrast with the case of ferromagnetic monolayers, which are known to support
stray field-stabilized skyrmions of Bloch type that can have two chiralities.
We now define the energy by setting N =2 and & = 0 in (5.2):

61—{-27

2 _ 3
Fy({pn,bn,rn}) = Z [—4%;)721 In < 1 pi) + 5%/)”(3 cos® 0, — 1)}
n=1
3

7 p2 |ra —r1| p2 |z —ri| 6.1
+0—+/ 3 cos by cos O F, ( ,> — F, ( - (6.1)
4 Plpz[ 1 2L vy PN ss NI

_ [p2 Irg—r1|) (\/71 Irz—r1\>]
— 47/ cos O F, —=,——— ] —costF, —, .
p1p2|: 1 vs( 01 m 2L ys P m

and would like to investigate the energy minimizing configurations of stacked skyrmion pairs in a
bilayer. We have the following result that gives a complete characterization of the minimizers of this
problem.

Theorem 2. Let Ly > Lo. Then there exists 6o > 0 such that for every § < 6o the minimizers of the
energy Fo({pn,On,tn}) among p12 € (O,Lal), b2 € [—m ) andris € R? exist and satisfy

7,) ris =r9;
i) 91 =0, 6y = —
iii) p1 = p2 = p, where
16 + %)
p=— 26+ , (6.2)

64wy (— 1852 e14+95)

and W_1(t) is the Lambert W function.

Proof. We first observe that by Lemmas [I] and [2] in the Appendix the absolute values of the functions
Fyy(a, M), Fss(a,\) and Fys(a, \) are maximized at A = 0 for fixed o« > 0. Moreover, at A = 0 all
these functions are positive. It follows, that

Fs({pn,On,rn}) > Z [—47rp3Z 111( 1 pn> —|—57; o 3cos 0, —1)

3
- 5%,/p1p2 [3 cos Oz]| cos 01| Fy, <\/7 ) + Fis ( 2,0>] (6.3)
P1
— 476/ p1p2 I:’COSQvaS (1 /T,O) + | cos b2 | Fys (1/ 70)}
1

and equality is achieved if and only if r{ = rg, cos#; > 0 and cosfy < 0.
We now observe by completing the square that the function

ho(01,02) = (ancos 0,, —2\/p1p2Fw< p— >|c0591||00592|) (6.4)
V o1

is non-negative due to the fact that F, (o, 0) < 1 with equality achieved only at o = 1 (see Lemma
in the Appendix). Moreover, for p, > 0 the function hg(61,62) = 0 if and only if one of the two
alternatives below holds:
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Figure 4: Plot of F(p) when p € (0, po) with pg = Ly* for 6 = 0.25.

i) p1 # p2 and [012| = T;
ii) p1 = p2 and |cosf;| = | cosba|.

We also observe that

[ cos 61| Fyg (1 /”2,0> — | cos 0| Fys (1 /m,o> > _F,, (1 /”,o) _F, < pl,o) , (6.5)
P1 P2 1 P2

with equality achieved at 612 = 0 or 61 2 = m. Minimizing the right-hand side of the above expression
in p1, p2 we obtain p; = p2 and hence the following lower bound achievable if p; = pa:

_Fvs ( p270> - Fvs < p170> 2 _27 (66)
V p1 P2

where we used Lemma [2|in the Appendix. Recalling that 0 < Fss(a,0) < 1 with equality achievable
if and only if &« = 1 (see Lemma |1] of the Appendix) and combining our findings above, we obtain

FQ({pm Hm I‘n}) >

) e+ 3 3 B
[—47Tpn In < 1 pn) - 58pn] — 0 V/p1p2 — 8m0\/p1p2

3 3
M) 11
= =

(6.7)
el+2’y 9 —7T3 B
with equality achieved if and only if r;{ = ro, 8 = 0 and 6 = 7, and p; = ps = p, where
1+2y 3 _
F(p) = —4mp*In <e 1 p2> — (5%,0 — 4mp. (6.8)
The graph of F(p) is illustrated in Fig.
It is now clear that
inf ;nin Fs({pn,0n,rn}) = 2inf F(p). (6.9)
Pn On,rn P

We can minimize F(p) in the admissible interval of p € (0, Ly 1), Tt is easy to check that for Ly > Lo
and 69 > 0 sufficiently small depending only on Ly the minimum of F(p) is attained at the point
p € (0,Ly") satisfying

142y s 3 B
0=F'(p) = —8mp [ln<p2€ 1 ) + 1] - % — 470. (6.10)

After a little algebra, one can see that the solution of this equation in the interval (0, pg), where
po =Ly ! is given by (6.2). This concludes the proof. O
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To summarize, we have demonstrated that the global energy minimizers of F»({pn,6,,r,}) are
characterized by a certain symmetry that makes the in-plane components of the magnetization in (4.8))
anti- parallel It is instructive to see what this assumption would lead to on the level of the original
energy in , before introducing the truncated BP ansatz. Setting (mj, ”) = (—m;y ,mg) = m,
we see that the energy E of the configuration {mj, my} becomes E5({mj, ms}) = 2E*(m), where

/\\2

E*(m) = / (]Vm]Q + |m*|? — dm* Vm”) d*r — 26 (m () —ml(x')) d*rd*r’.  (6.11)

R2 JR2 87T|I‘—I‘/’3
One can observe that for these configurations the volume-surface interactions act as an effective inter-
facial DMI term, favoring the Néel rotation of the magnetization with a particular rotation sense. At
the same time, the volume-surface and surface-surface interactions act constructively to stabilize the
skyrmion pair, while the penalizing volume-volume charge interaction is absent. The reason for the
stabilizing action of the volume-surface interaction may be seen from Fig. 5} For skyrmions with anti-
parallel in-plane magnetizations in the two layers and counter-clockwise rotation in the bottom layer
the volume-surface interaction energy is lower than that of all other possible skyrmion configurations
with anti-parallel in-plane magnetizations and the same out-of-plane component. Notice that the stray
field energy due to the volume-volume interactions may be forced to be zero by choosing the Bloch
rotation in both layers instead (not necessarily anti-parallel). However, in that case the DMI-like term
due to the volume-surface interaction does not contribute to the energy of the skyrmion pair, making
the Bloch rotation as compared to the Néel rotation with anti-parallel in-plane components of the
magnetization less favorable. Finally, notice that the configuration in Fig. (f) that corresponds to

the lowest energy is reminiscent of a flux closure structure in bulk ferromagnets.

To verify the predictions of our asymptotic analysis, we carried out a numerical study of skyrmion
profiles in stray field-coupled ferromagnetic bilayers, using MUMAX3 software [34]. For the material
parameters, we chose those corresponding to a ferrimagnetic material such as GdCo with the material
parameters A = 20 pJ/m, M, = 10°A/m, K, = 6700 J/m? [11]. We consider two 5 nm-thick layers
of such a material with a non-magnetic separator of negligible thickness. These parameters give an
exchange length /., ~ 56.4 nm and a small dimensionless layer thickness § ~ 0.089, justifying the use
of the reduced model appropriate for ultrathin films. The quality factor associated with the uniaxial
magnetocrystalline anisotropy is @ ~ 1.066, giving the parameter 6 ~ 0.344 characterizing the strength
of the stray field interaction that is also within the validity range of the asymptotic theory in § < 1.
For this value of §, the formula in predicts p ~ 0.0938, which corresponds to the dimensional
skyrmion radius of 20.5 nm. The resulting profiles obtained, using the minimize function of MUMAX3
on a 2048 x 2048 x 2 grid with the in-plane discretization steps Ax = Ay = 0.5 nm, the out-of-plane
step equal to d = 5 nm and the number of repeats in (X,Y, Z) set to (5,5,0) to approximate the
periodic boundary conditions, are presented in Fig. [6] In a very good agreement with the theoretical
prediction, the obtained profiles consist of a pair of concentric Néel skyrmions that are very close
to the Belavin-Polyakov profiles with radius 20 nm obtained by fitting the numerical profiles to the
Belavin-Polyakov profiles.

We conclude our study by attempting to calculate the function Fy({ri,rs}) from Theorem
that determines the interaction energy of two skyrmions in the adjacent layers of a bilayer. By the
translational and rotational symmetries of the problem this function depends only on r = |r; —rz| and
is obtained by minimizing the function F»({py, 0pn,ry}) in four parameters p; 2 and 6 2. Nevertheless,
the problem is still intractable analytically, since no manageable closed form analytical expressions for
the functions Fy,(a, A), Fss(a, A) and Fys(a, \) are available for A > 0 and general o > 0. It would
seem plausible, and is supported by the numerical evaluation of the energy at a few points of the
parameter space that the minimizers from Theorem [I] in the case of bilayers, N = 2, would exhibit a
symmetry for the skyrmion radius with respect to the layer position, which is also certainly true for
the global energy minimizers by Theorem [2] Thus, it is reasonable to conjecture that in a minimizer
from Theorem [1] at fixed 7 > 0 we have p; = ps = p, and thus Fy({r,r2}) = F5*"(r), where F5™(r)
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Figure 5: An illustration of the stray field interactions between the volume and surface charges in a
bilayer for a skyrmion with anti-parallel in-plane magnetization components (i.e., with mH ” and
m; = —mjy): (a,c,e) clockwise rotation in the bottom layer; (b,d,f) anti- clockw1se rotation in the
bottom layer. The volume charge density p¥2' = =V -m* in one layer is indicated in blue (negative)
and red (positive), and its associated magnetic field lines are shown by the lines with arrows going
from red to blue regions. Only the out-of-plane component m” of the magnetization in the other
layer that contributes to the volume-surface interaction is shown in (a-d), while the corresponding full
magnetization profiles are shown in (e,f). In (a,c), the out-of-plane magnetic moments of one layer
point agains the field lines from the other layer, resulting in a higher energy. In (b,d), the out-of-
plane magnetic moments of one layer point along the field lines from the other layer, resulting in a
lower energy. The total surface-surface interaction energies are identical in both cases, and the total
volume-volume interaction energy is asymptotically zero.
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Figure 6: Stray field-stabilized Néel skyrmion in an ultrathin ferromagnetic bilayer. (a) The out-of-
plane components m!,z of the magnetization in the bottom and top layers, respectively, along the
horizontal line through the skyrmion center. (b) The in-plane components X - mfg in the bottom
and top layers, respectively, along the horizontal line through the skyrmion center. (c) and (d) The
top view of the magnetization in the bottom and top layers, respectively. Results of the MuMax3
simulations on the 2048 x 2048 x 2 grid with the in-plane discretization steps Az = Ay = 0.5 nm, the
out-of-plane discretization step Az equal to the single layer thickness d = 5 nm, and periodic boundary
conditions in the plane. The material parameters are A = 20 pJ/m, M, = 10°A/m, K, = 6700 J/m?>,
corresponding to a ferrimagnetic material, with a non-magnetic spacer of negligible thickness. In all
the panels, only a 400 nm x 400 nm region around the skyrmion center is shown. In (a) and (b), the
Néel Belavin-Polyakov profiles with radius 20 nm are also shown by thin red lines.
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0.10

Figure 7: Plot of —In[—F5"™(p,r)] for § = 0.25. The choice of the function plotted helps to visualize
the part of the parameter space in which the energy is negative.

can now be calculated in closed form. Indeed, we have

B 32 ey 5 21 VAT+1
Fw(l,)\)—37T2>\2()\2+4)3/2[<)\\/)\ 4442 +4+8>K : y

4 <A2\/)\2+4+2\/)\2+4+4)K(1——V)\2+4) E(l——w) (6.12)

2 4 2 4

Y

A/ )\2
+4 (N2 +2) VA2 +4 E? <%—#>

where, again, K(m) and E(m) are the complete elliptic integrals of the first and second kind, respec-
tively. Similarly

PORCIR P 3/2[((m+4>m4(m+2))m(1_Wﬂ)

T2A2 (A2 +4) 2 4
-8 (A2+ \/>\2—+4+2>K G . @) E (% - @) (6.13)
+8v/A2 + 4 E? (% - @) ,
and
Fo(L,A) =2 (/\214 N i?;r;h;14§§/)2) , (6.14)

With these expressions for Fi,(a, \), Fss(a,A) and Fys(a, \), we can proceed to minimize the en-
ergy in (6.1) with respect to the angles 612 to obtain a closed form expression for Fy™(p,r) =
gnien Fs(p1,061,p2,02,7) with p;1 = ps = p. The plot of this function for a particular value of § is
1,V2

presented in Fig. [7]
The function F3"™(p,r) can finally be minimized numerically for a given value of r > 0. The
results for a particular choice § = 0.25 are presented in Fig. 8| where the minimal energy, the optimal
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Figure 8: The result of the global numerical minimization of F5"™(p,7) in p for § = 0.25: (a) the
minimum energy F5""(r); (b) zooming in on the minimum energy F5""(r) to show the repulsion at
large separation distances; (¢) optimal value of p as a function of r; (d) optimal value of cosf; as a

function of r.

value of p and the optimal value of cosf; = —cosfs > 0 (the latter is due to the fact that from
0 < Fuy(1,X) <1 for A > 0 follows that the energy is a strictly convex function of cos#; and cos62)
are plotted. We observe that the minimum of the energy is indeed attained at r = 0, as it should be
by Theorem [2| As the value of r increases, the equilibrium radius p also slightly increases, while the
optimal angles remain those of the minimizer: 8; = 0 and #2 = —m, in Theorem [2| We note that as
can be seen from Fig. [7| the energy landscape in the (p,r) plane consists of a wide valley for not too
big values of p ~ r and a narrow gorge providing an escape path to r — oo and corresponding to an
almost constant value of p and increasing values of r. At r > 1 the latter corresponds to a pair of
non-interacting skyrmions in each layer.

When the value of r is increased from zero, at first the minimum is found in the wide valley, but
as the parameters push the energy towards the steep wall at a certain critical value of r (close to
0.054 for 6 = 0.25) the minimizer jumps into the gorge and continues to follow along it. Notice that
for this value of § the angles switch abruptly from those corresponding to the Néel skyrmions in a
global energy minimizer to |61 2| ~ % corresponding to a pair of Bloch skyrmions. Also notice that
the radius of the skyrmions in the gorge is an order of magnitude smaller than that of the global
minimizer, and the absolute value of its energy is two orders of magnitude lower, respectively. In sum,
the skyrmions remain of Néel type and exhibit a strongly attractive interaction within a certain range
of separation distances. Beyond that range they abruptly change their nature and behave as a pair of
weakly interacting Bloch skyrmions, and at large separations these skyrmions exhibit a weak repulsive
interaction dominated by the dipolar forces. The strongly nonlinear attractive interaction of a pair of
skyrmions at sufficiently short distances thus may provide an important stabilization mechanism that
is highly desirable for spintronic applications.
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A Appendix

In this section, we establish a few basic properties of the functions F,,(a, A), Fss(a, A) and Fys(a, A)
necessary in proving our theorems. An impatient reader may quickly convince oneself about these facts
by simply plotting those functions evaluated numerically from their respective integral definitions.

Lemma 1. For o € (0,1), let Fy,(c,0) and Fgs(a,0) be defined by (4.30) and (4.31)), respectively.
Then 0 < Fyy(,0) <1 and 0 < Fe5(a,0) < 1. Furthermore, for all « >0 and A > 0

| Fow (0, )| < Fyy(av, 0), |Fss(a, A)| < Fss(cv,0), (A.1)

where Fyy,(a, A) and Fss(a, \) are defined in (4.27)) and (4.28)), and Fy, (o, A) and Fgs(a, \) are uniquely
mazimized by (o, A) = (1,0), with max F,, = max Fss = 1.

Proof. The statements about Fy,(a, A) and Fgs(a, A) follow immediately from the first part of the
lemma, since from the definitions of F,(a, A\) and Fss(a, A), and from the fact that |Jo(AE)| < 1 for
all A > 0 and £ > 0 we have |Fyy(a, A)| < Fyp(a,0) and |Fss(a, )| < Fss(cv,0) for all & > 0 and A > 0,
together with the facts that Fy,(a,0) = Fy,(at,0) and Fys(,0) = Fys(a™t,0).

We now prove that Fys(a,0) attains its maximum only at a = 1. Since Fys(,0) = Fiss(a™t,0)
and Fgs(1,0) = 1, we only need to investigate the interval of a € (0,1). Recalling the definition of
Fys(,0) and using the change of variables t = 1 — a* with ¢ € (0, 1), we note that

NI

16(1 -t
Fa =010 = P (0 k() - 2m). (A.2)
™
We now need to show that f(t) = Fss((1 —t)i ,0) has a unique maximum at t = 0. We can differentiate
to obtain

4
()= ————((3t* — 16t + 16) K (t) + 8(t — 2)E(t)) . (A.3)
w3 (1 —t)1
If we show that fi(t) = (3t> — 16t + 16) K (t) + 8(t — 2) E(t) > 0 on (0, 1) then it follows that f’(t) <0
on (0, 1), and hence the maximum of Fys(c,0) is achieved at o = 1.
We note that f1(0) =0 and

3

((3t% — 11t + 8)K (t) + (7t — 8)E(t)) . (A.4)

Hence we need to show that fo(t) = (3t — 11t + 8)K(t) + (7t — 8)E(t) < 0. Again, we note that
fQ(O) =0 and

F4(1) = (0 2)K(1) + 9B(1). (A.5)

Hence we need to show that f3(t) = 3(t — 2)K (t) + 9E(t) < 0. We note that f3(0) = 0 and

9

iR (K(#)(t — 1) + E(t)). (A.6)

() = -
Finally, we need to show that f4(t) = K(¢)(t — 1) + E(t) > 0. We note that f4(0) =0 and
Fit) = %K(t) > 0. (A7)
The result is proved.
We now prove that F,(«,0) attains its maximum only at o = 1. Similarly, we consider only the

interval of a € (0,1). Recalling the definition of F,,(c, 0) and using the change of variables t = 1 —a?
with ¢ € (0,1), we obtain

=

16(1— )
3t?

=

Fu((1-1)3,0) = (2=0)E(t) —2(1 - t)K(1)). (A.8)
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We now need to show that g(t) = F,,((1 — t)%,O) has maximum at ¢ = 0. We can differentiate to
obtain

4

= ———— (8(t* = 3t +2)K(t) — (t* — 16t + 16)E(t)) . (A.9)
3mt3(1 —t)4

g'(t)
If we show that g1 (t) = 8(¢% — 3t + 2)K(t) — (t> — 16t + 16)E(t) < 0 on (0,1) then it follows that

g'(t) <0 on (0,1), and, hence, the maximum of F,,(c,0) is achieved at a = 1.
Arguing as in the case of f(t), we note that ¢;(0) = 0 and

g1 (t) = —g (8 =5t)K(t) + (t —8)E(t)). (A.10)

We now need to show that go(t) = — ((8 — 5t) K (t) + (t — 8)E(t)) < 0. Again, we note that g2(0) =0
and

gh(t) = T 21 —t)K(t) + (t —2)E(t)). (A.11)

Hence, we now need to show that g3(t) = — (2(1 — ¢t)K(¢) + (t — 2) E(t)) > 0. We note that ¢g3(0) =0
and

gh(t) = S(K(H) — Et) > 0. (A.12)

The result is proved. ]
Lemma 2. For a > 0, let F,s(c,0) be defined by . Then 0 < Fus(a,0) < 2, and for all X\ > 0
|Fus(a, A)| < Fus(a, 0), (A.13)
where the function Fys(c, \) is defined in ([£.29)). Furthermore,
|Fys(a, N)| + |[Fus(a™' V)] < 2, (A.14)
with equality achieved only at (o, \) = (1,0).

Proof. As in the case with Fy,(a, A) and Fss(a, A), the statements about Fys(a, A) follow, once we
demonstrate the desired properties of F,s(a,0), since by the same argument |Fys(a, \)| < Fys(c, 0).
From the definition of the latter, it is clear that the function F,s(«,0) is positive and continuous for
all @ > 0, including at o = 1, since lim,—1 Fys(cr,0) = 1. Therefore, since Fys(,0) — 0 as « — 0 or
a — 00, the function Fis(a,0) is uniformly bounded.

To show the inequality in , we observe that

2« (a2 — 1) (a4 +402lna — 1)

Fus(a,0) + Fps(a™1,0) =

(at—1)°
= sechw(1 + wsechw cschw), (A.15)
where w = In a;, which is manifestly maximized at w = 0 among all w € R. Finally, the upper bound
on Fys(a,0) follows directly from (A.14). O
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