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Abstract

The complexity and nonlinear dynamics of patterning networks in development make modeling an important approach
for the evaluation of the experimentally derived pattern formation mechanisms. As a rule, mechanistic models of patterning
networks have large number of uncertain parameters; model analysis requires extensive computational searches of the param
eter space. Analytical techniques can circumvent these difficulties and offer important insights into the networks’ functional
capabilities. Here, we present an asymptotic analysis of the multiple steady states and transitions between them in a mech-
anistic model of patterning events specifying the formation of a pair org&rasophila oogenesis. The model describes
the interaction between the spatially nonuniform inductive signal and a network of spatially distributed feedback loops. Our
approach dramatically reduces the complexity of the problem and provides an explicit analytical method for the construction
and parametric analysis of the patterned states responsible for signaling. The analysis reveals a skeleton structure for the
patterning capability of the considered regulatory module and demonstrates how a single regulatory network can be used to
generate a variety of developmental patterns.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The development of multicellular organisms is guided by a surprisingly small number of evolutionary conserved
regulatory network§l—3]. It is now becoming apparent that developmental instructions in different species and in
different developmental contexts are executed by a set of subroutines, each with a particular developmental function.
These subroutines are operated by biomolecular regulatory networks that involve gene expression in individual cells
and are integrated by the processes of cell-cell communication. Understanding the functional capabilities of these
networks is therefore impossible without studying spatio-temporal dynamics of the underlying signaling patterns.
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Insystems well characterized by genetics and biochemistry, regulatory mechanisms can be systematically explore
via mechanistic modeling and computational analysis (see, for exafdpld). Generally, such modeling leads
to complicated systems of nonlinear partial differential equations. To gain basic understanding of the underlying
patterning mechanisms and predict possible outcomes of genetic manipulations one needs to study, among othe
things, existence and multiplicity of the stable steady solutions of these equations. These studies are computationally
challenging, especially in the face of a large number of the control parameters. Computational analysis is necessarily
limited to particular choices of nonlinearities, parameter sets, etc. Furthermore, interpreting its results may often
be difficult because of the presence of “pathological” solutions. In this sense distinguishing the classes of solutions
that can beobustly realized in a large family of models with certain general properties, as well as the origin of their
robustness, is a problem that may lie beyond mere computational studies. This is why direct analytical methods for
characterizing these solutions are highly desirable.

An important group of cell communication mechanisms relies on regulated release of peptide growth factors
[3]. After their release in the extracellular medium, these molecules diffuse to the neighboring cells and activate
the cognate receptors on the cell surfaces. The range of signals mediated by secreted growth factors is from
to ~10 cells[3,8]. Recent studies iDrosophila have identified a network of growth factors with a rich pattern
formation capability. This network includes the epidermal growth factor receptor (EGFR); signaling through EGFR
can activate expression and/or release of its stimulatory and inhibitory ligands, thus forming positive and negative
feedback loop$9].

This network is used at many stages of Br@sophila developmenf9,10]. In oogenesis, it has been proposed
to convert the spatially simple, single-peaked signal, into a more complex, two-peaked pattern of signaling activity
[11,12] Specifically, the layer of identical epithelial cells is locally stimulated by an EGFR ligand. This primary
signal is then amplified and expanded by the positive feedback loop that involves the release of a diffusing stimulatory
ligand. During this process, an inhibitory ligand is produced, splitting the pattern into two smaller domains of high
signaling (for a summary of the signaling network and the identification of the concrete molecular components, see
Fig. 1). The resulting pattern with two domains of high receptor activity serves as a blueprint for the development
of a pair organ (dorsal appendagfs3,14]

Interestingly, in other stagesDfosophiladevelopment the same patterning network generates only single domain
signaling patterns from localized inpib—17] A question then arises as to whether the same regulatory network
can account for different responses to inductive signals in different developmental contexts. In particular, would
extra molecular components be required for establishing different types of signaling patterns (for a discussion, see
[11])? To answer these questions, one needs a deeper understanding of the functional capabilities of the regulator
mechanisms involved.

To this end, we take on an analytical approach to the study of signaling patterns in the mechanistic model of a
regulatory network ifbrosophila oogenesis. We perform an asymptotic analysis of the stationary signaling profiles
in the model to obtain an analytical characterization of the solutions. Our approach captures the properties of the
signaling patterns and allows to investigate their robustness. More importantly, it reveals the core subset of the
stationary solutions and demonstrates that their existence and properties do not depend on the details of the mode
Our analysis shows that different types of patterns can be obtained in the network of the same topology by varying
only a few control parameters.

2. Modd

A mathematical model based on the mechanism of EGFR signaling mediated by positive and negative autocrine
feedback loop§l1] takes the following fornj18]:
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Fig. 1. Network connectivity and signaling by autocrine loops in the follicular epitheliubrasophila oogenesis. The oocyte locally secretes

a stimulatory ligand Gurken that binds to EGFRs on the surface of follicle cells (FCs). EGFR activation in the FC initiates expression of the
geneghomboid andargos. The corresponding protein product Argos is secreted into the narrow gap between the FC and the oocyte, where it
diffuses around and binds to EGFRs, inhibiting their activity. Protein Rhomboid is an intracellular protease that processes an inactivaintracellu
precursor of Spitz into the biologically active, secreted form. After it is secreted, Spitz diffuses and can then bind to and activate EGFRs on the
surfaces of Spits-producing cells and their neighbors.

aS 928

=D — kgS R, 1
5 = Dsoz —ksS+ss @
oR E — yr
— = —kgR , 2
o R +8R0{ 5r } 2
9A 92A E—ya
— =Dy —kpA , 3
A 0,08k +gAa{ - } 3)
E=S—aA+BG. (4)

HereS is the concentration of the stimulatory ligand (the active form of Sgitzhe concentration of the stimulatory

signal (Gurken)A the concentration of the inhibitory ligand (Argos), all three in the extracellular spatiee
intracellular concentration of the ligand-processing protein (RhombBgithe concentration of the activated EGFRs

in the FC membrane&{g. 1); x the coordinate along the circumference of the eggrdine time. The distribution of

G serves as a localized inductive signal whose amplitude is ramped up from zero to a steady level at long times. The
model involves various rate constarts( D’s, g's) as well as the sigmoidal nonlineariyx) which is characterized

by offsets and steepnessess(andé’s, respectively). The level of EGFR activati@his positively stimulated by

andG and is negatively stimulated by, characterized by constantsandj [18].

Within the framework of the model, the outcome of the patterning events is identified with the stable steady state of
the network attained after the transient following the switching on of the inductive signal. Computational analysis of
Egs. (1)-(4xhows that the model can robustly generate complex signaling patterns from simple spatially distributed
inductive signal$18,19]. Numerical bifurcation studies of the stationary solutions reveal multiple coexisting steady
states, whose existence and selection as a function of the control parameters can be correlated with the observec
eggshell phenotypes and is in agreement with the large amount of genetic and biochemida]data
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3. Asymptotic reduction
Below we develop an asymptotic procedure for analyzing the stationary soluti@usof1)—(4)n the limit of

strong length scale separation between the positive and negative feedback loops. After an appropriate dimensione
reduction[18], Eqgs. (1)—(4)an be written as

rsg =62§72;—s+r, ()
R === ©
g_=_+{—+%} @)
g(x, 1) = go(®) eXP(—;C—;), o(x) = %, 8

wheres, a, r, g are the dimensionless concentrations@mglis the Heaviside function. For concreteness we assumed
a particular form of the dependencegafn x and a particular form of the sigmoidal functief). Functionally,s is

a short-rangediessenger, r is an autocrinawitch, a is the long-rangechhibitor, andg is the localized stimulating
inductive signa[18]. Since the experimentally observed patterns are highly locdl®a1], the no flux boundary
conditions forEgs. (5) and (6tan be pushed off to infinity.

Thus, the qualitative properties of the solutions are determined by a number of dimensionless parasnaters:
the dimensionless offsets abg, are the dimensionless steepnesses of the sigmoidal functions in the production of
r anda, respectivelyy is the relative strength of the negative feedbagks) andx characterize the amplitude and
width of the time-dependent inductive signal; are the time scales efanda relative to that of, ande is the ratio
of the length scales ofanda. The available biochemical information suggests that the latter is a small parameter:
€ ~ 0.1, whilexg >~ 3[11,20,22] We will take advantage of this fact and construct the solutior&gst (5)—(7)n
the limite — 0. We are also going to make another simplifying assumption supported by the experiments that the
response ofi to the activation of EGFR is characterized by a sharp threshold higher than thHtigh7,21,23]

In the model, this translates to taking the limbjt — 0, thus replacing the sigmoidal function itg. (6) with the
Heaviside step, and assuming that> ¢;.

Numerical simulations oEqgs. (5)—(8)show that for sufficiently slowly varying signal amplitudes(s) the
dynamics are governed by a series of abrupt transitions between different types of quasistationary signaling pattern:
[18]. To illustrate this, we show a simulation in whigh(?) is slowly ramped up from zero to a certain level and
then decreased back to zero in the same faslhign 2). One can see a sequence of transitions from no signaling (0
pulses)— 1 narrow pulse-> 2 pulses— 1 broad pulse whegy is increased. Similarly, upon decreasygighe one
broad pulse solution transforms into two pulses, which then disappear at a critically low level of inductive signal.
Note the hysteretic character of the transitions.

4. Thenature of large-amplitude patternsin the model

For similar systems of reaction—diffusion equations without any inductive signals it is well established that for
€ < 1 stable large-amplitude stationary solutions have the form of domains separated by narrow domain walls (see,
for example[24-27). This is also what we see as outcomes of the transitions triggered by the adiabatic variation
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Fig. 2. A sequence of transitions and the hysteresis by slowly varying inductive signal. The snapshots of the distributengiféér-
ent times are shown on the left. The color-coded space—time plot of the distributiois shown in the center, with “red” corresponding
tos >~ 1 and “blue” corresponding t& >~ 0. Results of the numerical solutions Bfjs. (5)—(8)with ¢ = 0.05 1+ = 1.6,¢, = 0.5,
b, = 0.05¢, = 04,b, = 0.2,x0 = 3,7, = 0.1, 7, = 1. The signal amplitude is taken to lge(r) = 1.6 x /2500 for 0 < ¢t < 2500
andgo(f) = 1.6 x (2 — /2500 for 2500 < ¢ < 5000 (right).
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of the inductive signal (seEig. 2). Therefore, in the following we will be looking for the solutions of this type.
In the limit e — O these stationary solutions break up into the inner and outer solutions, which vary on the length
scales ot and 1, respectively (see alfp—30). Let us introduce a slowly varying quantity

v(x) = a(x) — gx) + ¢ 9)

Then, on the inner scale we can assumeihgt~ vy = const, so the stationagquations (5) and (fpr the inner
solution become

0= s + f(s, vo), fs,v0) =—s+o0 {s _b vo} . (20)

r

It is easy to see that for small enough(b, < 0.6086 for our choice of) the nonlinearityf(s) is N-shaped, so
equationf(s, vg) = 0 has three roots. (vg) < so(vg) < s+ (vg), whenevewmin < vg < vmax. Furthermore, when
vg satisfies

s+ (vo)
/ f(s, v0)ds = 0. (112)
s—(vo)

Eqg. (10)has solutions in the form of the domain wall connectin@uvg) with s (vo) [24—26,29,30] The quantities
above can be easily calculated numerically for any fixed valug,. oFor example, folb, = 0.2, we find that
vo =~ 0.2398,vmax =~ 0.4042 andvmin ~ —0.0101.

On the outer scale the derivative terntq. (5)can be neglected, smbeys the local coupling relation= s (v),
wheres, (v) ands_ (v) are the smallest and the largest roots of equafienv) = 0 corresponding to the “on” and
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“off” states of the positive feedback, respectively, with(v) defined forv < vnaxands_(v) defined forv > vmin.
Furthermore, foe, not much larger thag,. andb, — 0 the distribution ot satisfie€q. (6), in which the sigmoidal
function is replaced by the characteristic function of the “on” state. Ifithéon” domain, which we will call a
pulse, is characterized by the position of its centeand widthw;, then it is not difficult to show that the solution
of Eq. (6)inside theith pulse is

a(x) = r Z sinh%e‘”‘"/’| +1—e"/2cosh(x—r) |, (12)
i#]
while outside all the pulses it is given by

a(x) =1y sinh%e"x_rf‘. (13)
J

Matching the outer and inner solutions at the boundaries of the pulses, we obtain the self-consistency condition
v(r; £ %wi) = vp. (14)

This equation, together withig. (12) determines the positions and widths of each pulse in a stationary pattern with
an arbitrary number of pulses. Note that the sigmoidal nonlinearity in the positive feedback now enters the problem
only through the values afy, vmin andvmax-

4.1. Sate of no signaling

When the system is in the “off” state, we have- 0, so fromEq. (9)we see that such a solution exists as long as
v = —g(x)+c > vmin. If the value ofgg is increased, the first point at which this condition is violated 4s 0, so
whengo = géo_>1) = ¢, — vmin, the all “off” solution disappears. Dynamically, this corresponds to switching of the
positive feedback on at= 0 and leads to a transition from zero to one pulse (“ignitiofiy( 2). Let us point out
that in our model a Turing-like instability is never realized even for very broad inductive signals, since the positive
feedback is switched on at the level of EGFR activity at which the diffusive inhibitor is not produced. Therefore,
in our model signaling patterns can develop only through a series of abrupt transitions between large-amplitude
localized patterns. SefL 8] for more discussion of the distinctions with the classical activator—inhibitor mechanism
[24,31-33] Let us emphasize that in our model pattern formation is governed by the interplay between long-range
inhibition and stimulation by a strongly inductive signal.

4.2. Single pulse solution

Most of the properties of the signaling patterns forming in the model can be inferred from the analysis of the
simplest inhomogeneous pattern: a single pulse. These patterns, alscaatetitons, play a fundamental role
in systems with competing positive and negative feedbftKs

Since for a single pulse the functiaiix) given byEq. (12)is symmetric relative to its centegg. (14)can only
be satisfied wher, = 0. Substituting this inté&gs. (9), (12) and (14pafter a simple calculation we obtain that the
pulse of widthw exists whengo = g5, where

g(ol) — (%)\‘(1 _ e—wl) + cr — UO) ew%/4x(2). (15)

By inspection, this is a monotonically increasing functiorugf so for each large enough value @f there is a
unigque one pulse solution. An example of such a solution is showFign3(a).
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Fig. 3. Asymptotic one and two pulse solutions (only half of the solution is shown). The parametérs aré:2, ¢, = 0.4,1 = 1.6, go =
0.7,x0 = 3.

In the model, the value af, is chosen to be greater thag, so that the one pulse solutions do not exist in the
absence of the inductive signal, consistent with the experimental3#§ital herefore, sincev; > 0, we must have

go > gélﬁo) = ¢, — vp for the solution to exist. Dynamically, the one pulse solution collapses whénslowly

decreased belo%l_’o) (“extinction”) [18]. Thus, forgél_)o) < g =< ggo—u) there is coexistence of zero and one
pulse solutions.

The regions of existence of the one pulse solutions are limited by the possibility lafceddoreakdown in the
center or the tails of the pulse (for general reaction—diffusion systems see, for exg#@6-40}. In our model
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the local breakdown will occur in the center of the pulse when the valuerefichesmax at x = 0 (seeFig. 3),
making the value of jump down to the lower branch of the local coupling cusyé€v). UsingEq. (12)to calculate

v(0) and combining it wittEq. (15) after a simple calculation we obtain that the local breakdown in the pulse center
occurs wheng > xél_)z), with

y1=2 _ w1 In /2 |:)‘(1 — e W/2) 4 ¢ — Umaxi|

0 2 (A/2)(1—e™) +cr — vo (16)

This equation, together withq. (15) determines parametrically the boundary of existence of the one pulse solution
due to the local breakdown in the center. Dynamically, upon crossing this boundary the positive feedback switches
off in the center of the pulse, so one pulse solution splits into two pulsgs2).

Alternatively, the value ob can reachvyi, somewhere outside the pulse ($&g. 3). This will occur first at
the pointx at whichv reaches a minimum, so, usiig. (13)to calculatev, we obtain a system of transcendental
equations:

Umin = A Sil’lh%(u}l) e’ —go e/ 4 Cr, 17)

. 2
0= —isinh 2t g 4 80 ga?/if (18)
2 x%
These equations, together wig. (15) are solved numerically to find the valuexgf = xf)l_’B) as a function ofg
at which the one pulse solution disappears. Once again, dynamically this results in the ignition of a pair of pulses
in the tails of the one pulse solution and thus leads to a transition from one to three[fp8146%

4.3. Two pulse solution

Let us now consider a symmetrie;(= —r1, w2 = w1) two pulse solution which corresponds to the established
signaling pattern in the wild type phenotyf#l]. A long but straightforward calculation frofgqgs. (12) and (14)

shows that a solution with the given values-pfandw; exists whergg = g(()z) andxg = xéz), where

L@ _ N 2riwy
O T InY2((e; —vo + (A/2)(1 — e 1) (1 4 1721)) (¢, — vo + (A/2)(1 — e v1) (1 + e 21)))’

(19)

W 101 —2r (2r1—w1)?/8wiry
@ _ (¢ —vo+ (A/2(1—e ") (1+ e B A W1-2r1y (1 w1
S0 = < ¢ —vot (/2)(L—e w1t e 2 e vot AT ).

(20

In general, existence and multiplicity of the two pulse solutions can be studied graphically by looking at the level
sets generated by these equations. We find that for a wide range of the parameters there is a unique symmetric tw
pulse solution for a given inductive signal. An example of such a solution is shoRig.ig(b).

Egs. (19) and (20&llow to determine two boundaries of existence for the two pulse solutions in the parameter
space. One corresponds to disappearance of solutions as laotthw, go to 0. According to these equations, this

can happen for anyp, whengg approacheg(()z_)o) = ggl_’o) = ¢, — vo. The other comes from the geometric
constraintthat; > w1/2, crossing this boundary corresponds to merging of pulses into a single broadg 2k (

Substituting-1 = w1/2 into Eq. (19) we find the value oo = xéz_)l) at which the two pulse solution disappears:

x(z_)l) —wy In ~1/2 ¢ — Vo + )\.(1 - e_wl) (21)
0 cr —vo + (1/2A(1 — e2un) |
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It is also possible to study boundaries of existence of the two pulse solutions associated with the local breakdown
and ignition in the tails in the way similar to that for a single pulse.

4.4. More complex solutions

In a similar manner, it is possible to construct and analyze more complex patterns consisting of more than two
pulses. For a given set of the model parameters, one canBgl@4)for r; andw; humerically.Fig. 4a) and (b)
show the solutions with three and four pulses for a particular set of parameters. Numerical analysis shows that the
three and four pulse solutions exist in a wide range of the parameters and are a robust feature of the considered
regulatory network. Moreover, they caoexist with the two pulse solution and are therefore potential candidates for
the time-asymptotic patterns established by the inductive signal. Therefore, in the wild type (which is characterized

by a two-pulse signaling pattern) the network must be tuned to avoid reaching these states.

In addition to these patterns, we found the existence of asymmetric two pulse solutions. An example of such a
pattern is shown itfrig. 4(c). Furthermore, we found that the asymmetric solution bifurcates from a symmetric two
pulse solution via a pitchfork bifurcation. Dynamically, this means that a symmetric two pulse solution undergoes

arepumping instability [24] resulting in a transformation of a symmetric two pulse solution to the asymmetric one.

The value ofggz_’z/) at which this happens can be obtained by lineariziggation (14around the symmetric two

pulse solution and requiring that this linearization contains a zero eigenvalue. A straightforward calculation shows
that this requirement leads to the following equation:

go(2ry — wy)

5 e—(eruv1>2/4xé 4 &(e*Zrl — e _&(e*uq _ 672"1)
X5 2 2

det =0, (22
—&(e‘"’l _ e_zrl) _80(2r1 + wy) e‘(2’1+"~'1>2/4»*3 n &(e‘zrl — ey

2 x(Z) 2
wheregg andxg are given byEgs. (19) and (20)This equation is solved numerically to obtain the valuegg%?zl)
parametrically.

Numerical solution ofEgs. (5) and (6shows that the symmetric two pulse solution becomes unstable when

g0 > g62_>2’). Note, however, that according to the simulations this instability may develop on the time scales much
longer than the time scale for pulse splitting, which may be beyond the time scale of the validity of the model.
Nevertheless, from the symmetry considerations such an instability must be a generic feature of systems stimulated
by simple symmetric inductive signals and must therefore be considered as a potential outcome of the signaling
activity. This, in turn, implies a possibility of existence of a phenotype with an asymmetric pair (one thin and one

thick) of dorsal appendages.

5. Multiparametric analysis

The analytical expressions for the boundaries of existence of different types of stationary solutions obtained
above can be easily used to perform multiparametric studieH iof the parameters involved in the asymptotic
formulation. Let us, for example, show a two-parameter “cut” through the parameter space, corresponding to the
fixed network parameter§ig. 5. This diagram shows regions of existence of zero, one, and symmetric two pulse
solutions as functions of the inductive signal, and transitions between them. In this figure, we also showed the
boundaries of existence of one and two pulse solutions associated with more complex transitions. Note that in this
diagram we did not show the regions of existence of the more complex solutions which coexist with the zero, one,
and symmetric two pulse solutions.
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The diagram irFig. 5can be conveniently used to quantify signaling patterns for different network parameters.
We find that variations in the threshotd or steepness, of the positive feedback, or the strength of negative
feedback: do not change significantly the structurerag. 5, they basically stretch or shift it around in thg-xo
plane. This demonstrates robustness of the considered patterning network with respect to variations of the networl
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Fig. 4. Asymptotic solutions in the form of complex signaling patterns. The parameters argigs3nexceptxo = 4, go = 1 in (a) and (b),
x0=2.75,g0=12in(c).
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Fig. 4. Continued).

parameters. On the other hand, we found that the structure of the diagFagn fris strongly affected by thehape

of the sigmoidal nonlinearity, expressed in the relationship betwegit,, vo, andvmax. Changing the location of
v relative tovmax andvmin results in the relative motion of the-% 2 and the 1— 3 transition curves. It turns out
that in order for the transition & 2 to occur before the &> 3 transition, the value afg must be shifted closer to

6
complex patterns
(ignition) (breakdown)
5 3
0=—1 1
4 01
(7]
© 2
=5 2
wl
o| +
2l ¥ | 1s2pu
o] S + 2 pulses
2
0<—2
1 1 pulse
0+1
025 05 0.75 1 125 1.5 1.75 2

Fig. 5. Multiple steady states and transitions between them as functions of the inductive signal’s width and amplitude. The network parameters
are:h, =0.2,¢, =04, =16.
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Umax- ThiS requires a substantial degree of asymmetry between the “on” and “off” states of the positive feedback
loop. Note that such an insight must be very difficult to obtain in merely computational studies.

Let us summarize the results of our asymptotic analysis of the stationary signaling patterfig) (&peFirst,
there are large regions of the parameter space where the inhomogeneous patterns including those consisting of one
and two pulsesxist. Second, the regions of existence of different types of stationary patterns overlap, so for certain
values of the parameters different patterns ro@sxist. Third, crossing the boundaries of existence of a pattern
results in an abrugtansition to a different kind of pattern; these transitions will govern selection of the outcome.
Thus, the formation of a two-peaked signaling patterinsophila oogenesis may be viewed as a sequence of
transitions from zero to one to two pulses driven by a slow increase of the inductive signal’s amplitude as the egg
developsFig. &a).

For comparison, let us examine the one-parameter bifurcation cuts together with transitions between the qua-
sistationary patterns obtained computationally for the same network and inductive signal parameters, but different
values ofe. At ¢ = 0.05 the diagram irrig. 6(d) essentially coincides with the asymptoti€sq. 6(@)]. When the
value ofe¢ is increasedHig. 6(c) and (b)], the overall structure of the transitions remains; however, a number of
deviations may be observed. First, for small valuegothe amplitude of the one pulse solution becomes very
small, down to 10% at the threshold. Second, the transition between two pulse solution and the one broad pulse
solution splits into a sequence of two transitions, with a new two pulse solution appearing in a very narrow region
of the parameters. This solution has two peaks, however, the level of signaling remains relatively high in the center
of the pattern. Let us emphasize that at the present level of modeling these solutions cannot be reliably identified
with the underlying signaling patterns Drosophila oogenesis and may be artifacts of the model.

Finally, our analysis indicates that there exists a large region in the parameter space in which two pulse solutions
exist while single pulse solutions do not (4&g. 5). This feature of the asymptotic limit persists in the full model
[18]. In this region a simple one-peaked inductive signal must necessarily result in complex spatial response. We
believe that this is a robust feature of the considered patterning mechanism and is at the heart of the induction of a
pair organ by a simple single-peaked input.

6. Discussion

In conclusion, we have performed an asymptotic analysis of the large-amplitude solutions in a mathematical
model of a spatially distributed patterning networkDnosophila oogenesis. Our method allows a very efficient
way of constructing strongly nonlinear solutions, characterizing the domains of their existence, and interpreting
the dynamics of the patterns. Furthermore, it reveals the core subset of the stationary solutions which provide the
skeleton structure for the considered patterning mechanism. We have verified that the obtained solutions are in fact
good approximations for the solutions of the full model. Moreover, our approach can guide computational studies
of patterning mechanisms by quickly identifying the parameter regions of interest and then focusing on them in the
large-scale computational analysis.

The fact that the one pulse solutions cease to exist for a wide range of single-peaked inductive signals is a striking
result. It means that in this range single-peaked signals will always be converted into complex patterns. Let us
emphasize that signaling patterns in development are biological blueprints, so this patterning capability might be
employed in the mechanisms leading to complex tissue morphologies in a number of developmental[@gtitgxts
We emphasize that crucial for understanding the functional capabilities of the regulatory networks in development
is the question of pattern selection. Our analysis provides a first step in that direction.

The existence of multiple steady states of the signaling network suggests versatility of the considered patterning
mechanism. Hence, the irreversible commitment mechanism does not have to be invoked in order to explain why
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inhibition by Argos generates single-domain signaling patterns in other stages of fruit fly development (compare
with [11]). Furthermore, the mechanism robustly predicts the existence of patterns with more than two domains
of high signaling, suggesting a possibility of more complex eggshell phenotypes. Such phenotypes can indeed be
generated by genetic manipulations of the patterning netfj¢it}d2] They are also observed in the wild type
phenotypes of the related fly spec|&6,43]

Our results also indicate that the peak-splitting network is plastic, i.e. it can form a wide range of patterns
in response to the quantitative variations of the single-peaked input. An interesting prediction of our analysis is
related to the emergence of complex (three- and four-peaked) patterns by strong and broad inductive signals. Sinc
the number of peaks in the pattern corresponds to the number of dorsal appendages, this predicts eggshells wit
three and four appendages. Recently, we have started a genetic experiment aimed at testing this pddliction
Our preliminary results are encouraging: we have indeed observed that strong and broad inputs can induce nove
morphologies with well-formed additional appendageBinsophila melanogaster.

Our method provides a direct way of assessing robustness of the patterning mechanism by giving explicit analytical
criteria for the existence of the stationary solutions. Moreover, it allows reformulation of the problem of existence
in terms of the parameters of the solutions (for example, the width of the pulses and the distance between them foi
the two pulse solution) rather than in terms of the control parameters. Thus, it allows to solve the inverse problem
of finding appropriate parameter ranges and nonlinearities in order for a specified type of a signaling pattern to be
realized.

Our asymptotic technique allows a number of natural extensions. It is possible to generalize our analysis to
higher-dimensional stationary patterns in the presence of multiple inhomogeneous inductive signals. There is a
number of experimental and computational indications that this extension is necessary and relevant to the real
patterning modulg12,18,19] In another direction, the analysis of the stationary patterns can be generalized to
patterns in the form of moving pulses (for similar approaches[3®d5-49). In this description, pulses will be
created or destroyed as a result of the local breakdown. This hybrid kinematic description will allow to assess
stability and selection of the outcomes of patterning events and may provide a way to probe the optimal dynamical
strategies for inductive signal design necessary for selecting a particular pattern out of the multitude of possible
ones.
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