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Abstract

We study a class of systems of reaction—diffusion equations in infinite
cylinders which arise within the context of Ginzburg—Landau theories and describe
the kinetics of phase transformation in second-order or weakly first-order phase
transitions with non-conserved order parameters. We use a variational character-
ization to study the existence of a special class of traveling wave solutions which
are characterized by a fast exponential decay in the direction of propagation. Our
main result is a simple verifiable criterion for existence of these traveling waves
under the very general assumptions of non-linearities. We also prove boundedness,
regularity, and some other properties of the obtained solutions, as well as several
sufficient conditions for existence or non-existence of such traveling waves, and
give rigorous upper and lower bounds for their speed. In addition, we prove that
the speed of the obtained solutions gives a sharp upper bound for the propagation
speed of a class of disturbances which are initially sufficiently localized. We give
a sample application of our results using a computer-assisted approach.

1. Introduction

This paper is concerned with the study of traveling wave solutions of reaction—
diffusion systems of the gradient type

ur = Au+ f(u), fu)=-v,Vu). (1.1)
Here, u = u(x,1) e R", V:R" > R, x = (y,2) € ¥ = 2 xR, 2 c R*"!

is a bounded domain, so X is an infinite cylinder. Either Neumann or Dirichlet
boundary conditions can be chosen:

(I’l'vu)|32 =0, or ulaEZO, (12)
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where 7 is the outward normal to d ¥ (in fact, one could treat more complicated
boundary conditions in a similar way). We assume that f(0) = 0, and so

u=0 (1.3)

is the trivial solution of Equations (1.1) and (1.2).

Equation (1.1) is a prototypical equation in the theory of phase transition kinet-
ics. Systems undergoing second-order or weakly first-order phase transitions are
characterized by the presence of a “soft mode” near the transition temperature. This
allows one to introduce the concept of the “order parameter” to describe the ther-
modynamic state of the system near the transition point [29]. The order parameter
is generally a vector field and can physically describe, for example, the magnitude
of the spontaneous polarization, magnetization, or a structural change in a crystal.
If the order parameter is a non-conserved quantity, as is the case in ferroelectrics
and ferromagnets, for example, the relaxation of the soft mode toward equilibrium
may be modeled as a gradient flow in L2(£2; R™) down the Ginzburg-Landau free
energy (see, for example, [7,26,31])

_ _SF _ I o 2
up ==~ F[u]_/g(zgww +V(u)) dx. (1.4)

Here F[u] is a free energy functional, in which V (u) is a local thermodynamic
potential, typically obtained via a Taylor expansion and symmetry arguments (see,
for example, [30,46]), and the gradient term penalizes spatial variations of the order
parameter [29,30] (for the effect of anisotropy, see the end of Section 6).

We note that equations of the Ginzburg—Landau type can sometimes be sys-
tematically derived from more microscopic theories, such as kinetic Monte Carlo
models, etc. [8,14,27]). For example, the scalar (m = 1) Ginzburg-Landau equa-
tion can be derived by performing a gradient expansion of the non-local evolution
equation obtained for the long-range Ising model subject to Glauber dynamics near
the phase transition point [8]. Let us also point out that the choice of the boundary
conditions is also dictated by the physics at the surface and is, therefore, prob-
lem-dependent. For example, in the context of coarse-grained spin systems with
long-range interactions mentioned above, the Dirichlet boundary conditions will
be more appropriate, as opposed to the more conventional choice of Neumann
boundary conditions in Ginzburg—Landau-type problems.

As an example, if u; are the three components of the magnetization vector in
a ferromagnetic crystal with cubic symmetry near the Curie temperature, and h;
are the components of the applied field, the kinetics of # may be described by the
following Ginzburg—Landau equation:

8u,' 3 2
TE = gAu; + hj + au; — byu; — byu; us, (1.5)
i#]
where a, by, g, T are all positive constants, and by > —%1, in three space dimen-

sions [30]. Note that Ginzburg—Landau-type equations often arise as a result of the
normal form expansion near a bifurcation point for partial differential equations
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(see, for example, [11]). Let us also point out that scalar reaction-diffusion equa-
tions, which automatically fall into the category of gradient systems, arise in a wide
variety of applications, most notably in biology [38].

Traveling wave solutions are special solutions of Equation (1.1) of the form
u(y, z,t) = u(y, z — ct) with ¢ € R which describe uniformly translating “phase
change regions”, moving with speed c. In the following, we will only consider the
solutions invading the # = 0 equilibrium from the left; hence we will assume ¢ > 0
and u — 0 as z — 400 everywhere below. This is an important class of solutions
of Equation (1.1) which is believed to describe the long-time asymptotics of the
solutions of the initial value problem for Equation (1.1) with sufficiently localized
initial data (for recent developments, see [40—42]). In fact, it was recently shown
that under certain assumptions only a special class of traveling wave solutions can
be selected as the long-time asymptotic solution for the initial value problem [37].
These so-called variational traveling waves are characterized by a fast exponential
decay ahead of the traveling wave solution and admit an interesting variational
characterization which allows one to establish a number of their properties. This
paper will be concerned with the problem of the existence of such traveling wave
solutions.

Substituting the traveling wave ansatz into Equation (1.1), we obtain the fol-
lowing elliptic problem for u:

iy, + Ayt + cit, + f(@) =0, (1.6)

with the boundary conditions from Equation (1.2). This equation attracted a great
deal of attention, starting with the early works of FISHER [19] and KoLMOGOROV,
PETROVSKII AND Piskunov [28]. The case of scalar equations (that is, m = 1)
has been extensively analyzed (see [5,17,50] for reviews, and more recent work in
[6,24,32,34]). In particular, the fact that (1.6) can be recast into a variational form
was first noted by HEINZE [23,24].

Much less is known about the solutions of Equation (1.6) for systems, that is,
when m > 1. Let us point out that it is possible to use dynamical systems tech-
niques to obtain very general existence results for solutions of Equation (1.6) in
cylinders [16,35]. The price to pay, however, is that very little information about the
solutions, in particular, about their limiting behavior at the ends of the cylinder, is
available [16]. So far general existence results for solutions connecting prescribed
equilibria were limited to the case of monotone systems, for which the maximum
principle holds [49], and gradient systems with bistable non-linearities in one space
dimension [10,36,39,45].

Here we are going to establish existence of variational traveling wave solu-
tions for Equation (1.1) with the gradient-type non-linearity under very general
assumptions. By variational traveling wave, we mean a non-trivial solution of Equa-
tion (1.6) for some ¢ that also lies in the exponentially weighted Sobolev space
HJ (X; R™) [37]. Our main existence result is contained in the following theorem
(for definitions and statements of hypotheses, see Section 2).

Theorem 1.1. Under hypotheses (HI)—(H3), there exist ¢t > ¢ > O(where c is the
“trial velocity” given by assumption (H3)) andu € Hcl.;. (X5 R™), u # 0, satisfying
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Equation (1.6) withc = ct. Furthermore, it is a classical solution of (1.6),u(x) € K
for all x € X (where K is given in assumption (H2)) and |i(y, z)| < Ce ™, for
some C > 0and ) > 0.

Let us give a summary of our paper here. In Section 2 we introduce the func-
tional spaces, the exponentially weighted Sobolev spaces of vector-valued functions
H Ll (X'; R™), and the main variational problem, problem (P), to be analyzed. Here
we present the three main hypotheses on the non-linearity in Equation (1.6) and
discuss their significance. Then, in Section 3, under the assumption of existence,
we establish a number of properties of the minimizers of problem (P). In partic-
ular, we establish boundedness, regularity, and global gradient estimates for the
minimizers, as well as uniqueness of their speed. Going further, in Section 4 we
introduce a constrained variational problem, problem (P’), which will be used to
establish existence of minimizers for problem (P). Here we show that existence of
solutions for problem (P") implies that for problem (P).

Then, in Section 5 we prove existence of minimizers for problem (P’). This
result is established via a sequence of lemmas associated with the properties of
the exponentially weighted Sobolev spaces H, Cl (X'; R™). We first obtain a uniform
estimate that allows one to obtain information on the exponential decay of func-
tions obeying the constraint and uniform estimates on the || - ||1 .-norm. The crucial
piece of the proof is establishing lower semicontinuity of the considered functional.
This is done by estimating the measure of “bad” sets, the sets §£24(z), for functions
in balls in H Cl(Z‘, R™), as z — 400, via an application of relative isoperimetric
inequality and the co-area formula.

In Section 6 we establish several criteria of existence and non-existence of the
considered type of the traveling waves. We also prove a number of properties of
the minimizers, such as their one-dimensionality in the case of Neumann boundary
conditions, or the fact that for the potentials V that depend only on the magnitude
of the vector u, the minimizers are essentially scalar (up to a constant vector). We
conclude this section by proving that in a certain class of solutions of the original
parabolic problem the speed of the minimizers is in fact a sharp upper bound on
the speed of propagation of disturbances. Finally, in Section 7 we consider a two-
variable Ginzburg—Landau model as a sample application, for which we explicitly
verify various assumptions of the analysis using a computer-assisted approach.

Remark 1. Under suitable regularity assumptions, our results can be straightfor-
wardly extended to a general class of equations in which Ay is replaced by a strictly
elliptic second-order operator in divergence form, and both this operator and the
non-linearity are allowed to depend on the transverse coordinate y.

Notations

Throughout the paper, u; denote the components of u € R™; CX, cy, C k.o
denote the usual spaces of continuous functions with k continuous derivatives,
smooth functions with compact support, continuously differentiable functions with
Holder-continuous derivatives of order k for « € (0, 1) (or Lipschitz-continuous
when o = 1), respectively. Unless it is otherwise clear from the context, ““-” denotes
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a scalar product and | - | the Euclidean norm in R” (occasionally, when there can be
no confusion, we use this notation to denote the same quantities in R”). The symbol
V is reserved for the gradient in R", while V stands for the gradient in £2 C RA1
(we use V,, to denote the gradient in R™). Similarly, the symbol A stands for the
Laplacian in R", and A, for the Laplacian in £2. By a classical solution of Equa-
tion (1.6), we mean a function u € (C2(X) N C'(X))™ that satisfies this equation
with a given value of ¢ € R and the boundary conditions in Equation (1.2). For
any domain o C §2, the quantity || denotes the Lebesgue measure of € R"~!
(with the convention that |§2] = 1 for n = 1), and |dw| that of the boundary of w.
The numbers C, K, M, X, etc., will denote generic positive constants.

2. Preliminaries and variational formulation

In this section, we introduce a few basic definitions and state our main assump-
tions. Throughout this paper it is assumed that §2 is a bounded domain with bound-
ary of class C*> whenever n > 3. We now list some assumptions on the regularity
and growth of V (u).

(H1) The function V : R™ — R satisfies
VelC'®M, VO =V,VO0) =0, V) =—-Clul®> 2.1

for some C = 0.
(H2) There exists a convex compact set  C R which contains the origin, such
that V. e C1(K) and forall u & K

V) 2 V(I (u), (2.2)

where [T : R”™ — R™ is the projection on the set K, that is, [Tx:(u) is the
closest point to u which lies in .

Let us point out that our results remain valid if V is defined only in K, together
with the condition

W-VyVlgxe 20, (2.3)

where v is any outward normal to d/C, holds in place of Equation (2.2) in hypothesis
(H2). Indeed, we can always consider the following continuous extension of V (u)
to the whole of R™:

V() = V(Ix@) + ViV [T@) - - ). (2.4)

By construction, V(u) is Lipschitz continuous on the whole R™ and, furthermore,
is continuously differentiable up to the boundary of K [13]. Clearly, by Equa-
tion (2.3) hypothesis (H2) holds for V. Also, since I K is 1-Lipschitz, V satisfies
the condition V(u) 2 —Clu |2 and so hypothesis (H1) is also met by V.

We note that in the context of Equation (1.1) the set /C, together with an assump-
tion like the one in Equation (2.3), plays the role of an invariant region, and its exis-
tence ensures global existence of solutions for the initial value problem associated
with Equation (1.1) (see, for example, [43,44]).
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We now introduce the definition of the exponentially weighted Sobolev spaces
in which we will be working:

Definition 1. For ¢ > 0, denote by HC1 (X; R™) the completion of the restrictions
of (C°(R"))™ to X' with respect to the norm

m
2 2 2 2 2
ullf.c = el 2oy + 1V T2 5 ||u||L5(2;RM)=Z/Ee“|u,»| dx.
i=1

For Dirichlet boundary conditions, replace C;°(R") with C5°(X') above.

The weight appearing in the definition of the spaces Hc1 (X; R™) arises quite
naturally in the context of propagation for Equation (1.1) [18,37,40]. Indeed, Equa-
tion (1.1) written in the reference frame moving with speed ¢ loses a variational
structure of Equation (1.4) because of the appearance of the term containing a first
derivative. However, by multiplying this equation by an appropriate weight (e<)
we obtain an equation which again has a variational structure [23,24,37].

Let us mention an important general property of the spaces H, Cl (¥; R™) whichis
an analogue of the Poincaré inequality and will be needed to establish the existence
result.

Lemma 2.1. Forallu € HCI(E; R™), we have

_/ ez u2dx /"2(8”’) 2.5)

Proof. The proof follows from the estimate in Equation (5.1) of Lemma 5.1 below,
in the limit R - —oo0. O

Foru e HC1 (X; R™) define two functionals

& [u] = / et (% Z |Vu;|* + V(u)) dx, (2.6)
z i=1

_ l/ eczi(%)z dr 2.7)
o 2 > izl 0z ’ ’

Clearly, by hypothesis (H1) the functional @, : HC1 (X; R™) - RU{+o0} is well
defined for all u € H!(X; R™).

At least formally, Equation (1.6) describing the traveling wave solutions of
Equation (1.1) is the Euler-Lagrange equation associated with the functional @,
[37]. A major difficulty, however, is the fact that the speed c of the traveling wave
is also part of the solution and must, therefore, be determined simultaneously. Our
approach to this question is via the following variational problem:

(P) Find a non-trivial minimizer u € HCIT(Z’; R™) of @+ for some ch>0.

Now the speed ¢ = ¢ is part of the solution of problem (P), and we have
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Proposition 2.2. Let i be a solution of problem (P), with u(x) € K forall x € X.
Then u satisfies Equation (1.6) weakly in HC1 (X R™) with ¢ = .

Proof. Observe that by hypotheses (H1) and (H2) for u(x) € K the functional
@ i [u] is of class C on H Cl.,.(ZJ; R™). Therefore, if u is a minimizer of @, then
for any ¢ € HCIT(Z‘; R™)

dit; A Vv (u)
/ ”Z(az’a’ Vyli - Vypi + =5 gol-)dx:o, 28)

which is a weak version of Equation (1.6) with ¢ = .o

We point out that under hypotheses (H1) and (H2) we will further prove reg-
ularity of the solutions of problem (P) (see Section 3 below). So these solutions
are classical solutions of Equation (1.6). Let us also mention that several other
variational approaches to traveling waves exist [3,21,25,50].

Before turning to the analysis of problem (P), let us introduce the following
two constants:

2V (u) . 2V (u)

vo—,uo—i—hmmf , M— =min ———,
|u|—0 |I/t|2 uell |M|2

2.9)

where 1 is the smallest eigenvalue of —A, with the boundary conditions as in
Equation (1.2), and the lim inf is taken over u € K. Clearly, in view of hypothesis
(H1), both are well defined. These quantities play a crucial role in the existence of
solutions of problem (P), as we will show below. To motivate their introduction,
let us consider in more detail the decay of the solutions of Equation (1.6) at plus
infinity (see also [37]). To this end, let us linearize Equation (1.6) around u = 0 at
large z. Then the solutions of Equation (1.6) that decay as z — +o0 are expected
to be approximately a superposition of functions uy (v, z) = e **Zuv(y), where A
satisfy

A2 —chp — v =0, (2.10)

and vx(y) € R™ and v; € R are the eigenfunctions and the eigenvalues defined by
the equality

— Ay + HO)vg = vevr, H@u) = (Vy, ® V)V (), (2.11)

where H (u) is the Hessian of the potential V (1) (here we assume that V is twice

differentiable at the origin), provided Re Ay > 0. We note that v can, in turn,

be broken up into a sum of the eigenvalue u; of —A, in £2 with the boundary

conditions from Equation (1.2), and the eigenvalues of a symmetric matrix H (0),

implying that vy are all real, bounded from below, and increasing as k — 0.
Equation (2.10) can be trivially solved to give

c+ /2 + 4y

A = — (2.12)
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Fig. 2.1. A qualitative form of the dependencies )L]:ct (c)forvg <vi <O0<vy <---

so for each v # O there is at least one solution with Re Ay > 0. Thus, in the case
of twice-differentiable V (u) the value of vy determines the slowest possible rate of
decay of the solutions of Equation (1.6) at plus infinity, corresponding to the plus
sign in Equation (2.12), while p_ gives a lower bound for vyg.

We now state the third assumption needed to establish existence of solutions of
problem (P).

(H3) There exist ¢ > 0 such that ¢ +4vg > 0, and u € HCI(E; R™), u # 0, such
that @.[u] < 0.

Let us explain the meaning of this assumption. The condition ¢ 4+ 4vy > 0
ensures the weak lower semicontinuity of the functional @, on Hc1 (X; R™) (see
Proposition 5.5); hence it is crucial in proving existence of minimizers for @..
The condition @.[u] < 0 for some u # 0, guarantees that the minimizer is not
identically equal to zero. Due to Proposition 3.5, this assumption is necessary in
order to have traveling wave solutions of Equation (1.6) lying in HJ (X, R™).

Observe that, if vy = 0, the first condition in (H3) is automatically satisfied,
and the second condition can be expressed only in terms of z-independent functions
(see Proposition 6.2). On the other hand, if vy < 0, there exists a finite set of ks, for
which v; < 0. In turn, for those k’s and ¢ > —4vyg > —4y; there are two values of
A = A,:—L > 0 that solve Equation (2.10), with A, < § < )»,‘f, see Equation (2.12).
As an illustration, consider the case vp < v < 0 < v < ---, in Fig. 2.1. Here
we show schematically the locations of the curves A,:f as functions of ¢ for the
first four values of k. Since the solution of problem (P) belongs to Hc1 (X;R™),
it must decay faster than e “/? (cross-hatched area in Fig. 2.1), and so all the
solutions of Equation (1.6) decaying asymptotically as e %+ % at plus infinity are
automatically excluded. Hence, the hypothesis (H3), together with the existence
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of solutions of problem (P), implies the existence of traveling waves with fast
exponential decay. These are special solutions of Equation (1.6), since generically

one would expect the decay with the slower rate e ~*+ % at some k for which v; < 0
(seealso[11,32,37,41,47]). Under hypothesis (H3) we will be looking for the trav-
eling waves moving with speed ¢’ > ¢ > 2./—vy when vy < 0 (see below), this
region corresponds to the cross-hatched area in Fig. 2.1.

3. Properties of minimizers

Before proceeding to the construction of solutions to problem (P), we inves-
tigate a number of their properties. First, observe that both @, and I transform
similarly under translations.

Lemma3.l.Let u € HNZ;R™) and u,(y,z) := u(y,z — a). Then,
Ug € H:(ZJ; R™) also, and

Dcluag] =e“@clu]l and Iiluq] = e“Ic[ul. (3.1)

From this lemma, which is verified by direct inspection of the respective func-
tionals, we obtain the following important result:

Proposition 3.2. If i is a solution of problem (P), then ®.[u] = 0 for all
ue HL (Z;R™) and D+ [i] = 0.

Proof. The first statement is an obvious consequence of the fact that « is a mini-
mizer, if the second statement holds. To prove the latter, we first note that
infu€H1+(2;Rm) @+[u] £ 0, since zero is in Hcl.l.(E; R™). On the other hand, if
P.[u] < O for some u € HLL(E; R™), then @,i[u,] < Pqs[u], where
U, € Hcl.}. (X; R™) is as in Lemma 3.1, with a > 0; hence, there are no minimizers
of ®.+. O

In other words, the assumption about the existence of a non-trivial
u € Hcl(Z‘; R™) such that @.[u] < 0 in hypothesis (H3) is in fact necessary,
since the solution of problem (P) has this property for ¢ = ¢’ by Proposition 3.2.

Next we establish a priori bounds on u and Vi for the solutions of problem (P).

Proposition 3.3. If u is a solution of problem (P), then
1) u(x) € Kforall x €X.
(i) @ e (CHX)NC' (D)™, and Vi € (L>())™ N H (Z;R™).
(iii) Forall x = (y,z) € X, we have |u(y, z)| < Ce M for some C > 0 and
A > 0.

Proof. (i) Let TTxc : R™ — R™ be the projection on the convex set K, as in
hypothesis (H2). Recall that [13]

M (u) = u — dcw)Vydi (u), (3.2)
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where djc(u) is the distance to u € R from the set K. Then, if we replace u by
ii := My (i) € H(Z; R™), we have V(i) < V(i) by (2.2) and > | |Vii;|> <
> IV |? since Iy is a 1-Lipschitz function. Let W C X be defined as W :=
{x € ¥ : i(x) ¢ K} and assume, by contradiction, that W has positive measure.
Then, since the function dy (i) is not constant on W, there exist a set W' C W
of positive measure and a constant § > 0 such that |Vdx(i(x))| = § almost
everywhere on W’. Approximating & with smooth functions in HC1 (¥;R™) and
differentiating (3.2), we obtain

m m

/ eCZZ|Vﬂ,~|2dx</ eCZZ|Vﬁ,~|2dx,
B w0
1= =

which implies @[] < @.[u] and contradicts the minimality of u. So, u(x) € K
for almost every x € X. Then, the statement of the proposition follows from the
regularity result below.

(i1) Since by the above result iz € (L°°(X))™ and f is continuous on the essen-
tial range of iz, we have f; € LIOC(Z’), forany p = land forall 1 £ i < m.
So, choosing p sufficiently large and applying the De Giorgi—Nash theory to each
component i; of i, we obtain ii; € C%*(X), 1 < i < m with some « € (0, 1)
(see, for example, [20, Theorem 8.22]). Then, since f € CO%H(K) by hypothesis
(H2), it follows from the Schauder theory [20] that iz € (C>%(X))™.

To obtain C+ regularity of i up to the boundary of X and a uniform estimate
for Vit in (L°(X))™", we apply to each component ii; the classical W regu-
larity theory (see, for example, [1,33]), which can be easily adapted to the case
of a fixed slice of the cylinder X'. We shall give the proof in detail in the case
of Dirichlet boundary condition; for Neumann boundary conditions, using the the
estimates of [1] (see also [33]) instead of the estimates of [20] and recalling that
X is uniformly of class C2, one can easily adapt the same proof.

By setting v; := i1;e°*/?, one can see that after a change of variables Equa-
tion (1.6) with u € HC1 (X; R™) is equivalent to

c? _\ cz)2 1
Av; — U= fiwe™=, vie H(X), vlpy =0, (3.3)

where H!(X) is the usual Sobolev space.

For fixed z1, 22, 21, 22 € R, with [z1, z2] C (21, 22), consider the slices X :=
2 % (z1,22) and Xy := 2 x (31, Z») of the cylinder X. Since it; € L°°(X) (by part
(1)), the right-hand side of Equation (3.3) is in L” (Zo) for all p > 1. By standard
regularity theory (see, for example, [20, Theorem 8.12 and Theorem 9.16]), we
deduce v; € W2P(%). Moreover, the a priori estimate given by [20, Theorem
9.13] to Equation (3.3) on the domains 20 and X yields

LP(Z’o))

fi(l/_t)ecz/Z‘ Lﬂ(x"m) , (3.4)

loilly2 (s < C (nv,-uL,,@o) + | fi@ess?|

:c(

cz/Z‘

u;e - ‘
LP(Xo)
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where C depends on the parameters 7, p, ¢ and the geometry of X, Xy. Since both
i, fi(u) € L*(X), we can set M = max{||i;|| o (x), |1 fi (@)|| L (x)} to obtain

< 2MC|Zpet?/.

||Ui||W2,17(20) s2McC Lo (S =

ecz/2 ‘

By choosing p > n/2 and applying [20, Theorem 7.26], we deduce that

~ 1_1 ~
llviller sy < 2MCS|Zoln 7 e/, (35)

where § = S(n, p) is the Sobolev imbedding constant. Hence, coming back to the
function u and using the inequality in Equation (3.5), we obtain iz; € C'(Xy), and
for any (y,z) € Xy

_ N . c. _ .
IVit; (y, 2)| = |V(vie /)| < [e=/ 2V +3le <2/ 2y;|

~ 1 1 ~ ~
< 2+ )MCS| S| » T lec@in/2 — ¢

where the constant C’ is invariant with respect to translations of the slice along z.
So, translating the slices X, fio simultaneously along z, we obtain the estimate
for all x € X. Finally, the fact that Vi € H 011- (X; R™) follows directly from (3.4)
with p = 2 and the inequality | f; (#)| < Clul.

(iii) Now we prove the uniform exponential decay of u as z — +o00. Sup-
pose, to the contrary, there exists a sequence x; = (yx, zx) € X, such that 7 —
+00 and |it(x;)|e** — oo for all A > 0. Since 352 is Lipschitz continuous, X
satisfies the uniform interior cone property. So there exists a cone Cy (with finite
height) such that each point x; € X is the vertex of a cone Cy congruent to Cy
that lies in X. Up to a subsequence, we can further assume that C; N C j =@ forall
i # j. By the previous result, we have Vii € (L™ (X))™", so |i(x)| = %|12(xk)|
for all x € (fk, where 5k is a smaller cone similar to Ci, with the same vertex and
|Ck| = min{|Ck|, &l (xx)|"} for some & > O (recall that n = dim X). By assump-
tion we have |u(x;)| = e *% for all k > N for some integer N, and also we can
choose N large enough that |Ck| = ee " 2 But this implies

o o
tg o ty - € T
/ e 7| dx > E /~ e Fla)?dx = = E (e’ eI — o
z k=1 Ci 4 k=N

for A = ¢ /(2 + n), which contradicts the fact that i € H ClT(Z‘; R™). O

Let us point out that the obtained value of A = ¢'/(2 4 n) in the proof above
is, of course, not sharp. It should be possible to obtain precise estimates for A by
studying the asymptotic behavior of solutions of Equation (1.6) at plus infinity.
However, for n < 3 the rate of decay of the solution can be estimated by not-
ing that from Proposition 3.3(ii) and the Sobolev embedding theorem we obtain
lvillcow(xy = C. This, in turn, implies that [u(y, z)| = Ce™%/2 for any ¢ < cT,
which is sharp.

A crucial property of the considered variational problem is uniqueness of the
speed ¢ (this point was already briefly discussed in [37]).
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Proposition 3.4. The value of ¢’ in the solution of problem (P) is unique.

Proof. Assume by contradiction that there exist c; > cI, together with
iV e H'.(2;R™) and i'® € H'.(X; R™) such that
B )

912

A" +¢f + f@1?) =o.

Let us first show that #® € HlT (X; R™). Since c; > CI, we have
€l

+o0 t 0 ¥ +00 +
/ /e"lz|lz<2>|2dydz=/ /eC1Z|ﬁ(2)|2dydz+/ /e"lzlﬁ(2)|2dydz
—o0 J 2

gMI.QI / / czz|u(2)| dy dz
M|S$2
< lT |+/ ec2z|12(2)|2dx < 00,
¢ b

for some M > 0, where we took into account that the solutions of problem (P)
are uniformly bounded by Lemma 3.3. Since, in turn, by Proposition 3.3, we have
vil-2 e (L°°(X))™ as well, this argument can be repeated for the gradient. So
i? e H (2 R™).

In order to obtaln a contradiction, let us scalar multiply Equation (1.6), with

i=u%andc = 02, by e iz a"a—z and integrate over X. This is justified since i
is a classical solution of Equation (1.6) by Proposition 3.3; hence we can integrate
the expression over the domain X'g := £2 x (—R, R) and then let R — 400 on a
suitable sequence. After a number of integrations by parts, we obtain

@ (525 ~)
du; 0“u ou;
0—/ elzz ( = +cb o +Ayﬁ§2)+ﬁ(ﬁ(2)))dx

=l [Iz<2>] +2(c) — DT, ), (3.6)
1

which implies that @ ;[i‘?] < 0, contradicting Proposition 3.2. O
1

We now extend the result in Proposition 3.2 to any classical solution i of Equa-
tion (1.6) which lies in H!(XZ; R™).

Proposition 3.5. Let u € HC1 (X R™) be a classical solution of Equation (1.6).
Then

Pc[u] = 0. (3.7)

cz du

Proof. We scalar multiply as above Equation (1.6) by e
The result then follows exactly as in Equation (3.6). O

and integrate over X.
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Observe that u in Proposition 3.5 may or may not be a solution of problem (P).
In the first case we have ¢ = ¢ and all the critical points of @, in HC1 (X; R™) are
solutions of problem (P). In the second case we have ¢ < ¢', and i is only a critical
point of @,, and not a minimizer. This means that the solutions of Equation (1.6)
obtained by solving problem (P) are the fastest moving traveling waves within a
class of sufficiently rapidly decaying solutions. This also means that, under hypoth-
eses (H1) and (H2), if there exists a traveling wave solution u € HC1 (X; R™) with
speed ¢ satisfying ¢ +4vg > 0, then problem (P) has a solution. This follows from
the fact that in this case u is the function whose existence is required by (H3) [37].

4. Constrained minimization problem

To proceed with establishing the existence of solutions for problem (P), let us
make a simple, but crucial observation about the translational invariance of Equa-
tion (1.6) in the z-direction, which leads to a natural loss of compactness. From
the variational viewpoint, under the assumption of the existence of a non-trivial
u e Hcl(Z‘ ; R™) such that @.[u] < 0 in hypothesis (H3), which is necessary for
existence of solution of problem (P), one cannot expect any kind of coercivity for
the functional @.[u], since the sequence of u, (z, y) := u(z —n, y) has the property
that @.[u,] < 0, while ||u,||;,. — oo by Proposition 3.2.

To deal with this issue, we follow the idea of HEINZE [24] and introduce an
auxiliary constrained variational problem. Define

Be:={ueHNZ;R™) : [[u] = 1}. 4.1)
Then consider the following variational problem:

(P") Find u, € B, satisfying: ®.[u.] = i[rglf D [u] £0.

It is easy to see that the constraint B, gives a natural way to fix translations along
the axis of the cylinder. In particular, the functional @, becomes coercive on 5,
(see Lemma 5.2). Let us note that up to a transformation, problem (P’) is equivalent
to the constrained variational problem considered by HEINZE [24].

In the following, we will show that existence of solutions of problem (P’) implies
the same for problem (P). Let us begin by proving that the solutions of the problem
(P’) also lie within K.

Lemma 4.1. Let u. be a solution of problem (P'). Then u(x) € K for almost
everywhere x € X.

Proof. We use the same projection argument as in Proposition 3.3. Namely, suppose
that u.(x) is not in /C in a set of non-zero measure. Then, repeating the arguments
of Proposition 3.3, we obtain @ [u] < P [u.] < 0, where it := Tx (u.). Similarly,
I[uc] 2 Ip[i] > 0, where the last inequality follows from the fact that @.[i] < 0.
So, by Lemma 3.1 there exists a constant a = 0 such that i1, (y, z) := i (y, z — a)
is in B, and @ [i,] < P.[it]. Therefore, u. is not a minimizer of problem (P’),
leading to contradiction. O
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The following proposition establishes the connection between the solutions of
problems (P) and (P").
Proposition 4.2. If u. is a solution of problem (P’), then
@(y,2) = uc(y, 2y/1 = @cluc) and ¢’ =ey/T—@clucl,  42)
are those for problem (P).

Proof. First of all, as in Proposition 2.2, we have &, and I of class C L on
H Cl (X; R™). Let DI, [u]v be the Fréchet derivative of I, at u acting on v. Since

m 2
ou;
DI [ulu = et —l) dx =2, VYuebB,,
= [ ,2:](32 :

we obtain DI [u] # 0 on the constraint. Thus, applying the Lagrange multiplier
theorem (see, for example, [9, Section 3.5]), we obtain

d d A
/‘ZZ((l— )t Vittei - Vogi + aff%) dr =0. (43)
L

where u is the Lagrange multiplier.

Let us now show that © < 1. Indeed, suppose the opposite is true. Fix a > 0,
and consider u, (x) := e /2y .(x) € K almost everywhere (recall that /C is con-
vex, and 0 € K). Then, forv = u, — u. € HJ (X; R™) the Fréchet derivatives of
@, and I, on u, satisfy

D& [uclv=uDIl[ucJv < 27?2 —1) <0, 4.4)

where we recalled thatu. € B,. Therefore, since @, is of class C!, there exists a suf-
ficiently small @ > 0 such that @.[u,] < @ [u.] < 0. Now, consider it,(y, z) :=
ug(y, z — a). A straightforward calculation then shows that i, € .. However, by
Lemma 3.1 and the fact that @.[u,] < 0, we obtain @.[u,] < D@ [u.], contradicting
the fact that u. is a minimizer.

So, u < 1, and from Lemma 4.1 and the argument of Proposition 3.3 we deduce
that u. € (C2(X))™ and satisfies

2
(11 (83 83“6) + Ayue + flue) = 0. 4.5)

Now, we scalar multiply Equation (4.5) by e %~ 3” as in Proposition 3.4, and
integrate over X to obtain

uc,; 0 C~ ad oV (uc) duc,;
0—/ CZZ[(]—;/,) Vu“-a—ZVyuc’i+a—ui 52 dx

=c(u — Pclucl),

where we recalled that I';[u.] = 1. This means that

n = Dclucl. (4.6)
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To show that i and ¢ are solutions of problem (P), first fix u € H cl.}. (X; R™) and

. ~ _ ;‘ . . . .
introduce u(y, ) = u (y, _ﬂ)’ which is possible since © < 1. Then
+o00
/ / e“ardyds =1 - / / 22 dy dz, (4.7)
+00 +00 ;
[ ematayae =vi=u [ [ e vupdydz @9
—00 JQ —o0 J2

+oo 3 \° 1 too L\
oct (_) dyde = / /eZ(_) dydz. (4.9)
/—oo /9 9z Vi-pJ-x Jo 0z

Therefore, i € HJ (X; R™), and

+00
ilu] = / / ( [(aaiz) +|Vyui|2:|+V(u)) dydz
__ / /ec; li (1— ,i)(a~ ) + | Vyii;|* |+ V(@) )dy d¢
VIi—pl-x o 2i=1

1 . ~
=i (Pelu] — plelul). (4.10)

Now we claim that if the solution of problem (P’) exists, then

@[] = plelu]. 4.11)

Indeed, if I.[u] = 0, then by Lemma 2.1 and hypothesis (H1) we have ®@.[u] =0
also, so Equation (4.11) holds trivially. On the other hand, if I'.[i#] > O, then there
exists a constant @ € R such that the translated function i1, (y, z) := u(y, z — a) of
i isin B.. Hence, @ [i1,] = P[uc] = ule[itg], and by Lemma 3.1 the inequality
in Equation (4.11) holds for u, with equality achieved when # = u.. Hence, by
Equation (4.10) we have @ _+[u] = Oforallu € H Clt (X; R™), and u gives a solution
of problem (P). O

5. Existence of constrained minimizers

To proceed with the proof of existence of constrained minimizers, we need to
establish some compactness properties of the sublevel sets of @.. Since we will
work in the weak topology of HJ (¥; R™), which is a Hilbert space, it is enough to
show that @, has bounded sublevel sets (that is, it is coercive). This, however, may
be false for general @, even after eliminating translations in some way. As a simple
example, consider ®.[u] = 1 fR et (u —u? 4+ u*) dz, withu : R — R. It is easy
to see that this functional is not coercive on HC1 (R) when ¢ = 2. Indeed, consider
a sequence of functions u,, € HC1 (R) defined as u,(z) = e~ +1/M2 for z > 0 and
u,(z) = 1forz < 0. Clearly, the sequence (u,,) is not bounded in HJ (R). However,
astraightforward calculation shows that @.[u, ] = (3n2+5n+2) /(2n(n+2)) < oo.
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This difficulty in fact is not merely technical, and puts certain limitations on the
applicability of our variational approach. In particular, as can be seen from the exam-
ple just mentioned, it cannot be used directly to characterize the minimal speed of
traveling waves in systems with Fisher-type non-linearities (see also Proposition
6.1 and [37]).

Even if coercivity of @, may not hold in general, in Lemma 5.2 we show that
it does hold if we consider the intersection of the sublevel sets of @, with the set
B, defined in (4.1). So, establishing existence for problem (P") amounts to proving
weak sequential lower semicontinuity of @.. Here, again, there is a difficulty, since
X' is an unbounded domain and V (u) is allowed to be negative, so the standard
theory [12] does not apply. In the following we will establish sequential lower semi-
continuity of the functional @, under the assumption c> 44wy > 0 from hypothesis
(H3). This assumption is also essential, as it is possible to construct sequences in
Hcl(Z‘; R™) on which @, “jumps up”, if this condition is not satisfied (see the
discussion following Proposition 5.5).

We begin by proving the following lemma about a Poincaré-type inequality in
the weighted Sobolev space HJ (X5 R™).

Lemma 5.1. Let u € H!(X; R™). Then

+00 +00
_/ / czzu dydz / /ecz
R 2 i
—CR +o00
/Zu (y,R)dy < / /e‘Z
R 2

i

Ms

N\ 2
(—) dydz, (5.1
1

N\ 2
(—) dydz, (5.2
1

I

S

forany R € R.

Proof. Let us first prove Equation (5.1):

¢ [T 1 +oo u;
—/ / e““u?dydz = ——eCR/ u?(y, R)dy —/ / e“u; — dydz
2R fo) 2 2 R 2 0z
o V2 [ oo NECERNT
< (/ / eczui2 dy dz) / / et (a—l) dydz ,
R 17 R 2 Z

which implies (5.1).
Turn to Equation (5.2) now. Since

/+00/ (\/_ laul)dd>0
cu; y Z: k]

R 2 l Ve d

we obtain

too oo . 314,‘ oo
/ / ( ) dydz 2 2/ / e‘zuia—dydz—c/ /e‘Z 2dydz
R Jo z R Jo
= eCR/ ul-z(y, R)dy,
2

which gives Equation (5.2). O
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The following lemma estimates the norm of V,u on B, and, via Lemma 2.1,
establishes coercivity of the functional @, on ..

Lemma 5.2. Let V satisfy hypotheses (H1) and (H2), and let u € B.. Then

m
8l |
“2 Vyu; > dx < , 53
/}:e i_1|y”t| X = ¢ 2 (5.3)

where w_ is defined in Equation (2.9).

Proof. By Equations (2.9) and Lemma 2.1, we have

/ecZV(u)dxz = |/ CZZ 2 dx 2|,u| czz(a“z)
z

Hence, for I'.[u] = 1 we have

1 4\pu—
-/ e Vyu dx < @c[u]—/ eV (1) dx < Po[u] + '“2 )
2 x b)) c
which is equivalent to Equation (5.3). O

We now turn to the question of lower semicontinuity. Let us introduce the
following notation:

b 1 m
®[u, (a,b)] =/ / e (E > Vui* + V(u)) dydz. (5.4)
a 2 i=1

We will analyze the behavior of @.[u, (—oo, R)] and @.[u, (R, +00)] on a weakly
converging sequence and take the limit R — +4oc. To this end, we first establish
the sequential lower semicontinuity of @.[u, (—oo, R)] forall R € R, with respect
to the weak topology of H!(X; R™).

Lemma 5.3. Let V satisfy hypotheses (HI) and (H2), and letu, — u in HC1 (X; R™).
Then,

lim inf @ [u,, (—o00, R)] Z Pclu, (=00, R)]
n—

forany R € R.

Proof. This follows by standard semicontinuity results (see, for example, [12,
Propositions 2.1, 2.2]) by considering v := e“*/?u € H'(X; R™) and using the fact
that by hypothesis (H2) V (1) is bounded from below, and LROO Joe“dydz < oo.
O

To proceed, we need to establish the following key estimate.

Lemma 5.4. Let V satisfy hypotheses (HI) and (H2), and let ¢* + 4vg > 0. Then,
forany ¢ > 0 and C > 0, there exists R = R(e, C) such that

Pc[u, (R, +00)] = —
for any u € HY(X; R™) such that ||ul| . < C.
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Proof. Since (C;°(R"))™ is dense in HJ (X; R™), in the following arguments we
can assume that u € (C3°(IR"))™. We prove this lemma via a sequence of steps.
Step 1. In view of Equation (5.1), we have

+00
lu. (R, +oo)]>/ / ( ( +Mo)zu +V(u))dydz, (55)

where, as in Equation (2.9), o = 0 is the smallest eigenvalue of —Ay in £ with
the corresponding boundary conditions. From the definition of vy in Equation (2.9),
for any ¢ > 0 there exists § > 0 such that for all |u| < &

1 m
V) z 3 > (v — o — &)uj.

i=1

Therefore, if ¢> 4+ 4vy > 0, the integrand in Equation (5.5) is non-negative for all
lu| < &, with some positive 8.

Note that if n = 1, then from Equation (5.2) it follows that ¥ — O uni-
formly as R — 4o00; so from the argument above it immediately follows that
@ [u, (R, +00)] 2 0 for sufficiently large R, and the statement of the lemma is
proved (see also [32]). So, in the following we will assume that n = 2.

Step 2. Define

1 2 m
vy, 2) = -3 (% + Mo) D ui(y,2) = Viuly, 2) (5.6)
i=1
and introduce
2,2)={y e 2:v(y,z) >0} 5.7

By the result of Step 1, we have |u(y, z)| = 8 whenever y € £2(z). Therefore

m m
2R [ ooy [ ool 69
i=1 72+ @ =179

Combining this with Equation (5.2) and taking into account that I.[u] = 1, we
obtain

—cz

2e
124 ()] =

52 — 0 as z — +oo. (5.9
c

Step 3. Now we want to estimate the integral in Equation (5.5). First, observe
that v(y, z) = 0 whenever y € 9§24 (z) N £2. From Equations (5.5) and (5.6), we
have

“+o00
[, (R, +00)] = — / / o dy dz. (5.10)
-Q+(Z)
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Let us introduce the level sets (for simplicity of notation, we suppress the
z-dependence in the definition)

w(t) ={y € £24(2) 1 v(y. 2) > 1}. (.11

In view of Equation (5.9), we have |o ()| < |24(2)| £ %I.Q| for sufficiently large
R. Then, by the relative isoperimetric inequality [15] there exists a constant Cg
which depends only on £2 and not on w, such that (recall that dim 2 =n — 1)

|71 < Coldwol, dwo = dw N £2. (5.12)

Then, using the Cavalieri principle and then the co-area formula [15], we obtain

o0 1 o0 n—2
/ vdy =/ lw (1) dr < |~Q+(Z)|ﬁ/ lw(t)|=T dt
2.(2) 0 0

1 o0 1
§CQ|9+(Z)|m/ |3w0(f)|df=C9|~Q+(Z)|”*‘/ [Vyvldy.  (5.13)
0

£24(2)

Let us now multiply the last integral in Equation (5.13) by e“? and integrate over
(R, 400). Then, using the definition of v in Equation (5.6), chain rule, hypothesis
(H1) and the Schwarz inequality, we obtain

+00 2
(/ / e[V, dydz)
R £24(2)

+oo 2 8V ?
(1 Bl e ]l
2.(z) o 4 abli

2
Yoo m 12 [ 172
< / / e u? Z'VYMJ"z dydz
R 2@ i—1 =1
+00 i ) 400 2
§M/ / dydz/ / et |Vu| dydz
poJeo = B 2 o
+00 m
/ « Z Vyuil* dy dz, (5.14)
=1

where M is a constant independent of R and u, and in the last step we used Equa-
tion (5.1) and the fact that u € B.. Combining this with Equations (5.9) and (5.13)
yields

+oo cR +o0 " 1/2
/ / e“vdydz £ Ke -1 / / eczz |Vyui|2dy dz ,
24(2) —oo J£2 i—1
(5.15)

where K is a constant independent of R and u.
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Finally, by assumption the integral in the right-hand side of Equation (5.15) is
bounded by C, so its left-hand side can be made arbitrarily small by choosing large
enough R. In view of Equation (5.10), this proves the statement of the lemma. O

Combining the two lemmas above, we obtain the following:

Proposition 5.5. Let V satisfy hypotheses (HI) and (H2), and let ¢* + 4vg > 0.
Then, the functional @, is sequentially weakly lower semicontinuous on HC1 (X5 R™).

Proof. Let u, — u in H!(X; R™). Hence, (u,) is bounded in H!(X; R™), and
by Lemmas 5.3 and 5.4

liminf ®.[u,] 2 liminf{®.[u,, (—oo, R)]} + liminf{®.[u,, (R, +00)]}
n—oQ n—o0 n— oo

Z @clu, (=00, R)] —¢
= @c[u] — @c[u, (R, +00)] — &, (5.16)

for large enough R. Now, by noting that @.[u, (R, +00)] < ¢ for sufficiently large
R, Equation (5.16) leads to

liminf ®.[u,] = @.[u] — 2e,
n—oo

and since ¢ > 0 is arbitrary, we conclude that @.[u] < liminf, o Pc[u,]. O

We notice that the assumption ¢> 4+ 4vy 2> 0 is also necessary to ensure the
lower semicontinuity of @.. Indeed, assume by contradiction that @, is sequen-
tially weakly lower semicontinuous with ¢ + 4vy < 0, and consider the sequence
U, € Hcl(Z‘; R™), defined as u,(y, z) := %e_czﬂ_zz/'ﬂ, where vg # 0 is an

eigenvector of the operator —Ay + VL%V(O), corresponding to the eigenvalue vg
(here we assume for simplicity that V is twice differentiable in 0). It is easy to
see that the sequence (u,) is bounded in HC1 (X; R™) and converges weakly to 0.
However, a simple calculation shows that
: VT o 2
nlllgo Dcluy] = m(c +4V0)/Q vy dy < 0= &.[0],
which gives a contradiction.
We are ready to prove our main existence result.

Proposition 5.6. Let V satisfy hypotheses (HI) and (H2), and suppose that there
exists u € B such that ®.[u] < 0, for some c satisfying 2+ 4vy > 0. Then
problem (P') has a solution.

Proof. Let (u,) be a minimizing sequence for problem (P'), i.e u, € B, with
D [u,] — infg, @.. By assumption, infg, P, < 0, and without the loss of gener-
ality we may assume that @.[u,] < 0. Since I.[u,] = 1, from inequality (2.5) we
obtain f 5 €% uy 12dx < C%. Also, from Lemma 5.2 we obtain a similar bound for

the norm of Vyu. Thus, the sequence (u,) is bounded in HJ (X); therefore, up to
a subsequence, it converges weakly to some u € Hc1 ().
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If infz, @, = 0, we deduce that u in the assumption of this proposition is a
minimizer. Therefore, let us assume that infz, @. < 0. Then, by lower semicon-
tinuity of @, established in Proposition 5.5 we have @ [u] < infp, @, < 0, so
u # 0. Also, since by standard semicontinuity results [12]

1 = liminf I'.[u,] = T.[u] > 0,
n— o0

we can, by using Lemma 3.1, choose @ = 0 such that
Ielugl =1 with wus(y,2) :==u(y,z—a).
Since infg, @, < 0 and a = 0, we derive

Dclug] =e“@cfu] < Ocfu] < ilrglf D,

with the first inequality being strict when a > 0. Therefore, a = 0, meaning that
I':[u] =1 and &.[u] = infp_ P, so u solves problem (P). O

Let us point out that, for one-dimensional problems (n = 1), in which the func-
tional I, generates an equivalent norm in HC1 (R), the minimizing sequence (i)
converges to u strongly in Hc1 R).

6. Further properties of minimizers

In this section we analyze problem (P) and its solutions in more detail. Our first
result, based on the application of Theorem 1.1, is a general non-existence result
for the solutions of problem (P) with sufficiently large c (see also [37,32]).

Proposition 6.1. Let V satisfy hypotheses (HI) and (H2), and let c>+4(o+mu—) >
0, where g is the smallest eigenvalue of — A in §2 with boundary conditions from
Equation (1.2), and n_ is given by Equation (2.9). Then problem (P) has no solu-
tions.

Proof. Let u € HCI(E ; R™) be a solution of problem (P). By Propositions 3.3
and 2.2 we know that it(x) € K and ii(-, z) € (C2(£2) N C'(£2))™. Since

/|Vyﬁi<y,z>|2dyzuo/ i (y,z)dy, zeR,
2 2

we obtain, using Lemma 2.1,

li/“"/ e [(_85”)2_’_ (M0+M—)ﬁ-2] dydz
2 j=1 /0 J2 9z l

1 C2 +00 m -

(5 o) [ [ Eronnn

unless u# = 0. But this contradicts Proposition 3.2. 0O

Pclu]

1A%

1\
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Naturally, in view of the discussion at the end of Section 3, this implies that
under the assumptions of Proposition 6.1 there are no traveling wave solutions lying
in H, Cl (X; R™). A simple example of such a situation is the Fisher’s equation in one
space dimension, for which it is known that all the traveling wave solutions decay
at infinity with the rate e~ (see Equation (2.10) with v; = 0) and, therefore,
cannot lie in H!(R) [2,32].

Let us point out that we will have u_ = 0 if V(u) = 0 throughout K, so a
necessary condition for existence of solutions of problem (P), which is familiar
from the analysis of the one-dimensional scalar problem [17], is that V(u) < 0
somewhere in /C. In that case, if also g+ u— < 0, problem (P) may have solutions
only with ¢ < ¢max, where cmax = 24/— o — o— [37].

Next we establish the following necessary and sufficient condition for existence
of traveling wave solutions for potentials with linearly stable equilibrium at u = 0.
Let us introduce the functional

m

E[v] ;=/ (% Z IVyui|* + V(v)) dy, ve H'($2;:R™), (6.1)
2

i=1

where H'(£2;R™) is the Sobolev space of functions with values in R” (for
Dirichlet boundary conditions, take Hé (£2; R™) instead). Under the hypotheses
(H1) and (H2), this functional is known to have a minimizer v € H'(§2; R™) (see
[12]) which satisfies the corresponding boundary conditions and such that

Ao+ (@) =0. (6.2)

Observe that for Neumann boundary conditions v is constant and is simply a mini-
mum of the potential V. It turns out that this functional can be used to characterize
the existence of solutions of Equation (1.6).

Proposition 6.2. Let V satisfy (HI) and (H2), and assume vy = 0. Then Equa-
tion (1.6) has a solution u € HC1 (X; R™) if and only if

inf E[v] < O, (6.3)

where the inf is taken over the functions v € H'(§2; R™) that satisfy the boundary
conditions in Equation (1.2).

Proof. Let us first prove that this assumption is sufficient. If Equation (6.3) is
satisfied, then choose a trial function

v(y), 2 <0,

ﬁ(y)e—)\z’ z z O, (64)

u (y,2) = H

where v is a minimizer of E. Clearly, u; € HC1 (X, R™)if A > % Substituting this
into the definition of @, we find that

L 1 (22 ) -0
Dcluy] < ;E[U] + m/ﬂ ; ((A + C)v; (y) + [Vyu;] ) dy, (6.5)
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where we used hypothesis (H1). Noting that E[v] < 0, for fixed A it is then possible
to choose ¢ so small that the right-hand side of this expression is negative. Then, u;,
will satisfy hypothesis (H3), which ensures the existence of a solution i of problem
(P) by Theorem 1.1.

Let us prove that the assumption (6.3) is also necessary. Suppose on the contrary
that E[v] = 0 for all v € H'(£2; R™). Then also

1 m
/)D e”(z Z |Vyui|* + V(u)) dx >0

i=1
forall u HC1 (X; R™). Using this and Lemma 2.1, we then obtain

m

. ou; 2 c? - 5
D.[u] z/ze“z(B_z) dx = g/ze”;ui dx. (6.6)

i=1

Therefore, from Proposition 3.5 we conclude that there are no non-trivial solutions
of Equation (1.6) which lie in H!(¥; R™). O

Notice that inequality (6.6) shows that, if Equation (1.6) has a non-trivial solu-
tion in HCI(Z‘ ; R™), then inf E[v] < 0, without any assumption on the sign of
V.

In the case of Neumann boundary conditions, we have the following result.

Proposition 6.3. Let u be a solution of problem (P) with Neumann boundary
conditions. Then u depends only on the variable z.

Proof. Let us consider the function g : 2 — R defined as

1 m
g(y) = /Recz(z ; Vit |* + V(ﬁ)) dz,

so that by Proposition 3.2 we have &.[u] = f o 8(y)dy = 0. Assume first that the
function g is not constant almost everywhere in £2. Hence, we can choose y € 2
such that g(y) < 0. By Fubini’s theorem, we can also assume that the function
u(y, z) := u(y, z) belongs to Hcl(Z‘; R™). However, clearly @.[i] < g(¥)|$2] <0,
contradicting Proposition 3.2.

If the function g is constant almost everywhere on £2 but u# depends on y, then
we can choose y € §2 such that

/ eczlvyb_t@, Z)|2 dz > 0.
R

Defining u as above, we obtain @ [u] < & [u] = 0, which gives again a contra-
diction. O

Next we establish the fact that the solutions of problem (P) are essentially scalar
functions, if the potential V depends only on the modulus of u.
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Proposition 6.4. Assume V (u) = V(|ul), that is, the function V depends only on
the modulus of u, and letu € H Cl (X; R™) be a solution of problem (P). Then, there
exists a vector v € R™ and a function n € C*(X) N CY(X), n(x) > 0, such that
u(x) =nx)v forany x € X.

Proof. Consider the non-empty open set X’ C X on which || > 0. Introduce
n(x) = |i(x)| on X and n(x) = it(x)/|i(x)| on X’. The latter has the meaning of
the director of the vector field u, and so we have |n| = 1. From these definitions
i = nnin X’ and Vi = 0 almost everywhere in X\ X’. So a straightforward
calculation shows that

m

m
D Vi )P = Vol 40?0 VP = [Vl (6.7)
i=1 i=1

Now consider i(x) = (n(x),0,...,0) € HCI(E; R™). If the last inequality in
Equation (6.7) is strict, then

Pclu] < Pelul,

since by assumption V(#) = V(n) = V(Ju|) = V(u), and this contradicts the
minimality of i. So, Vi = 0 in X’ and & is also a minimizer, and, therefore, is
regular by Proposition 3.3. Therefore, 1 is a classical solution of the scalar equation

An+cen, —V'(n) =0, (6.8)

and, furthermore, n(x) = 0. Then, we have in fact n(x) > 0 everywhere in X,

, +
and so ¥’ = X. Indeed, define the function ¢*(x) = [%] , where [v]™ =

—min{v, 0} and [v]T = max{v, 0}, for all x € ¥’, and set ¢*(x) = 0 otherwise.
Note that by hypothesis (H2) we have ¢t € L®(X). Then Equation (6.8) can be
rewritten as

An+en, —ct(xn=—c (x)n 0.

So, by the strong maximum principle [20, Theorem 3.5], we conclude that n(x) > 0
for all x € X. It then follows that n is a constant vector throughout X', which con-
cludes the proof. O

In other words, to find the solution of problem (P) under the above assumption,
one only needs to consider the scalar equation whose solutions lie in the considered
exponentially weighted Sobolev spaces. Notice that for constant sign solutions of
Equation (6.8) precise estimates of the decay of the solution as z — —+o00 can
be obtained [48]. Since, in addition, our solutions lie in the spaces HC1 (X, R™),

it follows that u = O(ef)‘g ), where )L(T is defined in Equation (2.12), for large
positive z. Thus, generally these solutions are special in the sense that they have a
non-generic fast exponential decay at +oo (see also [32]).

Our next group of results concerns the behavior of solutions of problem (P) as
z — —o00. Our main tool here is the familiar energy estimate for gradient systems.
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Lemma 6.5. Let u € Hcl_;.(Z‘; R™) be a solution of problem (P), then u, € L2
(X; R™).

Proof. Scalar multiplying Equation (1.6) by i, and integrating over X' := §2 X
(—R, R), R > 0, we obtain

0 i/ (O s @)
= — \ —= YU Cc — iU X
“~ J5, 8z \ 022 o az
LB
=C —_— X
s\ 02
R
SR RN _
(—’) — =D VP = V@) ) dy| . (69)
0z 21,:1 x

where we used the boundary conditions in Equation (1.2) to erase the boundary
term

_ it
(Vyu; -nyy)—do dz.
A2x(—RxR) 0z

Recalling that by Proposition 3.3, we have ii; € W!>°(X), passing to the limit in
the equality (6.9) for R — 400, we obtain the thesis. O

For any R € R, let Sr o= 2 x (R, R + 1). By the results of part (ii) of
Proposition 3.3 we have that the functions #; are uniformly bounded in wZp (iR),
with p > n, independently of R. It then follows that u, is bounded and uniformly
continuous on X, hence from Lemma 6.5 we obtain

lim u,;(y,z) =0 uniformlyiny € £2. (6.10)
z—>+o0

On the other hand, by Proposition 3.3 we know that u(z, y) — 0 uniformly in
y € 2 as z — +o00. Then, by the same W?2P(Xg) estimate and Sobolev imbed-
ding theorem we obtain

lim |Vyi(y,z)| =0 uniformlyiny € £2. (6.11)
z—>+00

In the following proposition we characterize the possible limits (that is, the
«-limit set) of u(-, z) for z — —oo (we refer the reader also to [22] for related
results using dynamical systems techniques).

Proposition 6.6. Let u € Hclf(E ;s R™) be a solution of problem (P), then there
exists a sequence z, — —oo and a function v € (C*2(2)ncl)ym, satisfying
the same boundary conditions as u, such that

lim @(-,z,) =v in (C'(2))".

n——+00

A+ f(v) =0 in Q. 6.12)

Conversely, let v be any function such that lim, _, L_t(-,_Zn) =vin (C1 «nm, for
some sequence 7, — —oo. Then v € crynct@nm v satisfies the same
boundary conditions as u, and Equation (6.12) holds.
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Proof. Let¢ € H'(£2; R™) be atest function (we further assume ¢ € HO1 (£2; R™)
if we have Dirichlet boundary conditions). Scalar multiplying Equation (1.6) by
¢ (y) and integrating over X'r, we obtain

R+1
0_|:Z/ ¢1%dy:| +CZ/ ¢,%dx
R
_Z/S (Vyiti - Vydi = fi@)¢i) dx. (6.13)
—r

Since i, — 0in C(ZR) for R — —o0, we have

ou; R+1 ou;
lim ¢, — dy ¢i—dx | = 0. (6.14)
R—— oo ER 0z

Note that the family of functions u(y, z + R) is equibounded in crEom,
where X := £2 x (0, 1). Indeed, from the estimates of Proposition 3.3, we obtain
a uniform bound on i;(y, z + R) in W>P(Xy), with p > n. So, by the Ascoli—
Arzela theorem there exists a sequence R, — —oo and a function v such that
i(y,z + R,) — in (C'(Zp))™. Moreover, since limg_ oo ii;(y,z+ R) = 0
uniformly on X0, we obtain v, = 0, that is, the function v depends only on y.
Setting v(y) := ¥(y, z), we then obtain lim,_, o (-, z,) = v in (C'(£2))™, for
example, for z, = R,.

From Equations (6.13) and (6.14), it then follows

0= nE‘Eoo; /E (Vyiti - Vyoi — fi(@)gi) dx
= Z/Q (Vyvi - Vyi — fi(w)gi) dy, (6.15)
i=1

for any ¢ € H L(2;: R™) (responsible for any ¢ € H(} (£2; R™)), which implies
v e (C22)NCL(2))™, v satisfies the same boundary conditions as # on 952, and
Ayv+ f(v) =0in £2.

Conversely, let us assume that there exists a function v such that
lim, oo tt(+,z,) = v in (Cl(ﬁ))’”, for some sequence z, — —oo. Then, rea-
soning exactly as above with R, = z, we obtain v € (C?(£2) N C'(2)™, v
satisfies the same boundary conditions as # on 952, and Ayv + f(v) =0in 2. O

We note that, by regularity of iz, a weak form of convergence (such as weak in
L?(2; R™), for example) implies a stronger (C ! (£2))™—convergence in the second
part of Proposition 6.6.

Let E[v] be the functional defined in (6.1) and introduce

W= {v e HY(Q2:R™): v(y) e Kforall y € 2, and E[v] < 0} .
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Again, in the case of the Dirichlet boundary conditions replace H L(£2; R™) with
HOl (£2; R™). Taking R = —z, in (6.9) and letting n — 400, from Proposition 6.6
and Equations (6.10) and (6.11), we obtain the following:

Corollary 6.7. Let v be as in Proposition 6.6. Then v € W, and in particular,

v #0.

Under some extra assumptions on the critical points of E[v], it is possible to give
more precise information on the asymptotic behavior of the solutions of problem
(P)atz = —o0.

Corollary 6.8. Assume that any critical point of E in W is isolated in the strong
topology of H'(§2; R™). Then the limit in Proposition 6.6 is a full limit, that is,
lim i(-.z) =v in(C'(£2))",

Z7—>—00
withv e W.

Proof. Note that the mapping z — u(:, z) is a continuous mapping from R to
HY($2; R™). Suppose that the full limit of u(-, z) does not exist. By continuity of
this mapping, Proposition 6.6 and Corollary 6.7, there exists ¢ > 0 and a sequence
z, — —oo such that ¢ < |lia(, z),) — V|| (o:rmy = 26, where v € W is some
limit from Proposition 6.6, and the 2¢-neighborhood of v does not contain any other
elements of W. By regularity of i we can pass to a subsequence, still labeled (z),)
that converges strongly in H'!(§2; R™). Therefore, if v/ = lim,_, o it (-, z,,), then
e = ||V = vl g1 (@.rm) = 2¢, too. But, by Proposition 6.6 and Corollary 6.7 every
convergent sequence in (C 1(£2))™ has a limit that is in W, which contradicts the
assumption that there are no elements of W in the 2e-neighborhood of v that are
distinct from v. O

Note that a sufficient condition for a critical point of E to be isolated is that it
is non-degenerate (that is, that the second variation of E does not have zero eigen-
values). Also note that in the case of Neumann boundary conditions we know from
Proposition 6.3 that the function u is independent of y € £2, which implies that the
function v is a constant. Therefore, we obtain the full limit in Proposition 6.6 simply
if we assume that any critical point of V inthe openset {u € R : V(u) < 0} C R”
is isolated.

‘We conclude this section by showing that, under suitable assumptions, the solu-
tions of Equation (1.1) propagate along X with asymptotic speed bounded by ¢'.
Let us note that to address this question in full generality we need a suitable exis-
tence theory for the initial value problem given by Equation (1.1). This, however,
would go beyond the scope of our paper. On the other hand, it is possible to show
that a large class of initial data for Equation (1.1) will generate solutions in the
class Q.(X,R™) introduced in [37], a natural target space for the solutions of
Equation (1.1):

Definition 2. We will say thatu € Q.(X, RT),ifu € C®(X x R"), u(x,1) € K,
and there exists A > 5 such that for any 7 > #o > 0 and multi-index « there exists
aconstant Cy, = Cy(f9, T) such that | D%u(-, t)| < Co(1+e*3) forallt € [19, T].
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Notice first that in the context of Equation (1.1) the set /O has a meaning of
an invariant region, whose existence assures global in time existence of solutions
for Equation (1.1), and by standard parabolic theory we obtain uniform bounds on
the derivatives (see, for example, [33]). So, what the classes Q. (X, RY) control is
mainly the rate of exponential decay of the solution, quantified by the value of c.
Notice that the assumption that the solution of Equation (1.1) lies in Q.(X, R™)
(even with arbitrary ¢ > 0) can be easily satisfied, for example, whenever u(-, 0)
takes values in C and has compact support.

We now state our result.

Proposition 6.9. Suppose that problem (P) has a solution, and let u(x,t) € Q.+
(2, RY) be a solution of Equation (1.1). Then, for any ¢’ > ¢, it holds that
u(y,z+c't,t) — 0ast — oo, uniformly on compact subsets of X.

Proof. Fix a constant ¢” such that ¢t < ¢” < 2A, with A from the defini-
tion of Q.i(X, RT), then u(-,1) € HCI,,(Z‘; R™). Differentiating @.»[u(y, z +
¢t, t)] in t and integrating by parts, which is justified by the uniform estimates for
u € Q. (X, RT), we obtain for all # > 0

d® . [u(y,z+ "t 1)] v - ou; 2
cr1¥y =—/EeCZ§ Aui—l—c”a—zl—i—ﬁ(u) dx 0.

dr
(6.16)

Since also ¢” > ¢, we have 0 < ®o[u(y, z + "t, 1)] £ @ u(y, z, to)], to > 0,
and by Lemma 3.1 we obtain

Dou(y,z4+ct,0]=e NP uy, z+"t, )] > 0 (6.17)

as t — 00. On the other hand, letting u(y, ¢, t) :=u (y, (f—f,g“, t) and retracing the
arguments of Equations (4.7)—(4.9), we obtain u € HCIT (X; R™) and

o 15 (oui)\? 5
/Ee Z(EZ[(B_Z) + | Vyu;l i|+V(u)) dydz

=1

Ry li <y’ LA TP + V@) |dyd
= Ee 241 o a [Vyu;| u ydg

2 72 2 2

- c
FCT [M] = _CH2 1—'(;// [u]’

Dr[u]

P
et Ferlul + z¢ﬁ lul = et

since @.+[u] = 0 for all u € Hcl.,.(E; R™) by Proposition 3.2. But then, using
Lemma 2.1, we have

//2— -}-2 " "
Dulu(y, z+c't, )] 2 %/ et Zu%(y, z+ct,)’dydz. (6.18)
z i=1

Therefore, u(y,z + ¢'t,t) — 0 in Li,.(Z‘;Rm) as t — oo. Since u(-,1) €
(L®(X))™ we have Vu(-, t) € (L*°(X))™" uniformly for any ¢ = 1y, with 7y > 0
(see [33]); hence u(y, z + ¢'t, t) — 0 uniformly on compact subsets of X. O
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Let us emphasize that the result in Proposition 6.9 implies that the speed cf
obtained in problem (P) has a special significance for the solutions of the original
parabolic problem. Indeed, ¢ is the maximum speed with which solutions may
propagate (for example, in the sense of the speed of the leading edge [37,40]). On
the other hand, observe that this is also a sharp upper bound, since existence of
solutions of problem (P) obviously implies existence of solutions of Equation (1.1)
which propagate with speed ¢'.

Finally, let us note that in general the free energy functional in Equation (1.4)
may include the effect of anisotropy [29,30], that is, the gradient square term in
F[u] can be replaced by a quadratic form generated by a symmetric positive-definite
constant n x n matrix G. Then the analogue of Equation (1.1) becomes

up =V - (GVu) — V, V(). (6.19)

Similarly, the boundary conditions for this equation should be modified from Equa-
tion (1.2) and become

W-GVi)lys =0 or ulys =0. (6.20)

One can naturally ask whether the above problem admits traveling wave solutions,
too. Indeed, it is not difficult to see that Equation (6.19) with the boundary con-
ditions from Equation (6.20) can be reduced to Equation (1.1), with the boundary
conditions from Equation (1.2), by the linear change of variables

x' =G V2.

In this way we obtain a problem of the type considered above on a modified cylinder
X’ which can then be treated in the same fashion.

7. An application

In this section, we consider a sample application problem, for which various
assumptions of the theorems above can be explicitly verified, and demonstrate the
practical utility of our methods. For a particular example we will use a computer-
assisted approach to obtain the necessary estimates for existence. Note that with
a bit of extra work these types of results can be made completely rigorous. This,
however, is beyond the purpose of this section, which is to illustrate our theorems.

As a sample problem, we will consider Equation (1.5) with 7 =1, g = 1,
a=3,b=1b = %, hy = %, and hy = 0. For simplicity, we will consider
the case m = 2 and n = 1 (implying that ¥ = R), so that the vector character
of the problem is preserved. Let us mention that in one space dimension existence
of traveling wave solutions in gradient systems can be also studied by topological
techniques [36,39,45].

Thus, with u = (u1, uz), this problem has the following expression for the
potential V:

V(uy, ur) = —%ul — % (u% + u%) + 41_1 (u? + ug) + %u%u%. (7.1)
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3 2 T 0 1 2 3
uy
Fig. 7.2. The level curves of the potential V in Equation (7.1). The outermost contour

corresponds to V = % and shows the boundary of the set KC. The set I is enclosed by the
dashed lines

The plot of the level curves of V is presented in Fig. 7.2. An inspection of this figure
shows that V has one local maximum O (pq, 0), four local minima P4 (p+, 0) and
0+(p1, £q1), and four saddle points R4 (p2, +¢2) and S+ (p3, £q3), respectively
(see Fig. 7.2). It is easy to see that the set IC := {(uy, up) € R? : V(uy, us) < %}
has the required properties, being convex and satisfying Equation (2.3). There is
also a rectangle K4 = {(u1, u2) € R : p3 S uy < py, 0 < uy < g3}, which is
also convex and satisfies Equation (2.3).

We are going to study existence of several types of traveling waves which con-
nect to different equilibria, namely to O, P_, and S.. Each such case leads to a
different variational problem, since in order to satisfy hypothesis (H1), one needs
to subtract from V its value at the equilibrium point reached at z = +o00. So,
we will consider each such problem separately and establish existence and non-
existence of variational traveling waves, as well as the upper and lower bounds
for the speed. To simplify the notation, we will still say that u lies in H! (X; R™),
tacitly assuming that the equilibrium point is properly subtracted from u.

Let us point out that if one sets uo = 0, then the problem becomes scalar, and
existence of traveling waves connecting P4, P_, and O is well-known (see, for
example, [2,50]). These are the heteroclinic orbits P_ O, P+ O, and P4 P_, respec-
tively, and there exists a continuous family of solutions monotonically connecting
P and P_ with O, and a unique solution going monotonically from P, to P_. Fur-
thermore, an exact solution for the traveling wave P, P_ can be found [4], giving
¢ = 0.393419 for this wave. These are natural candidates for the solutions of the
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variational problems under consideration, so, in particular, we need to see whether
we can discriminate between them and the solutions of the vector problem.

We start by studying the case of the waves connecting to O. To begin, we com-
pute the value of vg, which in all considered cases is simply the smallest eigenvalue
of the Hessian at the equilibrium approached at z = 4-00. A straightforward cal-
culation shows that at O we have vy = —2.94841 < 0. So, in order to be able to
apply Theorem 1.1, we need to find a trial function that makes the functional @,
non-positive for ¢ > ¢y = 2,/—vg = 3.43419. We were not able to find such a trial
function.

On the other hand, at O we can estimate the value of x_ to be slightly greater
than —3. By Proposition 6.1, there are no variational traveling waves for ¢ =
c1 = 3.4641. Therefore, our method can give solutions only in a narrow range of
3.43419 < ¢ < 3.4641, if any. Since also for ¢ < 2,/—v; = 3.40401 the solution
will approach O in an oscillatory fashion (see the discussion in [37, Section 3]),
it will not be expected to lie in H!(R), either. This suggests that there are no var-
iational traveling waves that connect to O. In fact, we can prove that there are no
variational traveling waves satisfying hypothesis (H3) that lie entirely to the left of
O (that is, for which u; < pg). Indeed, applying the Taylor formula, we have

Vi) = Vpo, 0) + 3 { (<3430 + 33) 1 — por?
612y — poyuz + (=3 + Jit + 3i3) w3},

where u; < i; < po < 0 and iy lies between 0 and up. Clearly, the coeffi-
cients of the first and the third terms in the curly brackets are greater or equal to
-y = =3+ %p%. Furthermore, since (u; — po)it; = 0 and iiuy = 0, we then
have V (u1, u2) = V(po, 0) + $vo((u1 — po)? +u3), which implies that @.[u] = 0
if and only if u = (pg, 0) for all u € HC1 (R) with ¢ + 4vg > 0, so Theorem 1.1
cannot be applied. Then, in view of Proposition 3.5, this means non-existence of
variational traveling waves with these speeds. Note also that this argument can be
strengthened to show that all the solutions P_ O with u, = 0 are not variational
traveling waves (see also [32]). This is not unusual for the traveling waves invading
an unstable equilibrium.

Let us now consider the waves that connect to P_. Here we obtain vy =
0.994441 > 0, and we know from the case up = 0 that problem (P) has a solu-
tion. The question is whether this solution is in fact one-dimensional, and what the
bounds on the speed are. To begin, we first find that for P_ the value of 1 _ is slightly
greater than —0.34. Again, by Proposition 6.1 this means that the variational trav-
eling waves connecting to P_ may exist only for ¢ < ¢; = 2,/—p— < 1.1662. To
see whether there are variational traveling waves that move faster than in the case
ur = 0, we construct the trial function u = (11, u,) defined as

ui(z,a,b) = p- + 5(py — p-)(1 — tanh az),
ur(z,a,b) = bsech? az.

Next we evaluate @, on u# and minimize with respect to @ and b. We then find a
(large enough) value of ¢ at which the minimum value of @, is still negative. We
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found that the choice of a = 0.5876, b = 1.6301 works with ¢ = 0.5240. So now,
applying Theorem 1.1, we can conclude that there exists a traveling wave solution
connecting to P_ that lies in K and has speed 0.5240 < ¢ < 1.1662. Observe that
this speed is higher than that of the scalar solution obtained earlier, so the latter
is in fact not a solution of problem (P). Also, by Corollary 6.8 the solution is a
heteroclinic orbit from P_ to either Oy, S, or Py (the equilibria O and R4 have
higher potential than P_). Let us point out that our arguments can be made rigorous
(with a slightly smaller value of c¢) by performing a linear interpolation of the above
trial function, over finitely many intervals, then rationalizing the values of u at the
interpolation nodes, and then carrying out some simple, albeit tedious, analysis.

Finally, we turn to the solutions that connect to S and lie in K. For S, we
obtain vy = —0.588022, so in order for hypothesis (H3) to be satisfied, we need
to find a trial function for which @, < 0 with ¢ > 1.53365. We use the following
trial function u = (u1, us):

P+ — D3

I +e®
93

(1 febr)32

Once again, we fix ¢ and minimize @.[u] with respect to @ and b. As a result, we
find that the functional is negative for a = 1.1536, b = 0.8778, and ¢ = 1.61 >
1.53365. Therefore, the assumptions of Theorem 1.1 are satisfied in K, and we
obtain a traveling wave solution connecting to S that lies in /.. On the other hand,
we find p_ to be slightly greater than —0.91, implying an upper bound for the speed
of the traveling wave to be ¢ < 2,/—p— < 1.91. Thus, the obtained solution will
have speed 1.61 < ¢ < 1.91. Again, by Corollary 6.8 this is a heteroclinic orbit
from Sy to P..

ul(Z7 a, b) =3 +

)

ur(z,a,b) =gz
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