Optimal skyrmion stability in antisymmetric ultrathin ferromagnetic bilayers
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We demonstrate the stray-field-mediated skyrmion stabilizing capabilities of ultrathin exchange-
decoupled antisymmetric ferromagnetic bilayers based on conventional transition metal materials.
Using an asymptotically exact micromagnetic model valid in the ultrathin film limit, we show that
the antisymmetric tailoring of the bilayer allows the Dzyaloshinskii-Moriya interaction and the
dipolar interaction to act synergistically to stabilize skyrmions, in contrast to the monolayer case, in
which these energies compete. To obtain optimal stability of these skyrmions against collapse and
bursting — the two fundamental processes determining skyrmion lifetime, we carry out an asymptotic
analysis of the saddle point solution that separates the skyrmion from the demagnetized state. The
result is an optimal stability line for compact skyrmions in the non-dimensional parameter space
of the effective Dzyaloshinskii-Moriya interaction strength and the effective film thickness. Our
predictions are confirmed by extensive micromagnetic simulations of antisymmetric bilayers, using
magnetic parameters of the conventional Pt/Co/AlO, systems. Our results provide a new pathway
for experimental observations of 10 nm radius zero-field skyrmions with lifetimes compatible with

information technology applications.

I. INTRODUCTION

Magnetic skyrmions are topological solitons that
are considered to be promising candidates for ultra-
dense and energy-efficient information technology and
unconventional computing applications [IH5]. The past
decade has seen major theoretical and experimental
efforts from the research community in material
optimization towards observation of smaller and more
stable magnetic skyrmions. Despite these efforts, a
reproducible experimental realization of 10 nm isolated
skyrmions at zero applied magnetic field with lifetimes
exceeding several seconds at room temperature remains
elusive.

In single ultrathin ferromagnetic layers with broken
inversion symmetry, compact skyrmions with diameters
down to 1 nm have been reported under magnetic fields of
a few Tesla in PdFe/Ir(111) at liquid helium temperature
[6]. More recently, a 5 nm diameter skyrmion was
observed at 4.2K in Rh/Co/Ir(111) at zero applied
magnetic field [7]. A way to enhance the skyrmion
lifetime in order to make them observable at room
temperature (RT) is to stack several asymmetrically
capped ferromagnetic layers, as observed in the Ir/Co/Pt
system where skyrmions with diameters down to 30 nm
were recorded at RT [§]. In these multilayer systems, the
stray field plays a non-negligible role in the stabilization
of the observed skyrmionic bubbles [9]. This prevents
the reduction of the size below a certain value due to
the existence of an energy saddle that separates the
compact skyrmion, usually unstable at RT, from the
experimentally observed skyrmionic bubble [10, 1]. The
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current-driven dynamics of these skyrmionic bubbles was
also found to be hindered by disorder [12] T3], as well
as by the non-uniformity of the magnetization in the
direction perpendicular to the sample plane [9].

Another general issue related to the dynamics of
skyrmions is their tendency to move non-collinearly with
the applied electric current [I4], a phenomenon referred
to as skyrmion Hall effect that was predicted in the
early works on skyrmions [I5]. A promising direction
to reduce the skyrmion Hall effect is to use rare-earth
transition metal ferrimagnets, in which the gyroscopic
force generated by each magnetic sublattice is canceled
at the compensation temperature [I6][17]. Although high
current-induced skyrmion velocities have been reported
in such films [T7THI9], this system seems to generally suffer
from the same limitation as ferromagnetic thin films,
namely, the difficulty to stabilize compact skyrmions
at room temperature and zero applied magnetic field,
and there exists only a single report of sub 20 nm
diameter compact skyrmions [I8] that has not been later
reproduced.

The attention has recently shifted towards another
system: the synthetic antiferromagnet (SAF) system
made of two ferromagnetic layers with broken inversion
symmetry, coupled antiferromagnetically via a metallic
non-magnetic spacer. This system offers the same
advantages as the compensated ferrimagnets in terms
of high current-induced skyrmion velocity and vanishing
skyrmion Hall effect [20H24], as well as a possibility
to reach the flow regime for skyrmion current-induced
motion, as was recently demonstrated [21, 22, [24]. On the
other hand, issues have emerged in this system such as
the coexistence of ferromagnetic and antiferromagnetic
phases [25H27] and the existence of skyrmion inertia
and a maximum velocity limit related to the finite
interlayer antiferromagnetic coupling [28]. In addition,
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FIG. 1. Schematics of the ferromagnetic multilayer structures
with a skyrmion present: (a) antisymmetric ferromagnetic
bilayer consisting of two identical ferromagnetic layers
separated by a single non-magnetic layer (NM2) and capped
by a different non-magnetic material (NM1); (b) a SAF
consisting of two ferromagnetic layers (FM) capped by two
different non-magnetic layers (NM1 and NM2) and separated
by an exchange coupler (RKKY); (c) single ferromagnetic
monolayer (FM) capped by two different non-magnetic layers
(NM1 and NM2).

the property of SAF having a vanishing stray field due
to the antiparallel alignment of the magnetization vector
in the two layers makes the experimental observation
of skyrmions even more challenging than in the case
of single ferromagnets and ferromagnetically coupled
multilayers. In a fully compensated SAF with no
stray field, skyrmionic bubbles are ruled out and only
zero-field compact skyrmions should be observed. In
theory, stacking several layers of compensated SAF could
lead to an increase of the collapse barrier of individual
compact skyrmions [22 29], while not increasing their
size. However, the experimentally observed skyrmions
remain in a few hundred nanometer to a few micron
diameter range and suffer from stripe-out instabilities
[20H23]. This reveals their skyrmionic bubble nature
caused by the presence of residual stray fields [29, [30] due
to the finite thickness of the layers and the finite distance
separating them. This issue has not been resolved,
despite significant efforts in material optimization [29]

The effect of stray field on domain walls and

skyrmionic bubbles in multilayers is a well studied
phenomenon that gives rise to a magnetization twist in
the out-of-plane direction in multilayers [9] [32H36] and
antiparallel domain wall configurations in bilayers [37]
[38]. In a recent study, we demonstrated that in ultrathin
multilayers the interlayer dipolar interaction is taking the
form of a DMI-like energy term which contributes to this
twist [39)] (see also [36,40]). Our result was applied to the
case of stray field-coupled ferromagnetic bilayers in the
absence of DMI, for which we obtained minimizers in the
form of a pair of Néel skyrmions with opposite chiralities
fixed by the flux-closure pattern. Exploiting this stray-
field-minimizing configuration to stabilize skyrmions in
antisymmetric ferromagnetic bilayers with opposite DMI
remains largely unexplored. To date, there have been
only two experimental studies reporting on skyrmionic
bubbles in this system [40, 41]. In the most recent work
[40], the contribution from the DMI-like energy term
of dipolar origin to the wall energy has been estimated
with the help of relevant analytical models [36] and
micromagnetic simulations.

In the present work, we explore the potential of
antisymmetric ferromagnetic bilayers for the realization
of compact and stable skyrmions compatible with
memory applications. To this aim, we derive a reduced
thin-film micromagnetic energy functional describing
the magnetization configurations in stacked ultrathin
ferromagnetic layers and identify just two dimensionless
parameters — the reduced DMI strength and the reduced
film thickness, governing the system’s behavior. We
next focus on the antisymmetric ferromagnetic bilayer
system, for which we demonstrate existence of skyrmionic
states (pairs of Néel skyrmions, one per layer) as
local energy minimizers and identify the approximate
boundary of the parameter region beyond which these
skyrmion states undergo bursting and strip-out. We then
locate an approximate optimal stability curve in the two-
dimensional parameter space, over which the bursting
energy barrier is equal to the collapse barrier, signifying
the parameters at which the skyrmion is most stable with
respect to thermal noise.

Starting with this curve, we then carry out a two-
dimensional parameter sweep to numerically obtain a
detailed phase diagram of skyrmion solutions existence,
along with their radii and the energy barriers as
functions of the reduced DMI strength and the
reduced film thickness. We repeat this process
for ferromagnetic monolayers and then carry out
a comparison between antisymmetric ferromagnetic
bilayers, SAF and ferromagnetic monolayers. Our results
show that, for typical magnetic parameters of transition
metal multilayers, antisymmetric bilayers exhibit a wide
range of conditions under which room-temperature-
stable magnetic skyrmions with radii on the order of
10 nm can exist. This is due to the synergistic action
of the interfacial DMI and the dipolar interactions
in antisymmetric exchange-decoupled ferromagnetic
bilayers. The stability properties of these skyrmions



compare favorably with those of the skyrmions in SAF
and monolayers.

The paper is organized as follows. In Sec. [
we present the basic micromagnetic model and then
carry out its thin fim reduction, followed by non-
dimensionalization. In Sec. [[II] we present a detailed
analysis of the reduced thin film micromagnetic energy
for antisymmetric bilayers. In Sec. [[V] we carry out
an analogous study for SAF and single ferromagnetic
monolayers and compare the results with those for
antisymmetric bilayers. Finally, in Sec. we draw
conclusions.

II. MODEL

Our starting point is the micromagnetic energy of a
stack of identical ferromagnetic layers in the presence
of intralayer exchange, perpendicular magnetocrystalline
anisotropy (both of bulk and interfacial origin),
interfacial DMI and the magnetostatic interaction [39] 42}
43]. Consider N stacked layers of a single ferromagnetic
material of thickness d separated by non-magnetic layers
of thickness (@ — 1)d, where a > 1 is a geometric factor
corresponding to the ratio of the total thickness of the
stack unit to that of the ferromagnet. The ferromagnet is
characterized by saturation magnetization M (in A/m)
and exchange stiffness A (in J/m). Forn =1,..., N, the
n-th ferromagnetic layer is assumed to occupy the region
of space

Q, = {(z,y,2) ER® :

(z,y) ER?, z € [ad(n —1),ad(n — 1) +d]}. (1)
Each layer €, has bulk wuniaxial perpendicular
magnetocrystalline anisotropy constant K, (in J/m3),

interfacial anisotropy constants K% (in J/m?) on the
top and bottom surfaces 9Q:" of €2,,, and interfacial DMI
strengths D3+ (in J/m) on 0Q%F, respectively.

The energy of such a system takes the following form,
in the SI units [39]:

N
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Here M = (M+, M“) is the magnetization vector, whose
in-plane component is M+ € R? and the out-of-plane

component is M € R (the superscripts are with respect
to the direction of the easy axis z), with the convention
that |[M| = M, in Q = ngl Q, and [M| = 0 outside
Q. The first line in the energy represents the intralayer
exchange plus the bulk perpendicular magnetocrystalline
anisotropy, the second line gives the contribution of
the magnetostatic energy of the demagnetizing field
H, vanishing for z — Z£oo that solves the stationary
Maxwell’s equations

V- (Hs+M) =0, V xHy; =0, (3)

from which we subtracted the contribution of the
ferromagnetic state to avoid divergent integrals; the
third line gives the magnetocrystalline anisotropy
contributions of the bottom and top surfaces of each
layer, and the last two lines give the respective DMI
contributions of those surfaces. In writing the latter,
we used the sign convention that yields the same DMI
constants, Dt = D~ for the interfaces between the
ferromagnet with the same non-magnetic material on
both sides of the ferromagnet. Notice that £(M) = 0
if M = +Mz in ). Also notice that the gradient in the
DMI contributions acts only in-plane, as the integrations
there are carried out over the planes parallel to the xy-
plane. Finally, for simplicity of the presentation we
omitted the Zeeman energy term that can be easily added
back to (2)), if needed [44]. Other generalizations of
the model, such as addition of the interlayer exchange
coupling [45], or variable layer thicknesses and material
parameters, are also straightforward.

We next carry out a non-dimensionalization of the
energy in by measuring lengths in the units of the
exchange length e, = \/A/Kq4, where Kq = $p0M?2,
introducing the normalized magnetization vector m(r) =
M(£,,r)/M; for r € R3, and defining the dimensionless
energy in the units of Ad, i.e., E(m) = £(M)/(Ad).

Then
N
i),
- 5; 0o,
1 N
52 [, eme s
n=1"%ex On
N
e[
; 05,90

N

+ZQZ’+/ |mL|2d2r
n=1 Leq
N

{IVm|* + Q,|m*|*} &*r

lm=*|%d?r

o 00y

B (m”V -mt —m'. Vm”) d*r

el 0o 90,
N
+ Z K / (m”V -m* —m* . Vm”) d*r, (4)
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where, as before, m = (m*,ml), with m* € R? and
mll € R being the in-plane and out-of-plane components



of m, and we introduced the dimensionless film thickness
0 = d/l., and the dimensionless quantities

Ky
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corresponding to the bulk anisotropy strength, surface
anisotropy strengths and the DMI strengths, respectively.
The rescaled demagnetizing field h, satisfies

h, =-VU, AU =V -m, (6)
in the sense of distributions in R?, with VU —m vanishing
at infinity [46].

The above model presents a formidable challenge to
analysis and may in general only be treated through
large-scale three-dimensional numerical simulations,
using a number of available software packages (see, e.g.,
[47-52]). Nevertheless, this model may be considerably
simplified in the case of ultrathin ferromagnetic layers
that are relevant for most spintronic applications, where
each material layer extends to thicknesses of only a few
interatomic distances. It corresponds to an assumption
that the total multilayer thickness is smaller than the
exchange length in the material, Nad < fep. In this
case the micromagnetic energy may be expanded in the
powers of J, keeping only the leading order terms (for a
detailed derivation, see [39]). The micromagnetic energy
then obeys E(m) ~ Ey(my,...,my), where m,, : R? —
S? are the normalized magnetization vector fields in the
n-th ferromagnetic layer that depend only on two spatial
coordinates, and the reduced thin film energy Ey reads

EN(mla"'amN):

N
;/RQ {|an‘2 +(Qn — 1)|mi‘|2}d2r

N
- Z/ 2k, mi - le‘ldzr
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N-1 N
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where in the second and fourth lines of the right-hand
side we carried out an integration by parts to rewrite the
respective integrals (see [53]). Here

Qn=0Qu+ Qf{+ + Qf{_7 Kn = ’ij; — Ry, (8)

and the first line in the right-hand side of contains
the contributions of the intralayer exchange and effective

perpendicular magnetic anisotropy that includes the
local contribution of the intralayer demagnetizing field
(shape anisotropy), the second line represents the DMI
energy, and the rest of the terms are the additional O(9)
contributions to the stray field energy. In particular, the
third line contains a stray field-mediated DMI-like term
from the interplay between the volume and the surface
charges in different layers that was identified in [39]. The
fourth and the fifth lines in the right-hand side of @
represent, respectively, the nonlocal contributions of the
surface-surface and volume-volume charge interactions to
the stray field energy.

IIT. THEORY OF ANTISYMMETRIC
BILAYERS

We now turn our attention to the particular case of
antisymmetric bilayers. For this system, we have N = 2,
Q1 =Q2=Q >1and kK = —ky = k > 0, favoring
a counter-clockwise rotation in the bottom layer and
clockwise rotation in the top layer, with a flux closure-
like arrangement of the magnetization in the two layers

[39], see Fig. [[fa).

A. Thin film energy

The corresponding thin film energy is

2
Ea(mymg) = > [ (Va4 (Q - Dl ) dr
n=1 R2
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Notice that this energy is invariant with respect to the
scaling transformation r — Ar, provided that

Q-1 K )

)\2 , Iiﬁx, 6*}X, (10)
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which represents an important underlying scaling
symmetry of the thin film energy. This allows us
to eliminate one of the dimensionless parameters by
introducing the new parameters



leading to the following simplified dimensionless energy
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that satisfies Eo(my, my) = Ey(my, my), where m,, (r) =
m,, (r/v/Q —1). In other words, Fy gives the energy of
the normalized magnetization configuration (mj, my) in
the two layers, with lengths measured in the units of the
Bloch wall thickness Lg = f.,/+/@Q — 1. The behavior
of the energy Ey is completely determined by only two
dimensionless parameters: & and ¢.

B. Antisymmetric profiles

To better understand the behavior of the critical
points of the energy in , we consider an ansatz in
which the in-plane components of the magnetization in
the two layers are anti-parallel, while the out-of-plane
components are parallel. Setting

m; = (mlam”)a my = (_vamH)v (13>
for m = (m*,ml) leads to Ey(m;,my) = 2E*(m),
where

E*(m) =

/TOVnﬁ4ﬂmH2—@R+®nﬁ~Vm0d%

vmll(r) - Vmll(r')

-2
47r\rfr’|

R2 JR2

d*r d*r’. (14)

This ansatz is motivated by the energetic advantages it
provides: in a skyrmion profile the DMI and the surface-
volume charge interactions of both layers cooperate,
while the energy penalty due to the volume-volume
charge interactions cancels out. In particular, the
ansatz has been rigorously shown to be valid in the
conformal limit for # = 0 [39] and is confirmed by the
numerical simulations for the parameter ranges at which
the skyrmion solutions are observed (see Sec. [[ILG]).

C. Bilayer skyrmions

The expression in coincides with the energy of
a single ferromagnetic layer of thickness 20 with the

effective DMI constant & + %5, in which the volume-
volume charge interaction penalty term is absent. One
can easily adapt the proof of existence of skyrmion
solutions as local energy minimizers with topological
degree g(m) = 1, where

1 2

¢(m) = — m - (0,m x dym)d-r

4 (15)

defines the Brouwer degree of a map m : R? — S2, with
the convention that m(co) = —2z [54] [55]. More precisely,
we have the following existence result.

Theorem 1. Let 6 > 0 and & > 0 be such that
0< 27+ 306 < V2. (16)

Then there exists a minimizer of ET among all m €
H} (R*S?) such that q(m) = 1, [, |Vm|?d*r < 16,
and m + z € L?(R%; R3).

As was already mentioned, the asymptotic behavior of
these solutions in the absence of the DMI, & = 0, and in
the conformal limit § — 0 has been explicitly identified
in [39, Theorem 2]. This result may be straightforwardly
extended to the case of K > 0 tending jointly to zero,
yielding the following expression for the dimensionless

radius ﬁ;ky of the skyrmion in an antisymmetric bilayer:
32F + (16 + 72)0
- N5 )
—6AW_, (7 325+(11268+7r )561+7)

—sky
P27 =

(17)

where v ~ 0.5772 is the Euler-Mascheroni constant
and W_4(t) is the Lambert W function [56], while the
skyrmion energy satisfies

B3 ~ 16w

—sky
_TPo

(32%4%(164Fﬂ2)54732ﬁ§w) . (18)

The above two formulas are valid for 0 < & +0 < 1.
The solutions are asymptotically radial, satisfy . as
minimizers of . (as follows from the argument in
[39]), and are conjectured to be such for all values of
the parameters.

D. Skyrmion bursting

We now investigate the range of existence of the above
solutions as the values of & and § are increased beyond
the range covered by Theorem Assuming radial
symmetry, for § = 0 such an analysis was performed
n [57], where it was shown, using formal asymptotic
analysis and numerical simulations, that as & approaches
the critical value 5. = 4/7 from below, the skyrmion
solution transforms into a bubble-like profile m = myj,
where

m;(r) o~ (—|sech(r| p),tanh(p — r|)) (19)



whose radius p is determined by the value of £ and
diverges as & — R.. The analysis of [57] yields p ~

,/%7 with the constant ¢ ~ 0.9605 determined

numerically. Nevertheless, as was already pointed out
n [57], this radius may be obtained with a very good
accuracy (yielding ¢ = 1 above) by plugging in the ansatz
in into the energy and calculating its local maximum
in p to the leading order in p > 1, as was done in [58].
Below we use the same approximation in the presence
of the non-local terms in the energy to investigate the
behavior of solutions for & ~ &, and ¢ > 0.

Substituting the ansatz in into the energy in
and calculating the stray field energy in Appendix[A] we
obtain

E*(my) ~ 275 [4 — n(7 + 18)] + 47”

—85pIn <8pe“> , (20)
™
to the leading order in p > 1, with relative errors
of algebraic order in 1/p. In this expression, the
first term is the domain wall energy for the bubble of
radius p, the second term is an additional exchange
energy contribution from the angular gradient of the
magnetization [58], and the last term is the contribution
of surface-surface charge interaction. This expression
may be analyzed as a function of p, yielding two critical
points for & < &5(0), one critical point for & = &5(d),
or no critical points, for & > &5(J), for any fixed § > 0
(see Fig. [2). The borderline case of one critical point
occurs at the inflection point of the energy E’i(mp) as

a function of p given by g = p§ = (W/5)1/2. A simple
calculation then shows that
4 25 64 w2
b
~ - — — |1 — 1+2 — . 21
2 I {D(W(S) + 7+4] (21)

This formula is expected to be accurate for 6 < 1,
corresponding to our assumption p 2 1, and gives
the predicted transition between the parameter region
where & < E5(0), for which a local minimum of the
energy E¥(mj) exists, and a region where & > &5(6),
for which no local minimum exists and the energy is
monotonically decreasing in p. Thus, the value of &}
may be associated with a bursting line for the skyrmion
solution in antisymmetric ferromagnetic bilayers, with
the bursting radius p5.

E. Thermal stability

We now turn to the characterization of thermal
stability of the skyrmion solutions for § > 0 and 0 <
K < R5(6). Note that due to its topological protection,
a skyrmion may not continuously transform into the
uniformly magnetized ferromagnetic state. Nevertheless,
as we argued in [B9], a skyrmion may disappear

Ei(mﬁ)

FIG. 2. The dependence of E*(m;) from onpford =0.5
and £ = 0.4, K = 0.4293, and & = 0.5, respectively.

discontinuously as a result of a singularity formation (at
the continuum level) leading to skyrmion collapse (see
also [10, 11l 64, [60, [61]). The energy cost of such a
barrier-crossing event is determined by the transition
state in the form of a “zero-radius” skyrmion, which
is equal to the minimal value of the exchange energy
in the considered topological class. In the case of the
antisymmetric bilayers with the ansatz in this results
in the collapse barrier
AES? =161 — 2EF (m®Y), (22)
where m®% is the profile that locally minimizes E*
among all m : R? — S? with ¢(m) = 1 and m(cc) = —2.
At the same time, in the presence of the non-local
effects due to stray field another scenario is possible,
in which the skyrmion radius grows under the action
of thermal noise, reaching the saddle point solution
corresponding to the largest critical point of the energy in
for p > p4. When % is not in the immediate vicinity
of k. and § > 0 is sufficiently small, we can drop the
47 /p term from the energy in and calculate that the
saddle point solution corresponds to the radius g = p5§*4,
where

2 2
p;‘ad:’gexp(ﬂ—_m_ﬂ_fy>, (23)
The associated energy barrier is
,b’ — — s
AE;" = 2EF (mppa) — 2EF (m*Y), (24)

where

2= 2
=4 5 ™ ™K ™

These formulas are expected to be asymptotically exact
for0< Rk < Fk,asd — 0.

Comparing the two energy barriers, one can see that
the most likely thermally activated event (under the



ansatz in and the radiality assumption) would be
determined by the minimum value of the two barriers
above, and the skyrmion lifetime in the Arrhenius regime
will, therefore, be given by

A _
T = T exp (lﬁjT AEg) , (26)

where AE, = min(AES?, AEYY), kg is the Boltzmann
constant, T is temperature, and 7 is the characteristic
attempt timescale. It is thus possible to maximize the
lifetime by choosing the parameters of the problem for
which the two barriers above coincide, which amounts to
setting

Pt

E*(mpga) = 8. (27)
This yields the predicted optimal value k = Rgpt of the
dimensionless DMI strength

opt 446 8 2
FLQP 2;-; In g +’y+§ , (28)

for fixed 6 > 0. Once again, this formula is expected to
be accurate for § < 1, yielding p*d > 1.

We wish to point out, however, that in reality the
determination of the barrier-crossing events in the case
of bilayers is more challenging due to the fact that
the assumption of antisymmetry in used to derive
the above simple expressions may not be the most
favorable for the transition states. More specifically, the
collapse barrier should not require that the skyrmions
in both layers collapse simultaneously, as the more
energetically favorable scenario should be the collapse
in only one layer. Thus, the value of 167 in
should be replaced with 87 + E»(mi™", m$™"), where
81 is the energy of the zero-radius skyrmion in one
layer and (mS*, m$™?) is the locally energy minimizin

Y 1 1My y gy g
configuration for Es(mj,my) with ¢(m;) = 1 and
g(my) = 0, i.e., the configuration with a skyrmion in
only one layer. Here the fact that the topologically
non-trivial profile is assumed to be in the first layer
is not essential, since the energy FE>(mj,ms) enjoys
a symmetry with respect to swapping the two layers,
provided that the sign of the in-plane components is
reversed, i.e., we have Ey(mi, my) = Fy(1m;, my), where

m; 5 = (—my, mg’l). Hence, the collapse barrier should

rather be

AES =81+ Es (mikyl, m;kyl) — Eg(mﬁkﬂ, m;kyQ)7
(29)
where (mikyz,m;k_ﬂ) is the locally energy minimizing
configuration for Fs(mj, msy) with ¢(m;) = ¢(my) = 1,
i.e., the configuration with a skyrmion in both layers.
Analogously, the bursting barrier is a priori given by

AEj = E>(m$**, m3*?) — B>(m¥%, m3*?),  (30)

$ad2 ' m5ad2) js the lowest energy saddle point

where (mj§
configuration with ¢(m$*4?) = ¢(m$*4?) = 1 connecting

the skyrmion configuration (m}%? m3¥?) with the
striped-out state via gradient descent.

In practice, the barriers with or without the
antisymmetry ansatz in (13) are expected to be
close to one another, as both the locally energy
minimizing configuration (m? m5%?) with skyrmions
in both layers and the lowest energy saddle point
configuration (m$*4% m§*4?) are expected to obey (13),

skyl skyl

while the energy of (m]™",m3”") for the parameters

of optimal stability of (m*? m$¥?) should be close
to that of the zero-radius skyrmion, i.e., one expects
Ey(m®™!' mi™") ~ 8r for most of the relevant

parameters (see also Sec. [lII G)).

F. Beyond bursting

As bursting of a skyrmion is expected to lead to the
formation and growth of a skyrmionic bubble followed
by stripe-out, it is also instructive to calculate the
period of the resulting ground state periodic stripe
configuration corresponding to the demagnetizing state
in the considered system. This can be done exactly as
in [62], and with a few straightforward modifications we
obtain that the energy density per unit area (in the units
of Ad/L%) of a periodic stripe configuration m’"""® with
period L (in the units of Lg) in one layer is given by

QEj: (mitripe) 4

fﬂL 7:f[4—77(/%+% )]

where we assumed that the configuration in the two
layers satisfies with m = msimpe. Minimizing this
expression with respect to L yields the optimal stripe
period

2 2
L' ~ 72 exp (?W_way) (32)

Again, these formulas are expected to be asymptotically
exact for 0 < & < R, as 6 — 0.

Comparing the diameter of the saddle point solution
obtained in Sec. [[ITE| and the equilibrium width of a
single stripe, we see that their ratio reaches a universal
value:

275 ~ 1o 0.1592 33

g o o
for § < 1 and & not too close to R.. Thus, there
should be a fairly well-defined range of radial growth of
the skyrmionic bubble after bursting caused by thermal
fluctuations before it undergoes a stripe-out instability.
This is indeed observed numerically in sufficiently large
computational domains upon skyrmion bursting.



G. Numerical skyrmion solutions and energy
barriers

We now perform a numerical construction of skyrmion
solutions as local energy minimizers in the (&,J)
plane by carrying out micromagnetic simulations of
the antisymmetric bilayer system, using the MUMAX3
software [51]. For that purpose, we consider two adjacent
exchange-decoupled ferromagnetic layers of thickness d =
1 nm and fix the parameters of the magnetic material
to have the characteristic values for transition metal
ultrathin ferromagnetic layers such as Pt/Co/AlO, with
A =20 pJ/m and My =1 MA/m [63] [64]. This yields
the exchange length /., ~ 5.64 nm. We next vary
the DMI strength D = D*7%/d (in the units of J/m?,
conventionally normalized per unit volume), setting the
DMI constant in the bottom layer to D and the DMI
constant in the top layer to —D), respectively, as well as
the anisotropy constant K, in such a way as to express
the results in terms of the dimensionless quantities & and
§ defined in . As the system is within the validity
range of the thin film model of Sec. [l d < fl.;, the
dimensionless results thus obtained depend only weakly
on the specific choices of the dimensional parameters.

For a given pair (%, ) we thus choose

2
d) . D=
02,02

The computational domain is discretized, using a 2048 x
2048 x 2 grid with the discretization steps (Az, Ay, Az)
in the (X, Y, Z) directions set to Az = Ay = 0.3 nm and
Az = 1 nm. Periodic boundary conditions in the plane
are implemented by specifying the number of repeats in
(X,Y,Z) to be (5,5,0). The exchange is active only in
the (X,Y) directions.

Using the parametrization in , we carried out a
parameter sweep in the (%, ) planc with a grid spanning
0.05 < 6 < 0.75 with increments of Aj = 0.025, and
0.01 < k < 1.26 with increments of Ax = 0.025. The
maximum value of & is slightly below K., while the
maximum value of § corresponds approximately to the
expected value of skyrmion bursting threshold given by
(21) at & = 0. To carry out this sweep efficiently, we
first initialize the system with an antisymmetric Néel
skyrmion configuration for § = 0.05 and & = 1.1337 on
the & = R3(8) curve obtained by running the minimize
routine with an identical Bloch skyrmion-like initial
condition of radius 5 nm in both layers to convergence.
We then march this configuration along the & = &5”*(0)
curve by increasing 0 stepwise along the grid and then
running the minimize routine to obtain the skyrmion
configurations for & = &3*"(9) to convergence. We note
that this curve corresponds to the optimal stability of
the skyrmion solution, and we observe, as expected, that
the numerical convergence to the skyrmion profile in the
vicinity of this optimal line is very fast. We finally use
the obtained profiles at a given § and & = &5**(0) as
initial seeds to sweep down and up the values of % along

o
K, =K, (1 + Kk (34)

the grid and repeat the procedure for each grid point in
J.

Next, to calculate the skyrmion collapse energy barrier
defined in we repeated the procedure to compute
the single layer skyrmion solutions (rniky1 mzkyl) with
an initial seed in the form of a skyrmion in only one
layer, obtaining a family of Néel skyrmions in only one
layer coupled magnetostatically to a nearly uniformly
magnetized state in the other layer. We then extracted
the energy Eg(mlkyl7 m;kyl) of these configurations,
setting it to the last obtained value if such a solution
numerically collapsed upon decrease of & at fixed ¢ in the
course of the simulation. Using , we then calculated
the collapse barrier AES in the parameter region in which
the antisymmetric Néel skyrmion solution (m}™? mj™?)
was computed.

The results of the above simulations in dimensionless
form are summarized in Fig. [3] where the simulation
data have been linearly interpolated between the grid
points. Figure a) shows the skyrmion radius g5 in the
units of L = \/A/(K, — K4) (which varies from point
to point) defined as the radius of the zero level set of

ky2 _ sky2
m1 o from the converged solution (mi Y2, m5""). Figure

b) shows the skyrmion energy E2 in the units of Ad
defined as the difference between the total energy of the
system and the energy of the uniformly magnetized state.
In all the simulations the resulting skyrmion profiles were
found to obey and be radially symmetric. The
skyrmion solutions in Figs. ) and (3 l(b exhibit radii
that increase with increasing I*i or d, and energies that
decrease with increasing & or d. In addition, the lines of
constant radii and energies extend over a wide range of &
and ¢ values. We also observe that for sufficiently low &
and/or § there is no numerical solution due to numerical
collapse at fixed finite discretization in the film plane.
This is due to the numerics being unable to resolve the
vanishing skyrmion radius as 5,0 — 0, see . Note,
however, that mathematically the skyrmion solutions
continue to exist for all sufficiently small values of k£ and
8, as is guaranteed by Theoreml These solutions can be
obtained numerically by reducing the discretization step
Az. In contrast, at high % or § the numerical solution
bursts into a bubble occupying half of the computational
domain, with bursting occurring as predicted in Sec.
We exclude these solutions from the dataset. We
note a very good quantitative agreement between this
numerical bursting and the predicted busting line defined
in Eq. and represented by a dashed line in Figs. a)—
(e).

Figure c) shows the plot of the bilayer collapse
barrier AES. It increases from zero at low values of
E and ¢ and reaches its maximum at & = m2(5) for
each §. The maximum value of AE§ at & = &5(9)
increases with decreasing 6 and reaches the asymptotic
value of AES = 87 as § — 0 and & — R, corresponding
to two decoupled ferromagnetic layers. We note that

bkyl Sv1) < 8, the energy of a

since Eo(m{®", mj “zero-



(a) oy (b)

(&
)
=
g

=N
=
=

FIG. 3. Summary of the numerical results obtained from MuUMAX3 simulations (see SecllII G| for details) of an antisymmetric
ferromagnetic bilayer with A = 20 J/m, M, = 108 A/m, d = 1 nm, and K, and D varied in accordance with on a

=sky,

614.4 x 614.4 nm computational domain with periodic boundary conditions in the plane: (a) the dimensionless radius pg5™';
(b) the dimensionless skyrmion energy E5; (c) the dimensionless collapse energy barrier AES; (d) the dimensionless bursting

—opt

energy barrier AES; () the dimensionless effective energy barrier AE5. The solid line shows £5"*(d) and the dashed line shows

R5(8) governed, respectively, by and .

radius” skyrmion in a single layer, the collapse barrier
AFE$ defined in is smaller than AES? from 22).
Therefore, by the definition of #5"" [see ([27)], the value

of the bursting energy barrier AES’O predicted in
is greater than AES for all & < A5P°(J) for a given
5. Thus, one expects bursting to be active only in the
narrow range i9° (0) < & < ®3(0) for each §. This
is indeed what is observed in Fig. d), which shows
the bursting barrier from as a function of % and &,

where Ey(mi*d, m§*) ~ 2F (mpza) is the approximate
saddle point energy from and Ey(m$™? m$™?) is
the skyrmion energy obtained numerically, all in the units
of Ad [we set AES = 0 when the above definition yields
a negative value, indicating the breakdown of validity
of ] As expected, the bursting barrier exceeds the
value of AES to the left of the & = &3P"(5) curve, but
very quickly drops off to zero as k approaches &5 (0).
Thus, the optimal thermal stability of a skyrmion indeed
occurs at & ~ &P (0) for every fixed §. This is illustrated
in Fig. (e), which shows the effective energy barrier
AE, = min(AES,AES). In Fig. e), we see that
below the curve & = &5”*(8) the lines of equal effective
energy barrier AFE, again cover a wide range of & and
§ values. This highlights the existence of two degrees

of freedom, & and ¢, for the optimization of skyrmion
stability in the antisymmetric bilayer system. It is a
clear confirmation that in this system the stray field
plays an important stabilizing role via the surface-volume
charge interactions, cooperating with the DMI, as could
be inferred by looking at the skyrmion energy in .

IV. COMPARISON WITH SYNTHETIC
ANTIFERROMAGNETS AND
FERROMAGNETIC MONOLAYERS

In order to emphasize the potential advantages of the
antisymmetric bilayer over other systems, we compare it
with the typical layer stacks for skyrmion applications,
represented in Figs. b) and c), namely, SAF and
ferromagnetic monolayers.  We start by presenting
the models and comparatively discussing the numerical
skyrmion solutions for the case of SAF in Sec. [[VA]
and ferromagnetic monolayers in Sec. [[VB] respectively.
Finally, in Section [VC| we apply our predictions to
the family of prototypical spintronic materials, the
Pt/Co/AlO,, stacks [63, [65] 66]. The radii and effective
energy barriers for skyrmions in an antisymmetric
bilayer, SAF and a monolayer constructed with this



material as a building block are given as a function
of dimensional thickness and interfacial DMI, and then
compared to one another.

A. Synthetic antiferromagnet

As was already mentioned, SAF multilayers are among
the most promising systems to achieve room temperature
stable magnetic skyrmions. They consist of a basic unit
in which two identical ferromagnetic monolayers with
the DMI of the same sign in each layer are strongly
antiferromagnetically coupled, leading effectively to a
cancellation of the non-local magnetostatic interactions.
Such an additional interlayer coupling may be easily
incorporated into our modeling framework, amounting
to an additional term in the micromagnetic energy in
[45], [67]:

/RQ (Mj{ M, — M ;°+1)d2r,
(35)

where J is the interlayer exchange coupling strength (in
J/m?), M:f are the magnetization vectors evaluated on
Ot and M = M, (c0), with the last term introduced
to avoid divergent integrals. A non-dimensionalization
as in 7 followed by the asymptotic expansion in § < 1

then results in £;(M)/(Ad) ~ Ex(my, ..., my), where

Ex(my,...,my) = Ex(my,...,my)
)\N—l

#5 30  (Im = ma P i ),
2 = Jre

(36)

with A = J/(dKq4) the dimensionless interlayer coupling
strength and m> = m,,(c0). It is easy to see that if the
interlayer exchange coupling strength is similar to the
intralayer exchange, we have A ~ 1/§% > 1.

For SAF in the form of a bilayer, we have N = 2,
A < 0 and |A| > 1, which forces antiferromagnetic order:
m; ~ m and my ~ —m for some m : R?> — S2Z
As a result, to the leading order in |[A\| > 1 we have,
after a further rescaling of space, Ey ~ 2E%0 where
E*+0 is given by with § = 0. It corresponds
to the classical two-dimensional micromagnetic energy
without non-local effects that has been extensively
studied [54), 57HR9, [68-73]. The asymptotic behavior of
the skyrmion energy as & — 0 was established in [54]
(see also [55 [70] [71]), while the asymptotic behavior for
E — k. = 4/7 was established in [57] (see also [5§]).
Various ad-hoc formulas for the skyrmion energy have
been proposed [59) [72] [73]. These are able to produce
reasonable approximations for the skyrmion energy for
certain ranges of &, but fail to provide a uniformly
accurate approximation for the entire expected range
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FIG. 4. Comparison of the skyrmion energy obtained
numerically (open circles) with the prediction of (solid
lines): (a) the graph of EX%(m®) vs. &; (b) the graph of
81 — EX0(m®Y) vs. &.

0 < R < R, of skyrmion existence. Here we rectify this
issue by providing a formula for the skyrmion collapse
energy barrier AE;O = 167 — 2EF9(m®%) that agrees
within a relative error of 6% for the entire range of
Kk with the one calculated from the “exact” skyrmion
energy obtained from the numerical solution of the Euler-
Lagrange equation associated with ET9(m®) by the
shooting method. The formula reads

where a = 4e7 177 ~ 0.8262 and 8 = 1.025. The small
% formula is obtained from the result in [54] by keeping
the O(In|In&|/|InR|) term in the expansion and fitting
the constant in the inner logarithm to the numerical data,
while the large & formula is obtained from the expansions
in [57, 58], with the coefficient of the square root slightly
adjusted to fit the numerics. A comparison of the
skyrmion energy predicted by (37)) and the one obtained
numerically is presented in Fig. 4l The formula also gives
the skyrmion energy E°(m®%) with a uniform relative
error of at most 3% for all values of &.

We also mention an empirical formula obtained for the
skyrmion radius ﬁzlfg in the units of Lp for synthetic



antiferromagnetic bilayers obtained in [22]:

=2
_sky ak

P20 = = =/
’ Rey/R2 — R?

(38)

where a = 1.35, which gives an approximation for ﬁ;lfg
to within a 5% relative error in the range 0.35 < k& <
1.15, and within a 25% relative error in the range 0.2 <
k < 1.2. Notice that this formula fails to reproduce the
asymptotic behavior of ﬁ;]fg as a function of & for K — 0
or & — R [54], 57, [70].

To summarize, in a SAF, the skyrmion solutions have
their energies and radii independent of § due to the
cancellation of the non-local magnetostatic interactions.
Another consequence of the vanishing stray field is the
absence of bursting and the persistence of the skyrmion
solution up to k.. However, as can be seen from Fig.
b), the skyrmion collapse energy is dropping quickly
away from R, .

B. Ferromagnetic monolayers

We finally discuss the case of ferromagnetic
monolayers, which also applies to symmetric
ferromagnetic multilayers with strong ferromagnetic
exchange coupling, A > 1 in 7 upon taking d to
be the sum of all the ferromagnetic layer thicknesses.
We start by noting that for ultrathin monolayers,
the skyrmion solutions in the low % and § regime
were characterized in our previous work by rigorous
asymptotic analysis [44) B4, B5]. Skyrmions exhibit
compact profiles close to the Belavin-Polyakov profiles
and a reorientation from the Néel rotation at 6 = 0
to the Bloch rotation at & = 0. For larger & and 6,
beyond the compact skyrmion limit, Biittner et al. [10]
calculated numerically the skyrmion characteristics using
a 360°-wall ansatz, without computing the skyrmion
bursting threshold. This threshold was discussed by
Bernand-Mantel et al. [II] and characterized by a
numerical study of an analytical model based on the
thin wall approximation valid for layer thicknesses
much larger than the Bloch wall width, d > Lg [74].
The model and the numerical solutions presented here
complement those previous findings in the ultrathin film
regime, d < L, and not too small DMI strengths, which
forces the Néel rotation. As the analysis follows closely
the steps of Sec. [ we only provide the necessary
modifications and then present the numerical results
obtained for the monolayer.

As was shown in [54], skyrmion solutions exist for all
0<2r+0 < \/5, with the profiles of Néel type for all
5 < %Es and all sufficiently small 5. For larger values of
R, one can carry out the same analysis as in Sec. [[IID]
to obtain the following expression for the energy of a
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bubble-like profile in :

_ 20ln2] 4
El(mp)ZQﬂ'ﬁ[él—m%—l— - }Jr”
™ p
<. (8D
—46pln [ —€” , (39)
e

to the leading order in p > 1, where we accounted for
an additional energy penalty arising from the volume-
volume charge interactions [75 [76]. Here the profile is
expected to retain its Néel character in a much broader
range § < %Fo corresponding to the threshold for a 1D
domain wall [70].

As in the case of antisymmetric bilayers, the expression
in predicts the existence of a critical value of & = &?

given by

4 4 32
b 2 2 |In (=2 27 +1 4
o W2[n(m)+v+}, (40)

such that two critical points of E;(mj) exist for all & <

%% (5), while the energy is monotonically decreasing for
all & > R4(0), indicating skyrmion bursting at & = &{.
The formula is expected to be valid for § < 1.

The expression in may also be used to predict the
energy barrier against bursting. When & is not too close
to K., the saddle point radius p5*! may be obtained by
dropping the 47 /p term from and finding the critical

point of the energy

R

2

cad . T 2r TR
~ — - ———7]. 41
I 4exp(5 %5 ) (41)

The associated bursting energy barrier is AEY =
Ey(mpaa) — E1(m®*%), where

_ 2t w2k

El(mﬁﬁ"‘d) ~ ’/TSeXp (5 — f — ’y) s (42)

and E;(m®) is the energy of the skyrmion solution.
The collapse barrier, on the other hand, is AE{ =
8t — Ey(m®%) [10] [T}, 54, 59, 61], so equating the two
we obtain the predicted optimal value #;* at which the
skyrmion lifetime is maximized at fixed 6 < 1:

_o 4 2 8e”
Hlpt ~ ; — ﬁln (6) . (43)

We finally note that the relation in also holds in the
case of monolayers for 6 < 1 and & not too close to &
(ct. [62]).

We conclude this section by carrying out the
simulations for monolayers that are analogous to those of
Sec. [MIG] All the simulations use the same parameters
as in Sec. [[ITG] except the computational grid used is
2048 x 2048 x 1. The computed dimensionless skyrmion
radius 7} and energy F;(m®) as functions of & and
§ are presented in Figs. (a) and b). In turn,
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FIG. 5. Summary of the numerical results obtained from MuMAX3 simulations (see Sec. for details) of a ferromagnetic

monolayer with the same parameters as in Fig. _ (a) the dimensionless radius ﬁiky; (b) the dimensionless skyrmion energy Eiky;
(c) the dimensionless collapse energy barrier AEY; (d) the dimensionless bursting energy barrier AE}; (e) the dimensionless

effective energy barrier AE;. The solid line shows &5P*(8), while the dashed line shows &}(§), governed, respectively, by

and ([40).

the dimensionless collapse energy barrier AE{ = 87 —
E1(m®) is plotted in Fig. [5[c), while the bursting
energy barrier AE? = Ej(m%d) — E;(m*%), where
Ey(m*d) ~ El(mﬁiad) is given by is plotted
in Fig. d). The effective energy barrier AE; =
min(AES§, AE?) is shown in Fig. e).

Contrary to the case of antisymmetric bilayers, the
skyrmion solution radii and collapse barriers in Figs. a)
and c) show mostly an increase with increasing &, while
their variation with ¢ is weak. Again, the absence of the
numerical skyrmion solution for low & and ¢ is due to
the fixed finite discretization in the film plane that is
unable to resolve the skyrmion of vanishingly low radius
and leads to a numerical collapse (see also the discussion
in Section . As in the case of the antisymmetric
bilayer in Sec. for large values of & and & we
observe bursting of the skyrmion, which shows a very
good agreement with the predicted bursting threshold
3(6) from (40), represented by a dashed line in Fig.
Below the optimal stability threshold #P'(8) (solid
line), the effective energy barrier shown in Fig. [ffe),
shows a weak dependence on §. In fact, we observe that,
contrary to the antisymmetric bilayer case, the level lines
of sufficiently high effective energy barrier are covering
very narrow ranges of & values.

C. Comparison of skyrmion solutions for a typical
ferromagnetic material

We now demonstrate how the obtained results can be
used to predict skyrmion stability against thermal noise,
using a typical family of ferromagnetic materials, the
Pt/Co/AlO, system, as a building block to construct the
three types of stacking in Fig.

We begin by pointing out the fundamental energy
scale associated with the thermally activated processes
in ultra-thin film micromagnetics, namely, the energy of
a “zero-radius skyrmion” in a monolayer, A&y = 8 Ad,
corresponding to the energy of the minimizers of the
exchange energy alone in the form of Belavin-Polyakov
profiles [77]. With the parameters that we chose to
represent a characteristic ferromagnetic Pt/Co/AlO,
layer in Sec. A = 20 pJ/m and d=1 nm, we
have A&y =~ 120kgTRrT, where Tryr = 300K is the room
temperature. It sets an upper bound for the collapse
energy barrier.

As this fundamental energy scale A&y increases with
the film thickness, it is natural to consider stacking
multiple ferromagnetic layers to enhance the effective
thickness without decreasing the DMI [I0]. However,
as we show in the present work, when d is increased,
the stray field effects get stronger and the skyrmion



solution disappears above a critical value of the thickness
corresponding to the bursting threshold determined by
or in the cases of antisymmetric bilayers or
monolayers, respectively. An additional difficulty is the
dependence of the micromagnetic parameters on the
film thickness [63, [66], so predictions about skyrmion
existence and stability require the knowledge of all these
specific dependences.

To circumvent this difficulty, in the following we make
a simplifying assumption that the ferromagnet exhibits
a bulk perpendicular magnetocrystalline anisotropy
K, > K, independent of d and a negligible interfacial
anisotropy Ky = 0 (in J/m?). While in principle
the magnetocrystalline anisotropy is of interfacial origin
in the Pt/Co/AlO, system, this choice enables us to
highlight the effect of the modulation of the stray field
via the dimensional thickness change independently of
the anisotropy change. This is also experimentally
justified, considering the recent finding in Pt/Co/AlO,
of a strong anisotropy tuning, at fixed Co thickness, via a
thickness increase of the capping Al layer, which enables
an independent tuning of Co thickness and anisotropy
in this system [66]. We also assume that the DMI is of
interfacial origin, which corresponds to a DMI constant
per unit volume D = Dg/d (in the units of J/m?) with
the interfacial DMI strength D, (in the units of J/m)
independent of d.

With the above assumptions, we study the resulting
dependence of the energy barriers governing skyrmion
stability on the parameters and, in particular, on the
film thickness as the most easily adjustable material
parameter. It is clear that since the barrier height
vanishes as d — 0 due to the dimensional Ad factor, and
since the solution disappears for d above a critical value
depending on the rest of the parameters, there must exist
a set of parameters for which the energy barrier attains
its maximum value.

The predicted dependences of the skyrmion radius R
and the effective energy barrier AE on Dg and d for
an antisymmetric bilayer, a SAF and a ferromagnetic
monolayer with A = 20 pJ/m, My, = 1 MA/m and
K, = 0.9 MJ/m3, in the physically realizable range 0 <
D, < D with D ~ 2 pJ/m [63, [66], are presented
in Fig. [} These graphs are obtained by replotting the
dimensional skyrmion radii R and the effective energy
barriers AE calculated from the dimensionless radii p
and effective energy barriers AE obtained in the previous
sections as functions of & and § expressed in terms of the
interfacial DMI strength Dy and the single ferromagnetic
layer thickness d. As our aim is to focus on room
temperature stability, we only present the skyrmion
solutions with effective barriers AE > 20kgTgrr in Fig.
(6

For antisymmetric bilayers in Figs. @(a) and |§|(d)7 we
present the radii R and the effective energy barriers AE
of skyrmions as functions of Dy and d (see figure caption
for details). The skyrmion solutions are extending across
a large crescent-shaped region. The maximum effective
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energy barrier in the crescent is reaching ~ 62kpTrr at
D, ~ 1.74 pJ/m and d ~ 1.4 nm, and corresponds to a
skyrmion solution of radius R ~ 11 nm. We note that
the optimal skyrmion stability occurs, for every thickness
d, in the close vicinity of D, = Dbt represented by a

s,opt?

dashed line in Figs. [6|(a) and [6}(d), that is obtained from
(28):

4d
DE:opt = — A(Ku - Kd)
A2 K, 8/A(K, — Kq) ’
— 44
w2 [ ( dK + 8 ( )

The barrier height remains uniformly higher than
50kpTrT in a broad range of thicknesses and in a certain
range of Dy, with the radii varying from 8 nm to 15
nm. For example, the cross-section of the plot in Fig.
@(d) at Dy = 1.7 pJ/m is shown in Fig. indicating
this large range of thermal stability against variatons of
d. These results identify the antisymmetric bilayer as a
promising platform for 10 nm radius zero-field skyrmions
with lifetimes compatible with information technology
applications.

For SAF in the form of a bilayer, in Figs. [6b) and [6{e)
we display the radii R and the collapse energy barriers
A€ as functions of D, and d (see figure caption for
details). Here the region of relative stability (AE >
20kpTrT) has the form of a wedge, in which the barrier
height can reach its theoretical maximum of 16w Ad as
D = D,d approaches D, = %\/A(Ku — Kg). For the
same value of Dy = 1.74 pJ/m that optimizes skyrmion
stability in antisymmetric bilayers, we have D, ~ 3
rnJ/m2 and AE ~ 145kgTrT at a critical thickness d.
finely tuned to around 0.6 nm. The region where the
barrier height remains higher than 50kgTrT extends over
a fairly broad region of Dy values larger than 0.8 pJ/m
and thicknesses below d = 1 nm. The skyrmion solution
radii are increasing as one gets closer to the critical
DMI line D = D.. Note that due to the absence of a
saddle point, the expected skyrmion behavior close to
the critical DMI value D. will be very different from
that of a skyrmion in an antisymmetric bilayer or a
monolayer close to the bursting line. In particular
additional entropic contributions to the collapse energy
barrier [78, [79] would become increasingly important
as D approaches D, due to the vanishing domain wall
stiffness as D — D,; such a study would go beyond the
scope of the present paper.

Finally, Figs. [6|c) and [6[f) show the radii R and
effective energy barriers A€ of skyrmions as a function
of Dy and d for a ferromagnetic monolayer (see figure
caption for details). The region of relative stability
(A€ > 20kpTrr) extends over a much narrower wedge-
shaped zone as compared to the asymmetric bilayer and
SAF. The effective energy barrier reaches up to about
45kpTrr. This, however, requires a very sharp tuning
of the layer thickness d around 0.7 nm and D; around 2
pJ/m or beyond.
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FIG. 6. Skyrmion radius R (a)-(c) and effective energy barrier A€ in the units of kgTrr (d)-(f), where we excluded skyrmion
solutions with AE < 20kgTrr, as functions of the interfacial DMI strength D and the single ferromagnetic layer thickness d
for: (a,d) antisymmetric ferromagnetic bilayer; (b,e) SAF ; (c,f) ferromagnetic monolayer. In (a) and (d): dimensional versions
of the skyrmion radius R = ﬁ;kyL p and the effective energy barrier A = AdAE, are dimensional replots of the data from
the skyrmion solutions presented in Figs. [B[a) and [B|e) from Sec. In (b) and (e): dimensional versions of the skyrmion
radius R = ﬁ;lfg Lp, where ﬁ;lfg is given by (38), and effective energy barrier AE = AdAES® where AES® is given by (37). In
(c) and (f): the dimensional version of the skyrmion radius R = p{*¥ Lp and the barrier A€ = AdAE; are dimensional replots
of the data from the skyrmion solutions presented in Figs. a) and e) from Sec. Other parameters in this figure are:
A =20pJ/m, M; =1 MA/m, K, = 0.9 MJ/m® and K, = 0 J/m®. The dashed line in (a) and (d) shows D, vs. d from
).

V. CONCLUSIONS mono- and multilayers.

In the present study, we demonstrated that, to
the contrary, the stray field may exert a pronounced
stabilizing effect on magnetic skyrmions. We established
that in exchange-decoupled antisymmetric bilayers the
stray field and the DMI are tailored to be highly favorable
to skyrmion stability through a coordinated action of the
DMI and the dipolar interaction to form a chiral pair of
skyrmions in a flux-closure pattern.

Since the first observations of skyrmions and
their displacement with low electric current densities,
considerable efforts have been devoted to the practical
realization of order 10 nm radius skyrmions existing at
zero applied magnetic field with the liftime and dynamics
compatible with information technology applications. In
this quest, for a long time the stray field effects have
been generally ignored, considered negligible because To fully assess the performance of this system, we
of the ultrathin characteristics of the magnetic layers carried out a combined analytical and computational
in which the skyrmions appeared and/or because of  micromagnetic study, focusing on the parameter regime
the presence of strong, dominating DMI. In later in which the skyrmions have the form of tiny magnetic
developments, stray field effects have been seen as a bubbles whose shape may be characterized by a single
source of instability, as they promote the enlargement of = parameter — the skyrmion radius. In particular, we
skyrmions and their disappearance via bursting or stripe- obtained an accurate representation of the stray field
out, as observed in many experiments on ferromagnetic energy of a skyrmionic bubble as a function of its radius
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FIG. 7. Effective energy barrier A€ in the units of kgTrr as
a function of d obtained from Fig. [6{e) for the antisymmetric
ferromagnetic bilayer with fixed Ds = 1.7 pJ/m.

that is asymptotically valid for sufficiently thin films and
the radii exceeding the transition layer thickness of the
skyrmionic bubble. In this regime, we obtained zero
magnetic field skyrmion phase diagrams as a function
of only two dimensionless parameters, the reduced DMI
strength and the reduced film thickness, governing the
system’s behavior.

The importance of the obtained phase diagrams lies
in the fact that they provide, for the first time, the
region of skyrmion stability via a quantitative prediction
of skyrmion bursting, in agreement with the numerics.
They also give a prediction for the effective energy barrier
that determines skyrmion stability against thermal noise
and allows to locate the material parameters for which
this stability is optimal. We wish to point out the
very important role of the analytical modeling in our
work for guiding the micromagnetic simulations: it is the
knowlege of the position of the optimal skyrmion stability
line and the use of the skyrmion solution configurations
along it as starting points for the simulations that
enabled us to obtain a full phase diagrams in the
non-dimensional parameter space within a practical
computational time.

The non-dimensional phase diagrams can, in turn,
be used to predict the skyrmion size and stability
across a broad spectrum of micromagnetic parameters,
as demonstrated in the case of Pt/Co/AlO, based
materials.  Using this example, we illustrated the
potential of the exchange-decoupled antisymmetric
ferromagnetic layers and compared it with that of
SAF and ferromagnetic monolayers. We found that
the antisymmetric bilayer provides a broadening of the
range of existence of skyrmion solutions, which could
potentially result in a significant decrease of the degree of
fine-tuning necessary to obtain very compact and stable
skyrmions. We hope that our findings, together with
the recent experimental verification of a dipolar-field-
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enhanced effective DMI in antisymmetric bilayers, will
motivate further experimental studies into stray-fields-
assisted skyrmion stabilization.

ACKNOWLEDGMENTS

A. Bernand-Mantel was supported by France 2030
government investment plan managed by the French
National Research Agency under grant reference PEPR
SPIN ANR-22-EXSP-0009 and grant NanoX ANR-17-
EURE-0009 in the framework of the Programme des
Investissements d’Avenir. C. B. Muratov was supported
by MUR via PRIN 2022 PNRR project P2022WJW9H
and acknowledges the MUR Excellence Department
Project awarded to the Department of Mathematics,
University of Pisa, CUP I57G22000700001. C. B.
Muratov is a member of INAAM-GNAMPA. The authors
would also like to express their gratitude for the
hospitality of the Isaac Newton Institute within the scope
of the program “Recent challenges in the mathematical
design of new materials”, during which some of the ideas
of this work had been conceived.

Appendix A: Computation of the stray field energy

In this section we compute the non-local surface-
surface charge contribution to the magnetostatic energy
for the configuration in , which is defined by

vmll(r) - vmll(x")

Ey(mly = -5 d?r d?r'.
<m ) R2 JR2 47T|I' — I'/| " "
(A1)
We introduce the 2D Fourier transform
flar= [ s (A2)
R

and note that

5 —— , d%q
E(ml) = ~3 /R2 q|mll + 1|2W

5
=3 lml 4 1)

[f[l/Q(R2)7 (A3)

where ¢ = |q| and |m! + 1| is the homogenous

2
ﬁ[l/Q(]R2)
Gagliardo norm squared of ml! + 1, that may be
alternatively defined as [80] 1]

mll(r) — mll(r'))?
||m\| + 1”%11/2(11&2) _ /]Rz /Rz (m!(r) (r) &2 2y

dr|r —r/|3
(A1)

We wish to compute the norm in the expression for



E,s(m!l) asymptotically for 5> 1. To this aim, we define

nﬂl = e~ T (mll 4 1) d?r
R2
2m e )
= / / e~ (1 4 tanh(p — 7))r dr df
o Jo
=27, (A5)
where
I= / Jo(gr)[1 + tanh(p — r)]r dr, (A6)
0

and here and below J,(z) is the Bessel function of the
first kind of order n [82]. Note that 1 4 tanh(p — r)
decays exponentially to 0 as » — oo, and hence the above
integral converges absolutely for all ¢ and p.

We introduce a new variable y = r/p and perform an
integration by parts:

I=p /OO yJo(apy)[1 + tanh(p(1 — y))] dy
0
—9 %)

= % yJ1(apy) sech® (p(1 — y)) dy,
0

where we used the identity [zJ1(2)] = zJo(2) [82]. We
then again change variables to z = p(1 — y) and obtain
I = ply/q, where

p
I, = / (1 - ;) Ji(qp — qz) sech®z dz.

For each ¢ fixed and p > 1 the integrand in is
exponentially small for all z > p. Therefore, we can
extend the domain of integration in to the whole of
R to obtain that to within O(e~?)

Iy ~ / <1 — Z> J1(qp — qz) sech’®z dz.
p

— 00

(A7)

(A8)

(A9)

Now we utilize the integral representation of the Bessel
function [82]

1 us
Ji(z) = 7/ sin 6 sin(z sin 0) d6, (A10)
0

s

and change the order of integration, arriving at

Iy ~ l/ sin 6 {/ <1 — Z> sech’®z
™ Jo —o0 P
x sin [(gp — qz) sin 6] dz} df. (Al1)

Using basic trigonometry, we can write

/ (1 — Z_) sech?z sin[(gp — gz) sin ] dz =

— 00

sin(gp sin 9)/ (1 - Z_) sech®z cos(qz sin 6) dz

(oo}

— cos(gpsin 6) /

— 0o

(1 - ;) sech?z sin(gz sin 0) dz.
(A12)
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Then, due to the even and odd symmetries of the
functions involved in the integrands we can simplify this
to

/ (1 — Z_) sech?z sin[(gp — gz)sin ] dz =

sech?z cos(gz sin ) dz

sin(gpsin 6) /
o

zsech?z sin(gz sin 6) dz.

(A13)

+ —cos(gpsinb) /

—00

1
b

The integrals appearing in the right-hand side of the
above expression are evaluated as

> k
/ sech?z coskz dz = il

sinh(mk/2)’ (AL4)

— 00

oo
2 .
/ zsech“zsinkzdz

—0o0

- T [”2’“ coth (”j) - 1} (A1)

Setting k = gsin 6, we then have Iy ~ Iy + I, where

[ /7r qsin? 0 sin(gpsin 0)
1 0 Sinh(ﬂ-q SZinQ)
1 (7 sinf cos(gpsinf)
IQ = = no
pJo  sinh(TL5E2)

mq sin 6 mqsin 6
————coth
X { 5 < 5

do, (A16)

) - 1} dg.  (A17)

Now, for each ¢ fixed and p > 1, we observe that [; and
I, have highly oscillatory integrands and, therefore, we
can use the stationary phase method (around 6 = %) [83]
Proposition 3, Chapter 8] to evaluate the above integrals.
After a few manipulations, we obtain to within O(1/p)
relative errors:

I ~ gcsch (%q) / sin 0 sin(gp sin 0) df
0

— mq =
= mq csch ( 5 ) J1(gp), (A18)
and
4 coth (Z2) —1] [~
I 217 2 C(? (i) / cos(gpsin6) df
p sinh (7‘1) 0
_ WJOEQ[)) %Co-th (%) —1 ’ (A19)
p sinh (7’1)
where we used (A10) and the integral representation [82]
1 ™
Jo(z) = f/ cos(z sin 6) db. (A20)
T Jo

Notice that the above approximation for I; also remains
valid for gp < 1, as can be seen by Taylor-expanding the
denominator of the integrand in ¢ < 1 in this case.



We now observe that for p > 1 the integral Iy is
negligible compared to I;, and hence up to an O(1/p)
relative error we have

plo ol

I= v ~ ~ ﬂpcsch( ) J1(gp). (A21)
It follows that
mT—i—\l = 271 ~ 27%pJ1(qp) csch (%) , (A22)
and we have ||mll + 1||H1/2(R2) ~ 2m3p2 N, where
N = / I} qp)csch2< ) dg. (A23)

We next choose o > 0 such that ¢ < 1 and op > 1, and
split this integral as

o - 7q
/ q*J7 (gp) csch? (7) dg

0

+/ q*J7 (gp) csch? (%)dq

4 g
=5 [ Tapds

™ Jo

2 [ L,/ 07 9 (Tq
+7Tﬁ/,, g sin (qp— 4)csch (2 ) dq

= N1+ Ny, (A24)

N

to within an error bounded by a quantity of order O(o3)+
O(1/(0p?)), using the asymptotic formula [82]

2
Jl(z)zﬂgsin(zfg), z> 1.

For the second integral, we have for p > 1

(A25)

1 o0
Ny = —/ q[1 — sin(2¢p)] csch? (%) dq
~ —/ qcsch2 ) dq,

up to an error of order O(1/(cp?)). Thus

op 1 o 7q
2 - «ch? (22
Ji(s)ds + Wﬁ/a g csch ( 5 )dq.
(A27)

(A26)

~

~ -
T™p Jo

The second integral above is computable explicitly, and
using 0 < 1 we have asymptotically

/ qcsch2( )dq_ 1 (I1-Inwm—1Ino), (A28)
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to within an O(o?) error. The first integral is computable
in terms of the generalized hypergeometric functions, and
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-

o

o
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S

FIG. 8. Comparison of the quantity in the left-hand side of
A30) (open circles) with the prediction in the right-hand side
(solid line).

it is possible to find its asymptotic behavior to within an
O(1/(op)) error (arguing, e.g. as in [84]):

op 1
/ Ji(s)ds~ = (—2+~v+3In2+1np+1no).
0 ™
(A29)

Using all these results, we finally obtain, up to a
relative error of algebraic order in 1/p:

(85
HmH + 1”%{1/2(]1{2) ~8pln (7Te7 1) ) (A30)

which is one of our principal results. To verify its
accuracy, we evaluated the norm numerically for a range
of p, using the representation in @ and compared the
result with the one given by (]E Taking advantage of
the radial symmetry, the computation of the norm may
be reduced to the following double integral amenable to
an accurate numerical evaluation [85, Eq. (3.617)]:

||m” + 1HH1/2(]R2)

/0 /T [tanh(p — ) — tanh(p — r’)]Q

4rr’' E (%@)
— = 7 _dr'd
x (r'=r)2(r' +r) ran

where E(k) = foﬁ/z V1 —k2sin®0df is the complete
elliptic integral of the second kind. A comparison of the
numerical results and the prediction of the formula in
is presented in Fig. One can see that already
for p > 2 the formula in the right-hand side of
predicts the value of the norm to within ~ 10% accuracy,
and the accuracy rapidly increases with p.

(A31)
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