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Abstract

Let C = C1 [ : : : [ Cs be a reduced, but reducible, curve and let L
in Pic(C) be very ample. Here we give conditions on deg(LjCi ) insuring
that the embedding of C induced by L satis�es Property Np.

We also study the minimal free resolution for general projections of
smooth curves.

Introduction

Let X � PN be a projective scheme and let I = IX=Pn denote the homogeneous
ideal of X. We recall the de�nition of Property Np as introduced in [G].

Let E� be a minimal graded free resolution of I over the homogeneous co-
ordinate ring S of PN:

0! EN+1 ! EN ! : : :! E1 ! I ! 0

where Ei = �S(�aij ). X � PN satis�es Property Np if

Ei = �S(�i � 1) for 1 � i � p:

Property N0 holds if and only if X is projectively Cohen{Macaulay. Property
N1 holds if Property N0 does and the ideal I is generated by quadrics.

If L is an invertible sheaf on a projective scheme X 0, we will say that L satis�es
Property Np if L is very ample and 'jLj(X

0) := X � PN satis�es Property Np.
For a smooth projective curve of genus g in the papers [G] and [G-L] it is

proved that an invertible sheaf L of degree degL � 2g+1+p satis�es Property
Np.

In section 1 we study the case where C is a reduced curves, under some
numerical conditions. Our �rst result is the following (for the de�nitions we
refer to the next section)

Theorem A Let C be a connected reduced curve, and let L be an invertible
sheaf on C.

Assume there exists a decomposition C = C1[: : :[Cs (Ci irreducible compo-
nents of arithmetic genus g(Ci)) such that, if we set Y1 = C1 and for i = 2; : : : ; s
Yi := Yi�1 [Ci then
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Yi is connected; degLjYi � 2g(Yi) + 1 + p
degLjCi = di � maxf2g(Ci) + Yi�1:Ci + p; 2g(Ci) + Ci:(C �Ci)� 1g
where for i = 1 we let Yi�1:Ci = 1 by de�nition

Then L satis�es Property Np.

By theorem 1.1 of [CFHR] the linear system jLj is very ample and de�nes an
embedding 'jLj : C ,! P

N. Furthermore from theorem A of [F] L is normally
generated, that is, 'jLj(C) � P

N is projectively Cohen{Macaulay.
Thus, cf. remark 1.2, to prove Property Np for 'jLj(C) it will suÆces to

consider a generic hyperplane section.
Notice that with only the condition

degLjC � 2g(C) + 1 + p

but without any further assumption on the irreducible components the theorem
is no longer true. An easy example is the case where C = C1 [C2, with C1 an
irreducible curve of genus 1 and C2 an irreducible curve of genus 0, such that
their intersection C1:C2 = 1. If L is an invertible sheaf such that degLjC1 = 3,
degLjC2 = 1, then L is very ample and 'jLj(C) � P

3 consists of a cubic plane
curve plus a line (not contained in the plane of the curve) which intersects the
cubic in exactly one point. Then it is easy to see that 'jLj(C) satis�es Property
N0 (cf. also [F]), but obviously 'jLj(C) is not cut out by quadrics!

In section 2 we introduce the notion ofWeak Property Np for projective scheme
of dimension � 1 and we prove a theorem on general projections of smooth
curves.

De�nition. Let X � P
n be a projective scheme of dimension � 1 (we allow

X to be not equidimensional or with embedded points.)
We say that X satis�es the Weak Property N0 if for all t � 2 the restriction

map
�t : H

0(Pn;OPn(t))! H0(X;OX (t))

is surjective.
We say that X satis�es the Weak Property N1 if it satis�es the Weak

Property N0 and the homogeneous ideal of X is generated by quadrics. For
2 � p � n � 2 we de�ne inductively that X satis�es the Weak Property Np if
it satis�es the Weak Property Np�1 and the p � sygyzies of the homogeneous
ideal of X are generated by linear forms.

Our result is the following

Theorem B Fix integers g; d; p; n with 3 � n < d � g and assume d � 2g +
1 + p+ 3(d� g � n):

Let C be a smooth connected projective curve of genus g and L 2 Picd(C):
Let 'jLj : C ,! P(H0(C;L)_) be the complete embedding associated to jLj and
let X � P

n be a general projection of 'jLj(C). Then X satis�es the Weak
Property Np.
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The proof of the above theorem will follow by a degeneration argument and the
study of the Weak Property Np for a curve with embedded points.

The method we use to prove both the theorems is based on the analysis
of the 0-dimensional scheme obtained taking a suÆciently general hyperplane
section.

For this case the following remark turns out to be fundamental.

Remark C Fix integers p; r; d with 0 � p � r � 2 and d � 2r + 1� p.
Let Z � P

r be a 0-dimensional scheme of length d for which there exists a
partition Z = � [ � into disjoint subschemes with the following properties:

(a) length(�) = r + 1; � is reduced and � spans Pr;

(b) length(�) � r� p, dim(h�i) = length(�)� 1 (i.e., � is in linearly general
position) and for any �0 � � with card(�0) = p and every Q 2 � n �0

there exists a hyperplane H of Pr with �0 [ � � H and Q =2 H:

Then the method of [G-L], theorem 2.1, gives that Z satis�es the Weak Property
Np.

Notation

For all the paper we will assume C to be a reduced curve (a pure projective
scheme of pure dimension 1 such that for every point P 2 C the local ring OC;P

has no nilpotent elements) over an algebraically closed �eld K of characteristic
0.

For the positive characteristic case see Remark 1.4.

L An invertible sheaf on C.

jLj Linear system of divisors of sections of H0(C;L).

degLjC The degree of L on C; it can be de�ned for every torsion free sheaf of rank
1 by

degLjC = �(L)� �(OC):

g(C) The arithmetic genus of C, g(C) = 1� �(OC).

If C = A [ B scheme theoretically with dimA \ B = 0 and x 2 A \ B, we
can de�ne (cf. [Ca], p. 54)

(A:B)x = lengthOA\B;x; A:B =
X

x2A\B

lengthOA\B;x

Notice that if C = A [ B, with dimA \ B = 0, then we recover the classical
formula

g(C) = g(A) + g(B) +A:B � 1

Sometimes, with abuse of notation, we will denote the curve B as C � A.
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1 Property Np on reduced curves

Let C; L be as in theorem A. Then we have degLjB � 2g(B)+1 for all subcurve
B of C. Thus from theorem 1.1 of [CFHR] the linear system jLj is very ample
and it de�nes an embedding 'jLj : C ,! P

N.
Let us consider the sequence of theorem A

C1 = Y1 � Y2 � : : :� Ys = C

where the Yi's are still connected. The following restriction lemma holds

Lemma 1.1 Let C and L be as in theorem A.
Let C1 = Y1 � Y2 � : : : � Ys = C be the sequence of theorem A. Then the

following restriction maps are onto

(a) H0(Yi+1;L)! H0(Yi;L) 8i 2 f1; : : : ; s� 1g
(b) H0(Yi+1;L)! H0(Ci+1;L) 8i 2 f1; : : : ; s� 1g

Proof. Cosidering the exact sequences of coherent sheaves

0!OCi+1 (L)
 IYi !OCi+1 (L)!OYi(L)! 0

0!OYi(L)
 ICi+1 !OCi+1 (L)!OCi+1 (L)! 0

the lemma will follow if

(a0) H1(Ci+1;OCi+1(L)
 IYi) = 0 8i 2 f1; : : : ; s� 1g
(b0) H1(Yi;OYi(L)
 ICi+1 = 0 8i 2 f1; : : : ; s� 1g

(a') We apply the foundamental argument of [CFHR],thm. 1.1 to Ci+1.
Indeed, Ci+1 is reduced and irreducible and by our numerical hypothesis we

have degLjCi+1 � 2g(Ci+1) + Yi:Ci+1 � 1.
Furthermore Yi\Ci+1 is a 0-dimensional subscheme ofCi+1 of length Yi:Ci+1.

Call it �.
We have OCi+1(L) 
 IYi

�= OCi+1(L)
 I� and

H1(Ci+1;OYi+1(L)
 IYi) = H1(Ci+1;OYi+1(L)
 I�)
d Hom(L
 I� ; !Ci+1)

where d means duality of vector spaces and !Ci+1 is the dualizing sheaf. Now
thm.1.1 of [CFHR] yields Hom(L
I� ; !Ci+1) = 0 since degLjCi+1 � 2g(Ci+1)�
1 + length(�), which concludes the proof.

(b') Let Yi+1 := Yi [ Ci+1. Then OYi 
 ICi+1 de�nes on Yi a 0-dimensional
scheme of length Yi:Ci+1. Call it �.

Since
degLjCj � 2g(Cj) + Cj:(C � Cj)� 1 for all Cj
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by the genus formula for a reduced curve our numerical hypotheses imply

degLjB � 2g(B) + B:Ci+1 � 1 for all B � Yi

which is equivalent to

degLjB � 2g(B) � 1 + length(� \B) for all B � Yi:

As in (i) we can apply thm. 1.1 of [CFHR] to the 0-dimensional scheme �i and
the invertible sheaf LjYi to get H

1(Yi;L
 I�) = H1(Yi;L
 ICi+1 ) = 0:

Remark 1.2 By an induction argument using the above lemma and the clas-
sical results on normal generation (cf. e.g. [G]), or applying theorem A of
[F ], we see that L is normally generated, that is, 'jLj(C) � P

N is projectively
Cohen{Macaulay.

Thus, as shown in [G-L] prop. 3.2, if s0 2 jLj is a generic hyperplane section
and Z := 'jLj(C) \ fs0 = 0g, a minimal free resolution of I'jLj(C)=PN restricts

to one of IZ=PN�1, which implies in particular that 'jLj(C) satis�es Property
Np if Z satis�es the Weak property Np.

Therefore theorem A will follow if we prove that Property Np holds for a generic
section of jLj.

For simplicity, from now on, we will identify C with 'jLj(C) � P
N and,

similarly, its subcurves with their images. Note that each Ci � Wi, Wi linear
subspace of dimension Ni := H0(Ci;L)�1, satis�es Property Np relative to Wi

and furthermore a general section of jLjCij cuts on Ci di points for which the
uniform position principle holds (relative to Wi).

Proposition 1.3 Let L be as in theorem A and let C � PN be the image of the
embedding 'jLj.

Let s0 2 jLj be a generic hyperplane section and H := fs0 = 0g �= PN�1 the
corresponding hyperplane.

Then Z := C \H � H satis�es the Weak Property Np.

Proof. Let s0 2 jLj be a generic hyperplane section, H := fs0 = 0g �= P
N�1

the corresponding hyperplane and Z := C \H � H �= PN�1.
We want to apply remark , �nding a decomposition Z = � [ � such that

deg(�) = N and � spans H �= PN�1.

deg(�) � N � p and for all Q 2 �, for all �0 � � n fQg of degree p there
exists an hyperplane H0 in PN such that Q =2 H0, but �0 [ � � H0.

Related to the sequence C1 = Y1 � Y2 � : : : � Ys = C of theorem A we have
a sequence of linear subspaces V1 � V2 � : : : � Vs = P

N where 8 i = 1; : : : ; s
Yi � Vi �= H0(Yi;L).

We construct � � Z, inductively, in the following way:
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� we start from �1 := �jC1 on C1 of degree deg �1 = h0(C1;L) such that
the linear span h�1i = H \ V1 and the points of �1 are in linear general
position;

� by induction we may assume deg �jYi = h0(Yi;L) and that �jYi spans
Vi \H; on Ci+1 we let �i+1 := �jCi+1 of degree = h0(Ci+1;L 
 IYi) so
that h�i+1 [�jYii = Vi+1:

Indeed, by lemma 1.1 we have = h1(Ci+1;L
IYi) = 0, which from one hand
means that Yi\Ci+1 imposes independent conditions to the system jLjCi+1 j and
from the other implies the exactness of the following sequence

0! H0(Ci+1;OCi+1(L)
 IYi)! H0(Yi+1;OYi+1(L))! H0(Yi;OYi(L))! 0

Thus we can conclude by induction. Furthermore, since each Yi is connected it
is easy to see that for each point S 2 � we have

K �= H0(C;L
 I�nfSg) ,! H0(C;L)� H0(� n fSg;L) �= O�nfSg

that is, the points of � are in linear general position and h�i = H �= PN�1.
Let � = Z n� and �i := � \Ci.
Since degLjC � 2g(C) + 1 + p and deg� = N = h0(C;L) we have deg � �

N � p.
It remains to prove that for all Q 2 � and for all �0 � � n fQg of degree p

there exists an hyperplane H 0 in PN such that Q =2 H0, but �0 [ � � H0.
We will prove it by an induction argument, making use of our numerical

conditions.
For Y1 = C1 the proposition follows by the standard arguments of [G-L] p.

309.
For Yi+1 let us consider the decomposition Yi+1 = Yi [Ci+1. We recall that

the restriction maps H0(Yi+1;L) ! H0(Ci;L); H0(Yi+1;L) ! H0(Yi;L) are
onto.

If Q 2 Yi, by induction hypothesis, for all �0 \ Yi � � \ Yi of degree � p there
exists an hyperplane H0

i � hYii such that �0 \ Yi � H0
i but Q =2 H0

i. Then we
simply take H 0 such that H0\hYii = H0

i and h�i+1i � H0. Indeed, let s0i 2 jLjYij
be a section such that s0i(Q) 6= 0, s0i(�

0 \ Yi) = 0. By our construction of �
and the surjectivity of the restriction maps then there exists s0 2 jLj such that
s0 7! s0i and s0(�i+1) = 0.

If Q 2 Ci+1, degLjCi+1 � 2g(Ci+1) + Yi:Ci+1 + p implies

�
deg �i+1 = di+1 � g(Ci+1)� Yi:Ci+1 + 1
deg �i+1 = g(Ci+1) + Yi:Ci+1 � 1 � dim(Wi+1) � 1� p

This means that on Ci+1 there exists an hyperplane H00
i+1 which contains �i+1[

�0i+1 but not Q and then we can proceed exactly as in the above case taking
H0 such that H0 \ hCi+1i = H 00

i+1 and h�1 [ : : :[�ii � H0.
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Remark 1.4 The results in [G-L] and [CFHR] are stated and proved in arbi-
trary characteristic. In the proof of the above proposition we used char(K) = 0
to ensure that a general hyperplane section of Ci (for all i) is in linear general
position in its linear span.

Now deg(LjCi) � 2g(Ci)+ 1+ p: If p � 1 then the general tangent line to Ci

has order of contact 2 with Ci and indeed this holds for every tangent line at a
smooth point of Ci; if p = 0 a general tangent line to Ci has order of contact at
most 3.

Applying the theory of duality of projective varieties (see e.g. [H-K] for
details) we can see that if either char(K) � 5 or char(K) = 3 and p > 0, then
each Ci is reexive (cf. [H-K] thm. 3.5) and in particular it is not strange (in
the sense of [Ha], IV, x3).

Under these assumptions on char(K), then Ci is not strange in its span,
which implies that a general hyperplane section of Ci is in linear general position
(cf. [Ra], Lemma 1.1 or Cor. 2.2).

2 Weak Property Np for generic projections of

curves

In this section we prove theorem B.
The proof will be based on a degeneration argument and on the analysis of

the property Np for the degenerated curve ???, which will turn out to be non
reduced and with embedded points.

First we introduce the notion of planar fat points

De�nition 2.1 Let Z � Pr, r � 2; be a 0-dimensional scheme with length(Z) =
3; P 2 Pr and M a plane with P 2 M � P

r. We say that Z is a planar fat
point supported by P and contained in M if Zred = fPg and Z �M; i.e., if Z
is the �rst in�nitesimal neighborhood of P in M:

Proof of Theorem B. Let d be the degree of L and g be the genus of C,
X � Pn a generic projection of 'jLj(C).

If d � 2n� 1� p then by [G-L], theorem 2.1 a general hyperplane section of
X satis�es the property Np, which implies that X satis�es the Weak property
Np.

From now on we may assume d � 2n� p.
We identify P(H0(C;L)_) with Pd�g. After this identi�cation the morphism

'jLj depends on the choice of a basis of H0(C;L). If we change the basis, the

new curve will di�er by an element of Aut(Pd�g).
As in [B-E 2] we de�ne Pr(L; d� g)

Pr(L; d� g) := ff('jLj(C))jf 2 Aut(Pd�g)g � Hilb(Pd�g):
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Thus Pr(L; d� g) is an irreducible closed subset of Hilb(Pd�g) and we will see
it with the reduced structure. Hence Pr(L; d� g) is a complete variety.

Pr(L; d� g) contains the reducible curves T de�ned as follows:

�x an e�ective divisor D on C with deg(D) = d � g � n; say D = P1 +
:::+Pd�g�n; set M := L(�D); since deg(M) � 2g+ 1;M is very ample;
let 'jMj : C ,! P

n �= W � P
d�g be the complete embedding induced

by M; for every integer i with 1 � i � d � g � n; let Di � P
d�g be

a general line which intersects the curve 'jMj(C) in 'jMj(Pi); set T :=
'jMj(C) [D1 [ : : :[Dd�g�n.

Indeed, iterating [B-E 1], Prop. I.1 and 2.5, (or use [B-E 2], Th. 0 for a full
statement) we can see that T 2 Pr(L; d� g).

Fix P1; : : : ; Pd�g�n general points and let M be as above. From now on
we will take W = P(H0(C;M)_) as our ambient space Pn, so that (C;M) �=
('jMj(C);O(1)).

We de�ne Pr(L;M) to be the closure in Hilb(Pn) of the set of all curves
obtained from a general projection of a curve in Pr(L; d� g). Notice that by
the irreducibility of Pr(L; d� g) and of the Grassmannian of (d-g-n-1)-linear
subspaces of Pd�g; P r(L;M) is irreducible.

Thus to prove the theorem it will suÆces to show that for a general B 2
Pr(L;M) the Weak Property Np holds.

To this aim we will apply a degeneration argument to �nd a curve A 2
Pr(L;M) with embedded points for which the Weak Property Np holds and
then we will simply apply semicontinuity.

Notice that for every curve A0 2 Pr(L;M) (even with embedded points) the
curve 'jMj(C) is an irreducible component of A0red and that by semicontinuity
h0(A0;OA0(1)) � d+ 1� g.

Construction of A.
Let us take Q1; :::; Qd�g�n 2 C more general points and for every integer i

with 1 � i � d � g � n let Si be the tangent line to 'jMj(C) at 'jMj(Qi), Ri

be the line of Pn spanned by 'jMj(Pi) and 'jMj(Qi).
First, we �x an integer i with 1 � i � d� g � n and we consider the points

Pi and Qi).
Since d � 2g+1+p+3(d�g�n), we have for all i deg(M�Pi�Qi)) � 2g

and hence M(�Pi � Qi) has no base point. Since n � 3 this means that the
line Ri of Pn spanned by 'jMj(Pi) and 'jMj(Qi) intersects 'jMj(C) only at
f'jMj(Pi); 'jMj(Qi)g and quasi-transversally (i.e. both the curves are smooth
at the two points and have distinct tangents).

Fix an integer i and take a at family of lines fRi(t)gt2� (� smooth irre-
ducible aÆne curve) of Pn with 'jMj(Pi) 2 Ri(t) for every t and Ri(0) = Ri for
some 0 2 �. Since Hilb(Pn) is complete, the at family f'jMj(C) [ Ri(t)gt2�
has a at limit for t going to 0.
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It is easy to check that this at limit is the union of 'jMj(C) [ Ri and a
certain unreduced scheme �i. We have length(�i) = 3; �red = 'jMj(Qi) and
�i is contained in a 3-dimensional linear space, Vi, containing Ri [ Si (see [H],
III.9.8.4 and Fig. 11 p. 260, for a similar case, or [B-E 1], �g. 2).

Ri [ Si [ �i contains the �rst in�nitesimal neighborhood, �i, of 'jMj(Qi) in
Vi and it is just the scheme-theoretic union Ri[Si[�i. Moreover since the linear
space Vi depends on the at family of lines we chose, varying this family we may
take as Vi a general 3-dimensional linear subspace of Pn containing Ri [Si (see
[B-E 1], �g. 1 and �g. 2).

Notice that for a general hyperplane H of Pn �i \H is a at planar point
contained in Vi \H and it has Qi as associated reduced scheme.

Repeating the above argument for all indices i; 1 � i � d� g � n; we obtain a
non-reduced curve

A := 'jMj(C) [R1 [ : : :[Rd�g�n [ �1 [ : : :[ �d�g�n

of degree d and with d� g � n embedded points.

Weak Property Np for A.
Fix a general hyperplane H of Pn with 'jMj(Qi) 2 H for every i and set

Z := A \H.
Our aim is to apply Remark C to Z.
Z � H �= Pn�1 is a 0-dimensional scheme of length d+(d�g�n) formed by

d� g � n planar fat points f1; : : : ; d�g�ng and Æ = d� 2(d� g � n) reduced
points fT1; : : : ; TÆg.

By our hypothesys on d we have Æ = d� 2(d� g � n) � n: Indeed, since we
have assumed d � 2n� p we get

d�2(d�g�n) � 2g+1+p+(d�g�n) � 2g+1+p+(2n�p�g�n) = g+1+n > n:

Furthermore Æ � n implies that we can �nd a splitting Z = � [ �, where �
consists of n general points and � is the union of the d� g�n planar fat points
and d� 2(d� g � n)� n reduced points. By our choiche of d we have

length(�) = d+ (d� g � n)� n � n� p� 1

Indeed, the above inequality is equivalent to d � 2n�p�1�(d�g�n). Writing
n = d� g � (d� g� n) this is equivalent to d � 2(d� g)� p� 1� 3(d� g � n)
which follows since d � 2g + p+ 1 + 3(d� g � n) by assumption.

Since the Vi's are general 3-dimensional linear subspace of Pn containing
'jMj(Qi) we may assume H to be transversal to each Vi and furthermore the
linear span U := h; V1\H; : : : ; Vd�g�n\Hi � H is \general" and have maximal
dimension.

This means that the span h1 [ : : : d�g�n � H has maximal dimension.
Furthermore, taking the projection �U with center U we can apply the \uniform
position principle" to the image of 'jMj(C). This corresponds to say that the
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linear span of h1[ : : : d�g�n and any h points T1; : : : ; Th (h � n�3(d�g�n))
has maximal dimension.

Thus we may apply Remark C to Z = �[� as above to show that Z satis�es
the Weak Property Np.

Notice that deg(A) = d = deg(Z)� (d� g�n) = deg(Z)+n+1�h0(C;L):
Hence we see that every quadric hypersurface ofH containing Z lifts to a unique
quadric hypersurface of Pn containing A. Thus A has the Weak Property Np.

End of the proof of theorem B.

Since h0(A;OA(t)) = h0(C;L
t) for every t > 0; we may apply semiconti-
nuity to conclude that a general B 2 Pr(L;M) has Weak Property Np. By
semicontinuity a general projection of 'jLj(C) into P

n has Weak Property Np,
proving the theorem.

Q.E.D. for Theorem B

Remark 2.2 The above theorem holds also for C irreducible curve of arithmetic
genus g (possibly singular), since by [CFHR] an invertible sheaf of degree � 2g
is non-special and base point free and if the degree is � 2g + 1 then it is very
ample.
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