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ABSTRACT. We study standing waves for a system of nonlinear Schrédinger equations
with three waves interaction arising as a model for the Raman amplification in a
plasma. We consider the mass-critical and mass-supercritical regimes and we prove
existence of ground states along with a synchronised mass collapse behavior. In
addition, we show that the set of ground states is stable under the associated Cauchy
flow. Furthermore, in the mass-supercritical setting we construct an excited state
which corresponds to a strongly unstable standing wave. Moreover, a semi-trivial
limiting behavior of the excited state is drawn accurately. Finally, by a refined control
of the excited state’s energy, we give sufficient conditions to prove global existence or
blow-up of solutions to the corresponding Cauchy problem.
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1. INTRODUCTION

In this paper, we consider a three-components system of nonlinear Schrédinger equations
related to the Raman amplification in a plasma, as derived by Colin, Colin, and Ohta in [19],
which reads as follows:

01 = — A1 — 1P b1 — sy,

i0pthy = —Dapy — |tha|P 2 4o — abzify, (1.1)

03 = — Az — |9sP % b3 — anreba.
Here, 9; = ;(t,z) with i = 1,2, 3, are complex-valued functions v; : R x RY - C, with 1,
denoting the complex conjugate, the space dimension is N < 3, « is a positive real parameter,
and the power nonlinearity p is in the range 2, < p < 2*, where

=00 if N<2, 28=32 if N =3

Namely, we consider the mass-critical or mass-supercritical and energy subcritical power-type
nonlinearities.

It is standard to see that the Cauchy problem associated to (1.1) is locally well-posed in
the energy space, i.e., for a fixed initial datum

(Y01, 0.2, %0,3) (@) == (1,92, ¥3)(0,2) € H'(RY) x H'(RY) x H'(RY),

there exists a solution (11, ¥2,13) € C([0, Tmax), H'(RY) x HY(RN) x H'(RM)), where Tiax >

0 is the positive maximal time of existence (a similar notion can be given for negative times).
1
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See the monograph [11]. Moreover, the blow-up alternative holds true, in the sense that
either Tinax = 00 (the solution is global), or Tihax < 0o and the homogenous Sobolev norm of

the solution diverges as t — T1,,.. More precisely hmt—>THZax (Zf’zl V)i (t )HLQ(RN ) = 00.
In addition, the following quantities are conserved along the flow: the energy, defined by

B =5 () =3 (ST — 1Oy ) — e [ (r0) (o
i=1 2 Db b RY
(1.2)
and the mixed masses
Qi(t) = Q1 (V1)) = 11Dz, + 105(8)] 32, w

Qat) = Qa (1) = Ia(0)Zagamy + 650 By,
where we used the compact notation

'J = J(t LE) = (wl(ta :C)v ¢2(t’ 33), Q;Z)S(ta :E)) € Hl (R X RN? (C?))
As usual, conservation means that the previous quantities are not dependent on time, or
alternatively E(t) = E(0), Q1(t) = Q1(0), and Q2(t) = Q2(0) for any time ¢ in the maximal
interval of existence [0, Tmax). The conservation laws can be showed by a standard regular-
ization argument, see [11].
Furthermore, we note that (1.1) can be written as

ad(t,z) = —iE' (J(t, x)) ,
and that
E (ewlul, ew2u2, ei(el+92)U3> = E(u),
for any (61,602) € R?, and any function @ = (u1,uz,u3) € H'(R x RN, C3).

The main purpose of the paper, is to study existence and stability properties of standing
waves solution to (1.1). Let us recall that standing wave for (1.1) is a solution of the form
(1(t, x), Pa(t, x),P3(t, ) with ¥1(t,z) = eMtui(x), o(t,z) = e tug(x) and P3(t,z) =
eMstys(x), where A, A2, A3 are real numbers and @ € H'(RY,C?) satisfies the system of
elliptic equations
—Auy + AMug = ]u1|p_2 U1 + quzug,
—Aug + Agug = ’U2|p72 U9 + quzuy, (14)
—Ausz + Azuz = IU,3|p_2 uz + auiug,

where A3 = A1 + As.

Under certain conditions, the existence, uniqueness and multiplicity of solutions of (1.4)
have been studied by many authors. We refer the reader to [14, 32, 37, 39] and the references
therein. In particular, the authors in [19, 20] studied the orbital stability of scalar solutions
(semi-trivial standing waves) for system (1.1) of the form (e™u, 0, 0), (0, e™u, 0), (0,0, e“tv),
where w > 0 and u € H' (]RN ,R) is the unique positive radial solution of

—Au+wu = |ulP?u  inRY.

In [17, 19], it is proved that when 2 < p < 2,, (e“*x,0,0) and (0, e“*u, 0) are orbitally stable
for any o > 0, while (0,0, e™!u) is orbitally stable if 0 < o < & and it is orbitally unstable if
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a > a for a suitable positive constant & = a(N, p,w) (see also [33] for dimensions N = 4, 5).
Solutions of the previous type with two trivial components are called scalar solutions.

In [1], it is instead proved the existence of stable standing waves (vector solutions) for the
system (1.1) with N =1, 2 < p < 6 = 2, and « > 0, by minimizing the energy E(u) on the
manifold

S(ay,aq) = {12' e H'(RY,C?) s.t. / lug|? + |us|?dz = a3, / lug|? + |us|?dz = ag} ,
RN RN

(1.5)
where aj,az > 0. The results of [1] have been generalized in [28] to the higher dimensional
case and to the model (1.1) with potentials (see also [36]). It is worth mentioning that in
[37], the existence of non-scalar solutions were proved by minimizing the action function on
the Nehari manifold, provided the coupling parameter « is large enough.

In this paper, illuminated by [27] and [38], we aim to consider standing waves and their
stability for system (1.1) in the mass-critical or mass-supercritical regime and the energy
subcritical one, namely we cover the range of non-linearities 2, < p < 2*, where the corre-
sponding energy functional E (%) is not always bounded from below on S(a1,a2). Note that
the coupling terms are of mass-subcritical type and sign-indefinite, then we are dealing with
a special mass-mixed case (i.e., the combination of mass-subcritical and mass-supercritical
terms), which is more complicated.

Before introducing the main results, we recall some definition (see also [5]).

Definition 1.1. We say that iy is a ground state of (1.4) on S(a1,a2) if

dE|$(ay,a0) (i) =0 and  E(ip) = inf { E(@0) s.t. dE|g(q, q,)(w) =0 and @ € S(a1,a2)} .
We say that Uy is an excited state of (1.4) on S(a1,asz) if

dE|$(ay,a)(T0) =0 and  E(ty) > inf {E(d) s.t. dE|s(q, ay)(u) =0 and @ € S(a1,a2)} .
The set of ground states will be denoted by G = Gp o N

We emphasise, as in [1], that variational problems with the energy restricted on the mani-
fold S(aq, a9) is particularly appropriate for the study of the stability properties of the ground
states, as both the energy and the partial mass functionals ()1 and )2 are conserved along
the flow generated by (1.1).

Definition 1.2. (i) We say that the set G is orbitally stable if G # ) and for any € > 0, there
exists a 0 > 0 such that, provided that an initial datum (0) = (41(0),¢2(0),3(0)) for (1.1)
satisfies
1171615 14(0) — @l g1 (v c3) <6,
then v is globally defined and
inf ng(t) — ﬁ‘|H1(RN c3) <€ vt > 0,
ueg '

where 9(t) is the solution to (1.1) corresponding to the initial condition (0).

(ii) A standing wave (e"tuy, e*2tuy, e?3ty3) is said to be strongly unstable if for any & > 0
there exists ¢y € H'(RY,C?) such that ||i@ — Yol g1 (v 03y < €, and ¢ (¢) blows-up in finite

time, namely T < 00.
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Throughout this article, we are not only interested in proving existence of standing waves
and their stability properties, but also in proving suitable asymptotic results for different
regime on the involved parameters «, aj, and as. To this aim, before stating our first main
result, we introduce another minimization problem:

mg(al,ag) = ﬁeSi(Ig a2)E0(1_[), (1.6)

where
13
Ey(@) := 3 ; HVUZ»HQLQ(RN) —Re /RN ujuguzde.

We can now state our main result regarding existence, stability, and mass-synchronised
asymptotic of the ground states.

Theorem 1. Let N < 3, 2, < p < 2%, and a,ay1,a2 > 0. There exists a positive explicit
constant D = D(N, p, «) such that if max{a1,a2} < D, we have:

(i) G is nonempty, i.e., there exists a ground state of (1.4) on S(ai,az);
(ii) the set G is orbitally stable;

(iii) if @ € G, we fir a > 0, and assume az = a; — 0, then we have

. 15, 1
sup [|i@(z) — ko o (k2 )| g ey o3y = o(1),
ueg
4

N
where Uy is a minimizer for mg (ﬂHwHLg(Rw), \/§H'I,UHL2(RN)>7 K= (W) and
L=(R

w is the unique, real positive solution of —Aw + w = w?;

(iv) if @ € G then 32, HVuZ-H%Q(RN) —0asa—0.
We comment on the results given in Theorem 1 above.

Remark 1.3. To the best of the author’s knowledge, this is the first result dealing with the
existence and stability /instability results of standing waves for the Schrodinger system with
three waves interaction in the mass-critical /supercritical nonlinearities. Moreover, it is worth
mentioning that our result are not perturbative, indeed the constant D in the statement of
Theorem 1 is given by

N(p—2)—4 4-N
D ( 3. pp—2 ) =9 < p(4—N) >4<P—3> )
"~ \aC3(N,p) 2py, — N 2(2pyp — N)CP(N, p) ’ '
where C'(N,p) is the best constant in the following Gagliardo-Nirenberg inequality,
1—
lull oy < CON. IVl g Nl ans V€ HY(RY, C), (1.8)
with
N(p—2)
= . ]_.

and p € [2,2%).
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Remark 1.4. Theorem 1 shows that a ground state exists even if E| S(a1,a2) 18 unbounded
from below, and, for ai,as small enough, the ground state is indeed a least action solution
which reaches the infimum of the C'! action functional J (@) = E(@) + 5, (%HUZ-\EQ(RN))
among all nontrivial solutions to (1.4) (see [37, 39] for the existence of least action solutions),
where \; (i = 1,2,3) are the Lagrange multipliers corresponding the ground state.

Remark 1.5. The set G, containing a priori complex-valued ground states, has the following
structure:

G = {(eielul,ei92uz,ei(91+92)u;;) s.t. 01,05 € R} ,

where (u1,ug2,u3) € S(a1,a2) is a positive, radial ground state of (1.4). See the proof of
Theorem 1 later on.

Remark 1.6. The fact that G is orbitally stable indicates that the coupling term leads to
the stabilization of ground state standing waves corresponding to (1.1). It is worth recalling
that for the Schrodinger equation 19y = —Awg — [|P ~24, for p in the mass supercritical
regime, the standing wave ¢ = e"Mu is strongly unstable, see [11], where v € H*(RY) is the
unique positive radial solution of —Awu + Au = |u[P~?u for A > 0.

Remark 1.7. In proving the existence of ground states, due to the indefinite sign of the
three wave interaction term in the corresponding energy functional, we need to introduce
additional constrain given by an inequality. This in turn makes appear further difficulties in
proving the compactness of related minimizing sequences, and is different from constrained
variational problems with a sign-definite type structure, see for example [3, 27, 34, 38, 40]. In
order to get the synchronised mass collapse behavior of the ground state of (1.4) on S(a,as2)
(point (iii) in Theorem 1), we prove the existence of ground states for the limit system

—Auy + A\up = uglia,
—Aug + Agug = ugly, (1.10)
—Auz + (A1 + A2)uz = uiug,
under the constraints
Q1(@) = a2 and Qo(@) = a3. (1.11)
If A1 = Ao, the uniqueness of minimizer for mg(ai,as) (see (1.6)) and ground state for (1.10)

are proved in [32, 39].

Remark 1.8. For N = 3, by replacing the constraints in (1.11) by three independent pre-
scribed mass constraints, namely we consider, for v, yu, v > 0,

||u1\|%2(R3) =7 HU2||%2(R3) = K HU3||%2(R3) =V

and by slightly modifying the proof of Lemma 3.6, we also give a positive answer to the open
problem proposed by Kurata and Osada in [28, Remark 4]. See the proof of Lemma 3.6 and
subsequent comments.

We now give the results related to the existence and properties of excited states. In what
follows, we consider mass-energy intracritical nonlinearities, namely 2, < p < 2*.



6 L. FORCELLA, X. LUO, T. YANG, AND X. YANG

Theorem 2. Let N < 3, 2, < p < 2*, max{ai,a2} < D, and aj,ay > 0. There exists
ag = aplay, az) > 0 such that, for any a > ap:

(i) there exists an excited state U = (v1,va,v3) € S(a1,a2), with associated Lagrange multi-
pliers A, Ao > 0;

ii) let a; > 0 and as — 0T, then we have
(ii)

(Ffp%wl(ff%x),UQ(SC),US(JI)) — (wp,0,0) in Hl(RN’CS)’

~ a2
where kK = 1

2—pvp . ] . . -
||w||2> and w, is the unique positive solution of —Aw +w = |wP~2w.
PIL2®N)

Remark 1.9. Theorem 2 together with Theorem 1 yields the multiplicity of standing waves
for problem (1.1). This indicates that the coupling term not only makes the ground states
stable, but also enriches the solutions set. See the first paragraph of Subsection 1.1 for a
description of what happens from a physical point of view.

Remark 1.10. The condition max{ai,az} < D in Theorem 1 and Theorem 2 not only
ensures that the corresponding energy functional £ admits a convex-concave geometry, but
also guarantees the existence of a natural constraint (the Pohozaev manifold, see later on in
the paper), on which the critical points of E are indeed nontrivial solutions to the problem
(1.4). a > agp is used for a better control of the energy level which excludes semi-trivial
solutions. Point (ii) of Theorem 2 draws an accurate semi-trivial limiting behavior of the
excited states as portion of the mass vanishes. The transition from mass-supercritical to
mass-critical regime greatly changes the geometry of E|g(4, 4,), Preventing the appearance of
the excited state in the latter case. Moreover, if p = 2,, similarly to the proof of Theorem
2, point (ii), the same semi-trivial limiting behavior of ground states obtained in Theorem 1
holds if and only if af = |lw,l|3, @y It s worth mentioning that similar semi-trivial limits
of ground states for mass-critical Schrodinger systems were obtained in [10, 22].

Based on the existence results on ground states and excited states, we can provide sufficient
conditions for the global dynamics of solutions.
Firstly, with a control on the energy by means of the excited state obtained in Theorem 2,
we show a global existence result. Define the Pohozaev functional P by

3 3
_, N _
P(a) := Z Vg |5 — fypz [Juillh — EaRe /]RN ujugusde, (1.12)
i=1 i=1

then we have the following.

Theorem 3. Under the assumptions of Theorem 2, let 1,/7 be the solution of (1.1) with initial
datum 1y € S(ai,az2) such that P(io) > 0 and E(vg) < E(¥). Then, ¢ exists globally in
time.

Secondly, we are able to prove that under certain sufficient condition on the initial datum,
finite time blowing-up solutions exist.

Theorem 4. Under the assumption of Theorem 2, let @Z_; be the solution of (1.1) with initial
datum o € S(a1,a2), P(o) < 0 and E(o) < E(¥). If |z|vo € L2(RN,C3), the solution
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blows-up in finite time. The same conclusion holds true for N = 2,3 if the solution is radial
and p € (4,6) for N = 2.

The previous Theorem implies the following instability result.

Corollary 1. The standing wave constructed J(t,x) = (ei)‘ltvl,ei)‘ltvg elMatAz)t 3) with U
as itn Theorem 2 is strongly unstable.

Remark 1.11. The set
Ao :={u € S(a1,a2) s.t. P(@) >0 and E(d) < E(?)}

is not empty and contains not only small initial data in the sense of the L?(R™)-norm. Given
v, i, v > 0, in the same manner we can look for solutions (uy,us,u3) € H'(RN,C3) of (1.4)
satisfying the conditions ||u1 |3 = v, |luz/|? = p and ||us||3 = v. Such solutions are of interest
in physics and sometimes referred to as normalized solutions. In the present paper, we care
more about solutions of (1.4) with prescribed partial sum of masses. This is not only because
Q1(1) and Q2(w) are invariant with respect to the flow generated by (1.1) but also is suitable
for studying dynamics of (1.1).

Remark 1.12. The last remark is on the fact that similar results as the ones described
above, can be stated for a < 0, provided we replace ug by —ug in (1.4).

1.1. Physical background and motivations. The study of the model as described by
equations in (1.1) has a physical motivation, as the system (1.1) is a simplified model of
a quasilinear Zakharov system related to the Raman amplification in a plasma. Roughly
speaking, the Raman amplification is an instability phenomenon taking place when an inci-
dent laser field propagates into a plasma (see [25] and the introduction in [37]). As explained
n [37], the laser field, entering a plasma, is backscattered by a Raman type process and
the interaction of the two waves generates an electronic plasma wave. Then the three waves
together produce a change in the ions’ density which in turn affects the waves. This picture
is described by three Schrodinger equations coupled with a wave equation (a Zakharov type
system), as follows:

(i (O + vedy) + 0102 + az ) Ac = gnAC — (V- E)Ape,
( (Or + vrOy) + /3182 + ﬁgAJ_) Ap =% benAp — (V . F) Ace,
(10 + 1A E §nE + 1V (ARACew)

(82 — v2A) n = aA (]EP +b|Ac|? + c|Ag| )

(1.13)

where 0 = kyy — k%élt, t€R, y€R,and A = 9%+ 02, In this system, Ac denotes the
envelope of the incident laser field, Ag is the backscattered Raman field, E is the electronic-
plasma wave and n is the variation of ions’ density. We refer to [17, 18] for a precise description
of the physical coefficients appearing in the equations above.

After proving the local well-posedness of (1.13), in order to study the solitary waves towards
an analysis of the global dynamics, the authors of [19] needed to introduce some modifications
n (1.13), eventually leading to the system (1.1) studied in this paper. For the reader’s
convenience and sake of clarity, we report here the few steps as in [19] to derive the desired
three NLS system.
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In (1.13), by writing E = Fe', by considering a trivial density of ions, i.e., n = 0, and by
neglecting the V terms, the longitudinal dispersion terms 85, and the transverse ones A,
one reduces to the simplified system
(10 + g A1) Ag = —vik1 F AR,
(10 + oA L) Ar = vik1 F Ac, (1.14)
(iat + 51A) F = ikl’yZRAc.

In order to model nonlinear effects, the other nonlinear terms as appearing in (1.1), were

added in [19], hence by a simple change of variables, and the introduction of the power-type
nonlinear terms, one gets

. _9 _
i1 = —Avy — |v1 [P v — avsve,
i0ve = —Avg — |v2|P™ " v9 — awsty,
. —2

103 = —Avz — v v3 — avyve,

which is (1.1).

1.2. Notations. In the paper, we use the following notations. z € RV, N <3,t € R, LP =
LP(RY) with norm £l Lo @y = 1 £lps H'(RY) is the usual Sobolev space, with H!(RY, C3)
or H' (RN, R3) for vector valued functions, or H'(RY,R) and H'(R",C) for scalar functions.
H~Y(RY) denote the dual space of H'(RN). Jz~ fdx is denoted simply by [ f. Re and Im
are for the real and imaginary part of a complex number, and Z stands for the complex
conjugate of z.

2. PRELIMINARIES
In this section, we give some preliminaries useful for the rest of the paper.

Lemma 2.1. Let N <3, 2, < p < 2%, and (uy,ug,u3) € H' (RN, C3) be a solution to (1.4).
Then the following identity holds true:

3 3

N
Z/|VU1‘|2 Z’ypZ/|u¢]p+20<Re/u1uQU3. (2.1)
i=1 i=1

Proof. Multiplying both sides of the equation in (1.4) by @; (i = 1,2, 3), integrating over RY
and taking the real part, adding these three equalities together, we have

3 3 3
SOIvald+ S M3 = 3 fuall? + 3aRe/u1u2u;),. (2.2)
=1 =1 =1

Multiplying both sides of the first equation by z - V7, integrating over RY and taking the
real part, we get

Re/Aulx -Vu, + AlRe/ulm -Vu, = Re/ \u1|p_2u1x -Vu, + Re/u;gu2x -Vu.

By direct calculations, we obtain
N -2

N
—Re/Aulx -Vu; = THVU1H§7 Re/ulw -Vu; = 5““1”57
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Re/ lug [P~ 2wz - Vi, = ]]\jHung,
and
Re/U3u2x -Vu; = —NRe / ujuos — Re / uiusx - Vg — Re/u1U3x - Vus.
Therefore, we get

N -2 N N
—THVWH% - 5)\1Hu1||§ = ——|lu1||p - NozRe/ulu2u;3 - ozRe/ulmx -Vus
b (2.3)
— aRe / u1u3x - Vug.

Similarly, by multiplying both sides of the second and third equation of (1.4) with x - Vs
and z - Vs, respectively, integrating over R and taking the real part, we have

N -2 N N
= 25Vl - el =~ el + aRe [ usmna - v (2.4)
and
N -2 N N
— THVUP)H% — 5)\3”11,3”% = —;Hu;g”ﬁ + aRe/uluQx . Vﬂg. (25)
By adding (2.3)-(2.5), we obtain
N-2Z , N , N i
5 Z IVu;l|5 + ) Z Ailluill5 = o Z uillb + aNRe [ ujugts. (2.6)
i=1 i=1 i=1

Combining (2.2) and (2.6), it gives that

3 3
N(p—2 N
S Ivulg = T2 g + Fare [urms
i=1 P 3
The proof is complete. ([l

We now introduce the L2-norm-preserving dilation operator

sxi(x) = (s%ul (sx), s%uz(sx), sgu;),(sa:))

with s > 0. As lim E(sx4) = —oo, we see that inf FE(&) = —oo for 2, < p < 2*.
$§—00

ﬁES(al,ag)
Furthermore, we introduce (see [3]) the Pohozaev set

3 3
. . N _
Payoay = {u € S(ar,az) : P(i) ==Y [Vuill3 — 7 > luillt — 204Re/u1u2u;3 - o} :
=1

i=1
(2.7)
where 7, is given in (1.9).

The Pohozaev set Py, q, is related to the fiber maps

2 3 Py 3
Ua(s) = E(s*u) = % Z/ |Vug)? — SPPZ/ lui [P — sgaRe/uluQu& (2.8)
i=1 i=1
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Indeed, we have sU(s) = P(s*@). Note that P,, 4, can be divided into the disjoint union
Payjar = ch_l,az U PShaQ U Pq,.ap0 Where

Pz;ruaz = {ﬁ € Payap s:b (1) > 0} )
P((l)l,@ = {ﬁ € 736117612 s.t. \If%(l) = 0} ’ (2-9)
Paras = {7 € Payay st Wi(1) < 0}

We first study the case 2, < p < 2*, namely the mass-energy intracritical case. To show
that the energy functional F|g(,, 4,) has a concave-convex geometry (i.e., a structure with a
local minimum and a global maximum, where the local minimum is strictly less than zero
and the global maximum is strictly greater than zero; see Lemma 2.2 below), we introduce
the following constraint:

M = {(u1,u2,u3) < Hl(RN7C3) s.t. Re/u1UQU3 > O} . (210)

In the spirit of Soave [38] and Wei and Wu [40], for @ € M, we see that the presence of
the mass subcritical terms Re [ujuptiz induces a convex-concave geometry of E| S(ar,az) if
a > 0 and aj,ay > 0 are small. For 4 € S(aj,a2), we have |uills < a1, |Juz|l2 < a2 and
|luslle < min{a1,as}. By Gagliardo-Nirenberg inequality and Young inequality, we have

3 2
1 1 - _ _
o> llullp < PN, p) (Z a5+ mas {af ), a1 ||w3H§”P>
=1 =1
PYp
2

3 v
< 4, (Z HW\%) ,
=1

_ CP(N.p)
T p

(2.11)
(max{ay, az})P" 7). Similarly, we have

< a/|u1|u2|u3\
373

3 2
< %C’?’(N,p) (max{ay,az})* " (Z !Vuz‘H%) (2.12)

i=1

where A :

aRe / UL U U

=z

3
Ay (Z HVUz‘\@) :
i=1
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N

where Ay := $C3(N,p) (max{al,ag})ﬁ%. Then, combining (2.11) and (2.12) with the den-
tition of the energy, we get
21 1
E() = z; <2||Vu2||g - pHuZH§> - aRe/u1U2U3
1=
PYp

3 2 3
1
> 5 D IVul3 — A (Z HWH%) — Ay <Z||Vuz-||%> (2.13)
! =1

i=1 =1

&=z

where
N
2

hp) =2 — 4w — Asp (2.14)

The next Lemma below shows that the functional E has a concave-convex structure on
S(ay,az).

Lemma 2.2. Let N <3, 2, < p < 2%, and a,a1,a2 > 0. Let D be as in (1.7) and h as in
(2.14).

(i) If max{ay, a2} < D, then h(p) has a local minimum at negative level and a global mazximum
at positive level. Moreover, there exist Ry = Ro(a1,a2), R1 = Ri(a1,a2), and p* such that,
Ry < max{ay,a2}D~1p* < p* < Ry, and

h(Ro) = h(R1) =0, h(p) >0 <= p e (Ro, k).
(ii) If max{ai,as} = D, then h(p) has a local minimum at negative level and a global maxi-
mum at level zero. Moreover, we have
h(p*) =0 and h(p) <0 <= pe (0,p") U (p*,+0).
Proof. (i) We first prove that h has exactly two critical points. Indeed,

N Az

R (p) =0 ﬁ(p) = , with B(p) = pQ—% _pvalppw—%.

We have that h(p) is increasing on [0, 5) and decreasing on (p, 400), with the point p being

1
= 4—N PYp—2 :
p= (pwp(2mpr)A1> . Since 2 < py,, we get

4—N

A ~ 2p")/p —14 < 4—-N ) 2pyp—4 N A,
max h(p) = h(p) = >

p=0 (p) = h(p) 2pyp — N \p1p(2p7p — N) A1 2

if and only if
N(p—2)—4

4—N
3 2(2pyp — 4) 4(p—3) 4—- N 1(p—3)
Dy = .
max{ar, az} < Do <a03(N,p) N(2pyp, — N) Yp(2p7p — N)CP(N, p)

As lim h(s) = 0" and lim h(s) = —oo, we see that h has exactly two critical points if
s—0t S$——+00

max{ay, a2} < Dy.
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Notice that

2 = 1
h(p) >0 <= h(p) > A2 with h(p) = 5102—% — Alpmp—%

It is not difficult to check that h(p) is increasing on [0, pg) and decreasing on (pg, +00), where

1
_ 4—N PYp—2
pPo = (W) P77, We have

4—N

~ ~ PYp — 2 4—-N 2pyp—14
mexh(p) = h(po) = 22 <2(2m - N)Al) o
= p

provided

N(p—2)—4

4—N
3. pp—2 )W‘”( p(4—N) >4“"3>
max{ai,as} < D := ( :
{ J aC3(N,p) 2py, — N 2(2py, — N)CP(N, p)

We have h(p) > 0 on an open interval (R, R1) if and only if max{a1,a2} < D. We claim
_ 4-N

that D < Dy. To this purpose, we only need to prove that (%)N(p 3 (ﬁ) > 1 holds.

As in [38, Lemma 5.2], by letting z = %, y =p— 2, we have

4\ N@-3) 1 \4N ) .
J— - 1 2 y— z— )
(N ) (p - 2) ~ =Y

Since lzoflz is a monotone decreasing function for z > 0, we have D < Dy.
If max{a;,a2} < D, combining lim, ,q+ h(s) = 07 and lims_,;~ h(s) = —oo, we see that

h has a local minimum point at negative level in (0, Ry) and a global maximum point at
positive level in (Rp, R1). Define

1
: PA-N)  \F s
— D~ -2 2.15
# = (e MO o 219
then p* < pg. By direct calculation, we have
~ 1 C N, _ _N 6—N
) > 57 ¥ = S prton ¥~ SCN D' > s

then h(p*) > 0 and p* > Ry. Note that p* is independent of a1, ag. In addition, it holds that

ana} ) _ 1 (max{ar,a}) 7 faraa}) "
~ (max{a, a2} ., max{ai, as 2N max{ai, as N _N
h| ——— = | —————= A, /e ) PYp
( o P ) 5 ( i) ) (P7)72 = A ( D ) (")
4—N
2 —
> (max{gl’“2}> %03(N,p)DL 7 > A

(ii) Similarly to the proof of (i), we have

A N
Ro=p=po=p"=R1, hipo) =42 hip)> A
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Next, we study the structure of the manifold
Par,az := Paras N M. (2.16)

We will observe that a critical point for the functional E on P,, 4, is a critical point for the
functional E on S(a1,az). Hence, P, 4, is a natural constraint.

Lemma 2.3. Let N < 3, 2, < p < 2*, and a,a1,a2 > 0. If max{ai,a2} < D, then

Po, ay =0, and the set Py, q, is a C'-submanifold of codimension 1 in S(ay,as).

Proof. We adopt the Soave’s argument from [38]. It is sufficient to prove that P?
Indeed, if P?

ai,a2
Assume by contradiction that there exists a i € P?

is empty.

_ 1,02
= (), we show that Paias is a C'-submanifold of codimension 1 in S (a1,a2).

such that P(u#) = 0, thus

1,02

3
N2
\I/g(O) = Z/ (Q‘Vuz‘fz —P’Yz‘uﬂp) - 4aRe/u1u2u3 =0.
i=1

Fly) : = y¥3(0) = U5(0)
—(y- 2>§ij [ v - —mmpzi; [l = (55 ) Fare [wm

and observe thatf(y) = 0, Vy € R. Therefore, it follows from f (%) = 0 that

N 3 N 3
(2-5) S Ivult = (- 5 ) 3 il (2.17)
=2 =2
By (2.11) and (2.17), we have

p(1—7p)

1
3 2 1
4—N PYp—2 )
(Z;"VUi"%) - <7p(2mp—N)CP(N,p)> (maxtar, az})

Since f(pyp) =0, we get

N
(p')’p — 2) = <p’}/p ) 5 (Z ||VU1”2) aRe U1U2ﬂ3
4 —

N—4
N\ N N 2pyp—4 PA-7p)(4=N)
<\, _) A2( ) max{ai, as =4
( "2/ 277 \np(2pyp — N)CP(N, p) (maxtar, az})

which is a contradiction with respect to the hypothesis max{ai,a2} < D < Dy.

We now prove that Pg, 4, is a smooth manifold of codimension 1 in S(a1,as). We know
that Py, 4, is defined by P(@) = 0, Gi(u1,uz) = 0, Ga(ug,us) = 0 and G(u1,ug,uz) > 0
where

Gr(ur,uz) = [lur]|3 + [lusll3 — af,  Ga(uz,uz) = [lual3 + [lus|l3 — a3,

and
G(u1,uz,ug) = Re/ulung.
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Since P, G1, Go, and G are of C'-class, the proof is complete provided we show that the map
d(P,G1,G,G) : H' (RN, C3) — R?* is surjective, for every

(u1,u2,u3) € (G71(0) x G531 (0)) NG~1(0) N P~(0).

If this is not true, dP(u) has to be linearly dependent from dGi(ui,us), dGa(usa,us), and
dG(uy,ug,us), i.e. there exist 11, 19,3 € R such that

Re [2Vu1 V@, + 21u1 Py + vsaustiop; = Re [ pyp|lui|P2u1py + N S ustoPy,
Re f 2Vua Vg + 2v9u2py + v3austi1 oy = Re fpvp\uﬂp U2y + TUgﬂlaz,

Re [ 2VusVes + 2(v1 + v2)usPs + vsauiusps = Re [ pyplusP~2usps + L2uqusips.
(2.18)
Testing (ip1,ip2,ips) instead of (¢1, @2, p3) and using the fact Re(iz) = —Im(z), we even-
tually obtain

[2Vu1 V@, + 2v1u1 @y + vsaustinp, = [ pyplur [P 2w + %UgﬂQ@l,
[ 2VuaVg, + 2v0u0py + v3austin gy = [ pyplus|P2uspy + N u3u1<p2,
[ 2VusVEs + 2(v1 + v2)usPs + vsauiusps = [ pyplusP2uspy + SuiugPy,
for every (¢1, g2, ¢3) € C§° x C§° x C§°. Therefore, (u1, uz, us) satisfies
—2Auy + 2v1u1 + v3aust = pyp|ur [P 2+ X St ugts,
—2Aug + 2vug + v3austy = pyp|us|P~ 2y + & St usl,
—2Aug + 2(v1 + v2)ug + vzauiug = pyplus|P” 2U3 + TUlUQ.

The Pohozaev identity for the above system is

3
N (N

Z/ (2|VU¢|2 —P%%\Uﬂp) D) <2 - V3> OéRe/U1U2U3 =0.

i=1

Then
3
> [ @Vl - pilul) -
=1
Since
(u1,u2,u3) € (G7H(0) x G31(0)) NG~(0) N P71(0),
we have

3 3
Z/mwz%zjw,
=1 =1

which is a contradiction. By [34, Proposition A.1], we get that if inf FE = E(uy,us,us),
TE€Pay ay
then there exist \; € R (i = 1,2, 3,4) such that
*(1 + )\4)AU1 + AMuq + A3austuy = (1 + m) \u1|p_2u1 + (1 + M) ausug,
—(1 + )\4)AU2 + Aoug + Azausuy = <1 + p’Yp)\AL) ‘U ’p 2U2 + (1 + N)\4> austy,

—(1 4 Mg)Auz + (A1 + A2)uz + Azauiug = (1 + %) |us [P~ 2ug + (1 + NTA‘*> Quiug.
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Therefore, by combining G(u1, ug,ug) > 0 with [16, Theorem 1] or the proof of [34, Proposi-
tion A.1], we have A3 = 0. Thus, we obtain that the restricted set M does not change the
structure of the manifold Pg, q,. In conclusion, Pg, 4, is a smooth manifold of codimension
1 on S(ai,az). O

Lemma 2.4. Let N < 3, 2, < p < 2%, and a,a1,a2 > 0. If max{ai,as} < D, for @ €
S(ay,a2) N M, then the function Wz(s) has exactly two critical points sz < oz € R and two
zeros cg < dg with sz < cg < oz < dgz. Moreover, we have the properties below:

(i) sq %@ € PF

s ANd 05 x U € Py

w10 Moreover, if s x i € Pgy qy, then either s = sz or

S =0y,

_1
(i) sz < Ro (X0, IVwif)3) * and

i=1

1
3 2
\Ifﬂ(sa') = inf \Ifﬁ(s) :s€10,Rp (Z ||VUZH%> <0,

(iii) B (og*xU) = mafé(E(s*ﬁ) >0,
se

(iv) The maps i +— sz € R and i — oz € R are of class C*.

Proof. Let i € S(ay,az), we have s x i € Py, 4, if and only if U2(s) = 0, ¥ defined in (2.8).
By (2.13)-(2.14), we get

1
3 2
Ua(s)=E(sx@)>h|s (Z ||Vui||%)
=1

If max{ai, a2} < D, from Lemma 2.1, point (i), Uz(s) is positive in the interval
_1
2

1
3 2 3
Ro (Z IIVUz’H%) s B (Z HVW\@) :
=1 =1

and we have the asymptotic behavior lim Wz(s) =07, lim Wgz(s) = —oo, thus we can see
S§——00 S—r+400

_1
that Wz(s) has a local minimum point sz in (0, Ry <Zf:1 HVUZH%> 2) and a global max-

_1 _1
imum point oz in (Ro <Z?:1 HVu,H%) Ry (Z?:1 ||VUZH§> 2). It follows from Lemma
2.1 that Uz(s) has no other critical points.

Since W2 (s7) > 0, U(oz) <0 and Py, ,, = 0, we know that sz x @ € Py ,, and oz« €
P, .ap- By the monotonicity and the behavior at infinity of Wi(s), we get that Wy(s) has
exactly two zeros ¢z < dz with sz < ¢z < oz < dz. Thus, the conclusions (i)-(iii) follows
from the facts above. Finally, applying the Implicit Function Theorem to the C' function
g : R x S(a1,az) — R defined by g = g(s,%) = ¥.(s). Therefore, we have that @ — sz is
of class C! because gz(sz) = 0 and 9s9z(sz) = ¥%(sz) > 0. Similarly, we can prove that
@+ oz € R is of class C', and (iv) follows. O
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3. PROOF OF THEOREM 1

In this section, we give a proof of Theorem 1, and we divide it into two cases: p = 2, and
2, < p < 2*. We first prove several results eventually leading to the conclusions of Theorem
1.

3.1. Mass-energy intracritical case. Let ¢ > 0, and for N < 3 we consider 2, < p < 2*.
We introduce the following complex valued equation:

{—Au +Au = |ulP~2u, wec H' RN, C),

[l =

From [13, 29, 30, 38], the solutions of (3.1) corresponds to the critical points of the functional

J: H'(RN,C) = R,
1 1
I =3 [ 19l = [, (32)

S(c) ={u e Hl(RN) s.t. ||lull3 = ¢},

(3.1)

constrained on the sphere

and the parameter A appears as a Lagrange multiplier. We introduce the Pohozaev-type
constraint for the single equations (3.1)

Pei={ue H'RY,C)NS(c) s.t. |Vul3 = Yollullb} (3.3)

recalling that v, = N%’;Z). Define

m(c) = 17§Cf J(u) > 0. (3.4)

The next Lemma, see [23, Lemma 2.3|, ensures that the infimum m(c) above is the same if
we restrict to real functions.

Lemma 3.1. Let ¢ >0, N <3, and 2, < p < 2*. We have that

m(c) = inf J(u
(©) H(RN R)(P. W),
and m(c) is strictly decreasing with respect to c. Moreover, any normalized solution of (3.1)
has the form e°U, where o € R and U is a positive, radial decreasing normalized solution of

(3.1).

Let us introduce the set
1

3 2
By = @€ H'(RY,C?) s.t. (wag) <p*
=1

and
V(CLl,CLQ) = S(al,ag) N Bp* M,

where M is defined in (2.10) and p* in (2.15). Thus, we can define the following minimization
problem: for any positive a; and ay such that max{aj,as} < D, let

m(ar,ag) == ﬁeVl(rzlzﬁ @)E(ﬁ). (3.5)
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Lemma 3.2. Let N <3, 2, <p < 2* and a,a1,a2 > 0. If max{ay,a2} < D, the set 77;1@2
is contained in V (a1, az2) and

m(ay,az) = m*(a1,as) == inf  E(u)= inf FE(u)<O0. (3.6)
TP, )M TEPay

Moreover, there exists €9 > 0 such that for any 0 < e < &g

m(ar,az) < inf E(d).
S(al,ag)ﬂ(Bp* \BP*—E)

Proof. For @ € V(a1,a2), we have

1
3 2
E(i) > h <Z||Vu@-||%> > min h(p) > —oo,
=1

,DE[O,RU]

where Ry and h are given in Lemma 2.2. For a function @ € S(ay, az) "M, there exists sg > 0
small enough such that so x4 € B, and E(so %) < 0. Hence, we get m(ay,az) € (—o0,0).

From Lemma 2.4, we have P . N M C V(ay,az), and then m(a1,az) < +inf E. In
Pif, ap M

addition, if @ € V(a1,a2), sgx U € 73;1,@

E(sg*U) =min{E(s+%):s€R and sxu € V(ay,a2)} < E(0),

C V(a1,az), we get

and it follows that inf E < m(a1,a2). By Lemma 2.4, E(@) > 0 on Py, ,,, so we
P a5 WM ’
conclude that m(ai,a2) = inf E(d)= inf  E(a).
TEPay a9 UEPS, ayM
There exists e > 0 small enough such that, if p € [p* — ¢, p*], we have h(p) > M, and

then
> m(ay,az)
E(@) > h Vu:ll2 | > e, 42) > , ,
P e
for any u € S(aj,az) and p* —e < Zj’ |Vu;]|3 < p*, where in the last inequality we used the
fact that m is negative. O

Let @ belong to H'(RY,C?). E(|d|) < E(u), and by the symmetric rearrangement, see
[9, 31],
IVluil*ll2 < I V]uilllz < [[Vuill2,  [[fuil*llp = [luillp,

/|u1|u2|u3 s/|u1|*\u2|*|ugr*,

where |u;|* is the Schwarz symmetric rearrangement of |u;|, for ¢ = 1,2,3. Then E(|u|*) <
E(]i|) < E(u), where the short notation |u|* stands for |@|* = (|u1|*, |ua|*, |us|*). Let us
consider (v1,vs,v3) € H'Y(RY,R3) a solution to the system (1.4), namely

and

—Avy + Mo = |vl\p*2 v1 + v,
—Avg + Aovg = |Ug‘p_2 V9 + U3y, (37)
—Avz + (A + \o)vg = |v3\p_2 v3 + aviv9.

Denote
Proaras = {0 € H}(RY,R*) N S(a1,az) s.t. P(¥) =0},
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and
+
P’mal ,a2

The notation H}'(RY,R?) denotes the subspace of functions in H*(RY,R?) which are radially
symmetric. We set

= H'RY, R3NP

ai,a2”

m) (a1, a9) := ﬂgﬁinf ™ E(4d), (3.8)
u r,aq,a9

and
W= {i e H (RY,R*) N S(a1,a2) s.t. E(@) =m; (a1,a2)} .

We have the following.
Lemma 3.3. Let N <3, 2, <p<2* and a,ay,a2 > 0. If max{ay,a2} < D, then

m (a1, az) = inf E(u) = inf  E(q).
TEP; 4y 0y M UEPS, ayNM

Moreover, if +inf FE is reached, it is reached by a Schwartz radially symmetric function.
P, M

al,a

More precisely, inf  E is reached by the vector function (e’elwl, ey, e’(el+92)w3) where
Py an WM

W is the minimizer for +inf E and (01,62) € R2.

PT,al,aQ

Proof. It follows from P,

r,a1,a2 al,a2

Cc Pl , that inf E> inf FE.From Lemma 2.4, for

Pilay asNM Pl ay M
any i € S(ay,az) N M, there exists s € R such that s} «@ € P, ., and
inf  E(u) = inf min  E(o ).
ﬁEPCJ[haQﬂM ueS(ar,a2)NM —c>o<o'§suir

For @ € S(ai,az), let W € Sy(ai,az) be the Schwarz rearrangement of (|uil, |uzal, |us|), i.e.
(w1, wa, ws) := (Jur]*, |ue|*, |us|*). Then, we have for all 0 > 0, E(o*w) < E(o*i). Recalling
that W.(0) = P(o i) (see (2.8)), we have

lim ¥(0) < i U.(o) <0 and V(o) <Vli(s) Vo> -—oo.

o——0Q0
It follows that —oo < sg < s:g. Therefore, we have

min FE(o*xwW)< min FE(o*),

—oo<a<s;1t) —oo<a<sg
and then inf E< inf E.
Pilay,agNM P} agNM

First, we set 7 := (ewy, eP2wsy, e(01192qp3) where 6,65 € R and E(w@) = m; (a1, az). Then,
v e S(al,ag) and

3 3
. 1 1 ) . . .
E(i) =5 > Vi3 — 5 > " flwill — aRe/ewlwleZGnge (01+02) s = B ().
j=1 j=1

Thus, {(ewlwl, €2y, e/ 01+02)3) s.t. 01,0 € R, € Wf} cg.
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We claim that for any i@ € G, i := (|u1|*, [ual*, |us|*) € H}(RY,R3)NS(ay, az), the Schwarz
rearrangement of (|u1], luzl, |us|), belongs to Pt .. Indeed, if S8 IVwl|3 < Z?Zl V|3

or Re [wjugtis > Re [ wiwows, then E(@) < E(w). We have

inf  E(u) = inf min  E(o )
UEPT, ,ay M w€S(a1,a2)NM —co<o<st
< min FE(oxwW)< min FE(o*u)
foo<0'§s$ foo<0§sz_
= inf  E(d),

TEPH, ,ag "M

which is a contradiction. In the chain of relations above, we used in order: the definition,
the fact that @ € S(a1,aq), the relation E(d) < E(w), in the last identity we employed
the inequality s;f < s;g, and the fact that w is in the set of ground states G. Therefore,

o € P, and E(w) = E(u). We set u;(x) := i) j =1,2,3. Since |g;] = 1, we get

7,01,a2 [u; (2)]?

Re(w;Va,) =0,
Vg = (V(|uj])) i + Ju;| Vi = a5 (V(|us]) + Jus|i; Vi)

and |Vu;|* = |V (Ju;])[*+|u;]* |V ]?. Since E(w) = E(i), we have E(io) = E(|ual, [ual, |us]),
and it follows that

3 3
S Il — o / oz = 3 V3 — oRe / wruss.
=1 j=1

Since HV\uJ\Hg < HVujﬂg and RefuluQﬂg < f |u||uz||us|, we see that ||V|u]|\|§ = HVUJH%
for j =1,2,3, and

Re/uluQU3 _/|u1\|uQ\|U3\. (3.9)

By a direct calculation [ \uj\ |Vﬂ]\2 =0, and for all z € RY we have i;(z) = 1, then there
exists 0; € R such that u;(z) = €% p;(x) on RY, where p;(x) = |u;(z)|. Notice that

/ o uss] = / 1 (2)p2(2)pa() > 0. (3.10)

Then, combining (3.9) and (3.10), we obtain that Re (ei(91+92_93)) = 1, it follows that
ei1+02) — ¢ifs  Qimilar arguments apply to the Schwarz symmetric rearrangement of the
vector function (p1, p2, p3). Hence, we can prove that (p1, p2,p3) € W,F. Therefore, for any
il € G, we have @ = (101, 20y, /1 492)y3) and 7 € W;t. O

Lemma 3.4. Let N < 3, 2, < p < 2*, and a,a1,a2 > 0. If max{aj,as} < D, then (1.4)
has a ground state solution (A1, Ag,u1,ug, us) with A1, A2 > 0, and @ € S(a1,az) is positive,
radially symmetric, and decreasing.

Proof. By Lemma 3.3, we only need to show that m; (a1, as) is attained. Since m;(ay,as) =

infy (g, q,) F, and using the symmetric decreasing rearrangement, we obtain a minimizing

sequence {w,} with @, € H}(RN R3) N V(ay,az) is decreasing for every n. Moreover, by
Lemma 3.2, E(sg, x W) < E(w,) and sg, * W, € V(a1,a2). Replacing @, by sz, * Wy, we
have a new minimizing sequence s, * W, € Pal ay M. Thus, by the Ekeland’s variational
principle, we can choose a nonnegative radial Palais-Smale sequence {t,} for Elg(, 4,) at
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level m.} (a1, az) with P(i,) = 0,(1) such that lim E(d,) = m; (a1, a2) and E'|g(, 4,) — 0

n—oo
as n — 0o (see also [27, Lemma 3.7]). Since

3
1 1 N
r N =E(i,) == — §j/v'2—1— /
m, (a17a2) +0n( ) (un) 9 P £ ‘ uz,n| 2P’Yp « Ul nU2,nU3 n,

we have that the sequence {i, } is bounded in H} (R, R3). Indeed, using that m; (a1, az) < 0,
by the Holder and the Gagliardo-Nirenberg inequalities,

3

20y, — N
E /’vui,n‘z < }Wp_a/ul,nulnu&n
i=1 P

3
2p’)/p — N 6=N  6-N 3 N
< ———amax{a, > ,a,2 }C(N,p Viinls |-
= 3(pyp — 2) {ay 27} ) ;_1 [Vuinlls

As 2, < p < 2%, we have % < 2 < pyp, hence the boundedness. Then there exists (u1, ug, us3)
such that (w1 p, 2 pn, ugn) — (u1,uz, u3) weakly in HI (RN R3), (Uim, U2, u3.p) — (U1, U2, u3)
strongly in L™ x L™ x L" for r € (2,2*), and a.e. in RY x RY x RY as n — co. Therefore,
u; > 0 are radial functions for i = 1,2, 3.

By the Lagrange multiplier’s rule (see [7, Lemma 3]), we know that there exists a sequence
{(AMnsA2n)} € R x R such that

f vul,nv¢1 + Al,nul,ngbl - ‘u]-yn
S Vuan Voo + Ao ntiandz — |uznP~*ug nd2 — quz nur nda = on(1)||d2ll @),

JVuzn Vo3 + (Ain + Aon)usnds — [uznlP"us nds — aur puz npa = 0n (1)@l g1 @y,
(3.11)
as n — oo, for every ¢; € H'(RN,R) (i = 1,2,3). In particular, if we take (¢1, ¢, d3) =
(U1m, U2.n,u3,p), Wwe have that (A1, A2y) is bounded, therefore up to a subsequence we have
convergence (A n, A2n) = (A1, A2) € R2. Passing to the limit in (3.11), we get that (u1, uz, us)
satisfies

P21 np1 — quz i nd1 = 0 (1)|| 61| g1 ravy,

—Auy + Mup = |u1\p*2u1 + aususg,
—Aug + Agug = |U2‘p_2u2 + aqusuy,
—Aus + ()\1 + Xo)us = ‘U3‘p72U3 + aujus.

In addition, we claim that Re [ujugus > 0. If not, we have
PYp

3 3 3 2
Yo IVaills < v ) lluilly < prpAs (Z IIVUiH§> ;
=1 =1

i=1

__2
and then (py,A;) 72 < 32 ||Vu||3. Moreover, as Pi gy C Var,az), we get @ € By,

and this is a contradiction with max{ai,as} < D. From P(@) = 0, we conclude that

3

N
Allur][3 + Aelluzl3 + (A1 + Xo)||us]3 = Z(l — ) i[5 + (3 - 2) a/uluQU3. (3.12)
i=1
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By P(t,) = on(1), we obtain

3)
: N
= 71]31010 (Z(l — ’yp)Huim ‘g + <3 — 2) a/uLan,nu&n) (3.13)

=1

N
=l + (3-5 ) o [
We claim that u; Z 0, us # 0 and ug # 0.

Case 1. If u; = 0 for any i = 1,2, 3, then [ |u;n[P — 0, [u1nu2nusy, — 0, we have

13+ Azfluzanll3 + (A1 + A2) uzn

Aad + Aoa3 = lim (Ai]juiy
n—od

3
P(itn) = ) [[Vuinl3 = oa(1).
1=1

Therefore,
m:'(al, az) + on(1) = E(iin) = on(1),
and this contradicts the fact that m; (a1, az2) < 0.
Case 2. If u; #0, u; =0 and w; =0, 4, 5,1 € {1,2,3}, then u;j,, — 0 and u;,, — 0 in L”. Let
Ujp = Wip — Ui, Uiy — 0in LP. By the Brezis-Lieb Lemma [8], we deduce that

3

Pitn) = ) Vuinll3 = vplluinllh + on(1)
i=1

Vsl + [Vagll3 + [Vl + [Vl = vl 2+ on(1):
Thus,
R 1
i (a1, a2) + on(1) = E(@,) = (”p - p) lall2 + 0(1) > 0,

which contradicts our assumption m; (ay, as) < 0.

Case 3. If u; # 0, uj; # 0 and u; = 0. By the structure of system (1.4), we get u; = 0 or
uj = 0, so Case 3 does not happen.

Therefore, u; # 0 for all i« = 1,2,3. It remains to show that m. (a1,as) is achieved. From
[26, Lemma A.2], we get A1, A2 > 0. Moreover, combining (3.12) with (3.13), we have

Aat 4 A2as = Aqllur |3 4+ Azlluz|l3 + (A1 + A2) [Juslf3- (3.14)

Since ||u1]|3+||us|3 < a2 and |Juz||3+]jus||3 < a3, it follows from (3.14) that ||lug ||3+]|us||3 = a2
and |luz|3 + |lus||3 = a3, and hence @ € P4, 4. By the maximum principle (see [24,
Theorem 2.10]), u; > 0 (i = 1,2,3). We then conclude that @, — # in H}(RY,R3) and
E(1) = m) (a1, a2).

In conclusion, we have proved that m, (a1, as) is attained by a function @ which is positive,
radially symmetric, and decreasing in r = |x|. Therefore, the proof is complete. O

We look for the existence of (wy,ws,¥) € R? x HY(RY,C3) satisfying (1.10) (see also
[28, 32]) and Q1 () = a?, Q2(¥) = a3. It is important to our purpose to study the asymptotic
behavior of minimizers for m™(aj,as) because somehow (1.10) can be seen as a limiting
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equation of problem (1.4), see Proposition 3.10 below. Then, we find the critical points of
Eo: HY(RN,C?) = R
3

o1 _
Ey(7) := 5 Zl Vs |5 — RG/U102U3 (3.15)
1=
constrained on S(aj,as). Let us observe that in [28, Theorem 1.3], only the case N < 2 is
considered. See also Remark 1.8 in the Introduction. Define
0> mo(al, CLQ) = inf E()(??) > —0Q. (3.16)
UES((ll,az)

We have the following Lemmas.

Lemma 3.5. Let N < 3. For any ai,a2 >0

mo(ai,as) = mo,(a,as) := inf
o(ar,az) o,r(a1,az) Staranth ox gy
In addition, mq(a1,az) is reached by the vector function (1w, e wsy, e01192)q3) where
E(w) = inf E, for some (61,02) € R?.
S(al,ag)ﬂH} (RN,RS)
Proof. 1t is standard to get that mg(a1,a2) < mo,(a1,a2). For any (ui,us,u3) € S(ai,az),
we have (|ug|*, Juz|*, |us|*) € S(a1,as). Moreover, we also have
1 1
Bol@) = Y 51Vl ~ Re [[wrusta = Y JI9 il - [ ool sl sl
i=1 i=1
= Eo(|lw*, lual", lus|*).
Then,
Eo(@) = Eo(lur]", [uz]", lus|*) = mor(a1, a2),
for any @ € S(a1,a2). Therefore, mp(ai,az) > mo,(ai,az). Arguing as in the proof of Lemma
3.3, we obtain mq (a1, az) is reached by the vector function (etwy, 1wy, /?1702)y3) where
Ey(w) = inf Ey and (61,65) € R?. O
() S(ar,az)HL (RN R3) (61,02)
Lemma 3.6. Let N < 3. For any ay,as > 0, mg(ai,az) is reached by a real valued, positive,
radially symmetric, and decreasing function.

Proof. From Lemma 3.3, we consider a minimizing sequence {, } for mg (a1, az). We assume
that i, € H}(RY,R3)NS (a1, az) is radially decreasing for any n (since we can replace u,, with
|tun|*, the Schwarz rearrangement of |u,|). By the Ekeland’s variational principle, there exists
a Palais-Smale sequence {(v1y,v2n,v3,)} C S(a1,a2) N H} (RN, R3), vin >0 (i =1,2,3)
such that ||d@, — | g1 v g3y as n — 00, Eo(th) — mo(ar, az) and

AE0| 5 (ay an)nir @N g3 (Tn) = 0 in H-HRY) x HTHRY) x HTY(RY).

Since {#,} is bounded in H}(RY,R?), up to a subsequence, we assume that (v1 , V2., v3,) —
(v1,v2,v3) weakly in H} (RN, R3) as n — oo. For N < 3, 4, — #'in L3 x L? x L3 by compact
embedding of H}(RY) < L3(RY). See [11, Proposition 1.7.1] for the 1D case and sequences
of non-increasing functions. By the Lagrange multiplier’s rule (see [7, Lemma 3]) there exist
{(w1n,w2n)} C R xR such that

dEo(Un) — (wl,nvl,n,w27nvg7n, (wLn + Wan)Ugvn) — 0 in H_I(RN) X H_I(RN) X H_I(RN),
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and then {(win,w2 )} is bounded, and w;, — w;, i = 1,2 as n — oo. Therefore, ¥ is a
nonnegative solution of

—Avy + w1 = V32,
—Avy + wovg = V301, (317)
—Avg + (w1 + (,UQ)Ug = V102.

Moreover, the Pohozaev identity for solutions of (3.17) is given by

> N
H) = Zl vazug — 5 /1)11)2?}3 = O,
1=

then we have

N
wiad + waay = <3 - 2) /U1U2U3 = wi (Jv1l3 + [lvsll3) + w2 ([[v2ll3 + losl3) . (3.18)

We show that v; #Z 0, v9 # 0 and v3 # 0.
Case 1. If v; =0 for any i = 1,2,3. By Py(,,) — 0, we have

0 > mo(ai,az) = hm 72 |Vv; 013 — 0,

which is a contradiction.
Case 2. If v; #0, v; =v; =0, ¢,5,0 € {1,2,3}. Then, if w; > 0,

—Av; + wv; =0,
a contradiction. If w; < 0, we get
—Av; >0, v € L2,

It follows from [26, Lemma A.2] that v; = 0, which is a contradiction with respect to the
assumption.

Case 3. If u; # 0, u; # 0 and u; = 0. By the structure of system (3.17), we get u; = 0 or
uj = 0, so Case 3 does not happen.

By the same argument as in the proof of Lemma 3.4, we have wi,ws > 0. Then, by
the strong maximal principle, @' is a positive solution of (1.10). It follows from (3.18) that
v € S(ay,az2). Hence, Ey(¥) = mo(ay,az). O

Remark 3.7. As already mentioned in Remark 1.8, a straightforward modification of the
proof of Lemma 3.6 solves a problem left open in [28] in the case N = 3. Indeed, instead of
considering the minimization problem (3.16), we consider as in [28] the problem

EO(V?#» 5) := inf {EO(U) st. U € HI(RNaC3)> ”U1||% =7 HUQHg =K, HU3||% = V} )

and a similar analysis as the one in Lemma 3.6 gives a positive answer to [28, Theorem 1.3

(ii)] in the three-dimensional case. In addition, if 2, < p < 2*, under scaling transformation,
N 2
ofmﬁ(ofmx> — ¥ in HY(RN,C3) as a — 0, where @ € G and ¥ is a ground state of

(1.10) on S(ai,az) (see Proposition 3.10).
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In the following, we derive an improved upper bound of m, (a1, ag) when a; = ay. Indeed,
we show in Lemma 3.8 below, that m; (a1, a1) is not only negative, but bounded away from
zero. Compare (3.6) and (3.23). We consider the problem

—Au A+ = au?
U+ Au = au”, (3.19)
Juf? = a?,
where a,a > 0. Define
1 o
Jo(u) = 511Vullz = Slluls, (3.20)
then solutions u of (3.19) can be found, see [38], as minimizers of
0> mo(a) := inf Jo(u) > —o0, (3.21)
ueS(a)

where A is a Lagrange multiplier, and S(a) := {u € H*(RY,R) s.t. [u? =a?}. From [3], we
obtain that (3.19) has a unique positive solution (\, u,) given by

2
2,2\ I—N A
A= <M> , Uy = *U}(}\%ZL’), —Aw + w — w2 = 0’ (322)

[wll3 o
and we recall that w is unique and positive. We have

(@) 4—N (a2 >4—2N (S,
mopla) = — a =N <.
2(6 — N) \[Jwll3

Lemma 3.8. Let N <3, 2, <p < 2", and a,a1,a2 > 0. If a; = as < D, then

m™T (a1, a1) < 3mg (\61/15) < 0. (3.23)

Proof. myg (%) is achieved by u; € S (%) and 4 is radially symmetric and decreasing, see

[12]. By adopting the same notation as in Lemma 2.2, we have

6—N N
2

1 a 6=N
hip) < ha(p) == 5p" = SC*(N,p)ay * p2, (3.24)

where, by Holder, we have that

3
— (6%
oRe [ s < allurlafuzlfuels < § Y [l
i=1

1
3 2
With calculations similar to the ones in (2.13), Jo(@) > hy (Z ||Vqu%> ) By direct
i=1
calculations, there exists 0 < p < Ry such that hj(p) = 0. Then, we have
3| Viull3 < p* < Bg < ()"

Since h(Rp) = h(Ri) = 0, by the monotonicity of h(p), we deduce that (u1,d1,%1) €
V(ay,a1). It implies that

m*(ar,a1) = inf E(@) < E(uy, 0y,71)
ﬁEV(a1,(l1)

~ 3 ~ aq
=3Jo(tu1) — —||a1]|p <3mo | —= | -
o) = ity < 3mo (21)
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Hence, the proof is complete. ]

Lemma 3.9. Let N < 3, 2, < p < 2%, and a,a1,a0 > 0. If a1 = ao < D, then for any
ground state @ € S(ay,a1) of (1.4), for ay — 0 we have, up to a subsequence,
(om*lul(kféx), O[Iﬁil’U,Q(Hi%x), cmilu?,(/iféx)) — 7y in HY (RN, C3),

where ¥y is a ground state solution of Ey constrained on S(v/2||w|l2, v2||w|l2), w is defined
4

n (3.22), and kK = (\/%ﬁj)”)m.

Proof. Fix a > 0. For any {a,} € R" with a,, — 0% as n — 400, let @, € V(an,a,) be a
1
minimizer of m* (an, a,), where V(a,,a,) = {ﬁn € S(an,an) NM: (Z?Zl HVuH%) P < p*}.

By Lemma 3.4, we get that i, is a ground state of E|g(,, 4,)- Then the Lagrange multipliers
rule implies the existence of some A g4, , A2, € R such that

f vul,nval + Al,anul,nal - |U1,n|p_2u1,n$1 = aRefu&nﬂZ,nal»
[ VuanVoy + X0, 2,10y — [t2n]P~2ug,ndy = aRe [ ugnn ndo, (3.25)
[ Vusn Vs + (Man + A2,a0)Usnds — |Us P~ 2usnds = aRe [ ug nuz s,

for each ¢ € H'(RN,C3).

We claim that

L= < a2N(p - 3)
Y \N((p—-2)—4

4 4

4
4-N
CB(N,]))> N> A an Tt A9 an > 6KNCL4 N, (3.26)

2
2

where Ky 1= =2 (O‘i)m Indeed, it follows from (3.25) that

4(6—N) \ 2[|wl3
3 2(6—N)
(>\1 an t )\2 an Z Hvuz nHQ + Z ”uz n”p + 3aRe / Ul,nUZ,nHS,n > 6[{NanéliN

Since P(ii,) = 0, by Lemma 3.8 we have

3
. 1 1 -3
E(dy,) = (2 - ) E ||Vum||% — zi_ ZQRe/uLan,nu&n

P/ o
3
4 N 2 1 3.27
- Z||Vum||z+7p (3 = o ) 3 sl (@20)
P/ =1
2(6 N)
<—3KNan4_N

It follows immediately that

6N 260) a2N(p—3 1 =
mKNan N < ZHVUZ n||2 <(_(2)_)403(N,p)> an4 N . (328)
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Hence, combining with P(i,) = 0, we obtain that

N
(Aap + A2,0,)a2 = < - 1) Z IVuinll — < 2) aRe/ul,nu2,nU3,n

x  2(6-N)

-7 (a2N(p—3) 3 ) =
< C°(N,p an .
Tp N(p-2)—4 ( )
The proof of claim (3.26) is complete.
Define now

=

_ 1 1
V1 = ki g (K 2T), Vo = aky tug (ke x),  and  wg, = ak, tuga (ke 2T), (3.29)

4

where Kk, = (\/g‘”‘z”Z)m. Then, for i =1, 2,3,

5 2||w|2
[Vinl2 = kn 2 aP|uin|2, 2 2wl

N
vaz nHZ = Kn?
n

Therefore, for a, — 0 as n — oo, we have

3
6—N 2p—N
m+<aman) + On(l) - E(un) = Kn”’ 04_2E0(17n) — Kp 2 a—(p—2) Z ‘
=1

N 2(6—N)
> 0 g (Valull VBl + o (0, )

2p—N 2(2p—N)
where we used the definition of k, to have k, 2 ~ a,* " , then we can estimate the
2(6—N)
remainder with o(a,*™" ), as p > 3.
From the definition of mq(v/2||wl|2, v2||w]|2), for any & > 0, there exists iy € S(a1,az) such

that

Bo (@) < mo (V2lulls, vV2]ulls) +=.

1
Let u; q, = mna_lvw <m% x) for i = 1,2,3. Therefore, i,, € V(an,a,) for a, small enough.

Then

m* (an7 an) = inf E(ﬁ) < E(Ul,ana U2,ay, 5 U3,an)
UEV (an,an)

67N 2p—N

< Kp? 2Eo(vo) +kn? « pz l|vi, oHp

6-—N 9 2(6—N)
<rn? a2 (mo(V2luwlla, V2luwllz) + ) +o<an4N >

for all € > 0 and a,, > 0 small enough. Therefore,

2(6—N)
1 (an an) = Ra® a~mo(v2|wla, V2 ||w||>+o(an = )

This implies that {@,} is a minimizing sequence for mg (v2[|wl|2, V2|jwll2). If {u,} is a
minimizing sequence of m* (an,ay), E(i,) = m™*(an,a,) + o(1). By the definition of {&,},
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see (3.29), we have
1 2(6 n)
E(7,) = E(ak, @n(kn*2)) = mo(V2||w]l2, V2|lwll2) + o(an™™),

e., {v,} is a minimizing sequence of ma(v/2|wl|2, v2|lwl|l2). Up to a subsequence, there
exists a radially symmetric Palais-Smale sequence {z,} such that ||z, — ¥,| HIRN,C3) =
on(1). Similar to the proof of Lemma 3.6, up to translation, there exists a minimizer vy
for mo(v/2||w||2, v2||wl|2) such that &, — ¥y in HY(RN,C3). Indeed, by Lemma 3.6 for any
minimizing sequence of mq(v/2||w||2, v2||wl||2) , there exists a compact subsequence. O

Proposition 3.10. Let N < 3, 2, <p < 2%, aj,as > 0, and suppose that max{aj,as} < D.
Let {an} be a positive sequence with oy, — 0 as n — oo, and let i, be a minimizer for
m*(ay,as) (with « = ay, > 0), up to a subsequence,
N 2
Ty o= an "V, <an4 N ) -7 in HY(RY,C?),
where U is a minimizer of mo(a1,asz).

Proof. Let {ay,} C (0,00) with o, — 0. From the definition of mg(a1,as), for any € > 0
sufficiently small, there exists ¥y € S(a1, az) such that Ey(ty) < mo(a1,az)+e. Let ujq, (z) =

N 2
an N vjo <aﬁNx> , (7 =1,2,3). As the calculation in (3.24), we have (u1,a,,,U2,0, U3,a,) €
V (a1, az), and then

m*(a1,a2) =  inf  E(@) < E(u1,a,, U2,0,, U3,0,)
ueV(al,CLg)

1 N@=2) 4 (3.30)

< aF B0+ an Y ool < o (mofana2) + €) + (T,
J=1
for all € > 0 and «,, > 0 small enough.
Let i@, € V(a1,az2) be a minimizer of m*(ay, ag) for a;, > 0. Then, combining (3.30) and
the same argument as in (3.27)- (3 28), we can prove that there exist C1,C2 > 0 such that

N 4— N
Cian ™V < ZZ_ 2 < Oya,™N . Define
N 2
U 1= N Uy, (an 4= Nx) .

Then, @, € S(a1,as2), and there exists C' > 0 such that for all a,, < 1, 2?21 [Vvinl3 < C.
Hence,

N(p 2) 4

mt (a1, a2) + 0,(1) = E(ily) = an ~ | Eo(#,) — ZHUWHP

Thus, it follows that
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This implies that {7, } is a minimizing sequence for mg(a1,a2). Up to a subsequence, there
exists a radially symmetric Palais-Smale sequence {0, } such that ||0, — || g1y 3y = on(1).
Similar to Lemma 3.6, there exists a minimizer ¢ for mq(ai,az) such that o, — T in

HY(RN,C3). O

3.2. Mass-critical case. In this subsection, we deal with the mass critical case p = 2, =
2+ %. As in the previous sections, «,a1,as are positive. We recall the decomposition of
Parar = Py ay UPS, 4y UPa, 4y a8 in Section 2, see (2.9). From the definition of Py, ,,,
W(0) = WZ(0) = 0, then necessarily u; = 0 (i = 1,2,3). Therefore, Py ,, = 0. Similarly
to Lemma 2.3, we can also check that Pg, 4, N M is a smooth manifold of codimension 1 in
HY (RN, C?).

ie.,

N N+2

Lemma 3.11. If max{ai, a2} < (832)* (C(N,2,))”" 2 and aj,az > 0, for all @ €
S(ar,a2) N M, there exists oz such that og x i € P, a,. Further, oy is the unique criti-
cal point of the function Wz and it is a strict minimum point at negative level. Moreover:

(i) Wy is strictly decreasing in (0,07),
(ii) Pay.ap = lem and P(i@) < 0 if and only if oz < 1,
(iii) the map i — oz € R is of class C'.

Proof. (i) Since p = 2., we have, see the definition of ¥ in (2.8),

3
1 N N _
\Ifg(s) = 52 Z <2||Vu2||% — 2]\[4_4“’%”%’;) — 852 aRe/uluQU3

i=1

2 3 2+i
N (C(N,2,)2F ¥ PR N
> % (;HV'LLZH% (1_ ( (Na—’_;) maX{G{V,CLQN }>> —SgaRe/u1u2u3.

(3.31)
Note that, for any @ € M, sx i € Py, 4, if and only if ¥~(s) = 0. From the latter property,

2+ 4 4 4
if 1— Wmax{a{v,aé"} is positive, then ¥3z(s) has a unique critical point oz,

which is a strict minimum point at negative level. Therefore, under the bound condition on
max{ai, a2} as in the statement of the Lemma, we have that
3

1 9 N 2,
ZZ; <2HVWH2 - m”ui 2*> > 0.

(ii) If @ € Pa, 0, MM, then o is a minimum point, we have that ¥/ (o) > 0. Since Py, ,, =0,
we have i@ € P, .. Finally, ¥.(s) > 0 if and only if s > o, then P(i) = ¥7(0) < 0 if and
only if oz < 1.

(iii) To prove that the map @ € S(ai,as) N M +— oz € R is of class C', we can apply the
Implicit Function Theorem as in Lemma 2.4. ([

Lemma 3.12. Let N < 3, assume p = 2,, and let a,a1,a2 > 0. We have the followings:
N
(i) if max{a1, a2} < (8F2)* (C(N, 2*))7¥, then

—oco < mT(ay,az) = inf E(u)= inf E(u) <0,
GEPT, ayNM ueS(ar,a2)
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ez

(ii) if min{aq, a2} > (NT) (C(N, 2, )) , then
inf  E(ud) = —oc.
w€S(a1,a2)

Proof. (i) If 0 < max{ai, a2} < (N+2) (C(N,2,))" = , from (3.31), we have E is coercive

on S(ay,az), it follows that m™ (a1, as) > —oco. For @ € 73;1 ay» then

N
> — s2aRe/u1uQU3.

N M with s > 0 small enough. Therefore, we know

3
o 1
E(s*u>=32§j(21w|% sl
=1

Hence, E(sx i) < 0 for every u € 73;“1 as
that m™ (a1, a2) < 0.

(i) If min{ai,as} > (NT) C(N,2 ))—W’ there exists @ € S(a1, az) such that E(@) <0
(see also [38, Section 3]). USlng (3.31), we deduce by taking the limit, that inf E =

S(a1,a2)

—00. OJ

MZ

We state the following Lemmas, whose proofs are similar to the ones for Lemmas 3.3, 3.5,
and Lemma 3.9, respectively.

Lemma 3.13. Let N < 3. For p = 2,, m*(a1,a2) = m;(a1,az2), where m(ay,as) is

given by (3.8). In addition, inf E(d@) is attained by (e¥1wy, e wq, e +92)13) where
Pif ay M

E(u‘i) = inf E(U) and (91,92) € R2.
TEPH 4y, ayM

Lemma 3.14. Let N < 3, assume p = 2., and let a,a1,a2 > 0. If max{aj,as} <

N 2
(D32) 4 (O(N,2,))~ =i , then E|g(q, ay) has a critical point @ at m* (a1, az), and @ is real
valued, positive, and mdmlly symmetric for some A1, Aa > 0.

Lemma 3.15. Let N < 3, assume p = 24, and let o > 0 and a1 = a9 > 0. If0 < a1 <

N
(A2) T (C(NV,2.)” =B , then for any ground state @ € S(ai,a1) of (1.4), let a; — 0, we
have
1 1 1
(aﬁflul(ﬁfﬁx), ak tug (k72 2), aﬁilng(liiﬁ.%’)) — 7y in HY (RN, C3),
4

where Ty is a minimizer of mo(v/2||wl|2, v2||lwl|2), w is given in (3.22), and k = (\/g"m'z)m.

We are now in position to prove the first main result of the paper, namely Theorem 1.

3.3. Proof of Theorem 1. We start with the intracritical case, 2, < p < 2*.
(i) It follows from Lemmas 3.3 and 3.4 that there is a local minimizer of E on V(ay,as2).

(ii) We shall prove that the set G defined in Introduction is orbitally stable. By contradiction,
suppose that there exist g9 > 0, a sequence of times {t,} C RT, and a sequence of initial
data {t,} C H'(RY,C?) such that the unique (for n fixed) solution 1y, , (t) to the problem

(1.1) with initial datum @Zwo,n (0) = o satisfies

. - 1
dlStH1(RN’(C3) <w0’n,g> < - and distz (RN C3) (¢1/)0n< n)s ) > €9
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Without loss of generality, we assume zﬁo’n € S(a1,az). Denote zﬁwo’n(tn) by #,. Then by the
conservation laws (1.2) and (1.3), {@,} € HY(RN,C?) satisfies Q1 (i,) = a2, Qa(iln) = a3
and E(i,) — m* (a1, as).

We shall prove that for any n € N, 1/711,0@ (t) is globally defined in time and 1/711,0@ (t) €
By~ for any t > 0, recalling that p* is given in Lemma 2.2. Since 1[))07” € B, if 1[_)’%7” (t)
leaves the set B, there exists t1 € (0, Tmax) such that zﬁw’n(tl) € 0B+, where Tiax is the
maximal forward time of existence for the solution 1/_)‘%771. By (2.13), we have E(@Z_J)w()’n (t1)) >
h(p*) > 0, contradicting the conservation of the energy. If Ti,ax < oo, by the blow-up
alternative lim, ;. (Z?zl ||7/_;¢0,n(t)||%2(RN)> = 00, then there also exists t2 € (0, Tiax)

such that on’n (t2) € OB,+. Analogously to the proof of the fact that on,n (t) € By, one
shows that Ti,ax = +00. This implies that solutions starting in B,+ are globally defined in
time. By Lemmas 2.2 and 3.2, if max{aj,as} < D, we thus get

T(ay,as) = inf E(@) =inf {E(@) st. 4 € S NB 1 N ML
m™ (a1, az) . S (@) = inf { E(@) s.t. @ € S(a1,2) N Buax{a, a2} D-1p }
A similar analysis to that in the proof of [28, Theorem 1.2] and [38, Theorem 1.4}, yields strict
sub-additivity of E on V (a1, a2) = S(a1, az) N B, N M. Moreover, combining m™(aj,a2) < 0
with E(i@,) — m™ (a1, as), we have that @, € M. Therefore, there exists @ € G such that
i, — @ in H'(RN,C?). Since the set of ground states G is invariant under translations, this
contradicts the equality dist g1 (gn csy (Un, G) > €0 > 0.

(iii) The third point of the Theorem follows from Lemma 3.9.
(iv) The last point follows from (3.28).

We turn now the attention to the critical case. For p = 2, we have that (i), i.e., existence
of minimizer of m™ (a1, az), follows from Lemmas 3.13 and 3.14; the orbital stability of G
as in (ii) can be proved following [1, Theorem 1.4] or [28, Theorem 1.2]; (iii) follows from
Lemma 3.15.

We conclude with the proof of (iv). By recalling that the ground state has a negative energy,
by using the estimate in (2.13) with p = 2, we obtain

3 24+ 4
— 1 2 N(C(N, 2*)) N 4 4
0>E(u)22;\VuiH2 (1— ) max < aq', as’

NP3

6-N  6-N 3
- %C?’(N, 2*)max{a12 Qg 2 } (ZHV%H%) ;
i=1

N
1

then, if @« — 0, we have
4
N (C(N,2,))*w 44
(1— ( (N?—FZ)) max{af,a?})

1< .
3 (v

i=1

a3 6-N  6-N
<§C’ (N,2,)max<a; > ,a,> p—0.

The proof is complete.
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4. PROOF OF THEOREM 2

In this section, for a,ai,as > 0, 2, < p < 2* for N < 3, we study the existence and
properties of the second! standing wave solution of (1.4). Define

m~(a1,a2) = inf E(4).
TE€Pay
By Lemma 2.3, if max{ai,a2} < D, we check that Pg, . is empty. Similar to the proof

of Lemma 3.3, we get that if max{a1,a2} < D, then inf;,_,-  FE(d) = inf E(u).

T,a1,a9 uept;l,ag
Furthermore, inf E(@) is reached by the vector function (etwy, e¥1ws, € ?1702)5) where
Pa_l,a2

@ is the minimizer for inf E and (61,60) € R? and P, — p-

r,a1,a2 a1,a2

N HN RN, R3).

Pr,aq,a9

Lemma 4.1. Suppose that max{ai,a2} < D, a,a1,a2 > 0, 2, < p < 2* and N < 3, then
there exists ag > 0 such that

0<m (aj,a2):= inf E(d) <min{m(a1),m(a2)},
T€Pay a

for any a > ag, where m(a1) and m(az) are defined in (3.4).

Proof. For any © € P_.

a1 .ay0 S€€ Lemma 2.4, we have

N

3
E(@) = Ug(0) > Uy(og) = E(og @) = h | 0z (Z \Vui||§> > 0,
i=1
and then inf,- £ > maxg h > 0. For fixed a1, a2 > 0, by Lemma 3.1, m(b) is achieved by
ay,a
up € S(b)NHY (RN, R3) for any 0 < b. Let u1 be the positive solution of (3.1) with parameter
|lu1]|3 = b2, ug be the positive solution of (3.1) with |[ua||3 = a? — b? and usz be the positive
solution of (3.1) with |lus||3 = a3 — b*>. We have (u1,uz,u3) € S(ai,az), and it is easy to see
that

J(sxup) =0 and J(sxuz) —0 and J(s*ug)—0, ass—0,

see (3.2) for the definition of J. Therefore, there exists an sy > 0 small enough which is
independent of « such that

max F(s * (u1,ug,uz)) < max J(s*uy) + J(s*u2) + J(sxus)

s$<So s<50

< min{m(a;), m(a2)},
as both m(a1) and m(as) are strictly positive. If s > sg, then the interaction term is bounded

from below as in the following:

N

/(s*uﬂ(s*m)(s*u;:,) — 52 /U1UQU3 > Ksg,

IThe first solution obtained in Theorem 1 is a ground state solution (local minimum point). The
second solution we are going to prove the existence, is a mountain pass solution.
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where K > 0. Thus, we have

N

max E (s * (u1,ug,u3)) < maxJ(sxuy) + J(sxuz) + J(s*uz) — aKsd
$>50 5>50

<m(b) +m (W) +m <m) —oaKsO%.

From Lemma 3.1, m(b) is strictly decreasing for b > 0, then m(b) > max{m(a1),m(az2)}. It
is clear that there exists ag > 0 such that

n;axE(s * (ug,uz,uz)) < min{m(ai),m(az)} forall o> ap.
$>50

Hence, the proof is complete. ]

Lemma 4.2. Let max{aj,as} < D, aj,a2 >0, 2, < p < 2* and N < 3. There ezists oy > 0
such that for all o > ag, m~ (a1, az) is achieved by some U, which is real-valued, positive,
radially symmetric and decreasing.

Proof. Similarly, we only need to show that m, (a1, az) is attained. If N = 2,3, for F|g(

a1,a2)
with a radially Palais-Smale sequence at level m, (a1,a2) and P(u@,) — 0, we refer to

[3, 13, 27, 38]. If N = 1, combine [38, Remark 5.2] with [13, Lemma 3.1] with the nec-

essary modifications. Therefore, we can choose a nonnegative and radially symmetric Palais-

Smale sequence {u,} for m, (a1, a2) with P(d,) = o,(1), i.e. lim E(@,) = m, (a1,a2) and
n—oo

E'|(ay,a2) = 0 as n — oo. Similar to the proof of Lemma 3.4, we have that sequence {1} is

bounded in H*(RY,C?), and there exists (u1, uz, u3) such that (Ulm, U2, U3.0) — (U1, U2, u3)

in HY(RY,C3). Hence, u; > 0 are radial functions for all i = 1,2, 3.

We claim that u; # 0, ue # 0, and ug # 0.

Case 1. If u; = 0 for any ¢ = 1,2, 3, then [ |u;nP — 0, [uinu2nusy, — 0, we have

3
P(iin) = Y | Vuinll3 = oa(1).
1=1

Therefore,
m, (a1, az) + 0n(1) = E(in) = o0n(1),
this contradicts the fact that m™(ay, as) > 0.
Case 2. If u; #0, u; =0and w; =0, 4, 5,1 € {1,2,3}, then u;,, — 0 and u;,, — 0in LP. Let
Uiy = Uim — Ui, Uiy — 0 in LP. By the maximum principle (see [24, Theorem 2.10]), u is a
positive solution of (3.1). By the Brezis-Lieb Lemma [8], we deduce that
3

P(itn) = ) Vuinll3 = wplluinllh + on(1)
i=1

= V|3 + Vusnls + Vil + Va3 = vplluilly + o0n(1)-

Since w; satisfies P(u;) = ||Vuil|3 — vplluillh = 0,(1), we have

_ . 1 1
m, (a1,a2) + on(1) = B(tin) = 5[ Vuill3 - pllally +on(1)

~ 1
- <2p - p> lillp + 0n(1) = m(lluil2).
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which contradicts our assumption m,. (a1, as) < min{m(ay), m(az)} if o > ayp.

Case 3. If u; # 0, u; # 0 and u; = 0. By the structure of system (1.4), we get u; = 0 or
uj = 0, so Case 3 does not happen.

So we can apply a similar argument as the proof of Lemma 3.4. Therefore, we then conclude
that @, — @ in H}(RY,R3) and E(@) = m. (a1, as2). O

At this point, we study the semi-trivial limit behavior as a; > 0 and as — 0.

Lemma 4.3. Let a,a1,a2 > 0, and 2, < p < 2" for N < 3. If ay # 0 is fixed and as — 0
(a1 — 0 and ay # 0), then for the second solution U of (1.4), up to a subsequence, we have
m~(a1,az2) = m(a1), and

(Efﬁm <R*%x> 702(90),1)3(95)) = (w,0,0) in H'(RY,C?),

p—2

2\ 3>
)2 "% and wy, is the positive radial solution of —Aw +w = |w[P~2w.

ay

where kK = <72
llwpll3

Proof. An analysis similar to that in the proof of [28, Lemma 2.6] show that for aj,as >
0, m~ (a1, a2) is continuous at (a1,az). By Theorem 2, for ai,,az, > 0, there exists
(U1, U2, u3n) € HHRN,C?) N S(a1,n, az,) such that

P(i,) = 0,(1) and E(ty,) = m™ (a1,n,a2.)
provided « is large enough. We assume that ai, — a1 and a2, — 0. Then we have that
u1.n]l3 — a2, |luznl? — 0 and [Jus,||3 — 0, and 4, is a bounded sequence in H'(RM R3).
There exists u; € HI(RN,R) such that w1, — u1 and uz, — 0 and u3, — 0. Therefore,

we have f U1 pU2,u3, — 0. Moreover, by the Lagrange multipliers rule there exists w, € R
such that

/Vul,nvw - )\nul,nw - ‘ul,n|p72ul,n¢ = On(l)"¢“H1(RN)7

for all ¢ € HY(RY,R). The choice 1 = u1, gives

Anaf = |[Vurnll3 — lurnllf + on(1).

And the boundedness of {i,} in H'(R™,R3) implies that {\,} is bounded as well, thus
An — A1 € R. Similarly, since [Jug,||3 — 0 and ||us,|3 — 0, we have ugpn,u3, — 0 in
H'(RN,R). Recalling that P(i,) — 0,

3
on(1) = P(idn) = Y [IVuiall3 = wpllurally + 0n(1) = lurnll3 = vpllusmllf + 0n (1),
i=1

we have
Anai = (1 =) [[urnllf + on(1).

Since 7, < 1, we deduce that Ay > 0 with equality only if u; = 0. But u; cannot be identically
0 because E(i,) # 0. Then, up to a subsequence, A\, — A; > 0. By weak convergence, u; is
a radial weak solution of —Au + A\ju = |u[P~2u. We infer that

/ IV (i — un)2 + Mfurn — il = on(L),
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then w1, — up in HY(RY,R). In addition,

(i) = gl = Sl + 0ul1) = 5 (1= ) sl + (1)
— 1 1 1 p —
=5 (1= 2) bl + o) = m(an) + 0u(0)
p
. JU ~ 1 a? 25_2 . o .
By rescaling, uy = rkp2w,(k2x) where i = <|Iw;||§) " and w, is the positive radial
2,

solution of —Aw + w = |w[P~ O

Proof of Theorem 2. (i) It follows from Lemmas 3.3 and 4.2 that there is a mountain-
pass critical point of E' on S(aj,a2). Therefore, there exists ¥ € S(ay, az) such that E(7) =
m~ (a1, az).

(ii) It follows from Lemma 4.3.

5. PROOF OF THEOREM 3

In this section we prove the global existence result. We observe that the following identity
holds true:

B - ) =3 (1- =) Z Ivol-a(1- L) Re [orvaty G

PYp

recalling the definition of the energy (1.2) and the Pohozaev functions in (1.12).

Proof of Theorem 3. From Chapter 4 in [11], we get that (1.1) is locally well-posed,
therefore, 1/_)' eC ([O, Tmax), HH(RY, (Cg)) for some Thax > 0, and by the blow-up alternative
Tmax = 400 or Y0 |[Vei(t)||3 — +o00 as t — Tipa. We assume by contradiction that
S8 IVi(t)]|3 — 400 as t — Tipay. We omit the time dependence when no confusion may
arise. By the Gagliardo-Nirenberg inequality,

B() ~ - P()

3

< _ p'2y> Z Vi ||3 — o (1 — ) Re/d}l%%
(1 - j) S IVl - SCHN.p) max{af a } (Z HWHz)

i=1
Therefore, we have

N =

&=z

>

N =

E({(t) - }T%P(J( ) = +oo ast = Ty,

and by conservation of the energy, it follows that P(1)(t)) — —oo as t — Ti, .
We claim, with a strategy as in [38], that there exists K > 0 such that ¢ Jo < 1 for all
Jo € S(al,ag) with P(Jo) < —-K.
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We separate two cases. At first, suppose that 1/70 € M, then by the Gagliardo-Nirenberg
inequality,
P

N 3 2 P—Pp P—PYp 3 2 2
Pwo)zZuvwo,iug—vpcpw,p)max{al2 P } S Vo3

i=1 =1

3 T
Na 6-N 6-N
_ 7C?’(N,p) max {al 2 ay } (Z Vo i %) .

i=1

1
. 3 2
This implies that P(¢) > ¢ ((Z ||V1/107,~||%> ), where
i=1

pP—pPp 6-N  6-N

) P—PYp NOé 3 N
9g(y) =y —’pr'p(N,p)maX{a1 2 oLay }ymp—20 (N,p)max{a12 Ly ° }y2.

As in the proof of Lemma 2.2, under the assumption of max{ai,as} < D, there exists
Rs, R3 > 0 such that g is positive on (Rg, R3). Since lim,_,o+ g(y) = 0~ and g is continuous,
there exists K > 0 such that g(y) > —K on [0, Rz]. From Lemma 2.4, we get that 570 is the
local minimizer of ¥ Jo? and hence

inf  sU (s)= inf P(s
se(l[ils«o)s 1/’0(8) SE(IOI,ISJO) (S ¢0)

SE(O,SJO - y€(0,R2)

1
3 2
> inf 9 H(ZHVM%) > inf g(y) = —K.
=1

We assume by contradiction that P(¢y) < —K but tpo = 1. If1€lsz tz] then we have
P(h) = \I’IJ (1) > 0, which is impossible. If s > 1, it follows that
0
_ ) — Pl > ., >
K > P(vy) \Il%(l) > se(lor,lsf%)squo(s) > —K,

which is a contradiction.
Secondly, suppose that Jo g M,lett T be the unique critical point of the function Wz which is
a strict maximum point at positive level. Then ¢ <1 for Yo € S(a1,as) with P() < —K.
Thus, the proof of the claim is complete.

Since P (J(t)) — —o0 as t — T,,., by the above claim and Lemma 2.4, it gives that

max’

t D Toan—g) < 1 if £ is small enough. It follows from P(@Z_fo) > 0 that ¢ Do > 1, and since
o > t.;, 1s continuous in HY (RN, C3), then there exists 7 € (0, Tinax) such that tim =L

ie., 1/7(7') € Py .ap- The conservation of the energy and the assumption on E(JO) yields

inf E > E({y) = E({(7)) > inf E,

P‘:l a2 P‘:l a2

which is a contradiction.
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6. PROOF OF THEOREM 4

In this last section, we prove that the conditions in Theorem 4 are sufficient to have
formation of singularities in finite time, as well as the instability result. The Pohozaev
function P below is defined in (1.12).

Lemma 6.1. Under the assumption of Theorem 2, let 1(t) be the solution of (1.1) with
initial datum g € S(a1,a2), P(o) <0 and E(¢g) < inf E(¥). Then there exists n > 0 such
that P(¢(t)) < —n < 0 for any t in the mazimal time of existence.

Proof. Similar to the proof of Lemma 2.2, ¢ T is the unique global maximal point of W To? and

U ;. is strictly decreasing and concave in (t o ,+00), see (2.8) for the definition of W. From

38, Section 10], we have the following claim, if ¢ € S(a1,as) and tz, € (0,1), then

P() < E() — inf E. (6.1)

73(1_1,0,2

Let 1(t) be the solution of (1.1) with initial datum (0) := 1, defined on the interval
[0, Timax). By continuity, and P(tg) < 0, provided ¢ is sufficiently small we have P(¢(t)) < 0.
Therefore, from (6.1),

P(p(t)) < E(Y(t)) — inf E=E() — inf E=:—n<0, (6.2)

Payag Pay,ay
for any ¢. Hence, we deduce from the continuity that P(4(t)) < —n for all t € [0, Tmax).
The next result is a refinement of the Lemma 6.1.

Lemma 6.2. Under the same hypothesis of Lemma 6.1, there exists a positive constant § > 0
such that

3
P((t) < =0 ) [Ve(t)]l3.
=1

Proof. From the proof of Lemma 6.1 we already know that there exists a positive n > 0
such that P(¢(t)) < —n in the maximal time of existence of the solution, see (6.2). By the
algebraic relation (we omit the time dependence on 1);)

B - P = (1- p) Z 96l - (1= 25 ) e [ v,

Pp

we have that

3

Py
S Il =22
i=1 Pip—

L1 _3 _
(E(¢) - —P )+04;;_2R€/¢1¢2¢3> :
Therefore,

- - 26 - 26pry », 2a0pypp—3 3
P s=(1- P — "2 F L
)+ 01931 = (1= 205 ) PO+ 2B )+ 22 ke [ (0
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By the Hoélder and the Gagliardo-Nirenberg interpolation inequalities, jointly with the con-
servation of the masses, see (1.3),

=1

3 N/4
/wmwg < enllsliallslvsls < (V1) ValalVes)2) ™ < <Z IIV¢z!\§> :

For N =2,3, N/4 < 1, and hence by the generalized Young’s inequality

5 2apyy, p—3
Py —2p—2

3
— 0
Re [ vy <33 19wl + o

By inserting the above estimate in (6.3), and using the conservation of the energy, we get

3
- 0 26
P(y(t) + = (WF<—(1- §
() + 5 S IV < (1- 225 ) o oc
and by choosing ¢ sufficiently small, we obtain the desired result, as the right-hand side can
be made strictly negative uniformly in time. O

6.1. Proof of Theorem 4. We can now prove the blow-up results. Define

3
=3 / oli(t)? d (6.4)
=1

for a smooth, real, nonnegative, time independent function ¢ = ¢(x). By differentiating
twice in time and using (1.1), we get (we omit the time dependence on ;)

3
()= 2im { / wwiw}
=1
and

3 _ 2
"y 2 o7 | _ 2 12 =z P
(1) ;1 4Re{ / v wwwl} / A2 2<1 p) / Al

— 2C¥R€/Ag0¢11b21/}3.
By plugging ¢ = |z|? in (6.4), and using (6.5) along with Lemma 6.1, after integrating in

(6.5)

time twice we obtain
0<I(t)<—-8nt>+0(t) forallte€ [0, Thax),
and a convexity argument gives Thax < 00.

We now consider radial solutions. Let x : [0,00) — [0,00) be a smooth, nonnegative
function satisfying
2

r if 0<r <1, "
X(r) { const. if r>2, X(r)<2, Vr=0 (6.6)

Given R > 1, we define by rescaling, the radial function ¢ : RV — R by
or(x) = or(r) := R*x(r/R). (6.7)

If ¢ is radial and LZ_J' is also radial, then
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3
0y =S4 [ dhmver - [ a% W—2(1—) Al
=34 [l [ sen [ aen

— 2aRe / Apri1iath;

—Z /\V¢z!2+42/ )= IV~ [ Aorluf
3 3 2
% (1)/2NA¢R)|¢i|p4N;(1p)/|¢i|p

+ 2aRe/(2N — ApR)Y1athy — 4N@2Re/¢1¢2¢3-

By using the properties of the localisation function, and the conservation of masses (the
quantities @1 and @2, see (1.3)), we estimate

3 3 9
I"(t) < 82/ V> + CR™> —4N Y (1 - p) /|¢i|p - 4Na2Re/¢11/)21/;3
i =1
+ CZ/xPR [ibi[P + 2a /|x> |19 05 (6.8)

P(J) + CR™ + CZ /M il + 2a /M [ a0 -

To estimate the last term, we recall the following radial Sobolev embedding (see e.g. [15]):
for a radial function f € H'(R?), we have for 3 < s <1 and N > 2,

N_s s -5
Sl;glﬂ? @) < CIVIFIL (6.9)

Thanks to (6.9) and the conservation of mass, we estimate with s = %,

/Mm\p - /W Pl < (

W2 1l®) ™ ol

. (6.10)
p—
S RT IvillS
Note that by the Holder and the Cauchy-Schwarz inequalities,
13
vyl <530 [ il
/x|>R‘ =3 ; Ir\zR’ |
thus by (6.10) with p = 3 we get
_N-1 2
[ Joeaal < 7 3 vl (611)

i=1
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Hence, from (6.8), (6.10), and (6.11) we get

3 3
> (N-1)(p—2) _ N—
I"(t) <8P(§) + CR2+ CR™ 2 S|V |$ 22 + 5 S IVl (6.12)
i=1 i=1
Let us observe that in dimension N = 3 it holds true that % < 2 provided p < 6 =
2+ ﬁ = p*, which fits our assumption in the three-dimensional setting. When N = 2, we

must restrict the range of the nonlinearity to p € (4,6). See also Ogawa and Tsutsumi [35].

A convexity argument yields the blow-up result, by glueing together (6.12), (6.2) and
Lemma 6.2, provided R is large enough.

Remark 6.3. In the three-dimensional case, the radial symmetry can be further relaxed to
a cylindrical symmetric setting, provided we impose partial weighted L2-summability of the
initial data, see the first author’s results in [2, 4, 21].

6.2. Proof of Corollary 1. Let ¢ be the excited state constructed in Theorem 2, point (i).
For any s > 0, let @ := s x 7, and let ¢ be the solution to (1.1) with the initial datum .
Then, ¥s — u as s — 17. By Lemma 6.1, it is sufficient to prove that QES blows-up in finite
time. In fact, it follows from [6] that © € H'(R,R3) decays exponentially at infinity, and
hence |z|v € L?(RY,R3). Let 05, be defined in Lemma 2.4, we have
E(Us) = E(sx V) < E(og, *¥) = inf E,
a1,a2

because P(7s) < 0. The proof of Corollary 1 is completed.
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