LOCAL WELL-POSEDNESS AND BLOW-UP IN THE ENERGY
SPACE FOR THE 2D NLS WITH POINT INTERACTION

LUIGI FORCELLA AND VLADIMIR GEORGIEV

ABSTRACT. We consider the two-dimensional nonlinear Schrédinger equation with
point interaction and we establish a local well-posedness theory, including blow-up
alternative and continuous dependence on the initial data in the energy space. We
provide a proof by employing a Kato’s method along with Hardy inequalities with
logarithmic correction. Moreover, we establish finite time blow-up for solutions
with positive energy and infinite variance.

1. INTRODUCTION
In this paper, we consider the Cauchy problem

{i@tu = Aju = |ulP~tu,

u(0,x) = up(x), (1.1)

where u = u(t,z), u : R x R? — C, p > 1 and the operators A, are a family of
self-adjoint extensions of the free Laplace operator —A on the domain C*(R?\ {0}).
The parameter « varies in R U {400}, and characterizes all nontrivial self-adjoint
extensions on L?*(R?) of —A|geerz\fo). When o = 400 we mean Ay, = —A. It can
be thought like a perturbation of the free Laplacian with a point defect (or point
interaction). It is also sometimes incorrectly referred to as the Schrodinger operator
with delta interaction, as it can be viewed as a two-dimensional extension of the
one-dimensional operator —% + ad, where ¢ represents the Dirac delta distribution.
Generally, the operators A, are well defined only in R? with d = 1,2,3, and we
refer to the monograph [3] for a comprehensive source on that topic. In this paper,
we focus on the two-dimensional case for reasons that will become clear later (see
Remark 2.4 and the proof of Theorem 1.1 in Section 3). For a rigorous construction
of the two-dimensional case refer to [2]. Additionally, the exhaustive introductions
in [7,12] provide further insights.

On the physical side, point interactions can represent idealized models of particles
interacting through very short-range forces. This is particularly useful in studying
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systems like quantum dots or impurities in a crystal lattice. One can see in [6] the link
between contact-type regimes and two-impurity Kondo system, for example. We refer
to [3, Chapter L1.5] or [4] for the mathematical framework and physical implications
of point interactions in two dimensions.

As stated before, the point-like perturbation of the standard Laplace operator can
be modelled by a one-parameter family A,, a € (—o00, o] of self-adjoint extensions
of the free Laplace operator —A on the domain C*(R?\ {0}). The spectrum of
this operator has an absolutely continuous part [0,00) and only one real negative
eigenvalue e, = —4e~ 22747 The natural energy space H! associated with (1.1) is
the domain of (A + A,)Y2, where A > |e,|. A typical element in the space u € H}
has the structure u = ¢* + ¢G*, where ¢* € H'(R?), ¢ € C, and G* ¢ H'(R?).
See Section 2 for rigorous definitions. The Cauchy datum wug in (1.1) is taken this
space. Note by the form of a element u € HL(R?), this space strictly contains the
usual Sobolev space H!(R?) arising from the unperturbed Laplacian. Our goal is
to establish a local existence theory for (1.1) with ug € HL(R?), and our first main
result is the following.

Theorem 1.1. Let « € R and p > 1. The Cauchy problem (1.1) is locally well posed
in the classical sense in the energy space. More precisely:

(i) for any ug € H}(R?) there exists a unique solution u(t) € C'((—Timin, Tmax)) to (1.1)
where (—Tiin, Tmax) 1S the mazimal time interval of existence, with Tyin, Tmax > 0;

(i1) the mass and the energy are conserved quantities, i.e., for any t € (—Tmin, Tmax)

M(ult)) = ult) Baqesy = Mo (1.2
and
Blu(t) = 5F(u(t) =~ @)y = Bl (1.3

where, for u of the form u = ¢* + qG* and I') a constant depending on o and A,
F(u(t)) = Fo(u(®)) = VO [22@e) + MM Z2me) — lullfoe) +Talal?,  (1.4)
respectively;

(iii) the solution also belongs to the Strichartz spaces L ((—Tin, Timax); Ho?(R?))

where (q, p) is any Strichartz admissible pair, i.e. % = % — %, p>2;

(iv) we have the blow-up alternative, namely either the solution is global or Tyax > 0
1S finite and

imlu()l]my g2y = +oo.

A similar statement holds for Ty ;

(v) the solution map is continuous with respect to the initial data.
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The strategy to prove Theorem 1.1 is to implement Kato’s approach based on the
validity of certain a-priori estimates on the nonlinearity, see conditions (3.1) and (3.2)
in Section 3. To achieve this, our main ideas are the followings:

(i) first, we reduce the proof of the crucial estimates to a classical Sobolev space
framework, by means of a characterization of singular Sobolev spaces for certain
index;

(ii) secondly, we remove the singularity of log(|z|)-type from the singular part of
the solution (see Section 2 for the structure of an energy solution to the Cauchy
problem (1.1)), by making it appear as a factor of the regular part of the solution.
Of course, this does not completely remove the singularity, but by using a generalized
Hardy-type inequality, we can properly control the new singular term. Consequently,

we can prove the validity of Kato’s hypothesis and establish the well-posedness result
of Theorem 1.1.

It is worth noticing that Strichartz estimates for the linear operator e« also play
a fundamental role when proving existence results. For the operator A, in the
two-dimensional case, such estimates have been established recently in [9, 10, 25].

It is noteworthy that a version of Theorem 1.1 was previously proven in a paper by

Fukaya, Tkeda, and the second author (see [12]). The strategy used to establish local
well-posedness in [12] is based on the general abstract theory developed in Okazawa,
Suzuki, and Yokota (see [22]), which extends the results of Cazenave [8]. The approach
in [22] is quite involved, and to prove the existence, regularity, and stability results as
in Theorem 1.1, several conditions need to be satisfied. Additionally, the theory in [22]
was specifically motivated by the infeasibility of Kato’s method for the NLS equation
with an inverse square potential. Therefore, we believe our approach is more suitable
for addressing (1.1), providing a shorter and more elegant proof. Furthermore, the
method of [22] heavily relies on a regularization procedure, which we completely avoid
here by using Kato’s approach.
We also point-out that neither in [12] nor in the original paper [22] the blow-up
alternative (i.e., Theorem 1.1 point (iv)) was mentioned. Indeed, the blow-up
alternative follows directly from the fact that the time interval of existence depends
on the norm of the initial value. Indeed, this is clearly evident when applying a fixed
point argument in the spirit of Kato (see [8]).

In conclusion, regarding the local well-posedness problem, we note that existence
results were provided in the domain space (see (2.1) below) in [7]. With our approach,
we are able to establish a local well-posedness theory in the more natural energy space.

The second result in our paper concerns long time behaviour of solutions to (1.1)
in the focusing regime, namely when the minus sign is considered in the nonlinearity
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of (1.1). Specifically, we investigate the existence of infinite-variance, finite-time
blowing-up solutions for positive energies. Before stating it, we introduce a few
quantities which will be explained further in Section 2: for u € H!(R?) and w € R,
we denote by S, (u) = E(u) + wM (u) the action functional, by v, a ground state,
and by

-1 2 )
P(u) = F(u) — ]%Hu\ ]ZJ;L(RQ) + % with w© = ¢/\ + qGA

the Pohozaev functional. Then, our achievement reads as follows.

Theorem 1.2. Let a € R, 3 < p < 5 and consider the focusing case, i.e., the
nonlinearity is —|u[P~'u. Let ug € HL(R?) an initial datum such that S,,(ug) < S, (v.,),
E(ug) >0, and P(ug) < 0. Suppose that ug(x) = ug(|z|). Then Thax < 0o. A similar
statement holds for Tpy,.

The results mentioned above concerning the unperturbed Laplace operator and
negative energies traces back to the work of Ogawa and Tsutsumi (see [21]). Their
research extended the findings of Glassey (see [14]), who focused on finite-variance
solutions. More recently, Holmer and Roudenko (see [16]) expanded the results of [21]
to include positive energies.

For the point interaction equation (1.1), we are only aware of a recent result by Finco
and Noja [11]. They studied solutions with finite variance, specifically those solutions
to (1.1) that decay in space fast enough to satisfy the condition u € ¥ := L?(|z|*dx).
For solutions with initial data in 3, the authors of [11] confirmed the validity of a
virial identity in the context of point interaction, similar to the one for the NLS
equation with an unperturbed Laplace operator. Specifically, they demonstrated the

d2
virial identity ﬁ/ |z|?|u(t)|*dz = 8P(u(t)). The negativity of P(u(t)) directly
R2

implies a blow-up result through a convexity argument, thereby proving Glassey’s
result in this scenario.

In this paper, we explore a potential analogy to the results by Ogawa and Tsutsumi
[21] (and [16]) for (1.1) with positive energies. Theorem 1.2 shows that, even in the
case of point interaction, the same range of nonlinearities as in [16,21] applies. Our
proof also relies on virial estimates, although it is more complex compared to the
proof for solutions in ¥ and the case involving the free Laplacian. We refer to Section
4 for more details.

2. PRELIMINARY TOOLS

In this section, we rigorously introduce the mathematical framework we are going
to work with, we give useful properties of the singular operator appearing in (1.1),
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and we show the crucial estimates used to prove our main results. Since now on, as
we specialize to the two-dimensional case, we omit the space R? when no confusion
may arise.

2.1. Properties of the singular Laplacian operator. We begin with a rigorous
definition of the singular Laplace operator A,, and we introduce the functional setting

used in the local well-posedness theory we develop in section 3.

Let us recall the following: given the domain

A
D(A,) = {u € L%st. u= ¢ +¢G, with ¢* € H? and ¢ = ¢°(0) } . (21)

where
G = (A + )71, (2.2)

and

1 A2

P gy 1 ls(Vy2)
2m 2m

~ being the Euler-Mascheroni constant, a classical definition of the action of A, as

in [2] is

A+ A u = (A — At (2.3)
with (2.3) being equivalent to the action of A, defined as
Agu = —A¢* — \qG. (2.4)

The space described in (2.1) is denoted by HZ2.

The operator A + A, with A > |e,| is self-adjoint and positive one. The domain of its
square root can be characterized (see [19])

D((A+ Aa)1/2) = {u €L?st. 3geCand ¢* € H' : uw=¢* —i—qGA} ,
and this becomes a domain of the corresponding quadratic form
F(u) = V6|72 + All¢*z2 = llullz2) + Talal?

already appeared in (1.4). Therefore, D(F,,) is the domain of the square root of the
operator A, + A:

D(F,) = D((Aq + N2 := HL, for A> —ey = |eal, (2.5)
with e, being the only simple negative eigenvalue of A,. Note that

lullzrz == 16|z + lal
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where H'! is the classical Sobolev space H' = (=A +1)7'L2.
In this subsection we will resume some properties of the Green function G*, the
fundamental solution of (A — A) for any

AeR\o(A) =R\ (—o0,0].
First of all, it can be represented, in the 2D case, as
GM\(z) = (2m) " Ko (VA|a]).

Here K, is the second type modified Bessel function of order v > 0, also called
Macdonald function. The asymptotic expansions at zero and infinity are also well
known. Indeed, we have

1
Gz) = ~5- log(|z]) = T* —a+o(jz]) for x—0, (2.6)

while at infinity we have the exponential decay (see [24, relation (20), section 7.23])

Gl(z) = el <1/ﬁ+0(|x|_3/g)) , for x— o0

We also recall that G* € L? for any p > 1.

For our dynamical result, two proprieties are essential: the unique representation of
an element in the domain D(A,) for a given A, and the independence of the domain
and the action with respect to the choice of X\. These are, respectively, the content of
the following two lemmas, whose proofs can be found in [13].

Lemma 2.1. For a fixed A\, suppose that for an element u € D(A,) we have two
representations

U = gbi\ + QIG)\7
U = ¢§\ + Q2G)\7

where q; = ¢;(0) j=1,2. Then

T
¢1\ = ¢§ and q; = qa.

Lemma 2.2. For A > |e,|, the domain of the operator (A + A,) and its action are
independent of the choice of \.

2.2. Sobolev and Logarithmic Hardy inequalities. A natural extension of the
H} as defined in (2.5) for other index of summability is

H = {u st. 3¢ Cand ¢* € H'" - U:¢/\+C]GA}7
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where H'" = (1 — A)~'/2L" is the usual Sobolev space. As for the classical H' space,
also in the presence of a point interaction we have the Sobolev embedding

H! — L for any p > 2, (2.7)

namely there exists a C' = C(p) > 0 such that ||ul|, < C||ul|g:, provided A > |eq]|.
Indeed,

lulle S MM e + 1allGMre S M e + lal ~ [Jul| -

Beside the above embedding, a characterization property will be crucially used in
establishing a well-posedness theory. Precisely, we have the following (for a proof we
refer to [13]).

Proposition 2.3. For anyr <2, H-" = H'".

Remark 2.4. A similar characterization is given for more general singular spaces.
Indeed, it holds that H3?(R?) = H**(R?) provided s < ¢ —d +2, d = 2,3. As we
aim at establishing an existence theory in the energy space, the characterizion can be
used only in the two-dimensional framework.

An essential tool in our ideas to establish the local well-posedness theory for (1.1)
will be a generalized logarithmic Hardy inequality in a critical Sobolev space. Precisely,
we will make use of the following.

Lemma 2.5. Let 1 < a,b < oo such that 1 +a — b < 0. Then we have that there
exists a constant C > 0 such that for any u € H!

/ Mdm < C||ul| - (2.8)
|

o< |z*[log(lz])[®
The proof of the above result is due to Machihara, Ozawa, and Wadade, see [18].

Remark 2.6. The previous Lemma is specifically tailored for our scope, but in its
full generality holds true also in the n-dimensional Euclidean space when the critical
Sobolev space appearing in the right-hand side of (2.8) is replaced by the critical
Sobolev-Lorentz space HY,'(R") := (1 — A)~P/"LP4(R"), where LP9 is the classical
Lorentz space, provided some conditions on the parameters a, b (also depending on ¢)
are satisfied. We refer the reader to [18, Theorem 1.1].

Remark 2.7. It is worth mentioning that for an integer s, the Sobolov-Lorentz space
H, , coincides with the usual Sobolev space H* provided p = g = 2. See [5, Theorem
6.2.3].

We conclude this subsection by recalling the non-endpoint Leibniz rule which will
be used later on.



LWP AND BLOW-UP NLS POINT INTERACTION 8

Lemma 2.8. Let 1 <m; < oo forj =1,2,3,4 such that%: m%—km% = m%%—m%,
with % <r <oo. Then

gl S AL zmm lgllzme + 1l ms gl mrma. (2.9)

A proof of the Lemma above can be found in [15], or in the monograph [20] with a
different approach.

2.3. Ground states. In this subsection we recall an existence result for the ground
states associated to (1.1), and a few properties of the Pohozaev functional. In what
follows, we consider the focusing equation, namely the nonlinearity in the right-hand
side of (1.1) is —|u[P~'u.

Let us consider the action functional

Su(u) = E(u) + %M(u),

where E and M are energy and the mass of a function v € H]} as defined in (1.3) and
(1.2), respectively. We recall that a standing wave is a solution of (1.1) of the form
u(t,x) = e“tv(x), hence v = v(z) satisfies the stationary equation
Ayv+wv — [pP~ly = 0. (2.10)
The set of ground states is defined instead as the set of solution to (2.10) minimizing
the action functional S, i.e.
G ={v, € H' st. S,(v,) < S,(v) for any v € H. and v,, satisfies (2.10)}.

Existence of solution to (2.10) was proved in [12], via minimization of the functional
S, constrained to the Nehari manifold

No(u) = {u € Hy st. F(u) +wlullz. — ulff;5 = 0}
Specifically, it was proved in [12] that for any w > |e,| a ground state v,, exists, it
minimizes the following variational problem:

i,= inf S,(v),
{O#UENM}

and in particular i, = S, (v,). We also refer to the work of Adami, Boni, Carlone,
and Tentarelli [1].

Via standard variational argument, see [11], we have that the set of initial data
ug € H} satisfying E(ug) > 0, S,,(ug) < Su(v,), and P(ug) < 0, where

la*
4’
is the Pohozaev functional, is invariant along the flow of (1.1). More precisely, we
have the following.

p—1 +1
P(u) = F(u) — m”“”zﬂm + ueH,,
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Proposition 2.9. Let ug € H. an initial datum fulfilling S,,(uo) < S.,(vy), E(ug) > 0,
and P(ug) < 0. Then the solution u(t) to the Cauchy problem (1.1), preserves the
same bounds for any t € (—Tin, Tmax), and in particular

P(u(t)) < 2(S.,(uo) — S, () < 0. (2.11)

Remark 2.10. The bound involving S,, and the one on E are straightforward by
conservation of mass and energy, while the one P follows by standard variational
analysis.

3. LWP THEORY

We prove here the local existence result @ la Kato for (1.1). As discussed earlier, a
local existence theory for (1.1) was given in [12] by implementing the abstract theory
of [22]. For the reasons explained in the Introduction, we give a direct proof using
the Kato theory.

In the following we denote g(u) = +|u|’~'u. From [8] we can claim that in order
to apply the Kato’s theory, it is enough to prove that for some 2 < r, p < 00

lg(w) = g()[r < C(M)l[u = vl Lo (3.1)
for all u,v € H, such that ||ul|g1, ||v]|gz < M and that
lg()l oo < CM)(L + [Jul 1) (3.2)

for all w € H) N HY" such that |lul|z: < M.

Recall the estimate ||[u[P~tu — [v|P7 o] < Ju — v|(Ju[P~t + |v[P~1). Take 7’ =2 — ¢,
¢ € (0,1) then by the Holder inequality with % + 3 = 5= and the Sobolev (2.7), we
have ) )

Mul"~ = P ol S flu = vllz2(lullf s + [0l e 0)
-1 -1
S llu=oll2([lullf + vl -

Therefore, we have that (3.1) is verified.

We have from Proposition 2.3 that, for o < 2, || f[|j1o ~ || f[|g1-. Hence our first
idea is to reduce our task to estimate the H'“-norms for o’s less than 2.
As before, take " = 2 — €, where € € (0,1). Let us rewrite

[l u = lul "+ (1= )l u (3.3)

where 1 € C2° such that ¥ = 1 in a neighbourhood of x = 0 and its support is
contained in the ball |z| < 1/2. Note that if w € H} then (1 — ¢))u € H' since the
singularity at the origin is removed.
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Let us focus on the first term t|u[P~'u. Consider a further cut-off function
such that ¢; = 1 on the support of ¥. Then, ¥|ulP"'u = Y|yulP~!(¢u). Since
now on along this section, we omit the A-dependence of ¢* and G*. Hence, in a
neighbourhood of the origin

YlulP" = (1o + g1 G) Y1 d + g GIP!
~ (1o + qi log |x|)|116 + qipr log || ‘pil

= (116 — g log (x| ™)) |1 — qer log (||~ [P~ (3.4)
o n( 1 V16
= 1 log’(|z| 1) (W - Q¢1) W —qi

In the last step, we eliminated the log(|x|)-type singularity from the localized non-
regular term G by placing it as a factor of the regular term ¢y¢. Later, we will
demonstrate how to manage this new term with log(|z|) incorporated into the regular
part of the solution.

The function h := % is clearly in L? as it is supported in |z| < 1/2 and in that

ball —1—~ < -1 We claim that actually h € H'. Straightforward calculations
log(el 1) = Tog?
give
V19 1
Vh =— x+ V(y1¢),
P log () Tog(lal )" 1)
then

ol Vo)l
2| log?(Jz|-1) * log(|z[™")
At this point we invoke the logarithmic Hardy inequality (2.8) with a =2, b =4, so

that
2 2
| \

vt o2 log?(jz] 1) o< |22 log"(|z[~1)

VAl 5

Using the boundedness of m and the properties of 11, we control the second

term
V 2
/l Mdm < /|| ) |V(¢1¢)|2dx < ||¢||%11

z|<% 10g2(‘x|71)

At this point, we introduce the function

T
" og(e )
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By means of the Leibniz rule (2.9), we estimate (3.4) as follows:

[ 1og (||~ alalP " mr S (1w 1logP (|| ™) | rms (@l|Fm (3.5)
+ ([ logP (2] =) s || (@la@P=) || raoma, (3.6)
where r =2 —¢, € € (0,1), and

2—€ r My Mg Mg M4

Let mi = 2 — & and my = U929 We have that ¢log’(|z[™") € L™ and
Vi logh(lz|~') € L™, indeed and Vi are supported in the ball |z| < 1/2,
and logP(|z|~!) < |z|7? for any 8 > 0 in that ball. In particular it holds for
f < (4 — €)/e which gives the desired integrability. Moreover, basic calculus gives

UV log"(|x|™t) = —pylog"™ (!xl*l)w,then

0V log?(J2| ™)) < s log? (| ),

]

which is in L™ as well for the same consideration as above. Since % € H' and by the
Sobolev embedding H! C L for any p > 2, then @ € L™2P for myp < co. Hence, the
right-hand side of (3.5) is estimated by

14 Jog? (|~ grom [Gl1oms S [ (3.7)

As above, take my = 2—5 and mg = M By the Kato-Staffilani estimate, [17,23],
and the Sobolev embeddmg, we have

IV @lal s < Nl ol <

Note that @ is in H! since @ = h — qib; (by definition) and by the previous discussion
both h and ¢; belong to H'. The L™3-norm of ¢ log?(|z|™!) is finite, then for (3.6)
we have

[0 log? (|| =) pma || (@|@]P~ )| grrma S Nl (3.8)
The observation now is that

e S 101l + lal ~ llully - (3.9)
Therefore (3.7) and (3.8) jointly with (3.9) along with the definition (3.4) yield
[ lulP~ e S Nl log? (Jal ™ )alal =z < [lullfy

Note that the constants hidden in the notation < and ~ only depends on ;.
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At this point we move to the estimate of the remaining term in (3.3), namely
(1 — ¥)|u[P"*u. Observe that away from the origin the function G is regular and
decays at infinity faster than exponentially, see (2.6), hence

lulP~ul = ¢+ ¢GP” < |o + |G|P € L.
Moreover, as |V (|u[P71u)| < |u|P~!|Vul, by the Holder inequality

1)(2— (2—
P!Vl 525 < [Vullz lullfao e, S lullfi =,

L2(p—1)(2—€)e ~o

hence also |u[P~'Vu € L*7¢. We then conclude with the fact that (1—1)|u|P~'u € H.",
r=2—=e

Proof of Theorem 1.1. The proof of estimates (3.1) and (3.2) gives Theorem 1.1 along
the same lines of the theory developed in the Cazenave’s monograph [8, Chapter
4.4]. O

4. BLow-UP

We move now to the proof of the dynamical results of radial solutions. The
approach is based on virial estimates. Comparing to the classical case in the presence
of the unperturbed Laplacian, virial identities for (1.1) must take account of the
singular nature of the operator A,, hence we cannot straightforwardly proceed as
for the equation with a free Laplacian. To prepare the rigorous proof of the virial
identity we note that we crucially have from (2.2) the following identity which holds
in distributional sense for any regular function n with n(0) = 0:

n(A — A)G* = 0.

Lemma 4.1. If n a smooth cut-off function which is |x|* for x near the origin. Then
for any u € H? we have:

(i) nu € H?;
(it) Aa(nu) = —A(nu).

Proof. Let us suppose that 7) holds true. Then by definition of H2? as in (2.1), along
with the decomposition into the regular and irregular part of u as in (2.4), we have
that

(A = Ad)(nu) = (A = A)(nu),

indeed nu only consists of a regular part. The thesis follows. Let us now prove
that 7) is verifies. It is enough to show that the multiplication by 1 regularizes G*,
namely nG* € H?. By (2.6), the singularity of G* is of the type log|z| as 2 — 0,
so nG* ~ |z|?log|z| := h(z) as |z| — 0. Therefore, straightforward calculations
give that in a neighbourhood of z = 0 the function h is clearly in L?; moreover
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|Vh| < |z|(log|z] 4+ 1) which is in L?, and |V2h| < log (|z|~') which is in L2 as well.

The proof is concluded. [l

With the regularity Lemma above, we can state the virial identities used along the
paper. Consider the virial functional

V(t) = / () uu(t) Pdz

which is well defined provided 7 is a compactly supported smooth cut-off function.
In what follows, we omit the time-dependence of u, ¢*, and ¢ when no confusion may
arise.

Proposition 4.2. Let u € H} be a radial solution to (1.1), and n a smooth cut-off

unction having compact support and which s _|=’E\2 or T in a neighbom hood of the
2
origm. Then we have

%V(t) = 2Im / Vn - Vutdz (4.1)
and
CV(D) = 4P(u() + Rul)), (4.2)

where R(u(t)) is a remainder term defined in (4.13) below.

Proof. Using a density argument we approximate u by a sequence in H2. Therefore,
we can assume u € H2 and then by using the self-adjointness of A, and Lemma 4.1,
we get

d

%V(t) = 2Re/n@tuadx = 2Re/ (—inAyu) udx

= 2Im/nﬂAaudx = —2Im/uA(m_L)dx = ZIm/EVnVudx,

which is (4.1). Note that we do not use the behaviour of 7 in this step.

As for the second derivative of V' (¢), by using again the equation (1.1) solved by wu,
differentiating (4.1) in time yields to

2
d—V(t) = QRe/AnuAaudx (4.3)
dt?
+ 4Re / Ay uVu - Vndx (4.4)
- 2Re/An|u|p+1dx (4.5)

- 4Re/ lulP~'uVu - Vnda. (4.6)
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We expand (4.6) obtaining
(4.6) = 4 (An — 2)|ulPTdx + 5 / |ulPtdx
‘ p+1 p+1

and we rewrite
(4.5) = —2 /(An ) ufdr — 4/ P
hence

(13)+ (06) = =220 [ = gppapriae - L2 [ puprias

To deal with (4.4) we explicitly write the solution u = ¢* + ¢G*, and the action of
the operator Aqu = —A¢* — g\G?, then we get

(4.4) = 4Re / Vn (—A¢* — GAGY) (Vo + qVGH) da

= 4Re / Vn (—A¢*Vo* — gAP*VG — GAGV ¢ — Mg’ G*'VG?)
=A+B+C+D.

We have, in order:
A =4Re / VnVrVerdr — 2 / An|V o2 de,
B+ C =4Re / g™ div(VnGr) — ¢o* A(VnVGH)dz,
D = 2)\|q\2/A77(G)‘)2dx.
In conclusion,
(4.4) = 4Re / V2V Vordr — 2 / An|V o *dx
+4Re / gr¢* div(VnGr) — ¢ A(VnVGH)dx
2 [ (B - 2)(E e

+4)\|q\2/(G’\)2dx.
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Let us expand the term in the right-hand side of (4.3).

r.h.s.(4.3) = 4/uAaﬂd$ + 2Re /(An — 2)ul udx
=4F(u) + 2 Re/(An —2)ulA udx.

2
Note that 4\|q|? / (G*)?*dx = laf , and by gluing all contribution together, recalling
T

that F'(u) = 2E(u) + . [ul[2F}1, we obtain
Vo) =880 - L=y, 4 1 (1)
—%%iQ/@m—zmm“m: (4.8)
+2 Re/(An — 2)ulA udx (4.9)
+u%/v%v&vﬁ%-2/Amvmwx (4.10)
+ 4 Re / gr¢* div(VnGr) — qd* A(VnVGH)dx (4.11)
-+2Mﬂ2/}An-m«Gﬁ%m; (4.12)

Observe that right-hand side (4.7) = 4P(u(t)), and the proof of (4.2) is done by
defining

R(u(t)) = (4.8) + (4.9) + (4.10) + (4.11) + (4.12). (4.13)

U

At this point we precisely describe the function 1 we are going to use to estimate
R(u(t)). Let 6 : [0,00) — [0, 1] be a smooth function satisfying

1 if 0<7<1,
Wﬂ:{01f7>2

We define the function © : [0, 00) — [0, 00) by

||
O(|z|) : / / T)drds.

For R > 0, we define the radial function  : R*> — R by
n=nr(|z[) == R*©(|z|/R).
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With such a cut-off function we have the following.

Proposition 4.3. Provided 3 < p <5, for sufficiently large R, the remainder R is
estimated by

R(u(t)) S or(1) + or(1)ult)|l
where or(1) is uniform in time. Consequently,

d2
5V (1) S 4P(u(1)) + or(1) + or(1)[u(®) 7 (4.14)
Remark 4.4. With standard notation, og(1) stands for a function depending on R
and independent of time such that thf ogr(1) = 0.

—+00

Proof. We use the Strauss decay estimate for radial function to estimate the contri-
bution given by (4.8). To this end, let us consider a radial bump function y having
the following properties:

xeCr, 0<x<1, x=1 for |[z>

R
2 x=0 for |z|<

R
a3

By means of the conservation of the mass, the properties of , the fact that yu € H?!,
the decomposition of the function v = ¢* 4+ ¢G*, and the decay properties of G* away
from the origin, we estimate

1/2 p—1
a9 s [ uptaes [ (FERU)
[z|=R x> 4 X

p—1
—1 - E E
<R (sup ix\”ﬂxuw)!) S B el F IV Gall2

|z|>2

_p=1 et
SRV

p—1

2

_p=1
< B (Ve ull o + Il =1V 6 + 0V C | pa(ups ) )

p—1

2

_p—1
SR (MY 4 99 2 + lal VG 2o 1)

< or(1) + or(1)(| V12 + a)) =
< on(1) + or(1)|lull 3 .

1
«
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Let us deal with (4.9).
(4.9) = =2 Re/(An —2)(¢* + ¢GM)(A¢* + GAG*)dx
= [(an=2) (A9 - 2V + DOC + 0B AF + MG do
S / A%n| M Pda + 2Re/(An — 2)|Vo**dx
~9Re / (Mg — 2) (PG + ¢GAAG + Ag*(G)?) de.

Gluing all together we end-up with

2 1 p—1
VO S AP() +on(1) [ [6Pde + BT u(o)]
+ 4/(n” —1)|Ve*de (4.15)
—2Re / (An —2) (FA*G* + ¢G*APY) dx (4.16)
+4Re / gr¢” div(VnG*) — q¢* A(VnVGH)dz. (4.17)

The term (4.15) is negative as n” < 1, so it is simply estimated by zero. As for
the term (4.16) we note that the support of An — 2 is contained outside the ball
centered at the origin and radius R, so by using the L? integrability of G* outside a
ball centered at the origin, we control by the Cauchy-Schwarz inequality and by the
dominated convergence theorem

Re/(An = 2)p0 "G S lallloM 2 1GM 2oz S 0r(D)(lal* + [[9*172)-

Similarly, after integration by part, we estimate

Re/(An —2)¢G*A¢*dr = —qRe (/ V(An —2)G*Vrdr + (An — 2)VG)‘V¢)‘dx)

S or(D)(lgl* + [IVoM72).
Therefore,

(4.16) < or(1)(laf* + 16MI7> + [IV*[172)-
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As for (4.17), we manipulate the integral as
(4.17) = 4Re / g™ div((Vn — 2)G*) — q¢*A((Vn — 2)VGY)dw
+ 4 Re / g™ div(2G) — ¢p* A(xVGH)dx
= 4Re / gr¢* div((Vn — 2)GY) — ¢ A((Vn — 2)VGY)dx
= —4Re / AV ((Vn — 2)G) — gV*V((Vn — 2)VGH)dz, (4.18)
where we used the identity
Re / gr¢* div(zG*) — ¢ *A(zVGH)dx = 0.

By observing that the function Vn— x is supported outside a ball of radius R centered
at the origin, similarly to the estimate for (4.16) we get

(4.18) S or(D)(la* + [Ve*|72)-
In the end, provided p < 5, by using the Young inequality, we get

d2 p—1 p—1
—5V (1) S 4P(u(t)) + or(1)(lgl* + |9*172 + VoM7) + R lu(®)]l 4

dt?
< 4P (u(t)) + or(1) + or(1)[[u(t) I3

If instead p = 5, we directly have the estimate without employing Young inequality.
0

We prove now a refinement of (2.11) which will be used in the proof of existence of
finite-time blowing-up solutions.

Lemma 4.5. Under the hypothesis of Proposition 2.9, provided 3 < p < 5, we have
the following refinement of the control on P(u(t)): the exist two constants ci,ca > 0
independent of t such that

P(u(t)) + cl||u(t)||fq(1! < —co. (4.19)
Proof. Consider € > 0 to be chosen later. First of all, we note the following identity:

F(u) 2 ((p — 1)E(u) — P(u) + w) :

:p—3 47
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Then we have
P(u) +¢ (VO [72 + AloM72 + lal?)
= P(u) +¢ (VO [72 + M6 72 £ Allullf2 £ T2lal* + al?)
= P(u) +¢ (F(u) + AM(u) = Talal” + [q]*)
2e(p—1) 1 A 2
( b— 3) P(u)+ﬁE(u)+sAM(u)+e<m+1—Fa) |q| s

and by conservation of energy and mass we can estimate, provided ¢ is small enough,

) 1
P A 22 A 22 2 < _Z - 1_F)\ 2
(u) + & (IVPMITe + M@1Z2 + 1al?) < 5 +e (27r(p—3) + a) lal”,

where 0 = 2(S,,(v,) —S(ug)). Recall that T = a+ 7_21%2 + 252 log’\ Thus, for sufficiently
large A, possibly up to considering a smaller ¢, we can infer that

P(u) + & (V63 + A% + [af?) < —2 + gl
and then
P()+ = (1963 + A3 + 1) < 2.
The claim follows with ¢; = § and ¢, = 2. O

Lemma 4.6. Under the hypothesis of Proposition 2.9, provided 3 < p < 5, we have

Proof. Recall the definition F(u) = [[Ve |2, + A(||¢*22 — [Jul[22) +T2|¢|?. Note that

el = 16122 = [laPIGIE: +2Re [ 6*aGds| < (1612 + aP).

Then |F(u)] < (VM2 + [[9M122 + |qf*) ~ |Jul|%:, while the Sobolev embedding
(2.7) gives ||ul|zr+1 S [Juf/gz. Therefore, if we suppose that there exists a sequence
of times {t,}n C (—=Tmin, Tmax) such that [Ju(t,)|zy — 0 as n — oo, then also

|P(u(ty))] S [Jultn) |3 + ()l P 5 0 which is a contradiction with respect to the
conclusion of Proposition 2.9. O

Proof of Theorem 1.2. We can now conclude with the proof of Theorem 1.2. It follows
by a convexity argument after (4.14), (4.19), and (4.20) O

Remark 4.7. We also remark that, as for the classical NLS with free Laplacian, we
have global existence of solutions:
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(i) provided p < 3 (mass-subcritical case) and no matter the size of the initial data.

2
=35
H,

_2
Indeed, by the interpolation inequality [|u|zr+1 < Coxllull}s" Jull """, where Cay is

the Gagliardo-Nirenberg optimal constant, we have
lullf = V6172 + A6 72 + Talal* = F(u) + M]ull72

lull7pes S 1+ llullf

2
:2E(u)+)\M(u)+p+1

hence we have a uniform bound on the H!-norm of the solution;

(ii) p = 3 (mass-critical case) provided ||ugl|z2 is sufficiently small. Indeed, as above
we estimate

i

2 =2E(u) + \M(u) +
1wl (u) (u) P

< 9B(u) + AM() + S CyMw)ully
SO
M (u) < 2Cgx
guarantees a uniform bound on the H! and the proof is complete.
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