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ABSTRACT. We consider a Gross-Pitaevskii equation which appears as a model in the
description of dipolar Bose-Einstein condensates, without a confining external trapping
potential. We describe the asymptotic dynamics of solutions to the corresponding
Cauchy problem in the energy space in different configurations with respect to the mass-
energy threshold, namely for initial data above and at the mass-energy threshold. We
first establish a scattering criterion for the equation that we prove by means of the
concentration/compactness and rigidity scheme. This criterion enables us to show the
energy scattering for solutions with data above the mass-energy threshold, for which
only blow-up was known. We also prove a blow-up/grow-up criterion for the equation
with general data in the energy space. As a byproduct of scattering and blow-up criteria,
and the compactness of minimizing sequences for the Gagliardo-Nirenberg’s inequality,
we study long time dynamics of solutions with data lying exactly at the mass-energy
threshold.

1. INTRODUCTION

1.1. Introduction. In this paper, we consider the Cauchy problem associated to the
following non-local non-linear Schréodinger equation arising as a model to describe a dipolar
Bose-Einstein Condensate (BEC) at low temperatures:

ou h?

ot 2m
where the wave function u(t, ) is a complex function u : R x R?® — C, ¢t € R is the time
variable, and = denotes the space variable in the three-dimensional Euclidean space R3.
The parameters i and m involved in Gross-Pitaevskii equation (GPE) (1.1) are the Planck
constant and the mass of a dipolar particle, respectively. The coefficient Uy := 47h%as/m
describes the local interaction between dipoles in the condensate, which is defined in
terms of the s-wave scattering length a,. The dipolar interaction kernel Vyip(x) is defined,
up to some physical constants (in particular the vacuum magnetic permeability and the
permanent magnetic dipole moment), in the following way:

~1-3 cos? 0

Vaip(2) = T?

where 0 is the angle between the dipole axis and x. By calling the unitary dipole axis n,

the previous means that
x-n
0 = arccos (> .
|z

The potential W (x) is a time-independent real-valued function representing an external
harmonic confinement that we assume to be zero in the current work, which is equivalent
to the physical situation where the external potential is turned off.

We refer the reader to [29,33,36,37] for an in-depth justification of the previous GPE as
a model for dipolar quantum gases. Let us also mention the papers [1,9,14] for an overview

Au+ W (x)u + Uplu|®u + (Vaip * |ul*)u, (1.1)
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about the first experimental observations of Bose-Einstein condensation after which there
has been an always increasing interest in the theoretical investigation of such models,
as well as numerical studies (we mention [3,4,27] and reference therein for numerical
simulations).

For a rigorous mathematical study of (1.1), it is opportune to consider the latter in
its dimensionless formulation, see [5]. We will essentially focus on its associated Cauchy
problem:

{iatqu;Au = Aul?u+ Aa(K % [u?)u, (tz) € [0,00) x R3, 12)

u(0,z) = wug(z) € H'(R?),

where A1, Ao € R and
z? + 13 — 222
]

It is worth mentioning that the expression defining the dipolar interaction kernel K (x)
is exactly Vaip(z) given above with the choice of the dipole axis to be n = (0,0, 1). The
coefficients A\; and A9 are instead two real parameters defined in terms of the physical
constants appearing in (1.1), which measure the strength of the two nonlinear terms, i.e.
the local and the non-local one.

We can partition the (A1, A2)-coordinate plane in the following two subsets called unstable
regime and stable regime, respectively:

K(z) =

A\ < 47N if A\y>0

Ruri=§ (A, o) e R2| 15872 12 , (1.3)
A < —%)\2 if Ay <0
A\ > 47N if Ao >0

Ry i= 4 (A, \o) €RZ| 1872 12 . (1.4)
A > —%)\2 if Ay <0

This terminology has been introduced in the pioneering paper of Carles, Markowich, and
Sparber [11], where the first mathematical treatment for the Gross-Pitaevskii equation
governing a dipolar BEC has been undertaken.

Remark 1.1. Condition (1.4) guarantees that the energy of a solution to (1.2) is non-
negative, and as showed in [6], in the stable regime all solutions are global and scatter. With
respect to the latter fact, we can naively think that the stable regime plays the same role of
the defocusing character for the cubic NLS equation. Nevertheless, it is only condition (1.18)
below (which is a subset of the unstable regime) which guarantees instead that the potential
energy of (1.2) is non-positive. Moreover, as proved in [11], provided that 0 < A\ < 4%/\2,
namely for a defocusing character of the local term and a strictly positive coupling coefficient,
collapse in finite time may occur provided that the energy is negative. So it is improper
to refer to (1.3) and (1.4) as giving the defocusing/focusing correspondence of (1.2) with
respect to the usual cubic NLS.

Concerning the asymptotic dynamics, let us point-out that the main feature of (1.2) subject
to the conditions (1.3) is the existence of standing waves. See below, in the Introduction,
for further discussions.

Solutions to (1.2) enjoy the conservation along the flow of mass, defined as
M(u(t)) = [u(t)]Zezs) = M(uo),

and energy, defined by

E(u(t)) = 5 (H(u(t)) + N(u(t))) = E(uo),

N
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where
H(f) = [V 1220 (15)
and

N(f) = /Rs MIf@)]* + A (B x| f () )| f () Pdx (1.6)

are, up to some constant, the kinetic and the potential energy, respectively, associated to
(1.2). The previous two conservation laws can be formally proved by using integration by
parts; the rigorous derivation can be justified by an approximation argument.

It was shown in [11, Lemma 2.1] that the dipolar kernel K(z) defines, through a
convolution, a continuous linear map from LP(R3) into itself, for any fixed p € (1,00), i.e.
f— K « f satisfies ||K * f||z» < C||f||Lr. Moreover, it was proved in [11, Lemma 2.3], by

using the decomposition of e~*¢ into spherical harmonics, that
PN 4 (263 — €2 — &3 4 8
K&H=—|—=2>"2—=)e|——,—]|, 1.7
©= (B n e (17)

where F(f)(&) = f({) = / e~ f(x)dx is the Fourier transform of f(x). Thanks to the
RB

Plancherel’s identity, we can therefore express the potential energy N(f) as

N = a7 [ (k@) [T de

R3
The equation (1.2) is invariant under the scaling

uy,(t,x) = pu(p?t, pz), p>0. (1.8)
A straightforward calculation shows that

_1
||UM(O)HH7(R3) =pu 2||u0||H’Y(R3)

which in turn implies that under the scaling (1.8) the H 2 (R3)-norm of an initial datum is
preserved.

As mentioned above, in the unstable regime the equation (1.2) admits standing waves,
i.e. solutions of the form u(t,z) = e ¢(x), where ¢ € H'(R3) is a non-trivial solution to
the elliptic equation

1
—5 A6+ ¢+ Ml¢*6 + Aa(K *[¢*)p = 0. (1.9)

The first result about standing waves for (1.2) is due to Antonelli and Sparber in [2], where
the authors proved their existence by showing the existence of minimizers for the Weinstein
functional (see [35])

3

(H(f)? (M(f))?

W(f) = NP

(1.10)

over the set

B:={feH'(R? : N(f) <0}.
They also established qualitative properties such as symmetry, regularity, and decay for
real positive H!(R3)-solutions to (1.9).

A second approach to show existence of standing states, which consists on minimizing
the energy functional under prescribed L?(R3)-norm, is due to Bellazzini and Jeanjean in
[8], and relies on topological methods (see also [10]). See also the recent paper [16] for the
existence of standing waves via the minimization of the action functional.

In this paper, we are interested in the long time dynamics including global existence,
energy scattering, finite time blow-up or grow-up in infinite time, and concentration
phenomena of solutions to (1.2) in the unstable regime. It is known that long time
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dynamics for solutions to (1.2) is closely related to the existence of ground states. Here
by ground state we mean a non-trivial solution to (1.9) which minimizes the Weinstein
functional (1.10) over all functions f € B.

As the aim of our paper is to give results about the asymptotic of solutions to (1.2) in
the unstable regime, we recall some known results about the behaviour of solutions under
the conditions (1.3), and then we proceed by stating our main contributions.

Remark 1.2. In the stable regime, it has been proved in [6] that for any H'(R3) initial
datum the corresponding solution to (1.2) is global and scatters. Hence we will only focus
on the unstable regime given by (1.3).

As mentioned before, the local well-posedness of (1.2) was proved in [11], and among
other results, the existence of finite time blow-up for (1.2) was shown for initial data with
negative energy.

For the reader’s convenience, let us start by reviewing some important results in the
unstable regime.

Proposition 1.1 ([11]). Let A1 and Ay satisfy (1.3). Let ug € ¥ := HY(R3)NL?(R?; |z|?dz)
satisfy E(ug) < 0. Then the corresponding solution (1.2) blows-up in finite time.

The proof of this result is based on an argument of Glassey [24] using virial identities
related to (1.2), see [11, Theorem 5.2]. Let us mention the fact that in the finite-variance
space X, the result in [11, Theorem 5.2] is true in the presence of a harmonic confinement as
well, for energies bounded by a (positive) constant depending on the smallest trap-frequency
and the L?(R3; |z|?dx)-norm of the initial datum.

In [6], Bellazzini and the second author established the scattering for H'(R3)-solutions
to (1.2) below the ground state threshold in the unstable regime.

Theorem 1.2 ([6]). Let Ay and X2 satisfy (1.3). Let ug € H'(R3) satisfy E(ug)M (ug) <
E(@)M(¢) and H(uo)M(up) < H(p)M(¢p), where ¢ is a ground state related to (1.9).
Then the corresponding solution u(t) to (1.2) exists globally in time and scatters in H'(R3)
in both directions, that is, there exist u* € H'(R?) such that

i lu(t) — Lty g ey = 0, (L11)

where L(t) := eit22 s the Schrédinger free propagator.

The proof of the Theorem above is done by employing a concentration/compactness and

rigidity argument in the spirit of Kenig and Merle [28]. In Remark 1.4 we point-out how
the mass-energy thresholds above are independent of the ground state, which is indeed not
unique.
It is worth mention that the statement of the previous theorem was actually given in [6]
by means of the boundedness of the initial energy in terms of the mountain pass energy
level of the initial datum and the positivity of the Pohozaev functional. More precisely, for
any fixed mass ¢ > 0, one defines

S(e)=={fe H'R® : M(f)=c}.
It was proved in [8] that for ¢ > 0, the energy functional has a mountain pass geometry on
S(c). Moreover, the energy level y(c) has the following variational characterization

ye) =mf{E(f) : feV(e)}, V():={feH R : M(f)=c, G(f) =0},

where
G = H(P) + 3N (). (112

Note that the functional G is exactly the virial functional associated to (1.2), namely

G(u(t)) = LV (t), where
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V(t) = / 22t )2dz (1.13)
R3
is the variance at time t of the mass density.

The conditions on the initial datum leading to global well-posedness and scattering in
Theorem 1.2 as in the original paper [6] are E(ug) <~y (HUOH%Q(RS)> and G(up) > 0.
Let us denote

At = {f € B'\®Y) | B(f) < 1(0).c = M(f), G(f) > 0}, 114

A™ = {f e H'R®) | E(f) <~(c),c= M(f), G(f) <0}, (1.15)
and

s E(HM(f) < E@)M(9)

A= {reme)| G S NG ) (1.16)

s E()M(f) < E(@)M(9)

A= {f € I'(RY) H(ng((f) N H(¢>>M((¢> } (1.17)

It was shown in [7, Proposition 3.2] that AT = AT and A~ = A~. Therefore the
statement of Theorem 1.2 is completely equivalent to the original one in [6]. Furthermore,
in [7] the finite time blow-up is showed for (1.2) in the unstable regime (1.3), by assuming
that the initial datum ug belongs to A~ is cylindrical symmetric, and has finite variance
in z3-direction.

Recently, Gao and Wang [22] showed a finite time blow-up result for (1.2) with arbitrarily
large energy in a subset of the unstable regime.

Theorem 1.3 ([22]). Let A\ and Ay satisfy

M < =8N if A>0, (118)
M <A if A< '
Let ¢ be a ground state related to (1.9). Let up € ¥ satisfy
E(ug)M (uo) (V'(0))?
ronie (L sEeovm) < (1)
—N(uo)M(uo) > —N(¢)M(¢), (1.20)
V'(0) <0. (1.21)

Then the corresponding solution u(t) to (1.2) blows-up forward in finite time.

The proof of the latter result, see [22, Theorem 2] is based on the argument of Duyckaerts
and Roudenko [20] using virial identities. Note that the restriction (1.18) ensures that the
potential energy takes negative values (see [22, Lemma 4] and [23] for some applications to
the Hartree equation).

1.2. Main results. We are ready to state our main results, and we start with the following
scattering criterion for (1.2) in the unstable regime. The following theorem will play an
essential role in the proof of the dynamics above the mass-energy threshold (see Theorem
1.5 below).

Theorem 1.4. Let A1 and A2 satisfy (1.18). Let ¢ be a ground state related to (1.9). Let
u(t) be a H'(R3)-solution to (1.2) defined on the mazimal forward time interval [0, T*).
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Assume that

Jup ~NGu(@)M(u(t) < =NOM(). (1.22)

Then T* = oo and the solution u(t) scatters in H'(R3) forward in time.

The main strategy in the proof of this Theorem is a concentration/compactness and
rigidity scheme in the same spirit of [26] (see also [21] for a generalization to the all range
of inter-critical powers). The main difference comparing our result to the one of Holmer
and Roudenko in [26], is that in the latter paper data below the mass-energy ground
state are considered. This allows them to use the construction of wave operators to show
that nonlinear profiles associated to the linear ones exist globally in time and have finite
scattering norm. In our setting, such a construction does not work. To overcome the
difficulty, we prove a Pythagorean expansion along bounded non-linear flows (see the proof
of the existence of a critical solution, and in particular see Lemma 3.2, later on in the

paper).
Remark 1.3. As mentioned above, condition (1.18) guarantees that the potential energy is

always negative along the time evolution of (1.2) which is needed in the proof (see Remark

Remark 1.4. Although the existence of ground states related to (1.9) is proved (see e.qg.
[2]), the uniqueness (up to symmetries) of positive ground states related to (1.9) is not
known. However we point-out that the quantities

E(@)M(¢), H(p)M(¢), —N(9)M(¢) (1.23)
do not depend on the choice of the ground state ¢ (see (2.5)).

As a consequence of Theorem 1.4, we can give the energy scattering result for (1.2)
above the mass-energy threshold, which is a complementary result of the one of Gao and
Wang [22], as the latter only addressed formation of singularities in finite time.

Theorem 1.5. Let A1 and Ay satisfy (1.18). Let ¢ be a ground state related to (1.9), and
up € X be such that

E(uo)M (ug) = E(¢ M(qb) (1.24)
E(ug)M (ugp) (0))?
E( )M(9) <1 8E uo V(0)> =1 (1.25)
N (uo) M (ug) < — M(8), (1.26)
Vi0)=0 (1.27)

Then the corresponding solution u(t) to (1.2) satisfies (1.22). In particular, the solution
exists globally and scatters in H'(R3) forward in time.

Our next result is the following blow-up or grow-up result for (1.2) in the unstable
regime.

Theorem 1.6. Let A1 and Ao satisfy (1.3). Let u(t) be a H'(R3)-solution to (1.2) defined
on the mazimal forward time interval [0,T%). Assume that
sup G(u(t)) < =6 (1.28)

te[0,7)
for some § > 0. Then either T* < oo, or T* = 0o and there exists a sequence of time
tn, — oo such that

[Vu(ta) [ 2qas) — o0
as n — oo. In the latter case we say that the solution grows-up. In particular, if ug has
finite variance, i.e. V(0) < oo, then T* < 0o, namely the solution blows-up in finite time.
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The strategy to prove the previous theorem is in the spirit of Du, Wu, and Zhang, see
[17], but here we need to control the non-local term involved in (1.2). We point-out that
the hypothesis (1.28) is actually non-empty. Indeed, Bellazzini and the second author
proved in [7] that (1.28) is always satisfied provided the initial datum belongs to (1.17), or
equivalently to (1.15), namely below the mass-energy threshold.

Corollary 1.7. Let A\ and A2 satisfy (1.3), and ¢ be a ground state related to (1.9).
Assume that ug € H*(R3) is such that
{E(UO)M(UO) < E(¢)M (o),

H (ug) M (ug) > H(¢)M (), (1.29)

and let u(t) the solution to (1.2). Then either T* < oo, or T* = oo and there ezists a
sequence of time t, — oo such that

[Fu(tn)l| 2y — o0
asn — oo. If V(0) < oo, blow-up always occurs in finite time.
Our last result addresses the long time dynamics for (1.2) at the mass-energy threshold.

Theorem 1.8. Let \y and N2 satisfy (1.3). Let ¢ be a ground state related to (1.9). Let
up € HY(R3) be such that

E(uo) M (uo) = E(¢)M (). (1.30)
o If
H (uo) M (uo) < H(¢)M (), (1.31)
then the corresponding solution u(t) to (1.2) satisfies
H(u(t)) M (u(t)) < H(¢)M(0) (1.32)

for all t in the existence time. In particular, the solution exists globally in time.
Moreover, if we assume in addition that A1 and Ao satisfy (1.18), then the solution
either scatters in H'(R3) forward in time, or there exist a time sequence of times

t, — 00, a ground state ¢ related to (1.9), and a sequence {yn}n>1 C R? such that
(tn, - —yn) = €9ud(u)  strongly in H'(R®) (1.33)
as n — 0o, for some 8 € R and p > 0.
o If
H (uo) M (uo) = H(¢)M(6), (1.34)
then there exists a ground state ¢ related to (1.9) such that the solution u(t) to
(1.2) satisfies u(t,z) = e’ te® ud(px) for some € R and p > 0.
o If
H (uo)M (uo) > H(¢)M(¢), (1.35)
then the corresponding solution u(t) to (1.2) satisfies
H(u(t)) M (u(t)) > H(¢)M(0) (1.36)

for all t in the lifespan of the solution. Furthermore, the solution either blows-up
forward in finite time,
i) or there exists t, — 0o such that |[Vu(t,)||p2rsy — 00 as n — oo;
ii) or there exists t, — 0o such that (1.33) holds for some sequence {yn }n>1 C R?,
0 €R, and p > 0.
In addition, if V(0) < oo, then the possibility depicted in i) is excluded.
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Remark 1.5. To the best of our knowledge, the first work addressing the long time dynamics
for the focusing cubic NLS at the ground state threshold is due to Duyckaerts and Roudenko
[19]. Their proof is based on delicate spectral properties of the ground state for the cubic
NLS. Recently, the first author in [15] considered the dynamics for the NLS at the threshold
for the whole range of inter-critical powers.

The proof of the latter theorem is based on the scattering and blow-up/grow-up criteria
given respectively in Theorems 1.4 and 1.6, and the compactness of minimizing sequence
for the Gagliardo-Nirenberg-type inequality related to (1.2) (see Lemma 5.1). We also take
the advantage of the scaling invariance (1.8). For more details, we refer to Section 5.

Remark 1.6. Throughout the paper, we do not consider the dynamics for radial solutions
to (1.2) since the dipole-nonlinearity vanishes when applied to radially symmetric functions,
and therefore (1.2) would reduce to the classical NLS equation. It is due to the fact
the average of the dipolar kernel K(x) vanishes on S? (see [11]). Hence this symmetry
hypothesis won’t be useful to obtain other weaker sufficient conditions for the global dynamics
of solutions to (1.2).

Remark 1.7. All the results stated above can be proved for negative times in similar
fashions.

1.3. Organization of the paper. The paper is organized as follows. In Section 2, we
give some preliminary results including the local well-posedness, the small data scattering,
and the stability result for (1.2), and some properties of ground states related to (1.9).
In Section 3, we give the proof of the scattering criterion given in Theorem 1.4 and its
application to the energy scattering above the mass-energy threshold given in Theorem
1.5. Section 4 is devoted to the proof of the blow-up/grow-up result given in Theorem 1.6.
Finally, in Section 5, we study the dynamics of solutions to (1.2) with data lying exactly
at the mass-energy threshold given in Theorem 1.8.

2. PRELIMINARY RESULTS AND NOTATION

In the next subsection, we recall some basic facts on local theory for (1.2). We recall that
L(t) := e22 stands for the linear Schroédinger propagator, namely v(t, z) = L(t)up(x) :=
eit%Auo(x) solves i0yv + 3 Av = 0 with v(0,z) = up(z). In what follows, given an interval
I C R, bounded or unbounded, we denote by LP(I, L?) the Bochner space of vector-valued
functions f : I — LI(R3) endowed with the usual norm

1/p
s = ([ 15O aents) € l1.00)

For p = oo we adopt the usual modification. Here LY = L4(R?) are the usual Lebesgue
spaces. For an initial datum ug in H'(R?) satisfying V' (0) < oo, we will also use the notation
ug € ¥ := H'(R3) N L?(R3, |z|?dx). Since we will only work in the three-dimensional space,
we will drop the notation R? from now on.

2.1. Local theory. Let us start with the following nonlinear estimates.

Lemma 2.1. There exists C > 0 such that for any time interval I C R, the following
estimates hold

el + (K [ul)ull /s 1, passy < CllullTs g pnllull oo sy,
e+ (K * ul*Yull sy g, parsy < Cllullzsr, 1y,

IV (JulPu+ (K [ul)u)l s 1 a5y < CllullZs g, o)V ull oo, a)-
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For the proof of the above nonlinear estimates, we refer the reader to the proof of
Proposition 3.4 in [11]. Here we note that (8/3,4) is a Schrodinger L?-admissible pair and
(8/5,4/3) is its dual pair. See the monographs [12,31,34] and references therein for a more
detailed and complete treatment on the Strichartz estimates.

Thanks to the above nonlinear estimates, Strichartz estimates, and the contraction
mapping argument, we have the following local well-posedness in H' for (1.2), see [11].

Lemma 2.2. Let A\, A2 € R and ug € H'. Then there exist Ty, T* € (0,00] and a unique
solution to (1.2) satisfying

u€ O((—T, T%), H') N Ly (-1, T), LY).

loc
The solution satisfies the conservation laws of mass and energy, i.e. M(u(t)) = M(up) and
E(u(t)) = E(ug) for allt € (=T, T*). Moreover, there is a blow-up alternative: either the
solution exists globally in time or T* < oo (resp. Ty < 00) and

i V()52 = o0 <p Jim V()] = oo>,

The next result gives a sufficient condition for scattering, see [6] for a proof.

Lemma 2.3. Let u: [0,00) x R® — C be a H'-solution to (1.2). If |l Lo ([0,00),H1) < 20

and [[ul| s (j0,00),24) < 00, then the solution scatters in H! forward in time in the sense of
(1.11).

Note that the L®L* space is invariant under the scaling (1.8). See also the original paper
by Cazenave and Weissler [13] in the context of the so-called rapidly decaying solution
for NLS. It is also worth mentioning that (8,4) is a H'/? Strichartz admissible pair. The
following provides a small data scattering result for (1.2).

Lemma 2.4. There exists § > 0 such that, provided
I L(t)uoll Ls® L1y < 6,
where ug € H*, then the corresponding solution to (1.2) ewists globally in time and satisfies
lull 8w, ey < 20| L(t)uollLs(r,24),
[ll oo r, 1y + el s/ way < Clluoll g,
for some constant C > 0. In particular, the solution scatters in H' in both directions.

In [6, Lemma 3.2], the small data scattering was stated with small H'-norm of initial
data. Lemma 2.4 can be proved with a small refinement of the argument in [6, Lemma
3.2]. We omit the details.

Using Lemma 2.1 and an argument similar to [26, Proposition 2.3], we have the following
stability result for (1.2). See also [34, Section 3.7] and reference therein for this kind of
classical results.

Lemma 2.5. Let 0€ I CR and @ : I x R3 — C be a solution to
10¢t + %Aﬂ — F(a) =e,
where
F(a) := M|af*a + Ao (K * |a]*)a. (2.1)
Assume that u(0,x) = tg(x) and
@l oo r,ny < Ma, |Gl Lsr,z4ynros(r,03) < Mo
for some constants My, My > 0. Let ug € H' be such that

luo — @ioll g1 < Mz, || L(t)(uo — o)l Ls(r,z)nLoe(1,03) < €
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for some M3 > 0 and some 0 < € < g1 = e1(My, My, M3). Suppose that
||e||L8/5(I,W1»4/3) + ||€||L8/3(1,L4/3) <e.

Then there exists a unique solution u : I x R3 — C to (1.2) with initial data u(0,z) = ug(z)
satisfying
lu = @l 8w zaynreo(1,08) < C(My, Ma, M3)e,
||UHL8/3(1,WL4) + lull s Loynree 1,8y < C(My, Ma, Ms).
2.2. Variational analysis. In this subsection, we recall some basic properties of ground
states related to (1.9).

Let ¢ be a ground state related to (1.9). Since it is an minimizer for the Weinstein
functional (1.10), we have

o -N@
opt — 3 19
(H(¢))2(M(9))2
where Cypt is the optimal constant in the Gagliardo-Nirenberg-type inequality
~N(f) < Cop(H(£)2(M(f)7, | € H'(B). (2:2)
We also have the following Pohozaev’s identities (see [2, Lemma 2.2]):
3
H(9) = 6M(9) =~ N(6). (23)
We infer that . .
B(9) = ZH(9) = —{N(9)
and
2 _1
Copt = 5 (H(8)M(9))* (24)

This shows that
B()M(6) = SH@)M($) =~ N(6)M(9) = o (Cop) (25)

In particular, we see that the quantities E(¢)M (¢), H(¢p)M (o), and N(¢p)M (¢) are inde-
pendent of ¢.
As a consequence of the variational analysis above, we give the following coercivity

property.

Lemma 2.6. Let \; and A2 satisfy (1.3). Let ¢ be a ground state related to (1.9), and
f € H' satisfy
—N(f)M(f) < A< -N(¢)M(¢)

for some constant A > 0. Then there exists v = v(A, ¢) > 0 such that
G(f) =z vH(f), (2.6)
v
() > L) (27)

Proof. If N(f) > 0, then it is obvious, from (1.12) and the definition of the energy that
G(f) > H(f) and E(f) > $H(f). If N(f) <0, then we write

A=—-(1-n)N(¢)M(¢)
for some n = p(A, ¢) € (0,1), and we have

—N(f)M(f) < (1 =n)N($)M(9).
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Using (2.2), (2.4) and (2.5), we see that

which implies

It follows that 5
1
G(f) = H() + SN = (1- (=) ) H(f)
which proves (2.6). The estimate (2.7) follows from (2.6) and
1

B(f) = 5G(f) = {N() 2 5G(f).

The proof is complete. O

3. DYNAMICS ABOVE THE THRESHOLD

This section is devoted to the proof of the scattering criterion given in Theorem 1.4 and
its consequences.

3.1. Proof of the scattering criterion. Let u : [0,7%)xR3 — C be a H!-solution to (1.2)
satisfying (1.22). By the conservation of energy and (1.22), we see that supycp p+y H (u(t)) <
C(E, ¢) < co. Hence by the blow-up alternative we have T = oo.

Let A and § be two positive real numbers. For u(t) satisfying

tes[:)lp )—N(u(t))M(u(t)) <A, E(u)M(u) <54. (3.1)

we define

S(A,6) = sup {[lull Ls(0,00),04) : u(t) is a H' solution to (1.2) satisfying (3.1)}. (3.2)

We see that Theorem 1.4 is reduced to show the following result.

Proposition 3.1. Let A1 and A2 satisfy (1.18). Let ¢ be a ground state related to (1.9).
If A< —N(¢)M(9), then for all 5 >0, S(A,J) < co.

Remark 3.1. We remark that the energy E(u) is non-negative due to Lemma 2.0.

Proof of Proposition 3.1. The proof of Proposition 3.1 is done by several steps. In what
follows, the quantity A is fixed, and satisfies the boundedness assumption as in the state-
ment of the Proposition.

Step 1. Small data theory. By interpolation and Lemma 2.6 we have
< 2E(ug) < 275
v

- v

ol 5 < H (u0) M (uo) M (uo)

By taking § > 0 sufficiently small, Strichartz estimates imply [|L(¢)uol| s z4y < 1 which,
by Lemma 2.4, implies S(A, ) < oo.
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Step 2. Ezistence of a critical solution. Assume by contradiction that S(A,J) = oo for
some § > 0. By Step 1, the quantity

de = 0c(A) :=inf {6 >0 : S(A,0) =0} (3.3)
is well-defined and positive. We infer from the definition of . that:
A) If u(t) is a H'-solution to (1.2) which satisfies

o0 “NG)M(() < A B)M(w <0

then ||ullzs(jo,00),04) < 00 and the solution scatters forward in time.

B) There exists a sequence of H!-solutions {un(t)}n,>1 to (1.2) with initial data
{uon}n>1 such that

sup —N(un(t))M(un(t)) < A for all n,
te[0,00)

E(un)M (up,) N\ 0c as n — oo, (3.4)

[l L8 (j0,00),4) = o0 for all n.

We will prove that there exists a H!-solution u(t) to (1.2) such that

M(uc) =1,

sup —N(uc(t)) < A,
t€[0,00) (3.5)

E(uc) = e,

l|tell 28 (0,00),4) = ©0-

To this aim, we consider the sequence of initial data {ug}n>1. Using the scaling (1.8), we
may assume that M (ug ) =1 for all n. Note that this scaling does not affect E(uy)M (uy,)
and supe(o o0y =NV (un ()M (un(t)). After this scaling, we have

M (uppn) =1 for all n,

sup —N(un(t)) < A for all n,
t€[0,00) (3.6)
E(uon) \dc as n — 0o,

lunll 28 ([0,00),4) = o0 for all n.
Applying the profile decomposition (see e.g. [18]) to the sequence {ugp}n>1 (Which is now

uniformly bounded in H'), we have that for each integer J > 1, there exists a subsequence,
still denoted by {ugn}n>1, and for each 1 < j < J, there exist a profile ¥/ € H 1 a sequence

of time shifts {t},},>1 C R, a sequence of space shifts {x%}nzl C R3, and a sequence of
remainders {W,/},>1 C H' such that

J

o () = Y L(=th)Y/ (x — xf) + W/ (2). (3.7)

j=1
The time and space shifts have the pairwise divergence property below
lim [t —t%| + 2] —aF| =00, forany 1<j#k<J (3.8)
n—oo
The remainder has the following asymptotic smallness property

lim | lm [|L)W;]|| s poynpae.zsy | = 0. (3.9)

J—o0 Ln—o0
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Note that (8,4) and (4, 6) are both H'/2-admissible Strichartz pairs. Moreover, for fixed
J, we have the asymptotic Pythagorean expansions (see e.g. [6])

luo.nll, Z 11, + W31, + on(1), Wy € [0,1], (3.10)
J
~N(uon) = =Y N(L(=t,)y?) = N(W;]) + (1), (3.11)
j=1
J
E(uon) = ) E(L(=t))¢7) + E(W,)) + oa(1). (3.12)
j=1

Here we note that the functionals H, N (see (1.5) and (1.6)), and E are invariant under
the spatlal translation. In addition, we may assume that either th=0ort, — +o00, and
cither 7, = 0 or |2,| — co.

Next, we define the nonlinear profile v/ associated to ¥/ and t as follows:

o Ift] — —00, then v7 is the maximal lifespan solution to (1.2) that scatters forward
in time to L(¢)y7, i.e. ||v/(t) — L(t)Y?||gn — 0 as t — oo. In particular, we have
|07 (—th) — L(—th)¥7|| g1 — 0 as n — 00 and [[v7(¢)]| £s((7y.00),04) < 00, for some
Ty > 0.

e If t, — 0o, then v/ is the maximal lifespan solution to (1.2) that scatters backward
in time to L(¢)1?. In particular, we have ||v/(—t}) — L(—t})0 || ;1 — 0 as n — oo
and [[v7 (t)|] 18 ((—o0,—1p),14) < 00, for some Ty > 0.

e If #J, = 0, then v7 is the maximal lifespan solution to (1.2) with data v (0) = 7.

For each j,n > 1, we introduce v}, (t) := v/ (t — t},). By the definition, we have

[03,(0) = L(=t})4 || 1 — 0 as n — oo. (3.13)
We thus can rewrite (3.7) as
J
uo Zv 0,z —al) + W/ (x), (3.14)
j=1

where
J
= L=t (z — a}) — v} (0,2 — x}) + W)/ ().
By Strichartz estimates, we have
LW | 3Ly .oy S Z IL(=t2)97 = 0}, (0) ][ mrv + I LW |l 3@, )L (r.)

which, by (3.9) and (3.13), unphes
Jim. lim, L&YW |5, Lyn Lo, Ls) = O- (3.15)

Similarly, we infer from (3.12) and (3.13) that
J
E(uon) = > E@}(0)) + E(W;)) + 0a(1). (3.16)
j=1

We need to prove the following Pythagorean expansions along the bounded NLS flow (see
e.g. [25, Lemma 3.9] for a similar result in the context of classical NLS). In what follows
DNLS(t) f denotes the solution to (1.2) with initial data f.
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Lemma 3.2. Let T € (0,00) be a fized time. Assume that for all n > 1, u,(t) =
DNLS(t)ug,, exists up to time T and

lim sup H(up(t)) < oo. (3.17)
=00 te[0,T]

Consider the profile decomposition (3.14). Denote W,/ (t) = DNLS(t)W,/. Then for all
t €[0,7],

J

H(un(t) =Y H©}(1) + HW; (1) + 01a(1), (3.18)
j=1

where 07,(1) satisfies limj_,o limsup,,_,., 07,(1) = 0, uniformly on 0 < t < T. In
particular, by the conservation of energy and (3.16), we have for all 1 < j < J and all
te 0,7,

J

—N(un(t)) = =Y N(ui(t)) = N(W;/ () + 01n(1). (3.19)
j=1

Proof of Lemma 3.2. By the Pythagorean expansion (3.10), there exists Jy large enough
such that ||17]| ;1 are sufficiently small for all j > Jy+1. This, together with (3.13), implies
that ||v7,(0)|| g1 are small for all j > Jy + 1. By the small data theory, vy, exists globally in
time and scatters in H! in both directions for all j > Jo + 1.

Next, we reorder the first Jy profiles and let 0 < Jy < Jj such that

e For any 1 < j < Js, the time shifts t, = 0 for any n. Here if J5 = 0, then it means
that there is no j’s in this case. '

e For any Jo + 1 < j < Jy, the time shifts |t],| — co as n — oo. Note that if Jy = Jy,
then there is no j’s in this case.

Fix T € (0,00) and assume that w,(t) := DNLS(¢)uq, exist up to time 7" and satisfy
(3.17). We observe that for J, +1 < 5 < Jp,

HU%”LS([O,T],M) —0 (3.20)

as n — oo. Indeed, if £}, — oo, then as HUj(t)HLS((_OQ_TO),Lzl) < oo for some Ty > 0, we
have

o llzsqorn.c = 109 (O s sty 1ty = O

as n — 0o. A similar claim is valid for t% — —o0. Moreover, for Jo +1 < 5 < Jy and any
2<r <6 we get

103\l Lo jo,7],27) — O (3.21)
as n — o0o. Indeed we have
103 )| oo o7, < INL(E = )07 || oo o7y, iy + IV (E) — L(t — )07 || oo (fo,7,27)
<Lt = )Y | Lo o,17,m) + Cllvi () — Lt — )07 || Loo (j0,77,51) -

By the decay of the linear flow, the first term tends to zero as n tends to infinity. For the
second term, we use the Duhamel formula

t
vl (t) = L(t)vl (0) + Z/ L(t — s)F(vl.(s))ds
0
with F as in (2.1) and Lemma 2.1, to have

[0l /s oy S Noa O ar + 1031 Zs o2, 1901 s (0.0, w10)
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which, by (3.20), implies H’U%HLS/P,([O’T]’W1’4) is bounded uniformly in n. Similarly we have

[0, () — L(t — )9 || oo 0,77, 10)
S L)), (0) — Lt — )% || oo jo,7),m51) + ”U%H%W[O,T},L‘l)||U¥LHL8/3([O,T]7W174)
S N (0) = L=t0)9 |l + 10125 o, 20 103 | /3o,y 0.0
Since the last factor in the right hand side is bounded by the latter argument, (3.13) and
(3.20) imply
vy, (t) — L(t — t],)3’ ||Loo([0,T],H1) —0
as n — oo, hence (3.21) holds.
Next, we define

B :=max< 1, lim sup H(u,(t)) p < oo.
=200 (0,7

For each 1 < j < J,, we denote T the maximal forward time such that SUPyeo,7] H@(t)) <
2B. Define

T — minlgjgjz Tj if JQ > 1,
' T it Jy=0.
In what follows, we will show that for all ¢ € [0, T],
J
H(un(t)) =Y H(i(t) + HW, () + 0sa(1), (3.22)
j=1

where 0;,(1) satisfies limj_,o limsup,,_,,, 07,(1) = 0, uniformly on 0 < t < 7. This
implies (3.18) as T' < T. Indeed, if Jo = 0, then T = T by definition. Otherwise, if J, > 1
and T < T, then by (3.22) and the definition of T', there exists 1 < j < .J; such that
T7 =T and

sup H(v'(t)) = sup H(vl(t)) < sup H(un(t)) < sup H(u,(t)) < B.
t€[0,17] t€[0,17] te[0,77] te[0,T]

Here we recall that #, = 0 for 1 < J < Ja. By continuity, it contradicts the maximality of
T7.
To show (3.22), we observe that for 1 < j < J;, we have

HU%”LS([O,T},UL) = ij“LS([07T],L4) < Tl/S”””‘mo( [0,77,L4)

=1/8)1,.9(11/4 i 3/4
T ”7} HLOO(OT] LZ)”V HLoo OT] L2)'
It follows that /
] 71/8 1/4 3/4
ol zeqonan S T 18 o 00y B

On the other hand, by the conservation of mass and the choice of v/, we have for all
te[0,7],

[0/ ()2 = [[v/ (0)l 22 = [l |2 < lluonllrz <1 (3.23)
which implies

|07 () HL8([0,T],L4) < T1/8 g3/4

Similarly, by Sobolev embedding, we have

HU%HLoo([o,T],L:s) < B2

Thus for 1 < j < Jo we get
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Next, we define the approximation
J

ap(t,x) ==Y op(te —a)) + W (t).
j=1

We see that @ (0, ) = ug,(x) and

n

1
o) + §M’J‘ — F(u)) =¢,
where
J J

= 2P ) = F (sl | +F (- W) = F(@)).

Claim 3.3. The functions @ satisfy

. ~J ~J
h,ﬂn_ﬂip (Hun”Loo([o,T},Hl) + HunHLs([O,TLL‘l)mLOO([[)7]:']7[/3)> Sl (3.25)
uniformly in J and

. . ~J ~J
}1_{120 nh_)nolo ||enHL8/5([[)7T]7W174/3) + Hen”L8/3([0j‘]7L4/3) =0. (3:26)

With Claim 3.3 at hand, Lemma 2.5 implies

. . ~J i
lim T {fun =@l s 0,79, 24)nn00 (0.77,08) = O-

By the Holder’s inequality, Sobolev embedding, (3.17), and (3.25), we see that

~J ~Jnl/2 ~Jnl/2
[[ttn — unHLOO([()7T]7L4) < un — Un”Loo([OjLLg)Hun - un||Loo([07T]7L6)

_7i1/2 _ /
S Hu” - ZHL‘X’([O,T},L:‘) (HUTL”LOO([O,fLHl) + HU;{HLOO([QTLHU) —0

as J,n — oco. Moreover, by the same argument as in [6, Proposition 4.3] using (3.8) and
(3.21), we see that for all ¢ € [0,T],

J
—N(@(t)) = = Y N (t,2 — z})) = N,/ () + 05a(1)
j=1

J

==Y N@i(t) - NW;(t) + osn(1).
j=1

On the other hand, by the conservation of energy and the choice of v/, we have

J
E(un(t)) = E(uos) = Y E(v(0)) + E(W,)) + 0,(1)

<.
Il
-

E(u), (1)) + EW;/(£) + on(1).

I
Mk

<
Il

1
Combining the above estimates, we prove (3.22). The proof of Lemma 3.2 is complete. [

Proof of Claim 3.3. We first show the smallness of remainder under the time evolution of
(1.2). By the Duhamel formula, Strichartz estimates, and Lemma 2.1, we have

W (Dl s, Loynza,Loy < LW | s LoynLa@,coy + CIW (O3 s @ 1yn 0 .6y
(3.27)
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for some constant C' > 0 independent of n. By the standard continuity argument together
with (3.15), we get

Jim [ i (W (8) s poynmse oo | = 0. (3.28)

The boundedness of H@;{HLg([O 7,04y Le ([o,7],03) follows directly from (3.20), (3.21),
3.24), and (3.28). To see the boundedness of VA uniformly in J, we proceed
nllLeo([0,7],H")

as follows. For Jy + 1 < j < Jy, we use the Duhamel formula, Strichartz estimates, (3.21),
and the fact that

HVF(“)||L2([0,T},L5) N HUHL4 0.7,y 1Vl oo 0,77,22)
TI/QHUHQOO ([0,77,L9) ”V“HLOo ([0,7],L2)
to have
IV oo 07,2y S IV02(0)]] 2

for n sufficiently large. A similar estimate holds for j > Jy + 1 since HU%H LA(R,L6) is small
by taking Jy sufficiently large. Similarly, by (3.28), we have

1NV )l o 021,22y < IV W 12

for J, n sufficiently large. Thus, we get

Jo J
~J|12 j (12 2
HvunH oo([OjLLQ) < Z vaj||Loo([0jﬂ],L2) + Z ”VU H > (]o, T} L?)

j=1 Jj=J2+1
+HVWJ( )HLOO(OT] L2
J . ~
ShB Y Ve 07 + VW72 + 0sa(1)
j=Ja+1
J .
S BB 4 Y IV T + VW72 + 0sn(1)
j=Ja+1

N J232 + HVUO,n”%? + OJ,n(l)
< JoB% 4+ B? +0y,(1).

Note that Jo < Jy which is independent of J for J large. On the other hand, by the
conservation of mass, we have similarly to (3.23)

. . . g .
1A e oty = IOz = tim [l 2 = [[97] 2 < [lugnllzs < 1.

Collecting the above estimates, we show the boundedness of ||@]|| Lee([0,7), 11> Dence (3.25)

follows.
To see (3.26), it suffices to show

lim lim [[A(J, ”)”LS/a([oj},WlAw) + A, ”)”L8/3([07T},L4/3) =0 (3.29)

J—00 n—00

and

lim lim [|B(J, n)HL8/5([07T],W1,4/3) +[1B(J, n)\|Ls/3([07T*]7L4/3) =0, (3.30)

J—o0 n—0o0
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where

J
= F(’U%( - (E] ,Ugl - xj 9
=1
]:

B(J,n):=F (a;{ - W,:](-)) - F(a;{).

The estimate (3.29) follows from standard argument (see e.g. [26, Proposition 5.4]). A
similar argument goes for (3.30) using (3.28). We omit the details. O

At this point we can distinguish two possible cases.

Case 1. More than one non-zero profiles. We suppose that there exist at least two nontrivial
profiles ¢7. Then we infer from (3.10) and (3.13) that

M () = Mu(0) = M) <1, ¥j>1, (3:31)
Moreover, by (3.6), (3.19), and (3.31), we have
sup =N, (6)M (v (1) < A, E(vi,(t))M(v}(1)) < b (3.32)
te 0,00

which, by Item A) (see page 12), implies that
1071118 ((0,00),24) < 00, V3 > 1.

We can approximate

E v] x—xJ

using the long time perturbation argument and get for J sufficiently large,

[[wn |l 28 (0,00),24) < 0

which is a contradiction.

Case 2. Only one non-zero profile. Therefore we now have only one non-zero profile, namely
o (z) = e APz — al) + Wa(z),  lim [|eAW, | 1sgm1) = 0.
n—00 ’

We claim that we cannot have t} — —oo. Indeed, suppose that t} — —oo. It follows that

A . o
€S0 nll L5 (0,00),1) < €™M 11511 00),2) + 1€ Wl 15 ((0,00),14) = O a8 n — o0.

The continuity argument yields |[un||£s(j0,00),4) < o0 for n sufficiently large. By Lemma
2.3, up(t) scatter in H! forward in time, which is a contradiction.
Let v! be the corresponding nonlinear profile associated to 1! and set v} (t) := v (¢t —t1).
Accordingly to (3.14), we have
o () = v (0,2 — z,) + Wy ().
Arguing as above, we have that v} and W}(t) :== DNLS(t)W,!

ML) <1, sup —N(uh(D) <A, E(l(t) <4

t€[0,00)

satisfy

and
nlg{)lo W, ()|l 8w, L4y = 0.

We infer that



THRESHOLD DYNAMICS FOR DIPOLAR QUANTUM GASES 19

Indeed, if M (v}(t)) < 1, then
sup —N (v, (£) M (v, (1) < A, E(vy, ()M (v (1)) < b

n
t€[0,00)
By Item A), (see page 12), we have
1
lvnll 28 (10,00),24) < 00
which, by the long time perturbation argument, implies
lunll 28 ([0,00),24) < 00

We get a contradiction, and similarly we can discard the possibility that E(v}(t)) < ..
We now define u. the solution to (1.2) with initial data v'(0). We see that u,. satisfies
(3.5). Indeed, we have

and
sup —N(uc(t)) = sup —N(v'(t))= sup —N(vl(t)) < A.
te[0,00) te[0,00) teftl ,00)

~—

By the definition of d, we must have [|uc||1s([0,00),z.4) = 00. The construction of a critical
(i.e. global and non-scattering) solution (see (3.5)) is done.

Step 3. Ezclusion of the critical solution. By the compactness argument similar to [6], we
show that there exists a continuous path z(t) € R? which grows sub-linearly in time, such
that

O = {uc(t,- —x(t)) : t€]0,00)}
is precompact in H'. Using this compactness result, the rigidity argument using localized
virial estimates and Lemma 2.6 shows that u.(¢) = 0 which contradicts (3.5).

This in turn also concludes the proof of Proposition 3.1, hence Theorem 1.4 follows.

Remark 3.2. The condition (1.18) is needed in the proof of Theorem 1.4. It ensures that
the Junctional N is always negative which is crucial to get (3.32). If there is a profile

vy such that N( °(to)) becomes non-negative at time tg, then there may be another v}
satisfying N (vi!(to)) > A. In this case, we cannot conclude.

3.2. Scattering above the threshold. We next show the energy scattering result given
in Theorem 1.5. as the first consequence of the more general Theorem 1.4.

Proof of Theorem 1.5. Let ug € ¥ satisfying (1.24), (1.25), (1.26) and (1.27). We will show
that (1.22) holds true, which in turn implies the result, by means of Theorem 1.4. Tt is
done in several steps. The strategy is in the spirit of Duyckaerts and Roudenko [20].

Step 1. Reduction of conditions. We first recall the following estimate due to Gao-Wang
[22]:
2
(=N(f))?
i
(Copt)5 (M(f))3
1.

where Cypy is the sharp constant in (2.2). Let V() be as in (1.13). It is known (see e.g.
[11]) that

2
<Im o flx)z - Vf(w)dx) < ”1’in2 (H(f) — ) , fex, (3.33)

V'(t)=2Im | au(t,x)x  Vu(t,z)dz, V"(t)=2H(u(t))+ 3N (u(t)). (3.34)
RS
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In particular, we have
V"(t) = AE(u) + N(u(t)) = 6 E(u) — H(u(t)). (3.35)
It follows that
—N(u(t)) =4E(u) — V"(t), H(u(t)) =6E(u) — V" (t). (3.36)

Thanks to (1.19), N(u(t)) takes negative values, hence V" (t) < 4F(u) for all times ¢ on
the lifespan of the solution. Inserting (3.36) into (3.33), we infer that

VOV = i lemiay — v - (AE@ = V()5
<2>‘() WO )
which implies

(2'(0)* < h(V" (1)), (3.37)
where z(t) := /V (t) and

h(A) :=6E(u) — A —

with A < 4F(u). We see that the real function h is decreasing on (—o0, \g) and increasing
on (Ao, 4E(u)), where X\ satisfies

_ 2B — Xo)” (338

1=
3(Copt) 3 (M (u))

Wl | @l

This implies that

A
h(Xo) = 30

Using (2.4) and (2.5), we infer from (3.38) that

E(u)M(u) <1 - 4]3&)) =1 (3.39)

As consequence of the above identity and the conservation laws of mass and energy, we see
that the assumption (1.24) is equivalent to

Ao >0 (3.40)
and the assumption (1.25) is equivalent to (V'(0))? > 2XoV (0) or
(Z(0)” 2 22 = h(x). (3.41)
Moreover, the assumption (1.26) is equivalent to

V"(0) > Xo. (3.42)
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Indeed, by (1.26), (2.5) and (3.39), we have
V"(0) = 4E(uo) + N (uo)
N (uo) M (uo)
M(UO
N(p)M

= 4E(uo) +

)
> 4B (up) + i ¢)

(=]
N — | —~

In addition, the assumption (1.27) is equivalent to
2(0) > 0. (3.43)

Step 2. Lower bound of V" (t). We claim that there exists dp > 0, possibly small, such that
for all t € [0,T™),

V”(t) > Ao + do. (3.44)
By (3.42), we take 6; > 0 so that
V"(0) > \o + 241.

By continuity, we have

V"(t) > X+ 1, Vte€0,tp). (3.45)
for typ > 0 sufficiently small. By reducing tq if necessary, we can assume that
Z/(to) > h()\o) (346)

Indeed if 2/(0) > \/h(X\o), then (3.46) follows from the continuity argument. Otherwise, if
=+/h /\0 ), then using the identity
1 [V"(¢)
"(t) = — — (¢ (t)? 3.47
0= (Yo - o) (3.47)

and (3.42), we have 2”(0) > 0. This shows (3.46) by taking to > 0 sufficiently small.
Thanks to (3.46), we take €9 > 0 small enough so that

Z/(t0> >4/ h()\g) + 2¢p. (3.48)
We will prove by contradiction that
! t) > 4/ h()\o) + €9, Vit >tp. (3.49)

Suppose that it is not true and set

t ::inf{tZto : z’(t)gx/h()\o)—l—eo}.

By (3.48), we have t; > to. By continuity, we have

= Vh(X) + o (3.50)
and
> Vh(Xo) + €0, Vit € [to, ta]. (3.51)

By (3.37), we see that
(\/ o) + eo> < (Z'(1)2 < h(V'(1), ¥t € [to, t1]. (3.52)
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It follows that h(V"(t)) > h(Xo) for all t € [to,t1], thus V" (t) # Ao and by continuity,
V”(t) > Mg forall t € [to,tl].
We will prove that there exists a constant C' > 0 such that

V"(t) > Ao + \25 Vt € [to, t1]- (3.53)
Indeed, by the Taylor expansion of h near Ay with the fact h'()\g) = 0, there exists a > 0
such that

R(A) < h(Xo) +a(h —Xo)%, YA st |A =X < 1. (3.54)
If V'(t) > Ao + 1, then (3.53) holds by taking C large. If \g < V"(t) < Ao + 1, then by
(3.52) and (3.54), we get
(VAGO) + ) < (1)) < A(V"(1)) < hXo) + V(1) = Ao’

thus

v

iﬁ(?*‘<“’“+m)>
(\2/50_26 JW—%) >0

t
1
z(t)
provided ¢ is taken small enough, and this contradicts (3.50) and (3.51). This proves
(3.49). Note that we have also proved (3.53) for all ¢ € [ty, T™). This together with (3.45)

imply (3.44) with 6y = min {51, veo }

Step 3. Conclusion. Eventually, we are able to prove (1.22). It follows from (3.44) that
=N (u(t)) M (u(t)) = (4E(u) — V"(t)) M (u)
< (4E(u) — Ao — 00) M (u)
< AE(¢)M () — doM (u)
—(1 =n)N(¢)M (o)
for all t € [0, T*), where 1 := 413%&()) > 0. Here we have used (3.39) to get the third line
and (2.5) to get the last line. This shows (1.22) and the proof of Theorem 1.5 is complete.

3.3. Construction on initial data as in Theorem 1.5. We conclude this Section by
showing the existence of initial data satisfying the conditions of Theorem 1.5. For the
reader’s convenience, we recall that we are looking to functions ug € ¥ such that

E(uo)M(uo) = E(¢)M(0), (3.55)

E(uo)M (uo) (V'(0))?
<>M@>O 8me@>§L (3.56)
—N(ug)M (ug) < —N(¢)M(¢), (3.57)
V'(0) > 0. (3.58)

To this end, we follow an idea of Duyckaerts and Roudenko [20]. Let vy € ¥ and denote
uo(z) := ei"mzvo(:ﬂ), uweR (3.59)
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A direct computation shows
M (uo) = |[uo||7> = llvol|72 = M (o),
N(uo) = /A1|U0(90)\4 + Ao (K x [ug(2)[*)|uo ()| *dx
= [ Ml + Aol @) oo(o) P = N (w),
and
H(up) = HVUOH%Q = HVU0||2L2 + 4M2H$'UO||%2 + 4u1m/x - Vo (x)vg(z)dz.

We also have ||zugl|7. = ||zvo||7., and, by denoting with u(t) the solution to (1.2) with
initial datum wug as in (3.59), we have

V'(0) = 2Im/x - Vug(x)ap(z)de = 2Im/m - Vo (x)To (@) dzx + 4pl|zvo |2
Observe that if vg is real-valued, then

B(up) = E(vo) + 242|evol2,  V/(0) = dullevol3.

The conditions (3.55)—(3.58) now become

(B(wo) + 22 levolf3e) M(vo) = B($)M(6), (3.60)
E(o0) M(vo) < E(6)M(9), (3.61)

N (v0)M (o) < —N(@)M(9), (3.62)

llewoll3 > 0. (3.63)

Note that condition (3.63) is satisfied for all u > 0. Let us take
vo(z) = A3g(Ax), A >0,

where ¢ is a non-negative ground state related to (1.9). Note that such a ground state
exists due to [2]. A calculation shows

M(vo) = N*M(¢), N(vo) = A'N(¢), H(vo) =X'H(¢), |zvol7z = [lzg|7-.

By plugging the above identities into (3.60)—(3.63), we get

)\4 )\7 2 2 2
(S H(6) + 3 N(6) + 2Pl ) ¥M(0) 2 E@M(O), (3.64
(X* AT )
FHE) + FN©)) $M©) < E@MO) (3.65)
ON@M() < ~N6M(@), (360
Hlgls > 0. (3.67

Since —N(¢) > 0 and E(¢) > 0, we see that (3.65) and (3.66) are satisfied for A > 0
sufficiently small. Once A is fixed, we take p > 0 sufficiently large so that (3.64) and (3.67)
are fulfilled. This shows the existence of initial data satisfying (3.55)—(3.58). The proof is
complete.
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4. BLOW-UP OR GROW-UP RESULT

The blow-up criterion given in Theorem 1.6 follows from the Du-Wu-Zhang argument,
see [17], and some control on the non-local dipolar term proved by the second author and
Bellazzini in [6].

Let us start by recalling the following localized virial identities related to (1.2). Let x
be a smooth radial function satisfying

r?2 if r <1,
x(x) = x(r) = { 0 if r>9 X" (r) <2 for all 7 = |z| > 0. (4.1)
Given R > 1, we define the radial function
or(z) := R?x(z/R). (4.2)
We define the following localized virial quantity
Zpg(t) = /RS or(x)|u(t, z)|*dz. (4.3)

We have the following localized virial estimate.

Proposition 4.1. It holds that

2y, (t) = Im /R3 u(t)Vor - Vu(t)dr

and

20 () < 2G(u(t)) + Ar(d), (4.4)

where 1 1 2 2 1 2
ARM] S B+ Rl a2 gy + B )20

a1 oz ) + 1O L0z r)»
for allt €[0,T*).

Proof. Straightforward computations show that
2,(t) =Im [ T(t)Ver - Vu(t)ds
R3

and

3
1 _
2, () = -1 /]R3 A’pplu(t)dz + g Re /RB ajzkngaju(t)aku(t)dx

Jk=1
ﬁ A 4 _ 2 2
+ 5 erlu(t)|*dx — Xy | Ver - V(K * |u(t)]?)|u(t)|dx.
R3 R3
Using the fact ||A%2¢g||r~ < R™2 and the conservation of mass, we have
[ Aerlu(t)de < B2

R3

Since @pg is radial, we use the fact

0= 2o, 0= <5]k _ xjﬂﬁk) 5, + BTk g2
T

r rs r2

to write

3
Z Re/3 832»k<p38jﬂ(t)8ku(t)da;
R

],k—l
— , ( ) \_/ u t ax i 2( ) ) 3( ) X - C u t ax
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Since ¢’,(r) < 2, the Cauchy-Schwarz inequality implies
3
Re /RS (?JzkgoR@jﬂ(t)@ku(t)dm < 2| Vu(t)|3,.
Jik=1

Since pr(r) = |x|? for |z| < R, we see that

/, Apglu(t)[*de = 6]u(t)||7s +/ (Apr — 6)|u(t)[*dz
R5

z|>R
= 6lu(®) 3+ O () 110 r)) -
It follows that
2o (8) < 2Vu®)|2 + 3\ Ju(®)L — XeBr(®) + OB 2) + O (Ju®ll}sguon ) » (46)
where

Bpr(t) = - Vor - V(K * [u(t)]?)|u(t)|*dz.

As we proved in [6, Section 6], we can estimate the non-local term Br(t) in the following
fashion:

Br(t) = -3 / (I [u()]2) [ut) 2dx
+ O (B ) By ) gy + B 0) B ) 22 (4.7)

+R 7P u(t) | g ()| L2 o)z m) () 172 + Ril””(ﬂ”%qmzm + ”U(t)\|%4(|x|zR)) :

Gluing together (4.6) and (4.7), and using the Sobolev embedding and the conservation of
the mass, we get

2 (1) < 2| V()72 + 3Ma[lu(t) s + 3A /(K « Ju(t)]*)|u(t)Pde

+O(R™ 4+ B ) 20 ()2 gy + B30

+||u(t)||%4(|$‘zR) + Hu(t)||i4(|m\ZR)>

for all ¢ € [0, T*). Here we have used the fact that R~' > R™% for 8 > 1. The proof is
complete.
]

We are now able to prove the blow-up or grow-up result given in Theorem 1.6.

Proof of Theorem 1.6. Let u : [0,T*) x R® — C be a H'-solution to (1.2) satisfying (1.28).
If T* < oo, then we are done. If T* = oo, we will show that there exists a time sequence
t, — oo such that

IVu(tn)|| 2 — oo

as n — 0o. Suppose that it is not true. Then we must have

sup ||Vu(t)||r2 < oo. (4.8)
t€(0,00)
Using (4.4), (4.5), (4.8), and the Gagliardo-Nirenberg’s inequality we see that
2, (1) < 2G(u(t)) + Ag(1), (4.9)

where

[AR()] S R+ [l ot s gy + (B 202 (4.10)
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It remains to estimate [[u(t)|[2(jz)>r)- To do this, we employ the technique developed in
[17] in the following way. Let ¥ be a smooth radial function satisfying

0 if r<§g,
o =00 ={ | § 13E

where ¢ > 0 is a given constant. For R > 1, we denote the radial function

Yr(w) = Ygr(r) :=J(r/R).

By the fundamental theorem of calculus, we have

¥(r) <1forallr=|z| >0,

t
2y (1) = 2y, (0) +/O 2y (s)ds < 2y, (0) + sup, |25 (8)]-
se|0,

By the Cauchy-Schwarz’s inequality, the conservation of mass and (4.8), we estimate

sup |2y, (s)] = sup Im/u(s)V@bR -Vu(s)dz

s€[0,t] s€[0,t]
< 002 up u(s)
s€[0,t]
<CR™'

for some constant C' > 0. Thus, we get
ZwR(t) < ZwR(O) + CR™'t.
By the choice of ¥, we have
2y (0) = /1/}3(3:)|u0(x)]2dx < /| . lug(z)|?dz — 0
z|> 5t

as R — 0o or zy,(0) = og(1). Using the fact
[t o)Pds < 20
|z[>cR

we obtain the following control on L?-norm of the solution outside a large ball: for any

n > 0, there exists a constant C' > 0 independent of R such that for any ¢ € [0,7] with

R
T="7,

/ lu(t, 2)[2dz < 1+ or(1). (4.11)
elzR

Combining (4.9), (4.10) and (4.11), we obtain that for any 1 € (0, 1), there exists a constant
C > 0 independent of R such that for any ¢ € [0, 7] with T := % such that

2 (8) < 2G((t) + O (1 + or(1)* + (7 + or(1))?)

By the assumption (1.28), we choose n > 0 sufficiently small and R > 1 sufficiently large
to have
20 (1)< —-5<0

PR
for all t € [0,7T]. Integrating twice from 0 to T', we get
) nR  on?
Z(,DR(T) S Z‘PR(O) + Z:DR(O)T — §T2 = Z@R(O) + Z;R(O)ﬁ — TC'QRQ

Noting that z,,(0) = og(1)R? and 2, (0) = or(1) R, we see that

00 po.

2pr(T) < og(1)R* — 202
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Taking R > 1 large enough, we obtain z,, (7)) < —%RQ < 0, thus we get a contradiction.
The proof is complete.

5. LONG TIME DYNAMICS AT THE MASS-ENERGY THRESHOLD

In this section, we study long time dynamics at the mass-energy threshold given in
Theorem 1.8. To do this, we need the following compactness of minimizing sequence for
the Gagliardo-Nirenberg’s inequality (2.2).

Lemma 5.1. Let ¢ be a ground state related to (1.9). Let {fn}n>1 be a sequence of
functions in H' satisfying

M(fn) = M(¢), E(fn) = E(¢), lim H(fn)=H(¢).

n—0o0

Then there exist a subsequence still denoted by { fn}n>1, a ground state ¢ related to (1.9)
and a sequence {yntn>1 C R3 such that

Ful-+ yn) = €“puo(p-)  strongly in H'

forsomeHERandu::%>Oasn—>oo.

Proof. The proof is based on the concentration-compactness lemma of Lions [32]. Since
{fn}n>1 is a bounded sequence in H'! satisfying M(f,) = M(¢) for all n > 1, it follows
from the concentration-compactness lemma of Lions that there exists a subsequence still
denoted by {f,}n>1 satisfying one of the three possibilities: vanishing, dichotomy and
compactness.

If the vanishing occurs, then f, — 0 strongly in L” for any 2 < r < 6 which is not
possible due to the fact that

—N(fn) = 2E(fn) — H(fn) = 2E(¢) — H(¢) = —=N(¢) > 0 (5.1)

as n — 0o, where we used the continuity property of the convolution operator with the
dipolar kernel K (z).

If the dichotomy occurs, then there exist u € (0, M(¢)) and sequences {f}}n>1, {f2}n>1
bounded in H' such that

Il fn — fL— f2||Lr — 0 as n — oo for any 2 < r < 6;
M(fH = p, M(f%) — M(¢) — p as n — oo;
dist(supp{ f.}, supp{f2}) — 0o as n — oo;

liminf, o0 H(fn) — H(fy) — H(f3) > 0.

By the Gagliardo-Nirenberg’s inequality (2.2) we have

“N(f)) < ComlH(FDIZM(F)]2 < ComlH(F1)]2[M(0)]2,

where we let n sufficiently large and use the second property in (5.2) in order to get the
last strict inequality. Similarly we have

[M][e1)
—
<
~—

N[

~N(f3) < Copt[H(£3)]
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for n sufficiently large. It follows that

—N(¢) = lim —N(f,) = lim —N(f}) = N(f2) (5.3)
< Cope Tim ([H(D]F + H(D)]P) M(9)?
< Copy lim (H(f}) + H(f2))* [M(@)]? (5.4)
< Copt lim [H(f,)]2[M(¢)]? (5.5)

— Co[H(¢)]2[M (9))2

which is a contradiction. To get (5.4) we just used the property z + 4% < (z + y)? which
holds for any 8 > 1 and any z,y € R nonnegative. (5.5) follows by using the last property
in (5.2) up to passing to subsequences if necessary. To see (5.3), we proceed as follows.
First, we have

I fallza = 1fn 4 F2N0 7] SUfa — fi = Frllze (Lfall3a + (12 + £21134)
S = fa = Fallza (Ll + 1A + 1F2030) — 0
as n — o0o. Since f,}J and fg have dlsJomt supports for n large, we infer that
T | fallds — 214 — 17204 = 0. (5.6)

Similarly, using the fact that K : f — K « f is continuous from L? into itself,
| [ mPsPdn = [ <13+ 2O+ £

- /(K* FalY (Ul = F2 + £22)de + /(K* (fal? = 1F2 4+ P2PYISL + f2Pde
<o L s
s (Ul e+ 152+ 202 + (Ualle + 152+ F2lL 52+ F2%4) =0

asn — 0. As fl and f2 have disjoint supports for n large, we see that

/ K+ |f2 4 2P| fL + f22de = / (K + | FL2)| £ 2 + / (K | £212)| £2[2de + o (1),

where 0,(1) — 0 as n — oco. Here we used the fact that

/ (K | £1[2) 2 2de = / K — )| @) 2 f2 () Pdedy — 0 (5.7)

as n — oo, which comes from the boundedness of {f!},>1 and {f2},>1 in L? and K(z —
) — 0 as |z — y| = oco. Indeed we have that

/ K@@ PPty s s 1K@yl [ IB@PEw P 69
7y e n
where the domain €2, is defined by

Q= {(z,y) e R* xR® : z € supp{f,},y € supp{f;}}-

Hence the convergence (5.7) is a consequence of the following:
sup | K (z — )| fall 2l /2 lI72 = 0
(z:y)EQn
which is implied by the third property in (5.2) and the decay of K (z—y) — 0 as |[x—y| — oo.
Thus we get

lim N(f,) - N(f}) - N(f2) = 0. (5.9)

n—o0
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By summing up (5.6) and (5.9), we prove (5.3).

Therefore we can infer that compactness must occur. Then there exists a sequence
{yn}n>1 C R3 such that up to a subsequence, u,(- + y,) — f strongly in L" for any
2 <r < 6 and weakly in H' with some f € H'. It follows that

M(f) = Tim M(ful- +92)) = M(@).  ~N(f) = lim ~N(fa(-+ y)) = ~N(9)
and
H(f) < lmint H(ful-+ y)) = H(6).
On the other hand, by (2.2), we have
T > =N N ()

= =|H
ConMUNE~ Coplittef
hence H(f) > H(¢), so H(f) = limy 00 H(fn (- + yn)) = H(¢). Thus, frn(- +yn) — f
strongly in H! and f is an optimizer for (2.2). We claim that there exists § € R such that
f(z) = e?g(x), where g is a non-negative optimizer for (2.2). Indeed, since ||V (|f])||12 <
IV fllz2 (see [30]), it is clear that W (|f|) < W (f), where W is as in (1.10). This implies
that |f| is also an optimizer for (2.2) and

VDI 2 = IV £l 2 (5.10)

Set w(z) := %;\ Since |w(z)|? = 1, it follows that Re(wVw(x)) = 0 and

Vi) = V([f(@))wlz) + [f(2)[Vw(r) = w@)(V([f(2)]) + |f (@) [wz) Vw(z))
which implies |V £(z)2 = |V(|f(z)])|? + | f(z)]?|Vw(x)|? for all z € R3. From (5.10), we
get

3
2

/ (@) PV () Pz = 0
RS

which shows |Vw(z)| = 0, hence w(x) is a constant, and the claim follows with g(z) = | f(x)|.
By [2, Lemma 3.1], g is a weak solution to

4
—alg+ =— (Mlgl’g + (K *g]*)g) + bg =0,
opt
where
a=3[IVgllz2llgll2, b= IIVllF2lgllz2-
By a change of variable g(z) = v¢(ux) with v = bcipt = %, we see that ¢ solves (1.9)

and W(g) = W(¢) = Copt. In particular, ¢ is a ground state related to (1.9). Moreover,
using ) 3
H(p)M(¢) = H(/)M(f) = H(9)M(g9) = v'p~ " H($) M ()

and (1.23), we infer that v = p. Since M (f) = M(¢), we infer that p = % The proof

is complete. ]

We are now able to show long time dynamics at the mass-energy threshold given in
Theorem 1.8.

Proof of Theorem 1.8. e Let us show the first point. Let uy € H'! satisfy (1.30) and (1.31).
Since (1.30) and (1.31) are invariant under the scaling
up(x) = pug(pz), p>0

and taking p = ]\A{[(f 0)), we can assume that

M(uo) = M(¢),  E(uo) = E(¢). (5.11)
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The condition (1.31) becomes H (up) < H(¢). We claim that

H(u(t)) < H(¢) (5.12)
for all ¢t € [0,7%). Assume it is not true, then there exists ty € [0, 7*) such that H(u(tg)) =
H(¢). By the definition of the energy, we get that

~N(u(to) = H(u(to)) — 2B(u(to)) = H(g) ~ 28(¢) = > H(6) = ~N(9).

This shows that u(tg) is an optimizer of (2.2). Arguing as in the proof of Lemma 5.1, there
exists a ground state ¢ related to (1.9) such that

ulto, 2) = ()
for some 6 € R and p > 0. We can rewrite it as u(tg, ) = ei’thOei(Q*“QtO)u&(ux), hence by

uniqueness of the solution to (1.2), we have u(t, z) = e**te® ug(uz), where 6 := 6 — 1i%t,.
It follows that

H (ug)M (uo) = H($)M () = H(¢)M(9)

which contradicts (1.31), and we prove (5.12).Combining (5.11) and (5.12), we prove (1.32).
Moreover, by the blow-up alternative, we have T = co.

Now we assume in addition that A; and Ay satisfy (1.18). We consider two cases:
Case 1. If sup;cp o0) H (u(t)) < H(¢), then there exists n > 0 such that for all ¢ € [0, c0),

H(u(t)) < (1 —n)H(¢).
This together with (5.11) imply

for all ¢ € [0, T*) which shows (1.22). By Theorem 1.4, the solution scatters in H! forward
in time.
Case 2. If sup;c(o o) H(u(t)) = H(¢), then there exists a time sequence (t,)n>1 C [0,00)
such that
M(u(tn)) = M(¢), E(u(tn)) = E(¢), lim H(u(tn)) = H(®).

n—oo
Note that t, must tend to infinity. Indeed, if it does not hold, then up to a subsequence
tn — to as n — oo. Since u(t,) — u(ty) strongly in H', we see that u(tp) is an optimizer
for (2.2). Arguing as above, we have a contradiction. We now apply Lemma 5.1 with
frn = u(ty) to get: (up to a subsequence) there exist a ground state ¢ related to (1.9) and
a sequence {yn}n>1 C R3 such that

w(tn, +yn) — ewud;(,u-) strongly in H'

for some # € R and p > 0 as n — oo. This finishes the first part of Theorem 1.8.
e We continue with the proof of the second point. Let ug € H' satisfy (1.30) and (1.34).
By scaling, we can assume

M(uo) = M(¢), E(uo) = E(¢), H(uo) = H(¢).
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This shows that ug is an optimizer for (2.2). This shows that ug(z) = " () for some
0 € R, u> 0 and ¢ a ground state related to (1.9). By the uniqueness of solutions to (1.2),

we conclude that u(t,z) = e’ te?® ug(px) for some 0 € R.

e Finally, we consider the third point. Let ug € H' satisfy (1.30) and (1.35). By scaling
argument, we can assume that (5.11) holds. Then, (1.35) becomes H(ug) > H(¢). By the
same argument as in the proof of (5.12), we prove that

H(u(t)) > H(¢) (5.13)

for all t € [0, T*). If T* < oo, then we are done. Otherwise, if T* = oo, we consider two
cases.
Case 1. If supyc(o o) H(u(t)) > H(¢), then there exists 7 > 0 such that for all ¢ € [0, c0),

H(u(t)) = (1+n)H(9).
From a simple computation by (1.12) and the definition of the energy, it follows that

for all ¢ € [0, 00), where in the last equality we used (2.5). By Theorem 1.6, there exists a
time sequence t,, — oo such that ||u(t,)|| g1 — o0 as n — oo.
Case 2. If supyc(,o) H(u(t)) = H($), we can argue as above to have: there exist a time

sequence t, — 0o, a ground state qg related to (1.9) and a sequence {y,}n>1 C R3 such
that

U(tn, -+ yn) — ewuq;(,u-) strongly in H'
for some # € R and p > 0 as n — co. The proof of Theorem 1.8 is now complete.
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