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ABSTRACT. We consider the vectorial Zakharov system describing Langmuir
waves in a weakly magnetized plasma. In its original derivation [Z] the evolution
for the electric field envelope is governed by a Schrodinger type equation with
a singular parameter which is usually large in physical applications. Motivated
by this, we study the rigorous limit as this parameter goes to infinity. By using
some Strichartz type estimates to control separately the fast and slow dynamics
in the problem, we show that the evolution of the electric field envelope is
asymptotically constrained onto the space of irrotational vector fields.

1. INTRODUCTION.

In this paper we consider the vectorial Zakharov system [Z] describing Langmuir
waves in a weakly magnetized plasma. After a suitable rescaling of the variables it
reads [SS]

(1.1)
subject to initial conditions
u(0) = ug, n(0)=ng, n(0)=n;.

Here v : R x R? — C? describes the slowly varying envelope of the highly oscillating
electric field, whereas n : R x R? — R is the ion density fluctuation. The rescaled

10w —aV x V x u+ V(divu) = nu
C%Qttn—An: A\u|2 ’

constants in (1.1) are aw = %, ¢ being the speed of light and v, = / nTT the electron

thermal velocity, while ¢, is proportional to the ion acoustic speed. In many physical
situations the parameter « is relatively large, see for example table 1, p. 47 in [TtH],
hence hereafter we will only consider a > 1. In the large « regime, the electric
field is almost irrotational and in the electrostatic limit o — oo the dynamics is
asymptotically described by

19 i0:u 4+ Au = Q(nu)
(1.2) LOyn— An = Aluf?
where Q = —(—A)~1V div is the Helmholtz projection operator onto irrotational

vector fields. By further simplifying (1.1) it is possible to consider the so called

scalar Zakharov system
(13) { 10:u + Au = nu

%aﬁn — An = Alul? >
which retains the main features of (1.2). In the subsonic limit ¢5 — oo we find the
cubic focusing nonlinear Schrédinger equation

i0pu + Au + |u*u = 0.
1
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The Cauchy problem for the Zakharov system has been extensively studied in the
mathematical literature. For the local and global well-posedness, see [SS2, OT1, OT2,
KPV, BC] and the recent results concerning low regularity solutions [GTV, BH].
In [M] formation of blow-up solutions is studied by means of virial identities, see
also [GM] where self-similar solutions are constructed in two space dimensions. The
subsonic limit ¢; — oo for (1.3) is investigated in [SW]. Furthermore, some related
singular limits are also studied in [MN], considering the Klein-Gordon-Zakharov
system. Here in this paper we do not consider such limits, hence without loss of
generalities we can set ¢ = 1.

The aim of our research is to rigorously study the electrostatic limit for the
vectorial Zakharov equation, namely we show that mild solutions to (1.1) converge
towards solutions to (1.2) as a@ — oo.

As we will see below, we will investigate this limit by exploiting two auxiliary
systems associated to (1.1), (1.2), namely systems (3.1) and (4.1) below. Those are
obtained by considering v = J;u as a new variable and by studying the Cauchy
problem for the auxiliary system describing the dynamics for (v,n) and a state
equation for u (see Section 3 for more details). This approach, already introduced in
[OT1, OT2] to study local and global well-posedness for the Zakharov system (1.3),
overcomes the problem generated by the loss of derivatives on the term |u|? in the
wave equation, but in our context it introduces a new difficulty. Indeed the initial
data v(0) is not uniformly bounded for o > 1, see also the beginning of Section 4
below for a more detailed mathematical discussion.

For this reason we will need to consider a family of well-prepared initial data;
more precisely we will take a set u§ of initial states for the Schrodinger part in (1.1)
which converges to an irrotational initial datum for (1.2).

We consider initial data (u§,n§,n$) € H2(R?) x H'(R?) x L*(R3) =: H, for
(1.1), converging in the same space to a set of initial data (uj°, ng°, ng°) € Ha, with
ug® an irrotational vector field, and we show the convergence in the space

Xr = {(u,n) :ue LI(0,T; W2T(R3)), V (q,r) admissible pair,
n € L0, T; H'(R%)) n\Wh*(0, T; L*(R?)) }.

For a more detailed discussion about notations and the spaces considered in this
paper we refer the reader to Section 2.

Before stating our main result we first recall the local well-posedness result in
Ho for system (1.2).

Theorem 1.1 ([OT1]). Let (ug,no,n1) € Ho, then there exist a maximal time
0 < Trnaz < o0 and a unique solution (u,n) to (1.2) such that u € C([0, Trax); H?)N
CH[0, Thnaz); L?), n € C([0, Trnaz); HY)NCL([0, Thnaz); L?). Furthermore the solution
depends continuously on the initial data and the standard blow-up alternative holds
true: either Tyae = 00 and the solution is global or Ty, < 00 and we have
i (usn, ) (£) 3¢, = oo

Analogously we are going to prove the same local well-posedness result for system
(1.1). Moreover, despite of the fact that the initial datum for (3.1) is not uniformly
bounded for & > 1 (see the discussion at the beginning of Section 3), we can anyway
infer some a priori bounds in « for the solution (u*,n%) to (1.1).

Theorem 1.2. Let (uf,ng,ng) € Ha, then there exist a mazimal time TS, >0
and a unique solution (u®,n%) to (1.1) such that
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o u* € C([0,T%,,); H*)NC([0,T%,.); L?),

max max
o n® € C([0,T5,,); H') NCH[0, T ); LP).

Furthermore the existence times T ... are uniformly bounded from below, 0 < T <

max
ey
Tmam fOT’ any o > 1, and we have

||(ua7na7 atna)”L“(O,T;’Hz) + ||8tua||L2(0,T;L6) < C(T, ||u87n87n?”7{2),

forany0<T < T2

max’

where the constant above does not depend on o > 1.
Our main result in this paper is the following one.

Theorem 1.3. Let (uf,n§,ns) € He and let (u*,n®) be the mazimal solution to
(1.1) defined on the time interval [0, T2 ,.). Let us assume that

max

lim H(ugvngvn?) - (ugovngoanio)”?{z =0,
a—r 00

for some (u®,ns°,n®) € Ha such that us® = Qui®, and let (u™,n>) be the
mazimal solutions to (1.2) in the interval [0,T20,.) with such initial data. Then
liminf Ty, > T2
a— 00

and we have the following convergence

lim [|(u®,n®) — (u>,n%®)||x, =0,
—r 00

forany 0 <T <T5®

max-”

The paper is structured as follows. In Section 2 we fix some notations and give
some preliminary results which will be used in the analysis of the problem below. In
Section 3 we show the local well-posedness of system (1.1) in the space Hy. Finally
in Section 4 we investigate the electrostatic limit and prove the main theorem.

Acknowledgement. This paper and its project originated after many useful dis-
cussions with Prof. Pierangelo Marcati, during second author’s M. Sc. thesis work.
We would like to thank P. Marcati for valuable suggestions. We would also like to
thank the anonimous referees for valuable suggestions and comments on a previous
version of this paper.

2. PRELIMINARY RESULTS AND TOOLS.

In this section we introduce notations and some preliminary results which will be
useful in the analysis below. The Fourier transform of a function f is defined by

FD© =16 = [ e da.
with its inverse

f@) = [ emefe) e
R3
Given an interval I C R, we denote by L4(I; L") the Bochner space equipped with

the norm defined by
1/q
I fllzacr;ery = (/1 ||f(s)|qL,,.(R3)ds> ,

where f = f(s,z). When no confusion is possible, we write L{L" = L4(I; L"(R?)).
Given two Banach spaces X,Y, we denote || f||xny := max{||f|x,|flly} for f €
X NY. With W*? we denote the standard Sobolev spaces and for p = 2 we write
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H* = Wk2, A < B means that there exists a universal constant C' such that
A < CB and in general in a chain of inequalities the constant may change from one
line to the other.

As already said in the Introduction, given a vector field F', we denote by QF =
—(=A)~1V div F its projection into irrotational fields, moreover P = 1 — Q is its
orthogonal projection operator onto solenoidal fields. Let us just recall that V x F
is the standard curl operator on R3.

The space of initial data is denoted by Hs := H?(R3) x H!(R3) x L?(R?). A pair
of Lebesgue exponents is called Schriodinger admissible (or simply admissible) if
2<q<o00,2<r <6 and they are related through

1_3(1_1
g 2\2 r)’

Given a time interval I C R we denote the Strichartz space S°(I) to be the closure
of the Schwartz space with the norm

HUHSO(I) ‘= sup ||UHL‘1(I;LT(]R3))7
q,m

where the sup is taken over all admissible pairs; furthermore we write
S%(I) = {ue S°I) : V?ue S°I)}.
We define moreover the space
WHI) ={n :nec L>®I;H)nW">(I;L?)}
endowed with the norm
Inllwiry = [0l sy + 10en(t) | Lo (1;02).
The space of solutions we consider in this paper is given by
Xr = {(uyn) : we S2([0,7]), ne WH([0,T))}.
We will also use the following notation:
C([0,T);Ha) = {(wm) : € C([0,T): H*) N C (0, T); L),
neC([0,T); H')NnC([0,T); L*)}.

Here in this paper we only consider positive times, however the same results are
valid also for negative times.

We now introduce some basic preliminary results which will be useful later in
the analysis.

First of all we consider the linear propagator related to (1.1), namely

(2.1) 10w =aV xV xu—Vdivu.
Lemma 2.1. Let u solve (2.1) with initial datum u(0) = ug, then
(2.2) u(t) = Uz (t)uo = [U(at)P + U(¢) Q] uo,
where U(t) = e? is the Schrodinger evolution operator.
Proof. By taking the Fourier transform (2.1) we have

i0,6 = —af X £ x 4+ E(E-0)

= [¢* (aP(©) + Q(©)) a(9),
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where P(€), Q(€) are two (3 x 3)—matrices defined by Q(¢) = %, P =1-Q()

where 1 is the identity matrix . Hence we may write
at) = e—iat\§\2p(5)—it\5|2cl(5)ﬁo(g).
It is straightforward to see that Q(¢) is a projection matrix, 0 < Q(¢) < 1,
Q&) = Q?(€), hence P(&) is its orthogonal projection. Consequently we have
a(t) = e~ tEPP) o=itlEPQE) 4 (¢)

= (7 P() + Q) (7 QLE) + P()) 0 (€)

= (7P P(E) + e Q) ) o(€).
By taking the inverse Fourier transform we find (2.2). O

By the dispersive estimates for the standard Schrédinger evolution operator (see
for example [C],[GV], [Y]), we have

U6Qf e S 172G 3) QS| 1

(2.3) .
U (at)P Il S lot| > EE) P,

for any 2 < p < o0, t # 0. These two estimates together give

1020 Floz < H2ED £,

for 2 < p < co. Let us notice that the dispersive estimate for p = co does not hold
for Uz(t) anymore because the projection operators Q, P are not bounded from L'
into itself. Nevertheless by using the dispersive estimates in (2.3) and the result in
[KT] we infer the whole set of Strichartz estimates for the irrotational and solenoidal
part, separately. By summing them up we thus find the Strichartz estimates for the
propagator in (2.2).

Lemma 2.2. Let (q,7), (7, p) be two arbitrary admissible pairs and let o > 1, then

we have
_2
(2.4) [U(t)P fllLa(r,ory < Ca™ 4 flLz,
t
| [ vtate-sppresas < Ca~GHDIFl e
0 LI(I;Ly) teT
and

U@ er;ryy < Cliflizz,

t
| [oe-sare e < CIFl gy

0 LI(I;LT)

Consequently we also have

(2.5) 1Uz(®)gllLarsry < Cllfllre,

t

(2.6) H / Us(t — $)F(s) ds < CIFl Ly

0 L{(I;Ly) ‘

Remark 2.3. The following remarks are in order.
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e From the estimates in the Lemma above it is already straightforward that, at
least in the linear evolution, we can separate the fast and slow dynamics and
that the fast one is asymptotically vanishing. This is somehow similar to what
happens with rapidly varying dispersion management, see for example [ASS].

e Let us notice that the constants in (2.5) and (2.6) are uniformly bounded for
a > 1. This is straightforward but it is a necessary remark to infer that the
existence time in the local well-posedness section is uniformly bounded from
below for any a > 1.

3. LOCAL EXISTENCE THEORY.

In this Section we study the local well-posedness of (1.1) in the space Hz. We
are going to perform a fixed point argument in order to find a unique local solution
in the time interval [0, T, for some 0 < T' < oo. By standard arguments it is then
possible to extend the solution up to a maximal time 71,4, for which the blow-up
alternative holds. However, due to the loss of derivatives on the term |u|?, we cannot
proceed in a straightforward way, thus we follow the approach in [OT1] where the
authors use an auxiliary system to overcome this difficulty. More precisely, let
us define v := Jyu, then by differentiating the Schrodinger equation in (1.1) with
respect to time, we write the following system

1040 —aV x V x v+ Vdive = nv + Onu
(31) 8tt’l’L —An = A|u|2
iw—aV xVxu+Vdivu =nu
Differently from [OT1], here we encounter a further difficulty. Indeed we have that
the initial datum for v is given by
(3.2) v(0) = —iaV x V X ug + iV divug — ingug,

which in general is not uniformly bounded in L? for o > 1. Hence the standard
fixed point argument applied to the integral formulation of (3.1) would give a local
solution on a time interval [0,T%], where T goes to zero as « goes to infinity. For
this reason we introduce the alternative variable

(3.3) 0(t) == v(t) — U(at)P(iaAuyg),
for which we prove that the existence time T'* is uniformly bounded from below for
a > 1. The main result of this Section concerns the local well-posedness for (3.1).
Proposition 3.1. Let (ug,ng,n1) € Ho be such that

M :=||(uo, no, 1) || 3,-

Then, for any o > 1 there exists T = 7(M) and a unique local solution (u,n) €
C([0,7]; Ha) to (1.1) such that

sup || (u, n, Opn) (8) || 1, < 2M

and
[vl[z2ze < CM,
where C' does not depend on o > 1.

By standard arguments we then extend the local solution in Proposition 3.1 to a
maximal existence interval where the standard blow-up alternative holds true.
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Theorem 3.2. Let (ug,ng,n1) € Ha, then for any o > 1 there exists a unique
mazimal solution (u®,v*,n%) to (3.1) with initial data (ug,v(0), ng,n1), v(0) given

by (3.2), on the mazimal existence interval I, :=[0,T2,.), for some T2, > 0. The

solution satisfies the following reqularity properties:
o u* € C(I,; H?), u® € S%([0,T7)), VO<T < T2

o v € C(Iy; L?), v* € S%[0,T)),VO<T <T% 0w
e n® € C(ly; HH)NCY(1,; L?).
Moreover, the following blow-up alternative holds true: TS, < oo if and only if

i 6, 1) (8) ey = o0

Finally, the map Ha — C([0, Trnaz); He) associating any initial datum to its solution
1S a continuous operator.

Remark 3.3. The blow-up alternative above also implies in particular that the family
of maximal existence times T“ is strictly bounded from below by a positive constant,
i.e. there exists a T* > 0 such that 7% < T for any a > 1.

Theorem 1.2 yields in a straightforward way from Theorem 3.2 above.

Proof of Theorem 1.2. Let (u®,v®,n®) be the solution to (3.1) constructed in The-
orem 3.2, then to prove the Theorem 1.2 we only need to show that we identify
Oyu® = v® in the distribution sense. Let us differentiate with respect to t the
equation

(1 - aAP — AQ)u = iv — (n — 1)<u0 +/0tv(s) ds>

obtaining
(3.4) (1 - aAP — AQ)dwu =idw — (n — 1)v — atn(uo + /Ot v(s) ds),
this equation holding in H 2, while the first equation of (3.1) gives us

(1 —aAP - AQ)v =idw — (n—1)v — 8tn(u0 + /Ot v(s) ds).

Also the equation above is satisfied in H 2 and therefore in the same distributional
sense we have

Oyu = v.
Moreover from (3.4) we get

ou = (1—-aAP — AQ)™! (i@tv —(n—1)v—0mn <u0 + /Ot v(s) ds>) €C(I;L?)

therefore u € C1(I; L?). Tt is straightforward that u®(0,x) = uy and so the proof is
complete. O

Proof of Theorem 3.2. As discussed above, we are going to prove the result by
means of a fixed point argument. Let’s define the function

o(t) = v(t) — U(at)P(icAug).
We look at the integral formulation for (3.1), namely

(3.5) v(t) =Ugz(t)v(0) — i/o Uz(t — s) (nv 4+ Oynu) (s) ds
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sin(t|V]) /t sin((t — s)|V]) 9

—— g+ | ———————=Alul"ds,
VI 0 VI

with u determined by the following elliptic equation

n(t) = cos(t|V|])ng +

¢
—aV xVxu+Vdivu=n (uo +/ v(s)ds) — v,
0
and v(0) is given by (3.2). This implies that ¥ must satisfy the following integral

equation
0(t) = U(at)P(—inouo) + U(t)Q(iAug — ingug)

= i/o Uz(t — s) (on 4+ nU(a-)P(iacAug) + Oynu) (s) ds.

Let us consider the space
X = {(®,n):9 € S*([0,7]),n € W[0,T)),
[19]ls2 (1) < M, [[nllwrry < M},
endowed with the norm
(@, 7))l x = [|9lls2(r) + Inllwr1)-

Here 0 < 7' < 1, M > 0 will be chosen subsequently and I := [0,7]. From the third
equation in (3.1) and the definition of © we have

—aV x Vxu+ Vdivu = —i0 — iU (at) (iaAPug)

—in (uo + /O t i(s) + Ulas)(ia APug) ds>,

thus it is straightforward to see that given n, ¥, then u is uniquely determined.
Furthermore, by applying the projection operators P, Q, respectively, to (3.6) we
obtain

(3.6)

aAPy = —iP[i + U(at)P(iaAug)] + P [n <u0 + /Ot (s) + U(as)P(iaAug) dsﬂ

and AQu - Qi+ Q [n (uo + /O t 0(s) + U(as)P(iaAuo) dS)} :

We now estimate the irrotational and solenoidal parts of Au separately. Let us start
with QAw : by Hélder inequality and Sobolev embedding we obtain

1AQul| L2 S 1]l Ler2 + InllLe malluoll g2 + T2 |10l oo g 19 12 e
+ T2 |In| oo 1 | U ()P (i Auo) | 2 16

To estimate the last term, we use the Strichartz estimate in (2.4); let us notice that
by choosing the admissible exponents (g,7) = (2,6) we obtain a factor a~! in the
estimate, which balances the term « appearing above. We thus have

1AQullLeer2 < ([uolle + 1)M + M2,
By similar calculations, we also obtain an estimate for PAu,

UjlLeerz S U0l g2 Uo || H2 .
PAu| Lz S lluollFre + [luoll =M + M?
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We then sum up the contributions given by the irrotational and solenoidal parts to
get

(3.7) lullegemz < lluollzze + lluoll =M + M2 < Cluo]| =) (1 + M?).
Similar calculations also give
l|u — u/||L°°(I;H2) S — 1~/||L;>0L§ +[In — n/||L§°H;
+ M(|[n =/l s + |0 = 9|l L2s)
< C(L+M)|(@®,n) = (@, n)]x-
Given (0,n) € X we define the map ® : X — X, ®(0,n) = (®g, Py )(0,n) by
(3.8) Og = U(at)P(—ingug) + U(t)Q(iAug — inguo)

i /0 Ula(t — 5))P(on + nU(a-)P(ialug) + dynu)(s) ds

t
— z/ U(t —s)Q (nd 4+ nU (o) (iaAug) + Opnu) (s) ds
0

sin(¢|V]) /t sin((t — s)|V]) 9
——m + [ ——=—"Alul|*(s) ds,

VI 0 VI
where u in the formulas above is given by (3.6) and its L{°H2 norm is bounded in
(3.7). Let us first prove that, by choosing T and M properly, ® maps X into itself.

Let us first analyze the Schrodinger part (3.8), by the Strichartz estimates in
Lemma 2.2, Holder inequality and Sobolev embedding we have

[U(at)P(—inguo) + U (t)Q(iAug — inouo)||Larr S lluollm> + [Inoll a [luol s>

We treat the inhomogenous part similarly,

(3.9) Dy = cos(t|V|)ng +

“A%&“‘”>W@+"Uw®@aPAw»«n%

< I + nU (o) (icAPuo) || 1 2
LiLg

S T2l e (19l 2 pg + I1U (at)P(iaduo)| p2re) S T2 M(M + |luoll ).

where in the last inequality we again used (2.4) with (2,6) as admissible pair.
Similarly,

H /ot Uz(t = s) (Osnu) (5) ds

S 1|0 pee 2 ||ull Loe a2
LiLy

< Clluoll )M (14 M?),
where in the last line we use the bound (3.7). Collecting these estimates we get
(3.10) 1@ (8,7l o2y < Cllluollrz, [nollz2) + CT2M (1 + M).

For the wave component we use formula (3.9) and Holder inequality to obtain
1w (v, m)lwr(ry < CA+T)lInollme + [Inallce + 1 Au?|l 122
< C(lnollms + lInallze) + Tlullize a2
where we used the fact that H?(R?) is an algebra. From (3.7) we infer
(311 [P m)lwir < Cllnollin, Inalze) + T(M + M*).
The bounds (3.10) and (3.11) together yield
103, m)lx < C(ll (o, nos ) ) + CTY2M(1 + M),
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Let us choose M such that

M
5 = Ol (w0, n0,1) l7,)

and 7" such that

1

CTY?(14+ M?) < o

we then obtain ||®(0,n)||x < M. Hence ® maps X into itself. It thus remains to
prove that ® is a contraction. Arguing similarly to what we did before we obtain

1®5(3,n) = 5(0',n)l|Lary < CTY2(1+ M)|(B,0) = (7', 0')|| oLy
|@w (7,n) = Pw (&', 1) wi(r) < CT(1+ M?)[|(3,n) — (@, 1) [l (1)

By possibly choosing a smaller T' > 0 such that CT/2(1 4+ M?3) < 1 then we see
that ® : X — X is a contraction and consequently there exists a unique (o,n) € X
which is a fixed point for X. Let us notice that the time 7' depends only on M,
hence T = T(||(uo, 7o, n1)||%, ). Furthermore from the definition of ¥ it follows that
(u,v,n) is a solution to (3.1), where v = 0 + U(at)P(icAug). From (3.7) we also
see that the L H2 norm of u is uniformly bounded in a.

Finally, from standard arguments we extend the solution on a maximal time
interval, on which the standard blow-up alternative holds true and we can also infer
the continuous dependence on the initial data. ([

4. CONVERGENCE OF SOLUTIONS.

Given the well-posedness results of the previous Section, we are now ready to
study the electrostatic limit for the vectorial Zakharov system (1.1). In order
to understand the effective dynamics we consider the system (1.1) in its integral
formulation, by splitting the Schrédinger linear propagator in its fast and slow
dynamics, i.e. Uz(t) = U(at)P + U(t)Q. In particular for u® we have

t

u®(t) = U(at)Pu0+U(t)Qu0—i/ U(a(t—s))P(nu)(s) ds—i/o U(t—s)Q(nu)(s) ds.

0
Due to fast oscillations, we expect that the terms of the form U(at)f go weakly to
zero as a — 0. This fact can be quantitatively seen by using the Strichartz estimates
in (2.4). However, while for the third term we can choose (7, p) in a suitable way
such that it converges to zero in every Strichartz space, by the unitarity of U(«t)
we see that [|U(at)Puo|[er2 cannot converge to zero, while ||U(at)Pug||parr — 0
for any admissible pair (g,7) # (00, 2).

This is indeed due to the presence of an initial layer for the electrostatic limit for
(1.1) when dealing with “ill-prepared” initial data. In general, for arbitrary initial
data, the right convergence should be given by

a®(t) :=u(t) — U(at)Pug = u™

in all Strichartz spaces, where u* is the solution to (1.2). Let us notice that a®
is related to the auxiliary variable o* defined in (3.3) and used to prove the local
well-posedness results in Section 3, since we have 9% = 0;u“.
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Our strategy to prove the electrostatic limit goes through studying the convergence
of (v*,n%, u®), studied in the previous Section, towards solutions to

10;v° 4+ Av™® = Q(n®v>® + gn>u>)
(4.1) dpn®™ — An>™ = Alu>|?
1w + Au® = Q(n>u>),

which is the auxiliary system associated to (1.2). Again, we exploit such auxiliary
formulations in order to overcome the difficulty generated by the loss of derivatives
on the terms [u®|? and |[u™|%.

Unfortunately our strategy is not suitable to study the limit in the presence of an
initial layer. Indeed for ill-prepared data we should consider @® and consequently
2% defined in (3.3) for the auxiliary system. This means that when studying the
auxiliary variable v® the initial layer itself becomes singular. For this reason here
we restrict ourselves to study the limit with well-prepared data. More specifically,
we consider (u§,ng,n{) € Ha such that

(4'2) ||(u8‘,n8‘,n‘1") - (ugo)ngoﬁn(lw)llﬂz =0
for some (uf®, ng°, ni®) € Ho and
(4.3) IPug|| gz — 0.

This clearly implies that the initial datum for the limit equation (1.2) is irrotational,
ie. Pug® =0.

Remark 4.1. In view of the above discussion, it is reasonable to think about studying
the initial layer by considering the Cauchy problem for the Zakharov system in
low regularity spaces, by exploiting recent results in [BC, GTV, BH]. However this
goes beyond the scope of our paper and it could be the subject of some future
investigations.

To prove the convergence result stated in Theorem 1.3 we will study the conver-
gence from (3.1) to (4.1). The main result of this Section is the following.

Theorem 4.2. Let o > 1 and let (u,n§,ng), (ui®,n,n°) € Ha be initial
data such that (4.2) and (4.3) hold true. Let (u®,v*,n®) be the mazimal solution
to (3.1) with Cauchy data (uf,n§,n$) given by Theorem 3.2 and analogously let
(u,v°°,n>®) be the mazximal solution to (4.1) in the interval [0,T52,,) accordingly
to Theorem 1.1. Then for any 0 <T < T2 = we have

max
ah_{I;O ||(ua7 ’Ua7 na) - (uoo’ UOO) n00)||L°°(O,T;7—L2) = 0.

The proof of the Theorem above is divided in two main steps. First of all we prove
in Lemma 4.3 that, as long as the Hs norm of (u*(T),n*(T),n*(T)) is bounded,
then the convergence holds true in [0,7]. The second one consists in proving that
the Ho bound on (u*(T),n*(T),0n*(T")) holds true for any 0 < T' < T2 .. A
similar strategy of proof is already exploited in the literature to study the asymptotic
behavior of time oscillating nonlinearities, see for example [CS] where the authors
consider a time oscillating nonlinearity or [AW] where in a system of two nonlinear
Schrédinger equations a rapidly varying linear coupling term is averaging out the
effect of nonlinearities. We also mention [CPS] where a similar strategy is also used
to study a time oscillating critical Korteweg-de Vries equation.
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Lemma 4.3. Let (u®,v*,n%), (u®,v>°,n>) be defined as in the statement of

Theorem 4.2 and let us assume that for some 0 < Ty < T3  we have

sup [|(u, n®, 0n®)|| oo (0,11 :245) < 0.
a>1
It follows that

Tim (Ju® = ez + 07 = 0™z + 0 = 0w ) =0,

where all the norms are taken in the space-time slab [0,T1] x R3. In particular we
have
ah—{réo [|(u®,n®, 0yn®) — (u™,n>,0:n°°) || Lo (0,11 :42) = 0
We assume for the moment that Lemma 4.3 holds true, then we first show how
this implies Theorem 4.2.

Proof of Theorem 4.2. Let 0 <T < T2¢ = be fixed and let us define
N = 2[|(u™, >, 0in)|| L= (0,1342)

From the local well-posedness theory, see Proposition 3.1, there exists 7 = 7(N)
such that the solution (u®,n®,9%) to (3.1) exists on [0, 7] and we have

H (uav nav Btna) ||L°°(0,T1;'Hz) < oo.

We observe that, because of what we said before, the choice T} = 7 is always possible.
By the Lemma 4.3 we infer that

QILH;O | (u,n®, 0yn®) — (u™,n>,0:n) || L (0,11:72) = 0
On the other hand by the definition of NV we have that, for a > 1 large enough,
[(u®, n®, 0m™)(T1) I3, < [[(u®,n®, 0n®)(Th) — (u™, 1>, 0n ) (T1) |2,
+ (1w, n®, 9 (T1)[la, < N.

Consequently we can apply Proposition 3.1 to infer that (u®, n®) exists on a larger
time interval [0, T} + 7], provided T; + 7 < T, and again

[[(u®,n®, 0en®) || Loe (0,1, +7315) < 2N.
We can repeat the argument iteratively on the whole interval [0, 7] to infer
[ (™, n®, On™)|| oo (0,751s) < 2N.
By using Lemma 4.3 this proves the Theorem. O

It only remains now to prove Lemma 4.3.

Proof of Lemma 4.3. Let us fix

M :=sup sup [[(u®,n%, 0n®)(t)|,-
a [Ole]

By using the integral formulation for (3.1) and (4.1) we have
v¥(t) — v>°(t) = U(at)P(aAuy — iugng) + U(t)Q(vy — v5°)

- z/ Ul(a(t — $))[P(0:(n%u®))](s) ds

0

- i/o Ut — 9)[Q(F:(n*u®) — 0y (n™u™))](s) ds.
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Now we use the Strichartz estimates in Lemma 2.2 to get
[0 = v 2 S 1Pug |z + ™ gl llug a2 + 0§ — vE°l| 22
+ a2 ||n® + dynu® lziz2
T ([0 — v g + (|8 u® — O™ u| s
It is straightforward to check that, by Holder inequality and Sobolev embedding,
[[n®v™ + Btno‘uaHL%Lg <C(T,M),
[n*v® = n>v>®| L1z < TY2(|In> — n> | peem + [[v* — 0™ L2Ls),
|0 u® — atnoou(’o”L%L% <T (||8tn0‘ — 8tn°°||L§oLg + Ju — u"OHL?cHg) .
By putting al the estimates together we obtain

lo® = v¥lzre < IPugllaz + o Ingllm lug e lug —ug® |z + a1/

+ Ing — ng” |l
+ T2 (u® = u™| pee 2 + 0% = 0™ L2 s + [0 = n[lwn).

To estimate the wave part in (3.1) and (4.1), we write

= = sV — ) - TG (1 )
“sin((t — 8)|V o 0o
+/ (( )‘ I)A(|’U, |2 _ |’LL |2) dS,
S

whence, by using again that H?(R?) is an algebra,

(03

In® = llws < llng = nglla + In§ —n§llz2 + Tl — w1 sz

The estimate for the difference u® — u®° is more delicate. From the third equations
in (3.1) and (4.1) we have

—aV x V xu® 4+ Vdiv(u® — u™) =i(v* —0™) — n“u® + Q(n>u™).

Again, here we estimate separately the irrotational and solenoidal parts of the
difference. For the solenoidal part we obtain

alPAu|[peorz S 0o ez + 0" u®| gz

To estimate the L9 L2 norm of v® on the right hand side we use (3.5) and Strichartz
estimates to infer

[v* ez S ellPug || a2 |[ug | 210G | o 4 1.
Hence
ol PA Lz S allPuglaz + gl 2 Imoll s + 1.
For the irrotational part
(44) QA" —u™)Lerz S QW —v™)llLger2 + [In® — u® = n™u[|Ler2.

By using (3.5), the analogue integral formulation for v>° and by applying the
Helmholtz projection operator Q to their difference we have that the first term on
the right hand side is bounded by

1QM™ = v®)l[Lgerz S llug — ug”llaz + lIng — ng®lla

+T1/2 (Hua _ ’U/OOHL?OHE, + o — UOOHL%LQ + [In® — nOOHWl) .
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The second term on the right hand side of (4.4) is estimated by

n> /Ot(v"‘ —v™)

< (IIn§ = ngllze + TN0in® — 0n||Leer2) M

+ In™lLee 2 ug — ug” |l a2

[n%u® = nu™||perz < In® = n™|| Lo pz |u®]| Loe m2

+ 0% (ug = ug®)llLg=r2 +

LeL2

+ T2 [0 oo pra[v™ = ™| L2 s
By summing up the two contribution in (4.4) we then get

1QAW = u)llsperz Slug — i llmz + lIng — 0l
T2 (Ju = 0| ez + 07 = 0™ gapg + [0 = 0w ).

Finally, we notice that, by using the Schrédinger equations in (1.1) and (1.2), we
have
flu — UOO||L;>°L§ ST (||“a —n%||pee g1 + flu — UOC||L;>°H3;) ;
so that
[u® = u®|| e mz S luf — uilmz + [In§ — ngllm + [Pug gz +a™
+ T2 (Ju = a | gz + 0% = 0™ p2rg + I = 0w )
Now we put everything together, we finally obtain
[0% = v>®|[r2s + [In® =0y + [[u® = ™| Lem2 S
SIPug (e + a4 [luf —uglllmz + [In§ — ng |l + [0 — n5°|| 2
T2 (Ju = wlperz + [0 = 0™ pzrg + 0 =% wn )
By choosing T small enough depending on M we can infer
[0% = 0¥ |[L2ps + [0 =0l + [u® —u™ Lz m2 S
SIPugllaz + o™ + ug — ugllaz + lIn§ — ng° [l + [Ing — 5% e

This proves the convergence in the time interval [0,T], for T > 0 small enough.
Let now 0 < T; be as in the statement of Lemma, we can divide [0, 7] into many
subintervals of length T' such that the convergence holds in any small interval. By
gluing them together we prove the Lemma.

|
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