INVARIANT GIBBS DYNAMICS FOR TWO-DIMENSIONAL
FRACTIONAL WAVE EQUATIONS IN NEGATIVE SOBOLEV
SPACES

LUIGI FORCELLA AND OANA POCOVNICU

ABSTRACT. We consider a fractional nonlinear wave equation (fNLW) with a general
odd power-type nonlinearity, on the two-dimensional torus. Our main goal is to
construct invariant global-in-time Gibbs dynamics for a renormalized version of {NLW.
We first construct the renormalized Gibbs measure associated with the renormalized
equation by using the variational approach of Barashkov and Gubinelli. We then prove
almost sure local well-posedness with respect to Gibbsian initial data, by exploiting the
second order expansion. Finally, we extend solutions globally in time using Bourgain’s
invariant measure and approximation argument.

1. INTRODUCTION

We consider the defocusing fractional nonlinear wave equations (fNLW) posed on the
two-dimensional flat torus:
{afu + (1 —A)u+u>™tt =0
(u7 atu)|t:0 = (¢07 ¢1)7
where a € (0,1), m € N is a positive integer, and T? = (R/Z)?. Despite the presence
of the mass term, we refer to (|1.1)) as fNLW, though it is usually referred to as the

nonlinear Klein-Gordon equation. We restrict our attention to the case of real-valued
solutions u : R x T? s R.

(t,r) € R x T?, (1.1)

The purpose of this paper is twofold. First, we are interested in the construction of a
(invariant) Gibbs measure for a renormalized version of equation (L.1)). Secondly, we
prove almost sure global well-posedness of the renormalized fNLW with initial data
distributed according to the Gibbs measure, in Sobolev spaces of negative regularity. The
a.s. global well-posedness is a consequence of an a.s. local well-posedness theory, followed
by the application of Bourgain’s invariant measure and approximation argument. Hence,
in the second part of the paper we will focus on the almost sure local well-posedness
theory.

Both the construction of renormalized Gibbs measures and the local well-posedness
of the renormalized fNLW equation, strongly depend on the value « of the fractional
power of the elliptic operator 1 — A appearing in (|1.1).
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1.1. Renormalized Gibbs measures. With the notation v = d,u, we can rewrite
the equation (/1.1 as the following Hamiltonian evolution:

()= (4 1)

associated to the energy H, = H,(u,v) defined by

a2 (13)

1
Ha(u,0) 1= 5 (lullfis ) + ollize) + 55—

In the case of a Hamiltonian system on R?", the corresponding Gibbs measure is
invariant. This follows from (i) the conservation of the energy/Hamiltonian and (ii)
from the invariance of the finite dimensional Lebesgue measure under the flow of a
Hamiltonian system on R?*" (which is a consequence of Liouville’s theorem). Mimicking
the picture of the finite dimensional setting, one is tempted to define in a similar way

the Gibbs measure for (|1.1)):
dP23? ¢ =7 77  exp(—BHq(u,v)) du ® dv. (1.4)

However, is merely a formal expression and we need to rigorously construct a
Gibbs measure for (a renormalized version of) fNLW; this is one of the main tasks of
this article. As in the finite dimensional setting, we also would like to have invariance
of the (renormalized) Gibbs measure under the dynamics of (the renormalized version)
fNLW. In (1.4)), and in similar expression along the article, Z, Zy, Z; etc. denote various
normalizing constants so that the corresponding measures are probability measures.
The parameter 3 stands for the reciprocal temperature, and we fix § = 1. All the
results in this paper hold, in fact, for any 8 > 0 and the resulting (renormalized) Gibbs
measures are mutually singular for different values of 5 > 0, see [30].
From , we can rewrite the formal expression (|1.4]) as

dpirgw « gl gy [uPT R d 5 [|(1-8)*2u? de g, ® o3 /v dr gy,
~ e T [ gy (1.5)
where [i,, is the Gaussian measure on D’'(T?) x D’(T?) with density
dii, = Z~ e 2 [10-8)22uPde gy o5 v de gy (1.6)
Note that fi, has a tensorial structure (i, = po ® v, where u, and v are given by
dite = Z(]_le_%fl(l_A)a/gu‘Qd’” du and dv = Zl_le_%f”2 4 dy (1.7)

Namely, 1, is the Ornstein-Uhlenbeck measure and v is the white noise measure on T2.
When a = 1, p; corresponds to the massive Gaussian free field. It is well known that
w1 is supported on the L?-based Sobolev space H*(T?), s < 0. Note also that fi, is the
induced probability measure under the map

we Qr— (u,v¥)(z) = ( Z g%;—;(f)em'z, Z gl,n(w)ei”“), (1.8)

nez? nez?
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where (n) = /1+|n|?, and {gon, g1.n}nezz is a sequence of independent standard
complex-valued Gaussian random variables on a probability space (€2, F, P) satis-
fying the condition ¢;_, =g;, for j = 0,1. More precisely, with the notation
N={1,2,3,...}, we first define an index set A by

A:=(ZxN)U (N x{0})U{(0,0)}.
We then define {go ., g1, nea to be a family of independent standard Gaussian random
variables which are complex-valued for n # (0,0) and are real-valued for n = (0,0). We
finally set g;,, = g;—, forn € Z*\ A and j =0, 1.
From ([1.8)), we see that ji, is supported on
HE(T?) = H(T?) := H5(T?) x H*"*(T?), s<a— 1.
The claim on the support of the measure essentially follows by calculating

E(||(u, v)[[5) ~ Y {n)>¢=)

nez?

and by noting that the series on the right hand-side is convergent provided that s < a—1.
Moreover, we have that fi,(H* ') = 0. Since o < 1, this implies that [, (u”)? dz = oo,
and so [p,(u”)*" " dx = 0o, [io-almost surely. Consequently, the right-hand side of
cannot define a probability measure. We are therefore forced to renormalize the
potential part of the energy. In the 2D setting, it is known that a Wick ordering suffices
for this purpose. We refer the reader to [16,35,36,/42].

Let us briefly go over the Wick renormalization on T?. See [13] for more details on
T2, which is the framework of the present article. For a typical element v under s,

defined in (1.7)), since u ¢ L*(T?) almost surely, we have that

/ u?dr = lim (Pyu)?dz = oo
T2

N—oo T2

almost surely, where P yu is the Fourier projector onto frequencies at most N, namely

— N in-T 2 .
Pnf =2 ez <y f(n)e™". Moreover, we observe that for each z € T%, Pyu(z) is a
mean-zero real-valued Gaussian random variable with variance

oo = E[(Pru(@)] = 3 —p. (1.9)

2
nez? <n> "

In|<N

Thus o, n diverges as N 2722 35 N — o0o. Observe that the quantity 0q,n introduced in
(1.9) is independent of x € T?. One then defines the Wick ordered monomial : (P yu)*:
by

((Pyu)f(2)::= Hy(Pyu(z); oan), (1.10)
where Hy(z;0) is the Hermite polynomial of degree k defined via the generating function
1_,2 2tk
F(t,z;0) =27 = —Hy(z;0).
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Here we set Hy(x) := Hy(z;1). A list of the first Hermite polynomials is given for the
sake of clarity and for readers’ convenience:

HO(J:;O-):17 Hl(fE;U):I7 HQ(I;U):xQ_Uv

Hj(z;0) = 2° — 30z, Hy(z;0) = 2* — 602 + 30°. (L11)
Furthermore, we report some useful identities:
Hy (0 %z;0) = "2 Hy(z), (1.12)
N
o 0 =3 () oAt (113
and
O Hy(z;0) = kHy—1(x;0). (1.14)

Having defined : (Pyu)?™2(x) : = Hopio(Pyu(x);04.n5), we introduce Gy (u) and
Rx(u) defined by

Gn(u) = /T2 ((Pyu)?™ 2 da (1.15)

and
RN( ) =e 2m+2 Jr2:(Pyw)?t2ide eiﬁGN(u). (1'16)

Then, the following proposition allows us to define [p, :u*™*?: dz.

Proposition 1.1. Let m € N and let o € (1 v +2, 1). Let1 <p<oo. Let u=u"”

be a typical element under the measure i, defined in (1.7). The sequence {Gn(u)}nen
is a Cauchy sequence in LP(p,). More specifically, there exists a constant ¢ = ¢(m) such
that for any 1 < N < M we have

[Gar () = G () sy < ) (p — 1) NP2, (1.17)
We therefore define

G(u):/ u? 2 dx i = LP- lim ((Pyuw)*™ 2 da.
T2

N—oo T2

Note that if a > 1—5-— +2, the exponent of N in ([1.17)) is negative, hence {Gx(u)} yen

is indeed a Cauchy sequence.

The next theorem is the core result for the construction of the renormalized Gibbs
measure.

Theorem 1.2. Let m € N and let o € (1— 2m+2,1) Let1 <p<oo. Letu=u" be a

typical element under the measure p., defined in (L7). Then {Ry(u)}nen is uniformly
bounded in LP(uy). Moreover, Ry(u) convergence in LP(pa) to

2m+2: dg:

R(u) := e~ Tz 2
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With the above theorem and with the intuition gained from (1.5)), we can rigorously
define the renormalized Gibbs measure associated to the ‘Wick ordered Hamiltonian’

1 1
HY (u,v) ::§/Tz |(1—A)a/2u|2dx+§/wv2dx+2m+2/p w2 dr (1.18)

by
dPYt2 = 77 e M WO gy @ dy = 77 e T [0 e g

PY3*? is a probability measure on H*(T?) \ H*"'(T?), s < o — 1. (Note that, so far,
HY (u,v) was only defined for u a typical element in the support of y,. )
The proof of Proposition [I.1and that of Theorem [I.2] are the main contents of Section

Remark 1.3. In the case m = 1 of the cubic {INLW, the result in Theorem [1.2] as well
is its proof overlap with a result by by Sun, Tzvetkov, and Xu from [43]. We proved
the result above independently, at the same time. Additionally, it is worth mentioning
a few differences between [43] and this paper.

(i) Our goal in this paper is different from the goal in [43]. Namely, the aim of [43] is to
prove the weak universality of the 2D (renormalized) cubic fNLW (both the convergence
of invariant measures and the dynamical weak universality). In this paper, we consider
a 2D (renormalized) fNLW with a general odd power-type nonlinearity, we construct
the renormalized Gibbs measure, and we prove its almost sure global well-posedness

with respect to Gibbsian initial data (see Theorem and Theorem below).

(i) In |43], the authors consider fNLW with a nonlinearity given by a polynomial with
prescribed properties; more precisely, the nonlinearity is a linear combination of cubic
and higher powers which, roughly speaking, scale as the cubic power. In particular, from
the point of view of the measure construction, the nonlinearity in [43] is essentially of
cubic type. Consequently, the authors find a lower bound o > % for the construction of
the renormalized Gibbs measure which is independent of the degree of the nonlinearity.
In our paper, we consider general defocusing power-type nonlinearities ©?™*!, and thus
the restriction we have on « for the construction of the Gibbs measure does depend
on the power of the nonlinearity, namely on m. See the condition o > 1 — 2ml 3 10
Proposition [1.1] and Theorem [1.2] This restriction on « coincides with that in [43] when

m = 1 (cubic nonlinearity).

1.2. Solution theory for renormalized fNLW. We now introduce a notion of
solution for the Cauchy problem with random initial data.

1.2.1. First order expansion. We first recall the integral formulation of the fractional
NLW equation, i.e. we formally write a solution to ([L.1)) as

Sn(H(V)") [ =) D))
(V)e ¢1+/0 (V) "

u(t) = cos(t{V)*)po +
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The formulation above is the well-known Duhamel formulation of (1.1]), and we further
denote by Z the Duhamel operator

o [tsin((E =N
I(F) = /O A, (1.19)

By also denoting by z the solution to the linear fractional wave equation with intial
condition (¢g, ¢1):

2(t) = S(t)(do, ¢1) = cos(t(V)*)do +

Sin(t(V)®)
(V)«

we see that Duhamel’s formula states that solutions to ([1.1]) are written u = z4+Z(u

From Prop081t10n 1] and Theorem [I.2] we can consider the Wick ordered energy
defined in and, analogously to (|1.2), we can consider the Hamiltonian formulation
of the equation with the Wick ordered Hamiltonian 1.18, with initial data (¢§, ¢¢)
distributed according to PQmJr2 namely of the form . Note that the potential part
of the Wick ordered Hamlltoman fTQ cu?m 2 dy has only been defined so far for u
distributed according to Pim” This definition can be extended to a wider class of
functions of the form z¥ + w, where z¥(t) = S(¢)(¢§, #7) and w is a “nice” function of
positive regularity. Indeed, for any k& € N, from the property of the Hermite polynomials

(1.13), we have

o1, (1.20)

2m+1).

k
2y +wy)k: = Z <]z> 2wt (1.21)
=0
where 2y 1= Pyz¥ = PyS(t)(6%,¢9), wy := Pyw and : 2% := Hy(zn;0,n). Then,
using part (i) of Proposition below, we have that {:2% :}y is a Cauchy sequence in
Ci(Ry; Wy K(l_a)_a’oo('lfz)) almost surely, for any ¢ > 0, and so converges to

2= lim :2%: in Cy(Ry; W, Ul =eoo(T2)),
N—oo

For u = 2¥ + w, we can then define the Wick ordered monomial :u*: by:
gt
R Y g k. _ AL k—L
o= (Y fw) = ;_0 <€> 2wt

Therefore, we can define [, :u*"*?: dx in the Wick ordered energy for u of the form

u = z¥ + w for w of positive regularity. With this definition and recalling Duhamel’s
formula, we arrive at the Hamiltonian evolution corresponding to the Wick ordered

energy:
{6fu+(1—A)au+:u2m“::O (122)
(u, ) |i=0 = (9, #7), '

where

nez? neZ2
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Theorem 1.4. Fix m € N and let o € (%, 1) ifm=1and a € <1 — m, 1) if

m > 2. Then (1.22)) is almost surely globally well-posed in C’tHz_(l_a)_e, for any e >0,
with respect to the renormalized Gibbs measure Pzg”. Moreover, Pflgl” 18 tnvariant

under the dynamics of ((1.22]).

Note that the Wick ordered fNLW was only defined for u of the form u =
S(t)(dg, ¢F) +w = 2¥ 4+ w, for some w of positive regularity. Therefore, in Theorem
1.4} we use Duhamel’s formula to decompose solutions in the above-mentioned form
and study the solution theory for the perturbed Wick ordered fNLW that the residual
term w satisfies:

(1.23)

{afw + (1= A)w+ : (2% +w)*™: =0
(w, atU))’t:o = (0, O)

The strategy of decomposing the solution of a nonlinear equation into a linear (rough)
term and a residual (regular) term, that we call here ‘the first order expansion’, is
known in the realm of stochastic PDEs under the name of Da Prato-Debussche trick,
see [12]. We refer the reader to the early works by McKean 23] and Bourgain [7] where
this idea firstly appeared. See also [11].

Remark 1.5. The proof of Theorem is a combination of an almost sure local well-
posedness theory (for ) and a globalisation argument which goes back to Bourgain,
see [6,[7]. The almost sure local well-posedness is precisely the content of Proposition
in Section [4] The extension of solutions from local-in-time to global-in-time follows
by Bourgain’s invariant measure and approximation argument [6|7]. Briefly, it follows
by an approximation argument which uses the fact that Proposition remains valid
for a truncated problem with uniform bounds in N, and the invariance of the truncated
Gibbs measure defined by Pg}vwz) = 7' Ry (u) ditg.

We will not show details of the application of Bourgain’s invariant measure and
approximation argument in our context, as this is a fairly standard procedure, applicable
to a wide range of equations. We refer the readers to |34] for a detailed exposition
of the application of Bourgain’s invariant measure and approximation argument in
the case of nonlinear wave equations with random data and/or stochastic forcing on a
two-dimensional compact Riemannian manifold without boundary.

Remark 1.6. For the almost sure local well-posedness theory of , we employ a
fixed-point argument to exhibit the existence of a unique solution w in a conveniently
chosen Stricharz space X*(T) (see and for a definition of X*(T")). The crucial
ingredients for closing this fixed point argument are the Strichartz estimates in Lemma
and the considerations on the regularity of the stochastic objects :z¢: in Proposition
[2.8] which is due to Oh and Zine [3§].

Remark 1.7. In the case m = 1, Theorem improves a result from [43] for the
Wick ordered cubic fNLW. Namely, in [43], the authors proved almost sure global well-
posedness of the Wick ordered cubic fNLW in the range o € (5, 1), while in Theorem
1.4 we extend the range of a to a € (g, 1).
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Remark 1.8. In [35], Oh and Thomann consider the Wick ordered defocusing nonlinear
wave equation with odd power nonlinearity, namely with @ = 1, construct the
Gibbs measures, and prove an almost sure global well-posedness theory exploiting the
first order expansion. The main challenge in our case compared to [35] is represented
by the fact that the fNLW is only a-smoothing, as clear from , while the wave
equation is 1-smoothing. Furthermore, the regularity of the stochastic objects : 2*:,
¢ € {0,...,2m + 1} is of order —¢(1 — a) — &, € > 0 (see Proposition in our
case. It is this regularity that is responsible for the restriction on « in Theorem
or, equivalently, on the degree of the nonlinearity u*™*! that we can handle. In [35],
the stochastic objects have regularity —e for any m, which in turn does not imply any
restriction of the nonlinearity.

1.2.2. Second order expansion. In the proof of Theorem [I.4] more precisely in the proof
of Proposition 4.1, we see that the roughest term in Duhamel’s formula for w is

zy = T(:27") = /o sin((t <_Vt>/i<v>a> L22m Lt (1.24)

Aiming at widening the range of the fractional exponent «, we further decompose
w = zy + wo, in the spirit of the first order expansion. We thus arrive at the second
order expansion u = z + 25 + ws, where wy solves the equation

{wag (1= A)wy + 307 () 2 (2 we)? I =0

(1.25)
(wo, atw2)’t:0 = (0,0).

Since, the nonlinearity in this equation is more regular than that in (1.23)), in the case

m > 2, we obtain the following improvement of Theorem [1.4]

Theorem 1.9. Fixm € N, m > 2 and o € (1 - m, 1). Then (1.22)) is almost

surely globally well-posed in CtH;(lfa)fs, for any e > 0, with respect to the renormalized
Gibbs measure Pi”g”z. Moreover, Pzg” is invariant under the dynamics of (1.22)).

Theorem [1.9]is the main result of this work. The strategy of the proof of Theorem [1.9
is analogous to the one for Theorem [I.4, Namely, the proof of Theorem [I.9| relies on a
local well-posedness result that takes advantage of the second order expansion, namely
Proposition [5.1] in Section [5] and on Bourgain’s invariant measure and approximation
argument. The additional difficulty in this case is that one needs estimates on products
of stochastic objects : 2" : 252 as depicted in Proposition (iii).

Remark 1.10. Theorem improves a second order expansion local well-posedness
result for the Wick ordered fNLW from [38]. Both in [43] and in [38], the authors use
Sobolev embeddings when considering the local well-posedness of the Wick ordered
fNLW. Our improved range of o comes from using the Strichartz estimates in Lemma
24

For readers’ convenience, we remark here that the corresponding result of Oh and Zine
is contained in |38, Theorem 3.4] with d =2, 8 = «, k =2m + 1, m > 1. With these



INVARIANT GIBBS DYNAMICS FOR FRACTIONAL NLW 9

conditions, the range of «v in |38, Theorem 3.4] becomes o > max (1 — 4ml+3, 1— 4m§+1>.

This is more restrictive than the condition on « in Theorem [L.9]

Remark 1.11. A local well-posedness result relying on a second order expansion was
also given for the Wick ordered defocusing cubic NLW posed on the three-dimensional
torus T2 in [31]. In [31], Oh, Tzvetkov and the second author only needed to control the
product of stochastic objects :2%: Z(:23:), while here we treat general nonlinearities, so
we need the regularity results for general products of stochastic objects in Proposition

28

Remark 1.12. The aim of this article and, in particular, of Theorem is to discuss
the almost sure global well-posedness for all the (renormalized) fNLW with an odd-power
nonlinearity within a uniform framework. For this reason, we do not use the multilinear
smoothing effect of the equation, which requires an analysis that is specific to the degree
of the nonlinearity. Indeed, if one was to focus on a single nonlinearity (and the cubic
nonlinearity would be the easiest to work with), then one could take advantage of the
multilinear smoothing and, as a result, improve the range of the dispersion exponent «
for which almost sure global well-posedness of fNLW holds for the case of that specific
nonlinearity. However, as mentioned above, this is not the scope of this article. We
refer the readers to the work Bringman [9] and the work of Oh, Wang and Zine [37]
on cubic nonlinear wave equations on T3, that both take advantage of the multilinear
smoothing.

Another approach that has played a crucial role in the well-posedness study of the
nonlinear wave equation is the paracontrolled calculus approach, see [8-10}/17,/19,[27.28].
This approach also requires an analysis that is specific to the degree of the nonlinearity
and so, for the same reasons as above, we do not use it in this article.

Remark 1.13. We do not expect that a third (or higher) order expansion would
improve Theorem [1.9] This is due to the fact that the least regular terms in equation
(1.25)) are :2?™: wy and : 2%™: 2, and a higher order expansion would not remove the
term : 22™: ws, since it involves ws.

1.3. Organisation of the paper. The remaining part of this article is organized as
follows. In the next section, we state deterministic and stochastic tools needed for our
analysis. In Sections 3, we discuss the construction of the renormalized Gibbs measure.
In Section 4, we discuss the almost sure local well-posedness of the renormalized {NLW
that employs the first order expansion (this result is summarized in Proposition .
In Section 5, we prove Proposition [5.1], namely the almost sure local well-posedness
result for the renormalized fNLW that employs the second order expansion. Finally,
Appendix A contains a proof of Proposition (which is a byproduct of the proof of

Proposition .
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2. PRELIMINARY DETERMINISTIC AND STOCHASTIC TOOLS

This section is devoted to the statement of useful estimates used along the paper.
In particular, Subsection [2.1| concerns deterministic estimates, while Subsection
contains stochastic tools.

2.1. Deterministic estimates. We start by recalling the following estimates. They
can be stated in arbitrary dimension, though we specialize to the 2D case. In what
follows, we use the standard notation for the fractional Sobolev spaces W*?(T?). H*(T?)
corresponds to p = 2.

Lemma 2.1 (Fractional Leibniz rule). (i) Let s > 0, 1 < p;,q; < 00, j = 1,2, and
% < r < oo such that z% + & = % Then, the following holds
J

J

KV (Fo)ller < (HfHLm KV)*gll o + H(WVHL@HQHW) (2.1)

for any f € LP*(T?) N W*P2(T?) and g € L= (T?) N W% (T?).

(ii) Let s > 0, 1 < p,q,r < 00 satisfying % + % < % + 35 and q,r" > p', where p’ and 1’
denote the Héolder conjugate exponents of p and r respectively. Then we have

V)l S TV Fllee (V) gl e (2.2)
for any f € WP(T?) and g € W*4(T?).

See [3] for a proof. See also [18}20].
The following is a classical interpolation inequality.

Lemma 2.2. For 0 < s1 < S9, the following interpolation holds

s1 527351
52
UHL2

52
H*2

[l o < el
for any uw € H*.

We proceed by recalling the following estimate on discrete convolution. See, for
example, Lemma 4.1 in [24].

Lemma 2.3. Let o, 3 € R satisfy

a+p>2 and a, B < 2.
Then, the following holds

for any n € Z2.
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We now state the Strichartz estimates used to prove the local well-posedness results.
For this purpose, let us introduce some notations. We call a pair (p,q) fractional
admissible provided that

(p,q) € [2700] X [2700]’ (p,q) # (2,00), and %“‘3 <1 (2.3)

For a fixed a, we define the exponent

Tog =1 — PR (2.4)
Let us consider the Cauchy problem
v+ (1—A)v=F
{8tv+( ) v (t,x)e]x']f?’ (25)
(v, 0v)|1=0 = (vo, V1),

for I C R an interval containing 0. We have the following Strichartz estimates; see
[14, Corollary 1.4].

Lemma 2.4. Let I be a bounded interval containing 0, « € (0,1), (p,q) be a fractional
admissible pair, (vg,v1) € Ha x H¥a~% and let v be a weak solution to (2.5)). The
following estimate holds true:

[llzeaiegy S Nvoll e + lloall gova—e + 1E |y 7, roma—ey- (2.6)

Note that the Strichartz estimates on T? follow from the Strichartz estimates on R?
by exploiting the finite speed of propagation for the linear fractional wave equation.
Beside |14], we also mention the recent paper [43] which includes a self-contained proof.

2.2. Regularity of stochastic objects. Firstly, we introduce basic definitions from
stochastic analysis, see the monographs [4,/41], aiming at recalling the Wiener chaos
estimate (see Lemma [2.5| below).

Let u be a Gaussian measure on a separable Banach space B, with H C B as its
Cameron-Martin space. We define the abstract Wiener space as the triple (H, B, u).
Given a complete orthonormal system {e;};en C B* of H* = H (here * stands for the
dual space), we define a polynomial chaos of order k to be an element of the form
[1;2, Hi,((z,¢;)), where z € B, k; # 0 for only finitely many j's, k = >_72 kj, Hy, is
the Hermite polynomial of degree k;, and (-,-) = p(:,)p~ denotes the B-B* duality
pairing. The closure of polynomial chaoses of order k under L*(B, i) is then denoted
by Hi. The elements in H; are called homogeneous Wiener chaoses of order k. We also
set

for k € N. The Wiener chaos estimate as following.
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Lemma 2.5. Let k € N. Then, we have

k
[ X zegy < (p = 121X ]2
for any p > 2 and any X € H<y.

The result above comes from the the hypercontractivity of the Ornstein-Uhlenbeck
semigroup U (t) = e'F due to Nelson [25], see [42, Theorem 1.22], where L = A —x -V
is the Ornstein-Uhlenbeck operator. Here, to simplify the exposition, we just gave the
definition of the Ornstein-Uhlenbeck operator L when B is the d-dimensional Euclidean
space, see also [2] and [40, Section 3]. Let us also recall that any element in Hy, is an
eigenfunction of L with corresponding eigenvalue —k.

Next we recall a lemma which will be used later on, in the proof of Lemma [3.3|
Additionally, (a more extensive version of) this lemma is crucial for the proof of Lemma
below, a proof that we omit. We start with the following definition.

Definition 2.6. Given a stochastic process X : Ry — D'(T?), we say it is spatially
homogeneous if { X (t,)}ser+ and {X(t,z0+ ) }scr+ have the same law for any xo € T?.

Lemma 2.7. Let X : Ry — D'(T?) be a spatially homogeneous stochastic process.
Suppose that there exists k € N such that X (t) belong to Hy for any t € R,.
Lett € Ry. Suppose that there exists sy € R such that

E(X(t,n)?) S (n) =272

for any n € Z?. Then, for any s < sy and any p > 1, there exists C = C(sq — s) such
that .

E(| X (0)[fyee) < Cp?
and so X (t) € W** almost surely.

Lemma is proved by straightforwardly employing the Wiener chaos estimate, i.e.
Lemma above. We refer to [24, Proposition 5] and |29, Appendix A] for the proof.

We now state the main result on the regularity of stochastic objects that will be used
in the proof of the almost sure local-wellposedness of the Wick ordered fNLW .
This result is Proposition 3.1 from [38] in the special case of dimension d = 2 and = «
(with 8 defined in [38]).

Proposition 2.8 ([38]). Let o > 0 and k € N.

i) Given 0 €N, let a > 1—21. Then, for s < l(a—1), {: 2% Inen is a Cauchy sequence
[ N

in Cy(Ry; W°(T?)), almost surely. In particular, denoting the limit by :2°:, we have
2 e Cy(Ry; W H-)=e00(2))
for any € > 0, almost surely.

ii) Assume o > 1—2X. Then, for s < k(oo — 1)+, {Z(:25 ) }nen is a Cauchy sequence
k N

in Cy(RT; W2°(T?)), almost surely. In particular, denoting the limit by Z(:2*:), we
have
I(:zk :) c Ct(R+; W—k(l—a)—&-a—a,m(v]lﬁ))

T
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for any € > 0, almost surely.

Furthermore, suppose that o > 1 — k+1 Let ko € N. Then, for s < k(o — 1) + a,
{(Z(: 2 :))k2}N€N is a Cauchy sequence in Cy(Ry; WS>(T?)), almost surely. In

particular, denoting the limit by (I(:zk :))kQ, we have

(I( k )) c Ct(R.:,.,W k(1—a)4a— z—:oo(v]IQ))
for any € > 0, almost surely.
(iii) Fiz integers 0 < ky <k —1 and 0 < ky < k. Assume that

1
2k + 1

a>1-—
Given N € N, define Yy by
Yy =24 (I(:zﬁ,:))lﬁ_
Then, for s < —ki(1 —a), {Yn}nen s a Cauchy sequence in Cy(R,; W>(T?)), almost
surely. In particular, denoting its limit by Y =:2": (I(: 2¥ :))kz, we have
Y =M (Z(:2F )) € Cy(R; W, kr(1me)=eco(2y)
for any € > 0, almost surely.

Remark 2.9. Let us note that the condition (2.7)) implies the conditions in (i) (namely
o >1- 1) and (ii) (namely a > 1 — k—}rl)

3. CONSTRUCTION OF THE RENORMALIZED (GIBBS MEASURES

In this section we construct the renormalized Gibbs measure associated to (|1.22)).
We first prove Proposition [I.T], then we prove the exponential integrability claimed in
Theorem by means of the variational approach of Barashkov and Gubinelli, see [1].

3.1. Convergence of random variables. We first prove the convergence of the
random variables Gy (u) = [ :(Pyu)*"*?: dx as in Proposition [L.1] Let us note that
it is enough to prove the result for p = 2, the general p follows by using the Wiener
chaos estimate in Lemma [2.5| Hence, we prove for p = 2.

With this aim in mind, we introduce some notations, and some preliminary results.
Let o, n be as in (1.9). For a fixed z € T? and N € N, we also define

@)= - 2 e md ()= X el 6D
Oa,N InI<N [n|<N

where e,(y) = ¢™¥. Note that 7, n(z)() is real-valued with unitary L?(T?)-norm,
namely

17703 ()| 22 = 1
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for all x € T? and all N € N. Moreover, we have

(Na,m1 (), Nan (Y)) 22(12) = 1T YaN (¥ — ) = ——Yan(T — ¥), (3.2)

for fixed z,y € T? and M > N.

Furthermore, we introduce the white noise functional. Let £(x;w) be the (real-valued)
mean-zero Gaussian white noise on T? defined by

faiw) = 3 galw)e™,

nez?

where {g, }nez2 is a sequence of independent standard complex-valued Gaussian random
variables conditioned that g_,, = g,,, n € Z2. Tt is easy to see that & € H*(T?)\ H~(T?),
s < —1, almost surely. In particular, ¢ is a distribution, acting on smooth functions.
In fact, the action of € can be defined on L?*(T?). Namely, we define the white noise
functional W : L*(T?) — L*(Q) by

Wiw) = (f.£W)r2 = > F(n)g(w) (3.3)

nez?

for a real-valued function f € L?*(T?). Note that W; = £(f) is basically the Wiener
integral of f. In particular, W; is a real-valued Gaussian random variable with mean 0
and variance || f||3.. Moreover, W, is unitary:

E[WiWh] = (f,h)r2 (3.4)
for f,h € L*(T?). More generally, we have the following; see [33].

Lemma 3.1. Let f,h € L*(T?) such that || f||z2 = ||h]|z2 = 1. Then, for k,m € NU{0},
we have

E[He(W)Hn(Wh)] = Skmk![(f, B) 2(02)]"
Here, Oy, denotes the Kronecker’s delta function.

For the sake of conciseness, let us denote uy = Pyu. By using the definitions, we
have

1/2 UN(fE) 1/2
un (@) = o) N =17 = oL AW e (3.5)

JaJV

and by using the the definition of the Wick ordering and the property (1.12)), we easily
get from ({3.5)) that

W32 (@) = Homso (00 xWae x(0) Tan) = 005 Homs2(Woy () (3.6)

We are in position to prove Proposition [1.1] for p = 2.
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Proof of Proposition[1.1 By definition of , we write, by expanding the square,

[Gar() = G )3, = (Zm% / ( / 2 ) dP()
2m+2 ///T?x?f? 2 (1) T (y) - dow dy dP(w)
+ m/ﬂ </1r2 amt2, d:v) dP(w). (3.7)

At this point we write ( fTQ dz)? = ([ - d2)( [ - dy), we rewrite :uy"*: using (3.6),
and by means of Lemma [3.1] we obtaln

2m+2
B9 - 5t / ] oWy ) oW i) do dy dP()
T2 x T2
20_m+1 m—+1

aMJaN
_m/ //TQXTZ Hopmyo (W ar(2)) Hama2(Wa, y(y)) do dy dP(w)

2m+2
* (2m+2 ///T2 - Homr2o (W x(2) Hama2(Wa, y(y)) do dy dP(w)
X

(2m + 2)lo2 1 —
— N N m+2 g d
@m 127 //ww N1 (), Ma,n1 () z dy

(2m + 2)'02’7\,*2 .
- (2m + 2)? //T T (e (2) %N(y»Q +2dxdy
2>< 2

(2m + 2)! 2 +2 2m+2
m m _ d d .
2m + 2 [/rJIQXTQ ’704 y> ’704 ( y> Ty

By using the finiteness of the measure of the toroidal domain, the bound ||a|® — [b]%| <
c(B)|a — b|(Jal?~t + [p|P~1) for B > 1, and the Holder’s inequality with conjugate

exponents p = 2m + 2 and p’ = gnmzﬁ, we estimate

// A ) — 2R — ) drdy = c / D2 () PR () da
T2 x T2 T2

< &(m) /T (e @F™ 4 R (@) ) (a0 () = vav(@)]) de

< &(m)Vaunr = Yol zemsz (e 752 + e 75052 - (3.8)

By using the Hausdorff-Young’s inequality to control the L?™2-norms, and the Sobolev’s
embedding H™/ (1) <y [2m+2 to estimate the difference norm, we obtain

1/2
. 1 1
69 <20m) ( ¥ probner ) (5 e
In|>N nezz (n) 2mFl

< N1*2a+7m711
~Y

> (2m+1)2/(2m+2)
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and the last bound goes to zero provided that

1
>1-— = 3.9
a(m+1)
indeed Z<n>_42m:11 <oofora>1-— 2ml —- By summarizing the above calculations,

we get that under the condition (3.9) on a,
G (u) = G (u)l|Fa () S E(m)N' 2w,
which in turn easily implies (1.17]) when p = 2. O

3.2. Exponential integrability. This section is devoted to the proof of Theorem
In this proof, we use the variational approach to Quantum Field Theory introduced in
[1]. See also [21},22.|32,|43] for other recent results using this approach.

We begin by introducing some notations. Let W (t) be a cylindrical Brownian motion
in L?(T?). Namely, we have

W(t) =Y Bu(t)en, (3.10)

nez?

where {B,}nezz is a sequence of mutually independent complex-valued Brownian
motions such that B_, = B,,, n € Z>. Here, by convention, we normalize B,, such that
Var(B,,(t)) =t. In particular, By is a standard real-valued Brownian motion. Then, we
define a centered Gaussian process Y (t) by

Y(t) = (V)W (). (3.11)

Note that we have Law(Y (1)) = pa, where p, is the Gaussian measure in (1.7). By
setting Yy = PyY', we have Law(Yy (1)) = (Py)«fta, i-e. the pushforward of y, under
Py. In particular, we have E[YZ(1)] = 04, where o, v is as in ((1.9).

Next, let H, denote the space of drifts, which are progressively measurable pro-
cesses belonging to L?([0, 1]; L*(T?)), P-almost surely. We now state the Boué-Dupuis
variational formula [5,44]. Specifically, we refer to |44, Theorem 7).

Lemma 3.2 ([5,44]). Let Y be as in (3.11)). Fiz N € N. Suppose that F : C*(T?) — R
is measurable and such that E[|F(PyY (1))[P] < co and E[le F®xY)|1] < oo for some
1 < p,q < oo with ;1) —I—% = 1. Then, we have

_1OgE[€—F(PNY(1))] = inf E[F(PNY(1)+PNI(9)(1)) +%/01 16(2)172 dt}, (3.12)

0cH,

where 1(0) is defined by

1(6)(t) = /0 (V)00 () dt’

and the expectation E = Ep is an expectation with respect to the underlying probability
measure P.
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In the following, we construct a drift # depending on Y, and the Boué-Dupuis
variational formula (Lemma is suitable for this purpose since an expectation in
is taken with respect to the underlying probability P.

Before proceeding to the proof of Theorem we state a lemma on the path-wise
regularity bounds of Y (1) and I(6)(1).

Lemma 3.3. (i) Given h € N, let 1 > a > 1—+. Let € > 0. Then, given any finite
p > 1, there exists C'= C(p, h,e) > 0 such that

Mwmm%mﬁmmqsa
uniformly in N € N.
(i) For any 6 € H,, we have

1O) (1) < /w )2, dt. (3.13)

Proof. (i) Part (i) is a straightforward adaptation of [43, Lemma B3]. We include its
proof here for completeness.

Recall that the law of Yy(1) is Z\n\<N Iin cine . Note that :Yn(1)": belongs the
Wiener chaos of order h. Direct computatlons yield

B[y () =t Y ﬁEWﬂM@ﬂ

ni+--+np=n i=1

< —2+2h(1—a)
~ ?

ni+---+np=n 1=1
where we iteratively used Lemma under the assumption o > 1 — +. Lemma
then gives the desired result.

(ii) The second point is a simple application of the definition of the Sobolev space H?,
the Minkowski’s inequality, and the Cauchy-Schwarz’s inequality:

@)Wl = | [ o, < [ 1oonszar < ([ nooiar)”

then the result follows by squaring both sides. 0

3.3. Proof of Theorem We now give the proof of Theorem [I.2] We prove the
uniform exponential integrability via the variational formulation, i.e. by means of
Lemma [3.2] Since the argument is identical for any finite p > 1, we only present details
for the case p = 1.

In view of the Boué-Dupuis formula (Lemma , it suffices to establish a lower
bound on

Wi (8) = E|Gy(Ya(1) + PyI(6)(1)) +%/0 10012, dt}, (3.14)
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uniformly in N € N and 6 € H,. We set Oy : = PyI(0)(1). From and (L.13)),
we have
2m~+2

Gn(Yy+6n)= ) <2m€+ 2) / Y22t of dr (3.15)
(=0 ke
Hence, from (3.14)) and (3.15), we have
2m+-2 1
1
W) =E| 3 (Zm”)/ y2meet, @f\,der—/ 10(8)|12 dt] (3.16)
=0 ¢ Es 2 Jo ’

Remark 3.4. For { = 2m + 2, the term [, ©3"*? is non-negative and well defined.
Indeed, in view of the Sobolev embedding H O‘(Tg) C L*™+2(T?) and of (3.1 -, we have

+
that Oy 252 < OxI1Z22 < (fy 10(8)|2.dt)" for any a > 1— L.

In the following, we first state a lemma, controlling the terms appearing in (3.16)).

Lemma 3.5. Fizm > 1 and let £ € {1,...,2m +1}. Let @ > 1 — 5=5. There ewist
e > 0 and exponents p; > 1 such that for any n < 1 there exists ¢ = c(n) > 0 such that

the following holds:

/ Yt of da
T2

< el YR R e 0w e T (1O e + ONIIT52)
(3.17)
Proof. Let

6<min{<a— = >'m+1,(2m+2)(04—(1— ! ))} (3.18)

m—+1 m 2m + 2

We start by noticing that

/11‘2 :Y]\z,m“*e: @f\, dx

5 || Y]\Q/'erz Z ||W—(2m+2—€)(1—a)—s,oo||®§V||W(2m+2—l)(l—a)+s,1.

(3.19)
Then, using the boundedness of the spatial domain, we bound from above

H@gv|’w(2m+272)(1fa)+€,l by H@§VHw(2m+2fl)(17a)+5,1+6e’ where

(=25 )(m+1)2m +2— L) —em

la—m5)(m+1) +2m(m+ 1)(1 —a) +em

Notice that, in view of our choice of € in -7 d¢ > 0.
Then, using the fractional Leibniz rule in Lemma [2.1] we have that

(1+6p)(2m+2) H®N||L2m+2 (321)

105 lemiz-oa-wreris, S [|ON] _rspeme)
ZmF2—(E—1)(1155)

W(2m+27£)(17a)+a,
Using the interpolation of Sobolev spaces and our choice of d, in (3.20]), we have that

1Ol aspenn || S 10N lOn 2z, (3.22)

W(2m+27l)(17a)+5 2= (-1 (1+5;)
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where

(2m+2—€)(1—a)—|—5.

Ve =

Clearly v, > 0 and our choice of € in (3.18)) insures that we also have 7, < 1.
Combining together equations (3.21]) and (3.22)), we have that

10K lyyems2-n0-0reenss S [ON|HallON Il ot (3.23)
In turn, combining (3.19) and (3.23]), we obtain that

/ 2 Y2 0 da| S YR mmra—n0-0)—eo || On | o |On ||ty a- (3.24)
T

Using the generalized Young’s inequality, i.e. ab < ¢(n)a? +nb? for n < 1 and p,q > 1

satisfying % + % =1, with p, := % and ¢ := 2242 we obtain

ym—+£?

S eIl YR P e iimaeme + MON [ On o

/ :Y]\2,m+2’z: 0% dx
T2

Notice that our choice of ¢ in (3.18)) ensures that ¢ > 1 (and so, also p, > 1) for all
(=1,2,...,2m + 1.

Lastly, using once again Young s inequality on the product ||©n || e ||On]| Lﬁm’*flq‘ ith
_ _2m42
the conjugate exponents py : W and ¢y : (effmqé, we conclude that - holds. [

We can now prove Theorem [I.2]

Proof of Theorem[1.9. Recalling the definition of Wy (6) in (3.16]), we observe that

2m+1
2m + 2 2—
Z( ’ )/TZ:Y]% 278 0f dr

(=1

Wi (0) —E[/ Y22 da:} +E
T2

1 1
E[lovlE + g [ 1001 ] A+ B+C
0

Note that the term C is positive. By Proposition, fora>1-— ﬁ, we have that
the first term A is uniformly bounded in N, so A 2 —1. Lastly, by Lemma and

Lemma 3.3} for & > 1 — 5=, we obtain that
Bz —-1-nC.
Therefore, for a > 1 — 5—= +2, we obtain that

inf W) 2 ~1+ (1-5)C 2 ~1.

The uniform (in N and ) bound above, jointly with (3.12) gives the desired result.
[
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4. FIRST ORDER EXPANSION ALMOST SURE LOCAL WELL-POSEDNESS

In this Section, we discuss the following first result on the almost sure local well-
posedness of the defocusing Wick ordered fraction NLW ((1.22)).

Proposition 4.1. Fix m € N. For m = 1, let a € (2,1). For m > 2, let a €

6
1
(1 T omZi2m+1o 1)'
Then, there exists Q' C Q with P(2!) = 1 and with the property that for each
w € Q! there exists T,, > 0 such that (1.22)) admits a unique local solution in the class

Cy([0,T]; Hy (1=a) ), for any 0 < € < 1. More precisely, the solution is of the form
u=S(t)(¢, 67) +w € Cy([0,T); H, W75(T?)) + X*(T),
where s € (0,1) and X*(T) is defined below, in (4.9)). (See the hypotheses of Proposition

and Remark [£.3] below for the precise conditions on the different indices appearing
in the definition of X*(7").)

As discussed in the introduction, our first local well-posedness result is based on the
first order expansion u = S(t)(¢§, ¢¢) + w = z + w, where w solves (1.23). With this
approach, the almost sure local well-posedness of relies on proving an almost
sure local well-posedness result for . In view of Duhamel’s formulation for ,

we define the map ¥ as follows:

t 3 t— t/ [
W(w)(t) = / SIn((t = V) (4 )2t gy (41)
0 (V)e
We recall from the property of the Hermite polynomials ([1.13), that
2m+1
2m +1 -
. 2m+1., A 2m-+1—4
(2 +w) —Z( ), ).z.w :
=0
Then the map ¥ (w)(t) = e e peq am 133 (W) (f) can be rewritten as
2m—+1 t . ’
2m+ 1\ [Tsin((t =) (V)*) 4 omi1e
U(w)(t) = ( ) / 2wttt
(w)( ) ez:; Y 0 <V>O‘ ( Z7lw )

We prove that the Cauchy problem admits a solution by showing that the map
U admits a fixed point in a suitable space. The map ¥ depends on the set of stochastic
objects
== {:zfz}ge{l ,,,,, M1} (4.2)
and the existence of a fixed point for ¥ will be shown in a deterministic way. Basically,
we decompose the ill-posed (due to the rough initial data) solution-map of in
two steps:

(W, u) B {20 e {1, 2m+ 1} S w e X° (4.3)
and so

(U8, u?) — u = 2% +w € Cy([0,T]; H; 2=975) + X* < Cy([0, T]; H; 1)),
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where X* is a suitable Strichartz space, see below. In the first lifting step we
generate the enhanced data set of stochastic objects defined in (4.2)) with low regularity,
and in the second we obtained the solution (in the sense specified in the introduction)
via a fixed point argument in a deterministic setting.

For the second step, we consider the following deterministic equation:

2 1
2w + (1 — A)*w + w2+l 4 3o ( m ) Sfw?m =t =

¢ (4.4)

(U), atw)‘tzo = (07 0)7
where =} € O(R,; W1=0)=¢(T?)) for any ¢ > 0 and any £ =1,2,...,2m + 1. We set
Zy = {C([0,1]; W—H1=a)=¢(T2))} 27+ and
2m+1
‘H1HZ1 = Z ’:ZHLOO ([0,1];W —¢(1—a)—&(T2))-

Using Duhamel’s formula, we have that

"sin((t - ¢)(V)*) o
w(t) = S dt’ 4.5
R e (4.5
2m t . ’
2m + 1) / sin((t — ) (V)) (1 ami1-ey g
=w ™ dt 4.6
T ;( V4 0 <V>a ( (W ) ( )
Psin((t - )(V)*)
+ / w?™ 4.7
N 4D
Let us note that the critical exponent for (L.1)) is s = 1 — . To start with, we fix
1> 5> s =1 — —. (4.8)
m
Given 0 < T < 1, we define the space
X*(T) := Lg([0,T); Hy(T?)) N LY ([0, T1; Wg?’”p’q’q(w)) (4.9)

where (p, q) is a fractional admissible pair depending on m (see (2.3) and . for the
definitions).
Then we have the following (deterministic) local well-posedness results for (4.4)).

Proposition 4.2. Fixm e N, p>2m+1and ¢ > 4m + 2. For m =1 let p < 5 and

5 B 1 2m+1
O[>6. FormZZ,letozE(l—m,l),whereﬁ.—§+2—;,
Set & = (2m + 2)a — (2m + 1). For m 1, let s €

(max{2(1 — a),1 — af},min{s;,1 —a+v,,}). For m > 2 let s €

ﬁ . ~
(1 -2, min{5;,1 — a+ypq})-
Then, given an enhanced data set =' = (21,5,,...,Z0m41) € Z1, there exists

T =T(||="z) € (0,1] and a unique solution w of (4.4) in X*(T). Furthermore, the
map = € Z; — w € X*(T) is continuous.
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Remark 4.3. Let m > 2 and o € (1— m’Q'

Let ¢ > 4m + 2. Then,
there exists f = f(m,«a) € (%, 1) such that a € (1 — m, 1). After setting
p=plm,a) = é’gfll, the conclusion of Proposition E still holds (for this choice of p

and ¢ and with s and Z! as in Proposition [4.2).

Proposition follows from Proposition Remark and Proposition (i).
The proof of Proposition (in fact, the proof of Proposition will be given in the

appendix. Indeed, in the next section, we give a stronger a.s. local well-posedness result
by means of a second order expansion.

Remark 4.4. Note that the uniqueness of the solution only holds in the Strichartz
space X*(T'), and we refer to this kind of local well-posedness result as conditional (in
the remainder w). An unconditional local well-posedness theory can be done by using

only Sobolev’s embeddings, in the spirit of [20]. Nonetheless, such an approach would
give a weaker result in term of the range of a.

5. SECOND ORDER EXPANSION ALMOST SURE LOCAL WELL-POSEDNESS

We now prove the a.s. local well-posedness of the renormalized {NLW employing the
second order expansion. Similarly to the previous section, the functional space we are
going to work with is the space X*(T) := LFH: N LEW, 7% introduced in ([4.9). We
recall that (p, ¢) are fractional admissible, see (2.3), and that ~,, is defined in ([2.4).

Proposition 5.1. Fix m € N. For m = 1, let a € (§,1). For m > 2, let a €

7
1
(1 T 2mZ4mH1 1)
Then, there exists Q% C Q with P(Q?) = 1 and with the property that for each
w € Q2 there exists T,, > 0 such that (1.22)) admits a unique local solution in the class

Cy([0, T,,]; H;(l_a)_e), for any 0 < ¢ < 1. More precisely, the solution is of the form
u = z+z+wy € Cy([0,T,]; Hy W=975(T2))+Cy([0, T, ); W, mAD-a)ta—eco(m2y) | xs(T, ).

(See the hypotheses of Proposition and Remark below for the precise conditions
on the different indices appearing in the definition of X*(7,).)

Remark 5.2. In the case of the cubic fNLW, when m = 1, Proposition does not
provide an improvement over Proposition While we do see an improvement at the
level of the deterministic well-posedness results that each of these two propositions is
based on (i.e. the condition a > % in Proposition bellow is less restrictive than
the condition a > % in Proposition , in order to obtain Proposition , we apply

Proposition (iii), which requires the further restriction o > 1 — 4ml —5 = 7 Note that,
in the proof of Proposition , we only use Proposition (i), which only requires
a>1— 1 =2

2m+1 ~ 3°
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As in the previous section, we create an enhanced data set and then solve the problem
by performing a fixed point argument in a deterministic way. In this case, we further
factorize the ill-posed solution map likely to , but by constructing a larger enhanced
data set consisting of

(T e o, 2mb e {1, 2m 41— 0},

Recalling equation ([1.25) and Duhamel’s formula for this initial value problem, we
consider the following deterministic problem:

wa(t) = W(wa)(t) (5.1)
- Z ZO bm7gcm,g’jA Sin((t <—Vt>’3<v>a) (IZEZ (I(:ZZerl :))2m+1—£—ng> dt
- (5.2)
= ;bm,ecm,e,ofo sin((t <_V1;/2<v>a) (:ZZ: (I(:Z%Prl :))QmH*Z) dt’ (5.3)
2m 2m~+1—4 t . / «
+ ; z; bm,zcm,e,j/o sin((t <—V75>3<V) ) (:Zez (I(:Z2m+1:))2m+1_£_jw§) dt’
- (5.4)
A Psin((t — ¢)(V)@ dmt 21— 3\
+ 2 bm,ocm,o,j/o ( <v>i< ) )<(I(:Z L)) 2w ) dt. (5.5)

We also introduce the following notations. Set

:2::{Jﬁ%(I¢Z%H%»“, k1 €0, 2m} ky €{0,. ... 2m+1— ki }}

and
2m 2m—+1— kl
Bz =30 >0 2 (EE ) o ey
k‘1 k‘2 0
where

S o —ki(l-a)—¢e, if k2>1,
BRI _om+ D)(1—a)+a—e, if k =0.

Then, Proposition follows from the following deterministic local well-posedness
result and by applying Proposition 2.8

Proposition 5.3. FimeN p>2m—|—1andq>4m+2. Formzllet(x>§. For

m> 2, let o€ ( 2m2+m+,3’ 1) where 3 := 27;‘;1.
Set s = (2m 4+ l)a — 2m. For m = 1, let s €
(max{2(1 —«a),1 —af},min{s;, 1 —a+,,}). For m > 2, let s €

( _ O‘_/B mln{81, -« +7p,q})'
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Assume that =2 € C([0, 1]; H~(=*)=¢(T?)) is such that ||Z2||z, < oo.
Then, there exists T' = T'(||=?||z,) > 0 such that the map ¥ defined in (5.2)) admits

a unique fixed point in the space X*(T"). Consequently, (5.1)) is locally well-posed in
X5(T).

Remark 5.4. Let m > 2and a € <1 — Wlmﬂ’ 1). Let ¢ > 4m—+2. Then, there exists
B = B(m,a) € (1,1) such that « € (1 — m, 1). After setting p = p(m,«) :=

22’5:1, the conclusion of Proposition still holds (for this choice of p and ¢ and with s

and =2 as in Proposition |5.3)).

Proof of Remark|[5.4) Assume that o > 1 — Then, there exists 0 < n < 1,

T
such that @ > 1 — 5—-l—— + 7. Then, there exists 8 = f(m,n) € (5,1) such that

1 _ B8 _ 2m+41
1—m+7’]— 1— m SO, a € (1 m,l) and after taklngp 281"

Proposition applies. Notice that when n \ 0, then § 71 and so p \(2m + 1. [

We next show how Proposition [5.1] follows from Proposition [5.3] and Remark [5.4] and
from Proposition [2.8]

Proof of Proposition[5.1. Applying Proposition ( ) with £ =0,...,2m, Proposition
2.8(1i1) with k =2m+1and ke =1,...,2m+1, and Proposition 2. (111) with k = 2m—|— 1,
kr=1,...,2mand ks = 1,....2m —|— 1 — kq, it follows that, provided o > 1 —

~ 4m+37
there exists a set {2 C {2 with P(Q) = 1 such that for all w € Q we have that
{2 (ZC ()P ) ™, ke {0, 2m} ks € {0,....2m + 1 — k1 }} ||z, < oo,
Fix w € Q. Applying Remark with =2 replaced by
{: (2)F s (Z(: (z9)2mH :))kQ, ki€ {0,...,2m}, ke € {0,...,2m + 1 — kl}}, the
result of Proposition follows with
_TQH ()P N2 k€0, 2m) ke € {0, 2m 41— &y Z)
2
as long as
1 1 1
a>max{1— 11— }:1——, it m>2,
2m2 +m + 1 dm + 3 2m2 +m+1

and as long as o > max{%,1 — } =2, if m = 1. In particular, we note that in the

1 _ 6
am+3 7

apply Proposition (iii) is more restrictive than the condition a > % from Proposition
b3l

4m+3

case m = 1 of a cubic nonlinearity, the condition o > 1 — needed in order to

O

We conclude this section with the proof of Proposition
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Proof of Proposition [5.5 We prove the estimates needed to show that the map defined
in (5.2) is a contraction on a closed ball of X*(T) for T = T(||=?||z,) < 1 sufficiently

small.

e Case 1. Estimate on the source term ([5.3). By the Strichartz estimates in
Lemma [2.4] and the embedding of Lebesgue spaces on finite measure domains, we have

2m
1D xoery S DN 25 @22 g
=0

[P

STY V) (12 (Z(: 27t
£=0

So, provided that s — o < —2m(1 — «), that is
s < (2m+ 1)a —2m =: s, (5.6)

we have

2m
IEDx- ST Y N2 (T2 ) o ytiree STIE 20 (5.7)
=0

Note that conditions (5.6) and (4.8)) imply
1
>l - — 5.8
“ 2m2 +m+1 (58)
In conclusion, (5.7)) with s.i < s < s1 holds provided the condition ([5.8)) holds.

e Case 2. Estimates on (5.4)). Let ¢ > 0 arbitrarily small and set s, := —(1 —a) —e.
We start by choosing 6y, r, 7, 71 satisfying the conditions below. These parameters will

appear in the estimate of ([5.4)).

lsq
0 =1- 25 g, <1, forall £=1.2 .. 2m,

Tp.a
L<r=r(()<2, 1<F=7(jf)<oo, 2<hH=7(0)<q

1—(s—«a 1 /ls, 1 1 —1 0 1—-46 ) — 1
Lofsza) 1 s L1 gl 0 1-0

Y

2 r 2 T q 2 q q
forall 7=1,2,...2m+1—-¢, (=1,2,...,2m.

Let us justify why it is possible to choose 6, r, 7,7, satisfying the above conditions,
given our choice for o, s, p, q.

First, 0, < 1 for any ¢ = 1,2,...,2m is equivalent to s > —{s, = {(1 — «) + e for all
(=1,2,...,2m. For m > 2, recall that we have s > 5. and it can be easily verified
that seip > 2m(1 — a) for a > 1 — m Therefore, #, < 1 holds for m > 2. For
m = 1, we need s > 2(1 — «) to insure that , < 1 for £ = 1,2. On the other hand,
0, >0 for any £ =1,2,...,2m is equivalent to s <, , — s, which clearly holds for the

choice s <1 —a + v, ,.
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Secondly, in order to choose r, 7, 71 satisfying the sequence of equalities/inequalities
above, it suffices to have that

1—(s— 0 1-86 — 1
=(s=a) 0 1-60 ,
2 2 q q

forall j =1,2,....2m+1—/{and all £ =1,2,...,2m. This boils down to

1 1 s—a 2m—/

o mg(L-1) sz ot

0= 2 2 q 2 q
for all £ =1,2,...,2m. Using the definition of 6, and the fact that % — % = o1 4 %},
we note that

o+ ls, o 2m — {
Y= + (s + lsq) - :
2 2P q

We have already seen that s > —/s, for all £ =1,2,...,2m, so the middle term in the
last expression for ¥, is non-negative. So it is enough to show that
a+/ls, 2m—/

— >0, forall ¢=1,2,...,2m.
2 q

A calculation shows that
a+lsq, 2m—L (41

; = = (- f) e,

where f(z) := 29{”1‘(?;14)"‘. Since ¢ > 4m + 2, we have that f'(z) <0 for all x, so f is a

decreasing function. In particular, f(¢) > f(2m) for all £ =1,2,...,2m. Therefore,

a+lsy, 2m—+C¢ (+1 f—i—l( < 1 ))
- (= fem)))—te=—"(a—(1- .
5 . > = (a— (1= f(2m)))—Le 5 \@ Sy le >0

1

for € sufficiently small, since we have o > 1 — 55

In conclusion, we have indeed that >, > 0.

Note that the condition 0 < s < s7 allows us to choose € > 0 sufficiently small to insure
that 0 < s, — (s — a) < 1 holds. Then the equality that defines r, % = % + w,
implies that r € (1, 2].

We now proceed to estimating . Using the Strichartz estimates in Lemma
and the dual Sobolev embedding L"(T?) C H*~~%=(T?), we obtain

form22anda>§form:1.

2m 2m—+1-—¢ '
IED e 30 3 11228 @22 P T g
=1 j=1
2m 2m-+1—4 '
= Z Z H <V>£sa( gl (I(: 72m+1 :))Qm—i-l—é—jw%) ||L%H;_a—esa
=1 j=1
2m 2m—+1—¢

SO D0 KW (225 @2 P ) g

=1 j=1
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As noted above, the condition s < s; allows us to choose € > 0 sufficiently small to
insure that s — a — fs, < 0 holds for all £ =1,2,...,2m. This is needed for applying
the dual Sobolev embedding.

Then, by Lemma (i) with 1 < 7 < oo such that 1 < 1 — £« we have:

2m 2m-+1—4

e S W (2 (2P ) L 1 9) () e
=1 j=1

{[(Ex]

2m 2m—+1—4

SIE2Y 0 > V) (wh) oz
/=1 =1

Then, by Lemma (i) with 1 < 7 < o0, % = L4 j%l and by Holder’s inequality with

7

a= L if 0, # 1 and a = oo if §, = 1, we have

o
1(-4)]

Our definition of #, guarantees that
—lsq =05+ (1 = 0)(S — Ypq),

and so with 1 < 7, < oo such that % = 6—2‘* + 1—7947 we get using the interpolation of
Sobolev spaces that:

=

2m 2m—+1—/4 -6,
—_ 1— f — —1
SR> DY TV YY) oyl flwallp s
=1 j=1

2m 2m+1—¢
= 1-1% 0 1-0,)+j—1
1D S 1220230 D T 7wl sl 0%
=1 j=1
SIE 2T (lwall xecry + - + [lwal[ X)), (5.9)
where a :== 1 — 27’” + ]ﬁpq > 0 since p > 2m. Note that, in order to interpolate the

Sobolev space W ~4=71(T?) between W, "*%(T?) and H*(T?), we need
§—Ypg < —lsq <s, foralll=1,2...,m.

This leads to s > 2m(1 — a) and to s <1 — a + 7, , + € which, as we have seen, are
both satisfied.

In conclusion, ([5.9) holds provided the following are satisfied: p > 2m, ¢ > 4m + 2,

and o > 1 — Wlmﬂ’ S € (Scritymin{shl_a—'_,yp,q}) for m Z 2 and a > %’ s €

(2(1 — o), min{sy,1 —a+,,}) for m = 1.
e Case 3. Estimate on (5.5). Fora>;—lifm:1 and o > 1_Wlm+1 if m > 2,
p>2m+ 1 and s satisfying
1—%§s§a, (5.10)
m

with 3 := 1+ % € (3,1), we choose ry € [(2—, 2| satisfying

l+a—s le 2m+1_(2m+1)s—vp7q.
2 T q 2
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Using the Strichartz estimates in Lemma and the dual Sobolev’s embedding
L™ (T?) C H**(T?), we have

2m—+1 ‘ 2m+1 ‘
1E-ADxs (1) Z (T2 )P T wh | e S G220 9w g
7j=1

Since (Z(: Z#m+1:))2m+1=i ¢ L;’OW;(ZmH)(l*aHa*E’OO forall j =1,2,...,2m + 1, and
by observing that —(2m + 1)(1 — a) + a > 0, we then have

2m+1
IEDllx(r) S Z IZCZ2m ) gzl s
2m+1
ST Y0 WTCZ P igrsllwall], sy
< H 2‘|Z2Tb (HwQHLpWe p,asa + || Hig;,l;—wg,q,q) ) (5.11)

where b > 0 and where in the second step we used the Sobolev embedding
We=wad(T?) ¢ LE™+Dr2(T2) and p > 2m + 1.

Therefore, (5.11]) holds provided that a@ > 1 — m, p > 2m + 1 and provided
that s satisfies (5.10). Note that o > s1, so the condition s < « is satisfied as soon
as we impose s < s;. Note also that the condition s < s; is required when estimating

5.3) and (5.4). Combining s < s; and (5.10), implies that & > 1 — =—2—_ which is
(-3 g , imp

2m24+m-+f3°
exactly the hypothesis on o in Proposition in the case m > 2.
In conclusion, by (5.7)), (5.9) and (5.11]), we have that
||w2||XS(T) S(ClT—f—CQTa <||w2||Xg(T) + . 2 (T))

2t} JIE =,

for some C’l, Cy, Cs > 0. By taking R := 3(]1||_2||Z2 and T < 1 such that CoT?||Z2|| z, (1+
R+---+R* 1) < 1 and C3T°||Z%||z,(14+ R+ - -+ R*™) < 3, we get that the map ¥
defined in (5.2)) maps the ball B(0, R) in X*(T ) to itself. Similarly, it can be shown
that U is a contraction on B(0, R).

+ C5T" (|||

xs(T) -

O

APPENDIX A. PROOF OF PROPOSITION [4.]]
By recalling that the map (4.1) can be decomposed as the sum

G =@y + @9 + @D

we distinguish three cases.

e Case 1. Estimate on term (4.5).
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As in the proof of Proposition [5.1] Case 1, by the Strichartz estimates in Lemma
and the embedding of Lebesgue spaces on ﬁmte measure domains, we have

IEDxs S NZomirllrizz-= S TIHVY ™ Epp i ez

STV~ Gz, e STIE 2,
provided that
s—a<—(2m+ 1)(1 —a) <= s<al2m+ 2) —(2m+1) := 3. (A.1)
Note that condition and condition s > s in (4.8) imply that a>1— m

We remark here that (| is a stronger assumption than ., SO is responsible
for the narrower range of « in the first order expansion well- posedness theory (in the
case m > 2) compared to the second order expansion well-posedness theory.

e Case 2. Estimate on . In this case we argue exactly as in Case 2 in the
proof of Proposition More precisely, we notice that has the same form as
in which we fix j = 2m + 1 — £. As in the proof of Proposition , in addition
to the assumptions on « and s in Case 1, in Case 2 we further need to impose that
s < 1—a+1,, and that, for m =1, s > 2(1 — «) (this insures that 6, < 1). Note that,
for m = 1, by combining s > 2(1 — «) with the condition s < §; in , we get the
restriction o > g

e Case 3. Estimate on . In this case we argue exactly as in Case 3 in the proof
of Proposition . More precisely, we notice that has the same form as in
which we fix j = 2m + 1 As in the proof of Proposition [5.1] in Case 3 we further need
to impose that s > 1 — 22, where  := 27”“ Comblmng this with the condition

5 < §1 in -, leads to a>1-— m, Wthh is exactly the hypothesis on « in

Proposition in the case m > 2. For m = 1, the condition o > % is more restrictive
than the above mentioned condition on « (since p < 5 and so 5 > %)
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