LARGE DATA SCATTERING FOR NLKG ON WAVEGUIDE R¢ x T.

LUIGI FORCELLA AND LYSIANNE HARI

ABSTRACT. We consider the pure-power defocusing nonlinear Klein-Gordon equation, in the H!-subcritical
case, posed on the product space R? x T, where T is the one-dimensional flat torus. In this framework, we
prove that scattering holds for any initial data belonging to the energy space H! x L2 for 1 < d < 4. The
strategy consists in proving a suitable profile decomposition theorem on the whole manifold to pursue
a concentration-compactness and rigidity method along with the proofs of (global in time) Strichartz
estimates.

1. INTRODUCTION

We consider the following Cauchy problem for the pure-power defocusing nonlinear Klein-Gordon
equation posed on the waveguide R? x T, with 1 < d < 4

O — DN yu+u=—|ul, (t,z,y) ERxRIxT
u(0,,y) = f(z,y) € H'(R? x T) : (L.1)
Ou(0,2,y) = g(z,y) € LR x T)

where 4 : R x R4 x T — R, T is the one-dimensional flat torus and Ay = Ay + Ay is the usual Laplace
operator Zle a2, +02.

We consider nonlinearities that are energy subcritical on R?T! and mass supercritical on R?, namely we
restrict our attention to % <a< ﬁ for 2 < d < 4 while a > 4 for d = 1. For some particular choices of
nonlinearities, aside from the natural question of existence of solutions, it is of interest to try to relate the
long-time behaviour of nonlinear solutions to linear solutions in appropriate functional spaces. We wish to
investigate the so-called energy scattering property for (1.1).

We briefly recall (assuming that a global well-posedness theory has been already established concerning
the Cauchy problem (1.1)) what it is meant as scattering property: we investigate the completeness of
the wave operator by showing that, a global solution u(t, z,y) to (1.1) behaves as time ¢ — 00 — in the
HY(R? x T) x L?(R? x T) topology — like a solution to the following linear equation

Ouv — Ay yv+v=0, (¢, €Rx R x T
v(0,z,y) = fX € H'(R? x T) (1.2)
(0, z,y) = g € L*(R? x T)
for some initial data (f*,¢%) € H'(R? x T) x L?(R? x T), respectively.

Our purpose is to carry on with the investigation of the second author and Visciglia started in [19]. In
that paper the authors proved scattering for small energy data for the pure-power nonlinear energy-critical
Klein-Gordon equation posed on R? x M?, in both defocusing and focusing regimes (the latter corresponding
to an opposite sign in front of the nonlinear term in (1.1)) and where M? is a bidimensional compact

2000 Mathematics Subject Classification. 35L70, 35R01, 35B40.
Key words and phrases. Dispersive equations on waveguides, Nonlinear Klein-Gordon equation, Scattering, concentra-
tion/compactness method.
1
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manifold (in that case, the second order operator in (1.1) must be replaced by the the sum of the classical
Laplacian Z?:l 831, on R? and the Laplace-Beltrami operator A, on the compact manifold). For small
initial data, once Strichartz estimates have been proved to hold globally in time, the global well-posedness
and scattering can be proved by a perturbative argument.

Our aim is therefore to treat the large data theory for the class of Cauchy problems in (1.1). To the
best of our knowledge, this is the first paper addressing to the problem of scattering about NLKG equation
on a product space, since this research topic has started with the work of Tzvetkov and Visciglia for NLS
on a mixed geometry setting, see [44].

The main result of this paper is stated as follows.
Theorem 1.1. Assume thatd =1 and o >4 or2<d<4 and <a< g7 Let
u € C(R; HY(R? x T)) N C*(R; L2(Rd X ’H‘)) (1.3)
be the unique global solution to (1.1): then for t — +oo (respectively t — —oo) there exists (f*,g%) €
HY(R? x T) x L2(R% x T) (respectively (f~,97) € H'(R% x T) x L?(R¢ x T)) such that

hm |u(t,z) —ut(t, = ||H1 + ||Ovult, z) — dut (t, x =0, (1.4)

(R4 XT) )Hm(Rde)

<respectz'vely hm |ut,z) —u™(t,x HHl(Rde + ||Ovu(t, ) — 8tu7(t,x)||L2(Rde) = O) ,

where ut (t, x,y),u” (t,z,y) € H'(R? x T) x L2(R? x T) are the corresponding solutions to (1.2) with initial
data (f*,9%) and (f~,97).

Remark 1.2. The scattering property can be proved (in both small and large data cases) for « lying between
the L% critical exponent on R? and the H' critical one on R? x T. In fact, considering data which are
constant in their compact variable, it is straightforward to see that for a < %, the analysis is reduced to
the L?-subcritical case on R?, for which, at the best of our knowledge, no scattering result in energy space
is known.

We quickly sum-up the interval where « should lie to fulfil our assumptions:

Scattering on RE x T

e >
0 4 4 4
d+1 d d—1
Scattering on R4+1
D >

Picture for o such that Theorem 1.1 holds, with 1 < d < 4 compared to the pure euclidean set-up.

Remark 1.3. Let us also notice that in the small data context, one can deal with both critical exponents %
and d41, either in focusing and defocusing cases, due to the possibility to use a perturbative argument.

Therefore, for small data, it is possible to add d = 5, @ = 1, which is energy critical (see page 5 for details).

In the next paragraphs, we give motivations on the study of such a models and we explain our main
achievements.

1.1. From the euclidean spaces or compact manifolds to the mixed geometry. About the pure
euclidean framework R?, there is a huge mathematical literature, not only for the Klein-Gordon equation
but in general for other dispersive PDEs such as the nonlinear Schréodinger equations (NLS) and the
nonlinear wave equations (NLW). We recall that, for such kind of equations, Strichartz estimates play an
essential role for the local well-posedness and for the large time analysis of the solutions — once Strichartz
estimates have been proved to hold globally in time. The nonlinear Klein-Gordon (NLKG) equation has
been deeply studied in the euclidean context, producing a wide literature. We only give here some references
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amongst others about the scattering results, which is the issue investigated in this paper: in high dimension
cases d > 3, we mention the early works [3,4,13-15,31,32] on the defocusing energy sub-critical cases,
while for the low dimensional case R? with d = 1,2, the question of scattering has been solved in [35]. The
focusing case have been investigated in [22,23] both in the energy subcritical and critical cases. For a more
complete picture of the known results, we refer the reader to the references contained in the previously
cited papers.

For existence results for NLKG, valid on more general manifolds, we refer the reader to the early work
by Kapitanskii [25] and Delort and Szeftel [10,11]. Unlike the full euclidean setting, the compact one
does not exhibit the same phenomena. This is due to the presence of periodic solutions inducing a lack of
(global in time) summability on them. Basically, the main difference between the equation posed on the
euclidean space with respect to a compact manifold is the lack of the dispersive nature of the linear flow in
the latter situation. Therefore the question of “mixing” both configurations, to understand the competition
of induced phenomena is natural, and the question is whether the dispersive property coming from R? is
still enough to deduce global feature of the solutions (in our context, their linear behaviour asymptotically
in time).

In this paper we are interested in opening the treatment of larga data theory for the nonlinear Klein-
Gordon equation (1.1) posed on R? x T, and with the aim of proving Theorem 1.1 above, our first main
contribution in this paper is to show the validity of some Strichartz estimates on the whole product space
for suitable ranges of exponents; these a priori estimates lead to local existence of solutions to (1.1) and
due to conservation of the energy along the nonlinear Klein-Gordon flow and its positive definite character
(a consequence of the defocusing nature of the nonlinearities of the equations (1.1)), these solutions can be
globally extended on time by time-stepping (as stated in (1.3)). We recall that the energy is defined by

1) 0

and the fact that it is a conserved quantity means that E(t) = F(0) for any ¢t belonging to the maximal
interval of existence of the solutions. Furthermore, with these a priori estimates at hand, small data
scattering can be shown by a perturbative argument. The small data scattering result is also the first step to
carry on a strategy d la Kenig & Merle, whose second blueprint is the so-called profile decomposition theorem
which we prove for the Klein-Gordon flow posed on the mixed geometry. Once a profile decomposition
theorem is proved, we are able to construct a minimal (with respect to the energy) solution which is global
in time but it does not enjoy the scattering property: namely, this solution does not satisfy a uniform
bound in any Strichartz norm, since this would lead to the scattering property. Let us note the once
Strichartz estimates are established, i.e. with a small data scattering theory at hand, the minimal energy
non-scattering solution (also said soliton-like solution) is strictly positive. This soliton-like solution also
satisfies, again as a byproduct of the profile decomposition, some compactness property which will be
crucial to conclude the Kenig & Merle road map. This last step, referred as rigidity, is a Liouville-type
theorem which aims to exclude such a global solution with unbounded Strichartz norms. In order to prove
ridigity, beside the fundamental precompactness property of the minimal non-scattering solution, it is
worth mentioning that in our paper we use only one dimensional Nakanishi/Morawetz estimates, even if
the equation we are dealing with are posed on a multidimensional manifold. It is worth mentioning that
this non-standard method of using a 1D tool was already used by the first author and Visciglia in [12] for
NLS equations perturbed with a not decaying time-independent linear potential.

B0) = B(u(t).0u(t) = 5 (10Ol + IV + [0l + 5 (o)

1.2. NLS on product spaces. As mentioned above, the study of qualitative properties of dispersive
PDEs posed on a mixed geometry goes back to the work by Tzvetkov and Visciglia in [43], where a small
data theory on R? x M* for NLS (MP* being a k-dimensional compact Riemannian manifold) is developed
in term of some anisotropic function spaces, followed by a large data theory result by the same authors in
[44], where they investigated energy scattering for the defocusing subcritical NLS posed on R? x T. Since
these two works, several results have been appeared in the mathematical literature about NLS posed on
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product spaces. In is worth mentioning, keeping in mind the discussion in subsection 1.1 on the motivations
to study dispersive PDEs on product spaces, that NLS on compact manifold have been investigated since
the pioneering works [2] and [7]. It is rather impracticable to give a extend list of works on NLS on product
spaces (as well on R? or on compact manifolds), so we just mention a few of them: [21] and [38] about the
issue of global well-posedness; [8], [17], [24] and [39] about scattering property of the solutions; [16] and
[18] on modified scattering property of the solutions. In particular, we refer to [18, section 1.1] also for a
more exhaustive list of references, and on motivations and backgrounds for NLS.

1.3. Outline of the paper. We outline how the proof of Theorem 1.1 has been organized.

In Section 2, we give a proof of suitable global in time Strichartz estimates on the whole product space for
some ranges of exponents. We then deduce global existence of the solution to the Cauchy problem (1.1)
before concluding the section with small data scattering results, as it is the first step of the concentration-
compactness and rigidity scheme. Section 3 presents the proof of a profile decomposition theorem, which in
turn exhibits the existence of a non-trivial minimal energy soliton-like solution to (1.1) in Section 4. The
latter one is a global non-scattering solution enjoying some compactness property. After the construction
of this minimal element, we finally prove in Section 5, by means of a priori uniform bounds, that such a
solution cannot exist.

1.4. Notations. Along the paper, the space variable x refers to the euclidean component of the product
space R? x T, while 5 belongs to the compact part: therefore (z,y) € R? x T. Consequently the notation
Aga and Ar is used when we consider the restrictions of A on R? and T, respectively. By analogous
meaning, V stands for the (d + 1)-components vector V = (V, 0,).

With L? := LP(R* x T) we mean the usual Lebesgue spaces and L? and L? stand for L?(R?) and L*(T)
respectively. The same holds for the Hilbert space H® := H*(R? x T) with compact notations H? := H*(R%)
and Hy := H*(T).

The Bochner space LP(I; X) is classically defined as the space of functions f : I C R — X having finite

L?(I; X) norm, where
1/p
Wl = ( / 0 dt) .

If I =R we simply write LPX. For any real p > 1, we denote with p’ its conjugate given by p’ = 1%. For a
vector (f,g) we write (f,g)T = (‘é) when convenient.

We indicate by F and F~! the Fourier transform and its inverse, respectively, with respect to the 2 variable.

The expressions A < B or A 2 B mean that there exists a universal constant C' > 0 such that A < CB or
A > CB, respectively, while A ~ B means that both previous relations hold true.

2. STRICHARTZ ESTIMATES ON WAVEGUIDE

In this section we prove some Strichartz estimates on the whole product space, and deduce global
existence of the solution to the Cauchy problem (1.1) in our setting, before handling small data scattering
results. These results are the first step to perform a concentration-compactness method in the subsequent
sections.

In our context, energy conservation is not enough to handle the global existence problem and we need
global in time Strichartz estimates, for which we do not have any restriction on the euclidean dimension d.
These are stated in the following theorem.
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Theorem 2.1 (Strichartz estimates). Let d € N and 1 < q,r < oo such that (q,r) satisfies

2
7q§’r7 q24a Zfdzl
q—4
(2.1)
2dq 2q(d+1) , ;
<r<-—-—7 2 d=2 > 2 d >
d—1-"Squ-n-2 % if q¢=2, ifd=>3

Let w € C(R; HY) N CL(R; L?) be the unique solution to the following nonlinear problem:
Opu—Au4u=F, (t,z,y) ERxRIxT
u(0,z,y) = f € H ) (2.2)
(0, 2,y) = g € L?
where F = F(t,x,y) € L'L%. Then the estimate below holds:
wllpor < C (Il + llgllze + [ Fllzize) -

Remark 2.2. The method we apply to obtain Strichartz estimates on the whole product space is divided
into the following steps:

1) we state the estimates on R, involving Besov spaces;

2) we use embedding theorems to deduce some estimates that hold in Lebesgue spaces posed on R?;

3) we use a scaling argument to handle masses different from one;

4) we write (2.2) in the basis of eigenfunctions of T and prove Theorem 2.1 properly summing on the
coefficients.

This approach has been used by the second author and Visciglia in [19], dealing with energy-critical
nonlinearities in order to treat the small data theory. There, only critical embeddings were needed to prove
small data scattering. In our subcritical setting, one has to consider a wider range of Strichartz estimates
to prove such results, obtained with “subcritical” embeddings. Deeper discussions about these estimates
will be made along the proof of Theorem 2.1.

Remark 2.3. Global existence of the solution as in Theorem 1.1 then classically follows: a standard
contraction principle performed on a small time interval 7' = T'(|| f|| g1 + ||g]|z2) implies local well-posedness
on suitable Banach spaces. Energy conservation (1.5) gives therefore global existence by time-stepping,
since we are in the defocusing case.

We do not write the details of the proof of global existence in this paper since it does not require any tricky
computation.

We are now able to state the small data scattering result.

Theorem 2.4 (Small data scattering). Let d =1 and o >4 or2 < d <5 and « be such that % <a< ﬁ.

Then there exists ¢ > 0 such that for all (f,g) € H' x L? satisfying || f||lg: + llgllzz < &, the solution
u(t,x,y) to the Cauchy problem (1.1) is global and scatters in the sense of (1.4).

Remark 2.5. It is worth mentioning that the analysis for small initial data can be stated without any
further restriction in the focusing case, namely replacing in (1.1) the sign in front of the nonlinear term
with a plus sign. Furthermore, observe that the result of the theorem above is valid also in the critical cases.
The main restriction on « is carried by the fact that (a+ 1,2« + 2) should satisfy (2.1). It is immediate to
check that d = 5, = 1 is the only case that can be handled for d > 4 and it is critical.

In order to prove Theorem 2.1 we recall the definition of the Besov spaces. Given a cut-off function xq
such that
1t gl <1

O (R4 R) 3 xo(€) = {0 it [¢] >2
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then are defined the following dyadic functions
;(€) = x0(277€) — x0(27711¢),
yielding to the partition of the unity
Xo(€) + Y @i(§) =1, VEeR™
§>0

By denoting with S(R?) the set of all tempered distributions on R?, let us introduce the operators
Pj, j € NU{0}, acting on S(R?) and defined as follows:

Bof :=F ' (xoF(f)),
Pif =F " (p;F(f)), VieN.
Let s € R. Then, for 0 < ¢ < oo, the Besov space By , is defined by

B:,(RY) = {f € S(Rd)‘ {21 Pif @)} jenugo € 12}7

where {2 is the classical space of square-summable sequences.

2.1. Proof of Theorem 2.1. We rigorously prove the steps listed in Remark 2.2.

Step 1. We begin with the following proposition which is given in a pure euclidean context.

Proposition 2.6 (Strichartz estimates for the euclidean case (from [33])). Let d > 1 and 2 < ¢,p < 00
such that

2 1 1
. =d (2 - p) (with the restriction ¢ > 2 if d=2,q¢>4 ifd=1). (2.3)

Consider w = w(t,x) satisfying
Opw — Agaw +w = F, (t,z) € R x R?
w(0,2) = f € H'(RY) , (2.4)
dw(0,x) = g € L*(RY)
where F = F(t,x) € L'(R; L?(R%)). Then
1wl Lo ,@ay) < C (Al a2 ey + gl L2ey + I1F |22 @iz ey » (2.5)

where C' > 0 depends only on the choice of the pair (q,r) and on the dimension d and s € [0,1] is defined by

e () (D) L) (12, i

Proof. The proof is detailed in [33] for the non-endpoint cases, and by using the same dispersive estimates
contained therein, a Keel and Tao argument, see [26], for d > 3 gives the endpoint cases. It is worth
mentioning that in the former work, the estimates above are stated for more general settings (for the
space in which the source term lies, the data space and the range of admissible pairs). We choose to
give here the version fixing the setting that is suitable for our framework and especially for the use of
the scaling argument with homogenous spaces in which Besov spaces are embedded (see the next step of
the proof of Theorem 2.1 below). Indeed, the source term is estimated in [33, Lemma 2.1] by means of
the L7 (R; B3 5 (RY)) norm of F, for (§,p) an admissible pair. So our required estimate (2.5) follows by
selecting (g, p) = (00,2) therefore by noticing that s — 1 = 0 and using the fact that B ,(R?) is equivalent
to L2(RY). O
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In conclusion of this first step through the proof of Strichartz estimates on product spaces, it is worth
mentioning, besides the already mentioned ones, the early works [3,4,13-15,37] about the Strichartz
estimates for the Klein-Gordon equation in a euclidean framework, as well as the more recent papers [29,30]
for the endpoint cases when d > 3.

Step 2. We state the following embedding theorem contained in [41,42] and references therein.

Theorem 2.7 (Embedding theorems). Let d > 1, s > 0, and 1 < r,p < co. Consider the Besov space
B;’Q(Rd) and the Lebesque space L™ (RY). Then the embedding relations below hold:
(1) B;Q(Rd) — LP(RY) (p=1,00 allowed);

d
(2) for p* := y psp’ when d > sp, then Bjo(RY) — L"(R?) for p <r < p*;

(3) if d < sp, then B;Z(Rd) — L"(RY) for p <r < +oo.

Remark 2.8. Observe that in the statement of the embedding theorem, s is not assumed to be the same of
(2.6). We kept the same station since in the sequel they will be identified.

Performing quick computations, we notice that for s satisfying (2.6) and (g, p) as in (2.3), the conditions of
the theorem yield

d—sp<0 if d=1,

d—sp=0 if d=2,

d—sp>0 if d>3.
By [40], we have in our setting Bj 5(R?) < W*?(R?). Thus, by using the Sobolev embedding W**(R%) —
L™ (R%) valid for

r € [p,00] it d=1,
r € [p,00) it d=2,
r € [p, p*] it d>3,
and computing p, p* in terms of ¢, we obtain
d;cﬁlél <r if d=1or?2, (2.7)
2dq 2d%q

<r< it d>3. 2.8
dg—4 =" @g—2d—2dq+a - = (2:8)

Strichartz estimates involving Lebesgue spaces instead of Besov spaces follow immediately by applying the
previous embedding theorem to Proposition 2.6, with r satisfying (2.7) or (2.8).

Step 3. By defining w) := w (ﬁh \F)\m) with w as in (2.4) and noticing that it satisfies

Opwy — Agpawy + Awy = Fy, (L) € R x R?
wx(0,) = fa ; (2.9)
2w (0,-) = g
where
iz)=f (\Am) . ooa(z)=V)g (\Am) , FEx(t,z) = \F (ﬁt, \Am) ,

we can claim the next result.

Proposition 2.9. Consider a pair (q,p) as in (2.3), s given by (2.6) and r as in Theorem 2.7. Consider
w given by (2.4) for which Proposition 2.6 holds. Then one has for (2.9)

1(dy1_d
MED Jun | o gonr gy < C (VAR 2@ + 163 goy + l9a iz + 1Pl gszaqea ) -
(2.10)

Proof. The proof follows by straightforward algebraic calculations. O
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Step 4. Once we can rely on the ingredients of the previous steps, we finally use the strategy from
[19,43] to conclude with the desired result. We write {A;} -, for the set of eigenvalues of —Ar, sorted in
ascending order and taking in account their multiplicities; we also introduce {@j(y)}jzov the corresponding
eigenfunctions associated to A;, i.e.

— A'H*(I)j = )\j‘l)j, /\j >0, jeNU {0} (2.11)
The latter sequence {®;(y)},-, provides an orthonormal basis of L2 (T). We now consider the solution to
(2.2) and we write the functions in terms of (2.11):

w(t, z,y) = ijtx
F(t,z,y) = Zth
T,y) = 2:(:) fi(x)®;(y)
T,y) = igj(x)@g (v)

(2.12)

with w; = w;(t, z) satisfying
Opw; — Agaw; +w; + Njw; = Fj,  w;(0,z) = f;(x), 0Ow,;(0,z) = g;(x).
Taking A =1+ A; in (2.10) it follows that

1
O+ DFETD) g ey < C (O + D2 il + 165l ey + 193 22
+||Fj||L1(]R;L2(]Rd))) .

Then, summing in j the squares one obtains

1 4+l+1,1
|y + pFET) + 1l 1y + 195112 22ee

(o v,

/ 12L9(R; LT(Rd)) I2L2(R?)
+\|Fsz§L1(R;L2(Rd))> :

Since max{1,2} = 2 < min{q, p}, the Minkowski inequality can be applied

| + DEEE )y | <c (o + 272

Ml La@®sLr(mey)2

L2 (R4)12

1932z + 15l g ooz ) -
Hence, by means of the Plancherel identity, one is able to handle the y variable to obtain

H(l _ Ay)%(%ﬁﬂf%)w‘

Le(R:L" ]R'i)L2(’JI‘)) (Hf”Hl(Rde + 19l 2 e sy + 1F | 21 (r; LQ(Rde)))

which in turn implies

lwll Lo sz mayy () < € (I1f 1l 11 Raxry + 9l L2®axty + 1 Fll 22 ® 2 ®ayracry))

d 1 d
y=|-+-+1-2].
r o q 2

where
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We easily see that v > 0 when d = 1,2, and by computing the condition v > 0 for d > 3, we have
2dq + 2r + 2qr — dgr S

720 <= >0
2qr
< 2dq
= r—
T dq—2q9—2
. 2dq . . : .
Since PP — > p* > r, we can establish that under (2.8), v is always nonnegative. The proof is then
q— 24—
completed by using a Sobolev embedding available for v > 0
HY(T) — L"(T) (2.13)
which holds (at least) under one of the following conditions:
2
o 2y <1, 12 > r, which is the “usual” condition to have Sobolev embedding,
-y
(2.14)
e 2v>1, r>2 which ensures (2.13) with H7(T) < L*°(T) allowing to control any

L" norm with the H” norm since T is of finite volume.

Then by gluing together all conditions (2.7),(2.8),(2.14) in terms of ¢, we exhibit the exponent r for which
the Strichartz estimates can be proved: for d = 1, since v > 1/2, we have H?(T) < L°°(T) and so

2
qg—4 -
For d > 2
2d, 2
9 << min 2d%q ’2q(d+1) ’
dg —4 d?q—2d—2dg+4" dg—q—2
that is

2dq e 2q(d+1) ’
dg—4 ~— T dg—q—2
which concludes the proof of Theorem 2.1.

As already introduced before, the tool given by the Strichartz estimates implies the small data scattering,
which holds also in the critical cases.

Proof of Theorem 2.4. We recall that in the statement of Theorem 2.4, we consider % <a< ﬁ for
2<d<5and a >4if d =1. It is standard to prove that the smallness assumption of Theorem 2.4
implies that the solution belongs to C(R; H') N C*(R; L?) N L1 L2(e+1) | therefore let us give, for sake of
completeness, a proof of the scattering as consequence of such space-time regularity of the solution. We

handle both focusing and defocusing nonlinearities as pointed out in Remark 1.3.
We rewrite (1.1) in the vector form. More precisely if u is a solution to (1.1) then the vector (u, dyu)T

satisfies
u 0 1 u 0
O (&u) - (—A +1 0) <8tu> + (j:|uo‘u

We have that the following exponential matrix operator

cos (t-vV1—A _—
etH = ( ) V1I=A (2.15)

—sin(t-\/l—A) . (\/l—A) cos(t~ﬂ)

N———
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is unitary on the energy space H! x L? (see [36]). Moreover

() - forom )

is unitary

o (1) - O+ L (o

We now write V (t) = et <8uu>’ and consider 0 < 7 < t. Then
4

and then, since et

t
V) =V lmsa < C [ el ulo)laeds < Clullsth g ooy

and since ||uH°L“ﬂ1([T 4, L2(a+1) tends to zero as t,7 tends to infinity (since the solution belongs to
. +

Lo+t (R; LA@FD)) we can claim that there exist (f*, %) € H' x L? such that V() — (gi) in H! x L?

as t — +oo. Using again the unitary property of the linear flow e* the proof is concluded. O

We conclude this section on the Strichartz estimates with the following comments.

Remark 2.10. We emphasize that the restricted range of Strichartz estimates cannot allow a simple use
of Morawetz estimates to deduce scattering in the classical manner, i.e. as in R?. This would require a
investigation on the possible generalization of the Strichartz estimates on the mixed geometry, which falls
out of our goal. Furthermore, we think that the use of a concentration/compactness method how to concern
the proof of large data scattering is more elegant (and general), and allows us to use only homogeneous
function spaces.

Remark 2.11. The proof of Theorem 2.4 shows as a uniform in time control of the Strichartz norm yields
to scattering of global solutions. The concentration/compactness and rigidity scheme therefore will be
implemented in order to show that every global solution to (1.1) has a bounded global in time L+ L2(e+1)
Strichartz norm, independently of the size of the initial datum.

3. PROFILE DECOMPOSITION THEOREM

In this section we provide a profile decomposition theorem which is the main ingredient in the proof of
scattering properties in the whole energy space.
We start with the following preliminary lemma. We use the following convention

2(d+1 .
2*:{2_1), if d>2

. 3.1
~+o00, if d=1 (8:-1)

Lemma 3.1. Let {v,(z,v)}neny C HY(R? x T), with 1 < d < 4, be a bounded sequence. Define the set

A = A({vn(z,9)tnen) = {w(z,y) € L* | 3{(®n, Yn) }nen C R x T such that, 52)
L? ’

up to subsequence, V(T — Tp, Y — Yn) — w(z,y)}

and let
A= A{vn(z,y) tnen) = sup{||w|| 2, w € A}. (3.3)
Then, for any q such that 2q € (2,2*) we have

limsup [[on 20 S A°
n— oo
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where

e=-e(qg,d) =

q—1 (q(d—1)—(d+1)
35q< g >>0'

Proof. By the Sobolev embedding theorem, see [20], the energy space embeds continuously in the Lebesgue
space L?". In particular H*(R? x T) < L??(R? x T) for any ¢ € [1,2*/2] if d > 2 while ¢ > 1 if d = 1,
where 2* is defined in (3.1). Consider, as Fourier multiplier, a cut-off function in the frequencies space ]Rg
where the cut-off is given by

1if ¢ <1
C>=(R%:R) > = -
(R R) 5 x(©) {0 s
By setting xr(§) = x(¢§/R), R > 0, we define the pseudo-differential operator with symbol xg. It is given

by xr(|D])f = FY(xgrFf)(z) and similarly we define the operator Yr(|D|) with the associated symbol
given by xr(§) =1 — xr(§). Later on we will also use the well-known properties

F(fg) = F(f) F(g)
F(f(o) =0 *Ff(-/o)

which hold for any smooth functions f, g : R — R and any positive real number o. In order to apply the
Hausdorff-Young inequality F : LP — L? for any p € [1,2], we set 2¢ = p/ and p = p,’:l = 2q 7 € (1,2).
We then use the Holder inequality with % = % + % and by exploiting the precise structure of T we can

write, for every n € N,

ol y) = 3 ok(@)eit, (3.4)

keZ

where the functions v¥ are the Fourier coefficients, and similarly

Xr(ID))vn(z,y) =Y Xr(|D|)vh(x)e™.
kEZ

We first notice the embedding H3 % (T) < L?4(T), which enables to write

IXR(ID)valf20 S H)ZR(IDI)vnIIQLQ > (k) A [XR( D)ok ?

1_ 1
27 2q

Y kezZ L2
S W T IRR(DDUEIZ 2 S S k) I F T RR(EDDE) (@) 2
keZ keZ (3.5)
DI R PR (IMGS )||2L§q/<zq71>

kEZ

RENTRRE SEE N 11
S (k) )2 o (©)II7: 1XR(IE)E) : 2‘“||2L§q/<q—1>

keZ
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where an Holder inequality was used in the last step. We notice that the last factor in the r.h.s. term is

controlled as follows:

q—1

- _1_ 1 d§ !
27 2¢q 22 o <
IXr(IE1)(E) ||L£q/(q )~ </EZR 1+ |£|2)(31+414)(q2q1)>

q—

l€I>R |€] T
a=1
o0 1 q
< -
~ </R p%ﬂiﬂ dp)

g—1
a+1\ “q d(g—1) _gq+1
< (R8T o o

~

where the integrability of the term has been checked and @ -1+ %) < 0. Thus, by the Plancherel
identity, estimate (3.5) can be concluded as

IXr(ID)onllZ20 < () alon (&) dg

kEZ
d(q 1)

1
SR (1+q)an||§{1'

Recalling that {v, }nen is bounded in H!, we summarize the above estimate with

d(g—1) _gq+1 q(d—1)—(d+1)
2q .

||XR(‘D|)U7LHL2‘1 < R 2¢ 2« =R

~

We now use (3.4) and we define the localized part of v, as

Xr(IDDon(z,y) = Y xr(IDDoh(@)e™ + Y xr(ID)og(x)e™ = x5" (ID)vn + xz" (| D)o
|kl <M |k|>M

We estimate the tail XZM (ID])vy, as follows. By means of the Minkowski inequality and the Cauchy-Schwarz
inequality we get

IXEY (IDDwallze < C(VOUT)) Y Ixr(IDl)oh(@)] Lz

|k|>M
1/2 1/2
1 A
Sl > Flxa(ehoh©llz;
|k|>M |k|>M
1/2 1/2
1
S I B I SRS EAGI
|k|>M |k|>M
1/2 1/2
1 1
S Z =) ||vn||L§H;§ Z 72
|k|>M [k|>M

Since
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where f :[1,4+00) — RT is a decreasing function such that ax = f(k), (it is assumed here that f(¢) = (~2)

then
1/2

Z L2 < NL/2
|k|>M+1
and so
Xz (ID)vn 2 S M2,

A straightforward and Classical apphcation of the Holder inequality yields that if f € LP* N LP2 and
0 € [0,1], for p defined as % =

£ llze < I NE 1F s (3.6)
Therefore by (3.6) we get

IXEY (IDDwnll g2, < Ixa™ (IDDvalzelIxz" (1D)oall 7
(d+1) _d—1 1((d+1> ﬂ) (37)

S IXEY (IDDwnlls™ S ME B

It remains to estimate the term 3, xXr(|D|)vE (x)e*¥. Denoting by Dy the Dirichlet Kernel

M

Du(y)= Y €,

=—M

we can write

7 (IDDon(z,y) = Y XR(IDI)vfi(fv)eiky:/TXR(IDI)%(%Z)DM(?J—Z)dz»

[k|<M

and we choose a sequence {(7,, yn)}nen C R? x T such that

<M
I (IDDonlle < 2 & (D) en (s y0)

= 2R

/ 0(R) Dy (y)on (& — sy — yn) dy da|
R xT

where Rn(Rz) = F~*(xr(|¢])). Observe that n(Rz) Dy (y) is a function in L2 , and that [[n(Rz)Das(y)| > <
R=%2M||n||z2. Up to subsequences, from (3.2) and (3.3) we get

lim sup ||X§M(|D|)vn L < limsup2R?
n—oo

n—oo

/ 0(Re) Dot (y)on ( — sy — o) dy da
RexT

= 2R?

/ 0(R) Dot (y)uw(z, y) dy de
RaxT

< 2RY2MX||n||>: < RY2MA

thus, again by interpolation, we infer that

1 1 1-1
I EM (DD vallc2a S IXE DD vall i I G (1D v 1762 S XM (| D]onl 1<,

and then
d(a=1 a—1 g—1
lim sup [\ 5M (| D)vall 2 < RECT )M T AT (3.8)
n—oo ©Y
Combining (3.5),(3.7) and (3.8), we obtain
lim sup ||vp||p2e < wa;l)zgwﬂ) + M%(q(dilg(dﬂ)) R AT
n—oo
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and by choosing M ~ R? we end up with

(d=1)—(d+1) o
limsup ||vp || r2¢ S R = 4 (Rﬁ ) ‘.
n—oo

We now consider as radius R = \?, and so

g—1

tim sup [ 20 £ A7(TEE) 4 (W00 H) T

~
n— oo

Defining now 3 in this way:

(1) - T(( ok >

. 6(q(d1><d+1> >

+
2q q 2
= Blg(d—1) —(d+1) - (¢—1)(d+4))
2(q
3

q—l)

\/

= B(B-5g)=2(¢—1) < 5*75

2(q 1)

we observe that § = < 0, and we conclude with

. s (an-aen)
lim sup ||vn || p2e S A3730 4
n—oo

O
Remark 3.2. We notice that w actually belongs to H;y since the weak limit clearly enjoys this regularity.

We now fix some notations used in the following part. We define with v(t, z,y) or simply v(¢) the free
evolution with respect to the linear Klein-Gordon equation, with Cauchy datum #° = (vg,v;) and we define
by 4(t) = 5 = (v(t), O,v(t))T, where e has been introduced in (2.15). Then, we give the following
decomposition for a time-independent bounded sequence in H' x L?. We first introduce the following
lemma which will be useful in the sequel. To shorten the notation, we write from now on H = H' x L2,
and for a two dimensional vector 1; we denote its components by (1, 9v).

Lemma 3.3. Let f;L — 0 in H. Then we have:

o t, steR = enff (z,y) =0 inH,

o et f (3 — (a] —a2),y) = §£0 = |2 —th|+]a2 -z} — +oo.
Proof. For the first point, we makg use of the continuity property of the propagator: by denoting by (-, )
the scalar product in H, for any ¢ € ‘H we have

(" fos ¥ = (e fro = ™ Fo, ) + (Fr e )y
= (fuse™ ™1 — M)y + (Fulz,y)s e M)
= (fr, e " Hap — eTap)yy + o(1).
The conclusion follows, up to subsequences, since it holds in the L? x L? topology by exploiting the
continuity of the flow.

The second point is proved in its contrapositive form. Suppose that s,, := (2 —tl1) and &, := (22 — z})

are bounded. Then, up to subsequences, s, — s € R and &, — £ € R%. We prove that eS”an(x &nyy) =0
in H. But as before

(e fo@ = &ny ), D)u = (€ fula, ), d(@ + € 9))a + o(1)

= ( n(I’y%eiSHJ(x + gay))”ﬂ + 0(1) — 0.
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We can now state the following result, whose iteration will give the profile decomposition theorem.

Proposition 3.4. Let {#%},en be a bounded sequence in H and 1 < d < 4. Then, for suitable sequences
{tp}nen C R {zn nen C RE, possibly after extraction of subsequences (still denoted with the subscript n),
we can write, for everyn € N

gn(_tn7x - mn,y) = ﬁ(w,y) + Wn(xay)
with v, (t,z,y) = 150, Moreover, the following properties hold:

Ty n—oo .
W, =70 in H,

limsup [|on (t, z,y)|[LeLe S Ul72 for any g€ (2,27), (3.9)
n—oo
where e > 0 is given in Lemma 3.1 and as n — oo
1T 13, = 1913 + 1WallF + o(1). (3.10)
Similarly, for the L®T2 norm, as n — oo, we have
lopll 552 = 911352 + [[Wall 32 + o(1). (3.11)

Furthermore, the translation sequences {t, }nen and {x, }nen satisfy the dichotomies below:

either t, =0 VneN, or tn jmarc +00;
. (3.12)
either x, =0 VneN, or |z, =T

Proof. Define @, (t, z,y) := e'240, namely 4, (t) is the linear evolution of #0 by the linear Klein-Gordon
flow. Since the energy is preserved along the flow, the sequence ¥, (t) is bounded in L$*H and by Sobolev
embedding the sequence {v, (t)}nen is bounded in L*° L7 norm, for any ¢ € (2,2*). Thus, let us now choose

a sequence of times {¢, }nen such that

1
[vn(=tn)llLe > §||Un(')HL°°L‘I- (3.13)

In the spirit and with the notation of the previous lemma, we consider A = A ({v,(—tn, 2, y) }nen) and

A =X ({vn(~tn, ,y) tnen) - Let {(n, Yn)nen be a sequence in R? x T and J(w, y) = (¢, 00)(z,y) € H be
such that, up to subsequences,

ﬁn(_tn,x —Tn,Y — yn) -
in H as n — oo. Then we get

Tn(—tp, @ — Ty Y — Yn) = U + Wy, W, — 0 as n — oo, (3.14)
the latter weak convergence occurring in H, and in addition
AS Illze. (3.15)

The relation (3.15) along with Lemma 3.1 implies that
tim sup [[on(—ta) 2o S [9l5e for any ¢ € (2,2°),
n—oo

and then (3.9) follows by (3.13).

By definition, from (3.14) we can write

z';'?L(a:,y) = et"Hd_J'(:L‘ + Zn,y+yn) + et"HWn(x + Ty Y+ Yn), (3.16)

and since ' is an isometry on H and its adjoint is given by e~ together with the fact that W, — 0 as

n — 00, we get
1l = 1913, + 1Wal3, + on(1).
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We pursue the proof by showing the orthogonality property of the potential energy, by distinguishing
three cases. In the following, the Lebesgue exponent a + 2, is given by the same a appearing in the
nonlinearity of (1.1).

Case 1: |t,| = oco. From (3.16) we see that (3.11) holds, observing that W, is uniformly bounded and
using the dispersive estimate (B.1) and a density argument; hence the orthogonality in L2

Since {yn}tnen € T which is compact, in the next two cases we can assume that up to subsequence
Yn =y € T.

Case 2: t, —t & x, — 7. We claim the following:
B (z,y) — Pz + 2,y + yn) = " TWo (2 4 2y y + yn) — 0,
for almost every (x,y) € R? x T. In fact

(et"HW7L(m + ZTns Y + Yn)s J)H = (Wvu eitHJ(m =2,y —y))u +on(l) = 0n(1),
if we localize in the euclidean part, i.e. if we consider the restriction of e‘» W, (x4, y+yn) on a compact
set K C R?. The compactness of K x T gives by the Rellich-Kondrakhov theorem, that W,, (t,, T+ 2, ¥ +yn)
strongly converges towards zero in LP(K x T) for any p € (2,2*), see [20]. Therefore we have (x,y)-almost
everywhere convergence towards zero of Wy, (tn, 2 + ©p,y + yn). We recall that the Brezis-Lieb Lemma
(see [5]) holds on a general measured space, therefore the same argument given in [1] yields to the L2
orthogonality in the case t, — ¢ and x,, — 7.

Case 3: t, —t & |r,| — oo. Similar arguments apply to the remaining situation ¢, — t and |z,| — oo.

It remains to prove that we can rearrange the sequences of translation parameters {t, }nen, {Zn}nen
and {y, }nen. Namely, we wish to have that for any n € N, ¢,, = 0 or ¢,, — £o00, and similarly for {z, },en,
while 7, can be assumed to be trivial. In the following, by ¢, — ¢ and z,, — Z we will implicitly assume
that this possibly holds after extraction of subsequences from bounded sequences.

Case I: t, —t & |x,| — co. By continuity of the linear flow

— T —

ety g Blay) = eig(a,y).

We rewrite 79 as

Oz — T,y — yn) = dla,y) + e HW, (2,y) + Fo(z,y) = 6(,y) + fulz, y),

where 7, — 0 strongly in H and p,, = ethWn(a:, y) + (2, y). From Lemma 3.3 it follows that if B — 0
in # and t,, — t then etTLHﬁn — 0. Therefore p;, — 0 in H. Its is true whether x,, — x¢ € R¢ or || — oo
Translating the profiles by g, namely by choosing %(a:, y) = eEHL/;(m, y — y) we can also assume that y,, = 0.
Case II: t, =t & x, = z.If t, -t € R and also z,, — & € R? we proceed similarly by adding a space
translation: namely as before but considering qg = et 1; (x —Z,y — 7).

Case III: t, — +o0 & x,, — &. If t,, - 00 and x,, — Z € R then we change the function by translating
in the space variables only, i.e. we consider ¢ := ¥ (x — Z,y — 7).

Case IV: |tp| = oo & |z,| — oo. By extracting subsequences we have the desired property, again by
translating the profiles in the y variable only. O

We can now state the linear profile decomposition for a bounded sequence of linear solutions in the
energy space.
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Theorem 3.5 (Linear Profile Decomposition). Let {u,(t,x,y)}nen be a sequence of solutions to the linear
Klein-Gordon equation, bounded in H*(RY x T) x L?(R? x T) for 1 < d < 4. Recall that ||@,(t,z,y)||x =
|@n (0, 2, y) |2, thus we are assuming that sup,, ||@,(0)||x < co. For any integer k > 1 the decomposition
below holds:

it z,y) = Y Pt —th,x —x),y) + Ri(t,z,y),
1<j<k

where @0 are solutions to linear Klein-Gordon with suitable initial data and the translation sequences satisfy

Hm ([th — |+ oy —2d|) =00,  Vj#k,

n— oo

along with the same dichotomy property of (3.12). Moreover, for q € (2,2*)
lim limsup ||RY||ppqa = 0
k=00 n—oo

which in turn implies that
leIEO limﬁsup | RE|| Lo+1p2casny = 0.
n o0
Furthermore as n — oo,
(0, )3 = D I35 + IBRI3, + 0n(1),
1<j<k
and
lun (0,2, ) 1555 = > lollgats + IREIGEE + oa(1).
1<j<k

Proof. We iterate several times the result of Proposition 3.4. We consider {,}nen as the sequence of
initial data of the linear solution {@, (¢, z,y)}nen; namely we consider the sequence {u,, (0, z,y)}nen as a
bounded sequence in H. Let {t.},cn be the sequence given in the proposition above and {z}},en C R be
such that, up to subsequences,

i (—th @ —w,y) = ¢ (2,y)
in H. Then
ﬁn(ftylla €T — I;’,y) = d)l(xa y) + W;(Ivy)a
with W} — 0 in . It follows, as n — oo, that
W (0,2,9) = e (@l y) + W@+ ol y) = T @, y) 4 By (o),
where .
e R (1 — 2y, y) = Wy(2,y) = 0
in H, and that
1@ (013, = 19" 13, + IRLNF, + 0n(1) = 193, + [Wa i3 + 0n(D).
A similar claim can be proved for the L®*2 norm (potential energy). We now consider the functions
Rl(z,y) = e HW!(z + 21, y) as bounded sequence in H. As before, we can write
- 2 2 - 2 rr - -,
Ry (x,y) = e (@ +ap,y) + e HWE (e +ap,y) = e T (o + af ) + Ry (2.y),
where V_[},% — 0in ‘H and
IBLNF, = 192113 + IR NF, + 0n (1) = 1923, + W25 + 0n(1).
It implies that at the second step we have
N 1y — 2 rr - -,
@n (0, 2,y) = e (a4 ay, ) + 02 (@ + 2 y) + Ry (2, y),
and by “applying” the linear propagator on both sides we get
i (t,2,y) = eI @ ol y) + TG (3 4 22 ) + TR (2, ).
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Moreover, as n — oo,

@t 2, y)nll3, = 1913 + 19213, + IRRZ, + 0n(1) = 1913 + 19°[5, + W13, + on(D),
and the orthogonality for the L®T2—norm can be proved similarly. Recall that

MW+ a0, y) = By () = 0 (@ 4 2, y) + W@ + 22 y),
and so
1 2 b — —
LW (2 4 (2, — 23),y) = 2 (2, y) + Wi (,),
with Wﬁ — 0 in H, and this implies the weak convergence in H
=MW (& + (2, = 23).y) = P (.9).
Lemma 3.3, which is the equivalent of [1, Lemma 2.1] in our context, allows us to conclude with the
orthogonality condition
[t — 2| 4 |z) — 22| — oo.
Iterating this construction we end up, at the k' step, with
- k— — -
ﬁn(t7 Zz, y) = e(t+t:1)Hw1(m + .'IJ,}L, y) +oo e(t+tn I)Hwk_l(w + ZCﬁ_l, y) + etHRZ(xa y)a

where .
Ry(z,y) = e HWie +a,y), Wy —0inH.
Moreover the free energy orthogonality holds:
I (t 2, )13 = 1015 + -+ 1955+ IR,
and by the fact that the Lh.s. is uniformly bounded in L{*H we get
lim 4]z < lim [[9* ] < Tim [ ]3 = 0.
k—o0 k—oo k—oo
Using (3.15) we obtain the smallness of the remainders in the sense of

lim sup lim sup || R%|| o r.a = 0.
k—oo n—oo

The proof of the smallness in the Strichartz norm

lim lim sup ||Rﬁ| Lo+lr2(at+l) = O,
k—

© n—oo
is done by interpolation (see Lemma A.1 for the detailed computations). The proof of Theorem 3.5 is
complete. ([

4. EXISTENCE OF A CRITICAL ELEMENT

Theorem 3.5 is the key tool for the construction of a minimal (with respect to the energy) non-scattering
solution to (1.1) with some compactness property. We define the following critical energy:

E.=sup{FE > 0| for any (f,g) € H with E(f,9)<E
= U(f,g) (t) € rotip2letl) OO}

where uy 4)(t) denotes the global solution to (1.1) with Cauchy data (f,g). Our final aim, at the end of
the paper, is to exclude that F. is finite.

The result stated in Theorem 2.4 ensures that E. > 0. The strategy consists in a contradiction argument.
If we suppose that F, is finite, we will show that there exists a critical solution u. to (1.1), with energy E.,
such that it does not belong to the Strichartz space L*T*L2(@+1) Tt will moreover enjoy some compactness
properties. The latter will imply that such critical solution must be the trivial one, hence a contradiction.

We first proceed with the construction of the critical solution, based on the profile decomposition theorem
Theorem 3.5. We remark that it is a linear statement. Since we are dealing with a nonlinear equation, we
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give the following perturbation lemma which will enable us to absorb the nonlinear terms in the remainders
of the profile decomposition theorem, in a proper way.

Lemma 4.1. For any M > 0 there exist € = (M) > 0 (possibly very small) and ¢ = ¢(M) > 0 (possibly
very large) such that the following fact holds. Fix to € R and suppose that

||’U||La+1L2(a+1) <M
lewllzrze + llewllzre + [lwoll posi oo < " < (M)

where u, v € (Nyeo,1y CMR; H'™M), e, = Oz — Ay yz+ 2+ 2|2 and Wy (t) = e (iG(ty) — 6(ty)). Then

||u||La+1L2(a+1) < o0,
1@ = & = o[ Loors + |t = vl| pot paarn) < e(M)e".
Proof. The proof is a straightforward modification of the one contained in [36] (where the authors consider
the cubic focusing NLKG on R?) by means of following inequality to estimate the nonlinear part:

[l + 0] (u+v) = Ju|u] < C(lul* + [v]*)|v] = C(lu|*[v] + [v]**).
O

Once every ingredient is given, we continue with the extraction of the critical solution. We therefore
assume that E. < oo. Let {(fn,9n)}nen € H be a sequence of Cauchy data such that E(f,,gn) — F.
as n — +oo and let u,(t) := u(y, 4,)(t) be the corresponding solutions to (1.1) which exist globally in
time but do not belong to L*t L2+ ie. |luy,||fa+1p2+1) = 0o. The last condition means that we are
considering a maximising sequence {(fn,gn)}nen € H whose corresponding solutions do not satisfy the
scattering property.

Since E(fn,9n) — E. and the energy is a conserved quantity, we can state that @ := (f,,g,) is
uniformly bounded in H. For the Klein-Gordon linear flow preserves the H norm, the sequence e 0 is
uniformly bounded in L*°H. Thus we can apply the linear profile decomposition to this sequence of free
solutions and we can write .
R = S w1+ B (ta,y),

1<j<k
where 7 (t) = @ (t — tJ @ — 2, y) = e HI (x — 23 | ) for suitable 17 € H. We recall that the profile
decomposition theorem given above ensures the orthogonality of the translation sequences in the sense of
lim ([t — ]| + |ay, — 2] ]) = +o0, (4.1)

n—+

e

for all j # h, the smallness of the remainders in the sense of
lim lim sup ||RIT€L (t)||LooLqua+l L2(a+1) = O,
k—oo nooo

as well as the pythagorean expansions of the quadratic and super quadratic terms of the energy. More
precisely, for n — oo,

(Fnr gu) 130 = 12 (0,2, )13, = Nl (2, )13, = Y 1503 + [R5, + on(D), (4.2)
1<j<k
and 4
tn (0,2, ) I947: = D odlld2: + I REIFEE: + on(1). (4.3)
1<j<k

We suppose by the absurd that & > 1. Due to (4.1), we can have that at most in one case both the space
and the time translation sequences are trivial, . Without loss of generality we can suppose that this case
happens when j = 1, and since we are assuming k > 1 we have, by orthogonality of the energy expressed
by summing up (4.2) and (4.3), that 7,/71 is such that the corresponding solution z! := ug to (1.1) scatters,

as it belongs to Lt L2(@+D) by definition. In the other cases j > 2, we associate to a linear profile Jj, a
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nonlinear profile in a proper way. We associate a nonlinear profile V7 to each linear profile v/ by exploiting
to the following procedure: V7 is a nonlinear solution to (1.1) such that

lim (|57 (t,) = V7 (#])ll3 = 0.

n—oo

Recall that by the dichotomy property of the parameters, for every j, lim,, o t, = 0 or lim,, . |t}| = oco.
Then V7 is locally defined both in a neighbourhood of t = 0 or |t| = oo : the first property follows by
the local well-posedness theory, while the second one by the existence of the wave operators. Due to the
defocusing nature of the equation, V7 is actually globally defined. Orthogonality of the energy given by
(4.2) together with (4.3) implies that any nonlinear profile V7 has an energy less than the minimal one E..
Let us define

k
j=1

we use the perturbation lemma with V" and w,, replacing v and u of Lemma 4.1. As in [36] this would imply
that

k
lim sup || Z Vit —t 0 — 20 )| pasi 2@y < C < oo, uniformly in &,
n—oo
j=1

and Lemma 4.1 gives
lim sup ||un||La+1L2(a+1) < C < o0,
n—oo

which is a contradiction. Therefore k = 1, and the precompactness of the trajectory up to a translation
also follows by [36]. We can summarize the core result of this section in the following theorem.

Theorem 4.2. There exists an initial datum (fe, g.) € H*(R?x T) x L?(R? x T) such that the corresponding
solution u.(t) to (1.1) is global and |[uc||pa+1p2a+1) = 00. Moreover there exists a path x(t) € R? such that
{uc(t,x — z(t),y), Ouc(t,r — x(t),y),t € R*} is precompact in H*(R? x T) x L*(R% x T).

5. RIGIDITY

This section establishes that the minimal element built in the previous section cannot exist. The first
step is to prove the validity of the finite propagation speed in our framework. It will be useful to control
the growth of the translation path z(t) € R? given in Theorem 4.2. Let us first recall this result.

Lemma 5.1. Let f be smooth and B(xg,r) C R? the ball centered in xq with radius r. The following

equality holds:
d

— flx dx:/ f(o) do,
dr ~/B(mo,r) ( ) OB(xo,T) ( )

where OB(xg,r) is the boundary of B(xo,r) and do is the surface measure on 0B(xq,T).

Proof. The proof is straightforward once switched in radial coordinates. O

We then state the following, which is the finite time propagation speed mentioned above. The notation
B(xg,7)¢ stands for R% \ B(zg,r).

Proposition 5.2. Let u be the solution to (1.1) with Cauchy datum (ug,uy) vanishing on B(xg,r)¢ x T,
for some r > 0. Then u(t) = (u,0wu)(t) vanishes on K(xg,r):={t >0, z € B(xg,” +1)% y € T}.

Proof. Fix r > 0, 29 € R%, consider the balls B(zg,r +t) := B(t + r) and define the local energy E,.(t) as

1 2
E.(t) == // (|8 ul? + |Vul? + |ul? + |u|°‘+2> (t) dx dy.
2 Jr B(r+t) ' a+2
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Assume that u(t, z,y) is smooth enough (by a classical regularization argument, the following calculations
then extend to rougher solutions), and let us calculate the first time derivative of the local energy:

d
%Er(t) = /T/B(H_t) Orudsru + Z Oz, U Oy, Oru + Oyu OyOpu dx dy

ie{l,...,d}

1
+// udyu + lu|*udiu dx dy
T J B(r+t) a+2
1 2
sy [ (10 g 2l @) dody
2 Jr Jop(r+t) a+2
= / / Opulpu + divg (OruVu) — Oulgu + 0y (Opudyu) — Oyulyyu dx dy
T J B(r+t)
1
+ // udyu + |u|“udu dx dy
T J B(r+t) a+2
1 2
+ - / / <|8tu|2 + | Vaul? + u* + |u|°‘+2) (t)dody
2 Jr JoB(r+t) a+2
= // divg (OpuV pu) dx dy +/ /3y(3tu8yu) dy dzx
T JB(r+t) B(r+t) JT
1 2
+ = / / (|8tu|2 + | Vaul? + u* + |u|°‘+2) (t)dody
2)r OB(r+t) a+2
= // OyuNVu - n;do dy
T JOB(r+t)

1 2
+ = / / (|8tu|2 + | Vaul? + u* + |u|°‘+2) (t) do dy.
2 JrJoB@r+t) a+2

where n; = n;(z), © € B, denotes the inner normal vector to the boundary of B. Recall that the energy
on the whole space in conserved, and so by using the Cauchy-Schwarz inequality

d d |1 2
fE—ETt _ ) 2 2 2 = a-+2 t) dx d
(B~ E.() dt{2/qr/3(r+t)c (100 + 1902 4 o+ 22 () o y}

= // OwuVu - n;do dy
T JOB(r+t)
1 2
- = / / (|8tu|2 + | Vaul? + ul* + |u0‘+2> (t)do dy
2 JrJoB(r+t) a+2
1
= // |0ul? + |Vu|? do dy
2 JrJoBr+t)

1 2
s L L (1 ) oy <o
2 JrJoB(r+) a+2

IN

and we obtain

d |1 2
—{ = Oul? + |Vul® + |u|* + —— “*2)tdd <0,
dt{Q/T/BMC (1000 4 19 4 a2 4 25102 () ey <

namely the energy on B(zg,r + t)¢ x T is decreasing. The conclusion follows. O
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We now give an estimate from above away from zero of a portion of the potential energy. This will be
essential in the last section dealing with the rigidity part in the Kenig & Merle scheme. We borrow from
the ideas of Bulut in [6] (where the author deals with the energy supercritical NLW).

Lemma 5.3. Let u(t,x,y) be a solution to (1.1). If {t(t)}rer C H is a relatively compact set and @* € H
is one of its limit points, then w* # 0.

Proof. This property simply follows from the conservation of energy (1.5). d

At this point we can give the following lemma, essentially based on the well-posedness of (1.1), in
particular its continuous dependence on the initial data.

Lemma 5.4. Let u(t) be a nontrivial solution to (1.1) such that {u(t,x — x(t),y), Oru(t,x — x(t),y) hrer is
relatively compact in H. Then for any A > 0, there exists C(A) > 0 such that for any t € R,

t+A
/ / / |u|*T2 (s, z,y) dz dy ds > C(A), (5.1)
t T J|z—z(t)|[<R
for R = R(A) large enough.

Proof. We argue by contradiction, supposing that there exists a sequence of times {t, },cn such that

tntA 1
/ / lu|**2(s,z,y) dedyds < —.
tn RIXT n

By compactness, up to subsequence still denoted with the subscript n,

(u(tn»x - x(tn)vy)vatu(tnvx - x(tn)vy)) - (fa g) €H.

Let (w(0), ;w(0)) = (f,g) be an initial datum and w(t) be the corresponding solution to (1.1): then we
have, by the fact that u # 0,

E(wa atw) - E(f7 g) = nh~>Holo E(u(tna r — x(tn)7 y)v atu(tn, T — x(tn)a y)) - E(Uo, ul) 7é 0. (52)
Local well-posedness and Strichartz estimates imply
tntA
0= lim / lu|* T2 (s, z,y) dx dy ds
n=e Jt, RIxT

n—oQ

A
= lim / / |u|**2(t,, + s,2,y) dv dy ds
0 JRIXT

A
= lim / / |u|*T2(t, + 5,0 — x(t,),y) do dy ds
0 JRraxT

n—oQ

A
=/ / (w|*T2(s, 2, y) da dy ds,
0 RdxT

which in turn gives that w(t) = 0 almost everywhere in (0, A). This contradicts (5.2), then

t+A
/ / |u|*T2 da dy dt > C'(A).
t TxR4

By exploiting again the precompactness property of the solution

t+A t+A
/ // |u|°‘+2d;vdydt:/ / || @2 dmdy—// |u|*T2 dx dy 3 dt,
t T J|z—z(t)|<R t TxR4 T J|z—z(t)|>R

> C'(A) - C/;A) = C/;A) = C(A).
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Corollary 5.5. By interpolation the same property can be claimed for the localized L? norm of u. More
precisely, under the same assumption of Lemma 5.4 on u, for any A > 0 there exists C(A) > 0 such that

foranyt € R
t+A
/ / / (uf2(s, 2, y) da dy ds > C(A) (5.3)
t T J]z—z(t)|[<R

for R = R(A) large enough.

The last ingredient to derive a contradiction to the existence of a such precompact solution is an a
priori bound for the super-quadratic term of the energy which is due to Nakanishi, see [35]. The latter is a
remarkable extension the low dimensional cases R™ with m = 1,2 of the well-known Morawetz estimate
proved by Morawetz and Strauss, see [31,32], in higher dimensions. Those a priori bounds led to the
scattering in the energy space both for the nonlinear Klein-Gordon equation and the nonlinear Schrédinger
equation posed in the euclidean spaces R and R2.

5.1. Nakanishi/Morawetz-type estimate. We begin this section by giving the analogue in our domain
of the decay result due to Nakanishi, [35]. Our approach is to use a multiplier that does not consider all
the variables: neither the compact factor of the product space we work on (the y variable), nor a set of
d — 1 euclidean variables (z2, ... ,z4 for instance) will be “seen” by the multiplier. Consequently, we will
show how the Nakanishi/Morawetz type estimate in one dimension is enough for a contradiction argument
which will exclude soliton-like solutions, i.e. the u,. built in Theorem 4.2. This strategy to use a 1D tool
to exclude the existence of a soliton-like solution has been used by the first author and Visciglia in [12]
in order to show energy scattering for defocusing NLS perturbed with a partially periodic not-decaying
time-independent potentials.

We verbatim report, for sake of completeness, the proof contained in [35, Lemma 5.1, equation (5.1)],
then we analyze the extra term given by the remaining part of the second order in space operator involved
in the equation. First, Nakanishi introduces the following quantities with relative notations (recall that in
the following we are in a pure euclidean space, with z € R™ and m = 1, 2):

T:‘x|7 92{) AZ\/W, 0= (_t’x)

r A
U, =0-Veu, ug=Vyu—=0u,
L 2 2 2 2 a+2
1) = 5 (100?19 + Jf? + 251
(80781762) = (780761382) = (atavz)

m—1 t2—r?

= 4 M=0-
g N + 3 O - (Ou, V,u) + ug
5 t2 _ 7,.2 (t2 _ ,],.2)2
2
—AL)g = ——= 1
(0; )g E +3 v T 5 N
Then by multiplying the equation 824 — Ayu+u+ |u|*u = 0 by M, with u = u(t, z), we obtain the relation
m 2
0= (02u — Apu+ u + [u|u)M = Z Op (Maﬂu +l(u)Op + |u2|8’8g>
p=0 (5.4)
ol o o
— 4+ —(0f — A —|u|*T?
T 0 = Aa)g + Sl

where u,, is the projection of (dyu, V,u) on the tangent space of t? — |x|? = ¢, ¢ being a constant.

We focus on m = 1 and we go back to (1.1). We introduce the compact notation
RV X T = M3 2:=(Z,y) = (22,...,%q,Y).
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Then the analogous of (5.4) is the following:

2
0= (9fu — Au+u+ |u|*u)M = Z Op (—Maﬂu +1(u)Op + |u2559>
Bef{0,1}
[ IuP ) O | v (5:5)
+ 1l BL @ - g+ =Sl
— MAu.

Observe that the term g is nonnegative only in the region where r < t. Then after integrating (5.5) (now
u=u(t,r1,2z)) on C := {(t,21) ]2 < t < T,|z1| = r < t} x M, using the divergence theorem, the last
relation we obtain is:

Jul® = |uwP IuF 2 2 at2
—O0uM + l(u ) +—8tgd:c1dz = —— (07 = 03,)9 + |u\ gdzridzdt
<t i A a+
/ / [l + ol dnde
2<r=t<T
—/MAZudxldzdt,
c

noticing that |ug|? = 0 if m = 1. The Lh.s. of the above identity is bounded by the energy — as well as the
middle term in the first integral in the r.h.s. — thanks to the estimate

2
/'“' &2 — ‘ / / |“| dz1dzdt < E.
Tx R4

The energy flux through the curved surface, i.e. the second mtegral in the r.h.s. is estimated by the energy.
In fact we have the following:

Lemma 5.6. Any smooth solution u to (1.1) satisfies:
/ / |0y — 005, ul? + |V ul® + |ul® + |u\‘”‘+2 dodz S E. (5.6)
2< |z |=t<T
Proof. The proof repeats the same analysis performed to prove the finite propagation speed property.

Define
1/ / < 2 2 2 2 2)
e(t) == = Opul?® + |ul? + |0, ul? + ——ul*t t,x1,2)dx dz.
=g [ [ (ol o+ T ?) )

Differentiating e(t) with respect to ¢, we obtain

d

ae(t) = / / (0pudFu + Oy, udy, Opu + Opun + |u|*udpu) dz dz
|z |<t

/ / <|5‘ ul? + |ul? + |0z, ul? + |u|a+2) do dz
|z |=t

= / / Ou (07u — 02 u+ u+ [u|*u) + Oy, (0p, u - Opu) dy dz
|z |<t

/ / <|5'tu|2 + [ul?® + 10z, ul® + |u|“+2) do dz
@y |=t

= / / Oru (afu —Au+u+ |u|au) + Orulu + Oy, (Opyu - Opu) dxy dz
|z |<t

1 2
+ */ / <|3tu|2 + ul® 4 |0z, ul® + |u|‘”2) do dz
2 Jm Sier| =t a+2
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= / / Oulu + Oy, (Op,u - Opu) day dz
|z1|<t

1 2
+ */ / (IMI2 + ul?® + |0py ul® + |u|a+2) do dz
2 Jm S ier )=t a+2
1
=—*/ / 0|V u|? day dz
2 Jm iz 1<t
1 2
f/ / <|5'tu|2 + |ul?® + 10z, ul® + P |u|*T2 — 200, u - 8tu> do dz
|I1| t
= Voul? drdz + // Vo2 do d
2dt/ _/|;;1|<t ‘-Ll‘ t
/ / (|6tu — 005, ul® + ul* + |u|“+2) do dz
|3?1| t

therefore, integrating with respect to the time from 2 to T we obtain (5.6). O

Moreover, the energy estimate on the surface of the light cone gives

SUP/ / lu(|z1| 4 t, 21, 2)|* dordz < E.
t Jra-1ixT JR

We now analyze the term — [, MA udzydzdt in (5.5). We rewrite the term to be integrated as
—MA,u=—div, ( MV,u)+V.,u-V.,M:=A+B.

The second term is explicitly given by

t 1
B = =1 0Vaul® + gran - 00 [Vauf® + g/ Vel

= f;at (§|vzu|2) + 1|vzu|2at <;> + % (0, (21|V2u)?) — |Voul?) + g|V.ul?

= —%& <§|Vz |2) + ‘2/1\‘3 V.ul® + %ml(xlIVZUIQ) - % +9|Vaul?

— 5o (§Ivau) + m 9l 0, (5219a) — 0, (5 ) sl Pl - T o
— 30 (5197) + L 0, (S219.) + L - T o

- 20, <§|vzu|2) +0u, (33 1V-uP)

and then, after integration, it can be estimated by the energy on the whole space, while the divergence
term 5 disappears using the Gauss-Green theorem. In conclusion

00 2
/ / Ju.| + L|u|“+2g dridzdt S E.
2 S Mx{lei|<ty A a+2

The Nakanishi/Morawetz-type estimate follows as in [35]:

min{Jul?, jul"+2}
dedydt < E. 5.7
/ / 1} 0g(]f] + 2) log(max{[aa] —1,2}) " WU = (5.7)

We now have all the elements yielding to the exclusion of the soliton-like solution.
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5.2. Extinction of the minimal element. With the aforementioned tool, we are in position to obtain a
contradiction with respect to the hypothesis on the finiteness of the critical energy E.. Consider the upper
bound C = C(E(u)) appearing in (5.7), then for any 7' > 2 we can write

in{[ul?, [ulo*+?}
cz// / min{u[”, day dz dt,
% Jra-ixr Jr () log ([t + 2) log(max{|ay| — ,2})
T min{[ul?, |u[*+2}
> . drq dz dt, 5.8
/2 /Rdw/R<t>1og<|t|+2>1og<max{|x1|—t,2}> : (5:8)

’ min{|ul?, [u[**?}
> : drq dz dt.
/2 /'H‘/x:c(t)<R () log(|#] + 2) log (max{|a[ — £,2})

The finite propagation speed implies that |z(t) — 2(0)| <t + ¢y for ¢ > 0, then

2 < |z —2@)] + |2(t) = 2(0)] + [z(0)] < R+t +co + 1,

so that |z1] —t < ¢+ R. With [T] being the usual floor function of T, we are able to continue the chain
above with

T
1
(5.8)2/ 7// ming[ul2, |u]*+2} dz dt
2 () log([t| +2) Jo Jjo—aw)<r

[T] 1
> - min{|ul?, [u**?} dz dt
/ <t>1og<|t+2>/qr/|w<t>|<R Ll Ful ™

J
- ;/j—l <t>log(1t|+2)/T/m_z(t)SRmin{IUI27 lu| T2} dx dt
N (1) . ) o
i mbgw/jl/qr/zz(t)<R min{|ul*, [u|*""} dz dt
(T] 1 T .
2L G ~ , Trmeen

In the last step we used the property stated in Lemma 5.4 and Corollary 5.5 above (more precisely (5.1)
and (5.3)) for a suitable choice of the radius R. This is sufficient to establish a contradiction by taking T

large enough, since for T — 400
T [e'S)
1 1
[ et
5 (t)logt 5 tlogt

and the latter diverges, while the chain of inequalities above should imply a uniform bound.
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APPENDIX A. SMALLNESS OF THE REMAINDER IN THE STRICHARTZ NORM

Lemma A.1. Let a € (E ﬁ) for2<d<4ora>4ifd=1. Consider {u,}nen a sequence of solutions
to
Oty — Dy yUn + up =0, (t,z,y) ER xRY X T

un(0,2,y) = fule,y) € H'(R? x T) :
O (0, 2,9) = gn(x,y) € L2(R? x T)
with sup,en || (fn, gn) [l < C < 0o0. Suppose that for any q € (2,2*), with 2* defined in (3.1)
B ol =0
Then

nhﬁn;o ||un||L0+lL2(a+1) =0.

Proof. We drop the subscript n to lighten the notations. We first make a formal computation (from Hélder
inequality) without adjusting the parameters:

1/2 1/(a+1)
||UHLa+1L2(a+1) = (/ </|u|a|u|b dl‘ dy) dt)

1/(2r) 1/(2s) O\ V(@FD
< (/ </|u|” dxdy) (/|u|bs dxdy) dt)
1/(a+1)
a/2 b/2
( [l dt)

2 +2 b/(2 +2
< (| Bt |l 2202, (A1)

The claim of Lemma A.1 is satisfied if the following conditions are fulfilled in (A.1):
a+b=2(a+1), a,b >0, (A.2)
r=gq/a>1,
s=r/(r—1)=q/(¢—a),

(b/2,bs) is a Strichartz pair as in Proposition 2.6.

Under these conditions, we may have by hypothesis along with the energy conservation

1—

[unll Lot pacesn < unllfepa B 77 =0,

where v € (0,1). Note that it is enough to have the convergence to zero in only one L™ LY.
Let us now check that all conditions are non-empty.

Case d = 1. Let b = 2a + € and a = 2 — e. We impose that € € (0,2) in order to satisfy (A.2). Strichartz
admissibility conditions read b > 8 and s > 2/(b — 8). We strengthen the first requirement to b > 8. By
definition of s we have

q >
q—2+¢€¢ 2a0+€¢—38

— ¢(2a—10+¢) > 2e — 4.

For a > 5 and for any ¢ € (2,2*) the Lh.s. of the last inequality is positive for any choice of € € (0, 2), since
the r.h.s. is always negative for such values of e. Then any ¢q € (2,2*) yields to Strichartz admissibility
condition.
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If o € (4,5) we further impose on € the condition € > 10 — 2« beside the upper bound e < 2 so that the
Lh.s. is still positive and hence any 0 < ¢ € (2,2*) is good for our purpose.

Case d = 2. Recall that in this dimension 2* = 4. We chose ¢ = ¢(a) = 2a— 2. We observe that ¢(«) € (2,2%)
for any a € (2,4) which is the range where « is allowed in dimension d = 2.
Strichartz admissibility reads /2 > 2 <= b >4 and b_% <s< b_% which is equivalent to

2 q 6 2 20 — 2 6
< < <
- -4~ 2a—-2—-(2a+2-b) " b—4
2 2c0 — 2 6
<
b—4 b—4 —b—-4
a<4

!

which is satisfied for any intra-critical « € (2,4).

Case d = 3. In this case 2* = 4 and « € (4/3,2). To satisfy the admissibility condition, at first we impose
b > 4. The second Strichartz condition reads
6 ¢ 1
3b—8 " g—a " b—2

Let us focus on the 1.h.s. condition.

6 q
— < <~ 6(¢g—2a—2+4+0b) <q30—38
ET R — (¢ =20 =2+ b) < ¢ )
< b(6 —3q) < 120+ 12 — 14¢
12a + 12 — 14
— py et ci(a, q)

6 — 3¢q

If we impose ¢; < 4 we are done. But ¢; <4 <= ¢ < 6(a — 1). So we restrict the upper bound for the
choice of g as

¢ < min{4,6(a —1)}.

Let us now focus on the r.h.s. condition.

q<4 q 4

— <

g—a ~ b—2 (g—2a—2+b) ~b-2
— q(b—2)<4(¢—2a—2+D)
< b(4—q)>8a+8—0q

8a + 8 — 6g ()
—— = (a
47q 2 »q

<~ b>

If we impose ¢ < 4 we are done. But this last condition is equivalent to ¢ > 4(a — 1) and then by
considering

q > max{2,4(a— 1)}
we are able to conclude summarizing with

max{2,4(c — 1)} < ¢ < min{4,6(a — 1)}.
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Case d = 4. In this case 2* = 10/3 and « € (1,4/3). To satisfy the admissibility condition, at first we
impose b > 4. The second Strichartz condition reads
2 < 9 . 10 .
b—2 7" qg—a” 3b—14

Let us focus on the Lh.s. condition.
2 2

. <
b—2 " q—a b—2 7 q—2a—2+0D
— blg—2)>4qg—4a—14

4q —4a —4

— b> (]772 = c3(a, q)

If we impose c3 < 4 we are done. But ¢35 <4 <= «a > 1 which is always satisfied under the intra-criticality
condition.

Let us now focus on the r.h.s. condition.
q 10 q 10
< e = <
g—a — 3b—4 (g—2a—2+40b) — 3b—4
< q(3b—4) <10(qg —2a —2+1)
< b(10 — 3¢q) > 20 + 20 — 14q
200 + 20 — 14q

= b>— =
= 10 — 3q C4(aaQ)

If we impose ¢4 < 4 we are done. But this last condition is equivalent to ¢ > 10(a — 1) and then by
considering

g > max{2,10(c — 1)}

we are able to conclude summarizing with

1
max{2,4(a — 1)} < g < 30

APPENDIX B. DECAY PROPERTY OF THE LINEAR FLOW

We use a decay property from [9]. The key argument is, again, a scaling argument as in the Section 2
and [19]. We will briefly sketch the proof given in [9, Example 1.2].
By means of the basis {®,(y)} en given in (2.11) and (2.12) we decompose
VIR (g y) =) eMVITN TR () (y).
JEN

Thus we get

VINB L0 12505

V] i S 2
Lo°(REXT) =

From [9], we have

The function w,, (t,r) = V™A= f satisfies the equation Oyw,, — Aywy, + mw,, = 0 with w(0,z) =
f(Y/mz) = fm, with wy, := w(y/mt, /mz) and w satisfying Oyw — Ayw + w = 0 with w(0, 2) = f(z). We

VIR <O g
Lge Bl,l
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use a scaling argument to deduce an estimate for f,,, noticing that for m > 1, the Besov norm of a rescaled
function can be bounded by:

d+2
||fm‘|B§+1 sm 1 |‘f||B1%f17

giving the following estimate with m =1+ X; > 1

Lo (REXT)

i — _d
12 | < CUEY VIF NI g0 1950 e
JEN 11

_d —d—
= Clt| szZN(HAj)dH(HAj) ¢ 1/2||fj||B§fll\¢j<y)llL;o

_d
SIHEY A+ 2™ g0 125@) 25
JEN b1

Noticing that the r.h.s. can be expressed a term involving derivatives in (z,y), one can find N € N large
enough to have
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