LOCAL WELL-POSEDNESS AND BLOW-UP FOR THE
HALF GINZBURG-LANDAU-KURAMOTO EQUATION
WITH ROUGH COEFFICIENTS AND POTENTIAL
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ABSTRACT. We study the Cauchy problem for the half Ginzburg-
Landau-Kuramoto (hGLK) equation with the second order elliptic
operator having rough coefficients and potential type perturbation.
The blow-up of solutions for hGLK equation with non-positive
nonlinearity is shown by an ODE argument. The key tools in
the proof are appropriate commutator estimates and the essential
self-adjointness of the symmetric uniformly elliptic operator with
rough metric and potential type perturbation.
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1. INTRODUCTION

In this paper, we study the Cauchy problem for the focusing half
Ginzburg-Landau-Kuramoto (hGLK) type equation

i0u + Dayvu =ilulftu,  p>1. (1.1)

Here D,y is the fractional Hamiltonian (see [16] for a more general
choice of the fractional powers of the Laplacian)

1/2
Dav =Huy,

where

Hay lcp@n=—Day = =V -AV+V = — 3 0;(A;(x)dk) + V

k=1

is a self-adjoint non-negative operator with a real-valued potential, such
that the positive Hermite matrix A and the potential V' satisfy appro-
priate assumptions given below. The fractional power of H,4 v is de-
fined by spectral analysis. For details, see Definition 6 below. Beside
the other ones, it is worth mentioning that A is supposed to ensure
that H 4, is an elliptic second order operator in divergence form. Fur-
thermore, focusing stands for the “+” sign in front of the nonlinearity
in (1.1).

We recall that the classical Ginzburg-Landau equation is instead
typically associated with the standard Laplacian as Hamiltonian (see
[24] for a recent review and references on this classical subject).

The idea to replace the Laplace operator in the Hamiltonian of some
quantum mechanical models by its fractional powers was initiated in
[16] and has been intensively studied in the last decade (see [22], for
instance, for motivations to take the square root of the Laplacian and
for an overview of the results in this context).

The half Ginzburg-Landau-Kuramoto equation (1.1), which is the
main subject of this paper, is closely connected with the Kuramoto
model (see [15], [1]) and the idea (proposed in [16] and [22]) to use the
square root of the Laplacian in the definition of the Hamiltonian.

In order to define D, y, we need to prove that —A,y has a self-
adjoint extension, where we regard the domain of —A,y as C°(R").
One can find a self-adjoint extension for —A 4 with rough coefficients
A and rough potential V' by using the Friedrichs type extension under
the non-negativity assumption (see [4, Theorem 1.2.7]). Recall that
the domain of Friedrichs type extension can be defined as the set of all
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f e HY(R™), such that there exists g € L*(R") satisfying
—Aavf=g (1.2)

in distributional sense. On the other hand, since the argument of
Friedrichs type extension does not guarantee the uniqueness of self-
adjoint extensions, in order to clarify the definition of fractional power
of H4,v, we also need to show the uniqueness of self-adjoint extensions
of —A,y. In this case, we say that the operator —A,y is essen-
tially self-adjoint (the problem is referred to as quantum completeness,
too). Some sufficient conditions for the essential self-adjointness for
general symmetric operators on manifolds have been discussed in [3],
for instance. In this paper, we give a detailed proof of the essential
self-adjointness of —A 4y (see the Subsection 1.2 below for the precise

hypothesis).

We started the study of this model in [5], where local and global
well-posedness were discussed for the defocusing (“—” sign in front of
the nonlinearity) equation

0+ (—A)YPu = —i|uP

in space dimensions n = 1,2,3. The blow-up result for the focusing
equation

0w + (—A) 2y = ilulP
is obtained instead in [6] for n = 1. In [6], the proof of the blow-up
result uses the following simple commutator estimates:

I[(=2)"2, flglzz < Ol fluiplglze,

where f is a Lipschitz function with corresponding norm || f||Lip. In
order to show the blow-up of solutions to (1.1), we shall prove the
following estimates

ILf, Daolgllz < ClFlse lglee, (1.3)
ILf, Pavlglee < Cl Sl lglze, (1.4)

where B) and Bj , are the standard inhomogeneous and homogeneous
Besov spaces on R", respectively. Since

Bl u B! | < Lip,

00,1
it would be natural to pose the question if the estimates (1.3) and (1.4)
are optimal for the case of rough coefficients; but this is not our goal,
hence we do not investigate this question, as well as the question if the
commutator

[Dav, <)

is a bounded operator in L?. However, by replacing {(x) by (x)%, our
aim shall be to check that the commutator

[Dav, )]
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is an L?*-bounded operator for any a € (1/2,1) and this shall be a
sufficient tool to obtain our blow-up result at least for n = 1.

1.1. Notations. We collect here some notations used along the pa-
per. Given two quantities A and B, we denote A < B (A 2 B,
respectively) if there exists a positive constant C' such that A < CB
(A = CB, respectively). We also denote A ~ Bif A < B < A,
Given two operators M and N, the commutator between them is de-
fined as the operator [M,N] = MN — NM. For 1 < p < w0, the
LP = LP(R™; C) are the classical Lebesgue spaces endowed with norm
1Flz0 = (S [F@)17 da) ™ it p # 0 or | flp= = esssupegn f(2)] for
p = . Given an interval I < R, bounded or unbounded, we define
by LP(I; X) the Bochner space of vector-valued functions f : I — X
endowed with the norm (§, [ f(s)[% dz) Y for 1 < p < o0, with similar
modification as above for p = oo. If f: I — X is a continuous func-
tion up to the m'-order of derivatives, we write f € C™(I; X). For
any s € R, we set H* = H*(R";C) := (1 — A)™*/2L? and its homo-
geneous version H* = H5(R™;C) := (—A)~*2L% For a pair of func-
tions in L2, the inner product {f, g) = {f,g)r2 is classically defined as
(f,9) = Sz fgdz, being Z, the usual complex conjugate to z € C. For
z € R" instead, (x) := /1 + |z|2. The space WH* = W1*(R") is the
space of Lipschitz functions. The operator §f(§) = f (&) is the standard
Fourier transform, §! being its inverse. For s € R and 0 < p, ¢ < o0,
By, = B;,Q(R”) is the homogeneous Besov space of functions having
finite || - | B, ~norm, the last defined as

1/q
5y = (Z 2Wij|%p>

JEZ

| £]

with obvious modifications for p, ¢ = c0. The non-homogeneous version
B; = B; (R") is induced by the norm

1/q
1fllBs, = 1QFr + <Z 2qu!ij\%> :
jeN
Here the Littlewood-Paley projectors P; are defined by means of a
radial cut-off function xo € C°(R") and the dyadic functions ¢;(§) =
Xo(277€) — x0(2777LE) yielding to the partition of the unity xo(§) +
2=19i(€) =1, for any £ € R". Hence the projectors are given by
Qf =3 "' (xoFf) and P;f := F ' (p;Ff). The Lorentz space L>* is
given by

L = {f 5 1 per = spt[{1f] > 1}] < o0}
>

For 1 < p < o0, p' is the conjugate index defined by 1/p + 1/p’ = 1.
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1.2. Assumptions and the main results. We give now the precise
assumptions that we make on the structure of our Hamiltonian —A 4y
and the main results contained in the paper. We start with the hy-
potheses on A = A(x), which is a Hermitian matrix-valued function.
We assume:

A1l. Uniform ellipticity of A: There exist two positive constants C
and Cf satisfying

Cile) < )] Ajr(2)§8 < Gl VEeC, VzeRY  (L5)
k=1
A2. Regularity of the coefficients: A is in the Lipschitz class of
matrix-valued functions, namely

Ajr € WHP(R™) Jyoke{l,--  n};
A3. Boundedness: The multiplication operator
f (A A0 f
maps H'Y2 into L?, namely

max [((—=A)"4;0) flze < Ol (=AY flee, Ve HY?  (16)
Let us turn our attention to the potential perturbation V = V().
It is a real-valued function satisfying the following conditions:

H1. Boundedness of the potential:
Ve L**(R") + L*(R")

for some ¢ with ¢ > max{2,n/2};
H2. Non-negativity of the Hamiltonian —A,y: There exists 0 €
(0,1) such that

GAVE, V) +Vf f)=0, vV feCPRY).

Though for the moment it is not our aim to weaken the non-negativity
assumption in H2, it is worth mentioning that this hypothesis could be
relaxed, at least in the case n = 1. For example for A = 1, perturba-
tions of the Laplacian which belongs to the Miura class should imply
positivity of such Hamiltonians (see [11]). The non-negativity assump-
tion is needed to guarantee that the square root of the operator is well
defined.

First we state the result on the self-adjoint extension of the operator
—Ayyv. This theorem is crucial for the local well-posedness theory
below and for the commutator estimates we are going to prove.

Theorem 1. Assume the assumptions A1, A2, H1 and H2 are satisfied.
Then the operator —A 4y is essentially self-adjoint, i.e. there exists a
unique self-adjoint extension Ha v of this operator with domain

D(Hav) = H*(R™).
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The key point in our blow-up result shall be instead the following
commutator estimate.

Proposition 2. Assume the conditions A1, A2, A3 and H1, H2 are sat-
i1sfied. We have the two commutator estimates in two cases below.

Case 1. Let f € B;o,l' If V also belongs to L*™ for ¢ > max{2,n},

I/ Darlglez < C (Iflsy, + WV losr flze) lglez.— (17)
Case 2. Supposen = 3 and f € Bgol If V also belongs to L™** then,
ILf, Davlglz@n < Clfls , @mlglzz@n- (1.8)

Next we turn to the local well-posedness of (1.1).

Theorem 3. Let n = 1,2,3. Assume that the conditions Al, A2, H1
and H2 are satisfied. Then for any ug € H® with s = 1 ifn =1 or
s = 2if n = 2,3, there exists a positive time T" > 0 and a solution

ue C([0,T); H?) to (1.1).

The next result is the finite time blow-up result for solutions to (1.1)
in one space dimension.

Theorem 4. Let n = 1. Assume the conditions Al, A2, A3 and H2
are satisfied and V € L¥* for some q with q > 2.

Case 1. Let ug € L* and w € B, satisfy 1/w € L* n L* and the
following estimate:
2 =T |, | 72T
lwuolz> = CoT[L/w]E wlf: [1/w]7. (1.9)
If there exists a solution u € C([0, Trax); L* N LPTY), then the mazimal
time of existence is finite: Ty < 0.

Case 2. Suppose that V = 0. Let 1 < p < 3 and let ug € L*\{0}. If there
exists a solution u € C([0, Tyax); L? N LP™Y), then the mazimal time of
existence is finite: Tyax < 0.

Remark 1.1. Here the condition p = 3 corresponds to the critical
exponent pr = 1+ 2/n defined also in a multidimensional framework.
See the results in [6].

2. SELF-ADJOINTNESS OF —Ay,y

The proof of Theorem 1 can be reduced to the proof that —A, is
essentially self-adjoint. Indeed, if —A 4 has unique self-adjoint exten-
sion H 4, with domain

D(Hap) = H*(R™),
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then we can use the estimate (A.1) of Lemma A.1 in combination with
the KLMN Theorem (see [21, Theorem X.17]) and deduce that H,+V
is an essentially self-adjoint operator with domain H?(R™).

Therefore, it remains to verify that —A 4 is essentially self-adjoint.
This is done below in Proposition 5 and this yields to Theorem 1.
Firstly, we recall sufficient equivalent conditions guaranteeing the self-
adjointness property of an operator.

Lemma 2.1. [21, Theorem X.26] Assume the operator —A 4y is non-
negative (in sense of quadratic form acting on C{ functions). Then
the following conditions are equivalent:

i) —Aay is essentially self-adjoint;
ii) the kernel of the adjoint operator satisfies

Ker (—A4sy + 1)* = {0};
iii) the range of (—Aayv + 1) is dense in L*(R™):
[Ran (—Aay + 1)] = L*(R"). (2.1)

Next, we recall some fundamental operator calculus.

Lemma 2.2. For f smooth enough,

[Aav, [1= (V) - AV + V- A(Vf). (2.2)

Proof. For completeness, we shall sketch the proof. The relation (2.2)
follows directly from the simple commutator rule

|B1Bs, f] = B1Baof — fB1By — By fBy + B f By
= B1[By, f] + [ By, f]Be.

Lemma 2.3. Let A be non-negative self-adjoint operator. Then
[+ A T ==+ A7TA I+ A

Proof. For completeness, we shall sketch the proof. Noting the identity
0=[A+ AN+ A" f]
= A+ AN+ AL+ A I+ AT

and applying the resolvent (A + A)~! from the left, we obtain the
assertion. O

We can now give the following:

Proposition 5. Assume the assumptions Al and A2 are satisfied.
Then the operator —Aaq is essentially self-adjoint, i.e. there ezists
a unique self-adjoint extension Hy of this operator with domain

D(Ha) = H*(R™).
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Proof. We show that the closure (—A,p) is self-adjoint. Lemma A.2
in the Appendix A below, implies that

D((~Axp)) = H*(R").

Thanks to symmetry and regularity of A, there exists at least one
self-adjoint extension of —A 4. Indeed, since —A 4 is symmetric and
Ae Wl’Q(R”), the quadratic form

AN = | Aple)on, f)2nf @) s, DQ) = H'(R)
k=1

is closable and possesses a self-adjoint operator H 4 satisfying

Q(f) = (Hat, [)

for any f e D(Ha) € H'(R"™) (see [4, Theorem 1.2.5]). We recall that
any self-adjoint extension of —A 4 is also an extension of (—A ) and
S0 18 H4.

Now we show that the self-adjointness of H 4 implies that also (—A 4 )

is self-adjoint. For this purpose, we shall check the equivalent assertion
(2.1) in Lemma 2.1. Let h € L? satisfy

h L Ran(—Aug + 1), (2.3)

namely h is orthogonal to the range of (—A 49+ 1). Our goal is to show
that h = 0. We define the Yosida type approximation of Laplacian

pi =30 —A)"
with j > 1. We show that

2
(~810)(pif) = Haf, Vf € D(Ha).
We remark that, for any j > 1 and f € L?, p;f € H*. For any be L?,

<(_AA,0)ija b) = ]}LI&«_AA,O)IOjﬂ Prb)
= kll_>ﬂolo<fa pi(—A40)pib)

= kli_r)rglc(<f, (—An0)pjprb) + Rjx),

where R, = [p;, (—Aa0)]pr. Since for g € H*(R"), (—Ax0)g = V -
AV g in the distributional sense and p; commutes with V, by Lemma
2.2,

(05, (=Aa0)] =V -[(j — A)H AV
=i — ATV [-AAIV( - A),

where

[A Al = (VAjk) - V+V - (VA L)
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Therefore
[Rjkl = GV 1, (5 — A)THAAIV( — A) pib)]
= Z j|<6m1 f» (j - A)_l(amzAml,ma)pkam2am3 (] - A)_1b>|

mi,m2,ms3

+ 2 ]|<am1f7 (] - A>7lam2 (am2Am1,m3)pkam3 (J - A)71b>|

mi,mz2,ms3
< 0’| VA=V fllz| oV @ V(5 — A)7'| 12
+ 03| VA| =72 = ATV @V f 2l pnd (G — A) VB 2.
Recall that for g € L?
V(G -A)lg -0  in L
and
VoV(G—-A)tg—0 in L2
where
(VO V)mie = Om0s.
Since f € H', we get

n~? lim sup lim sup | R; x|
Jj—00 k—o0

< limsup |V A[ 2] p;Vf] 12|V @V (j — A) 7] 12

J—©

+ lim sup IVA||=]l72(5 — ATV @ V f 2] 52 (5 — A) Vb 12

J—®0

< limsup |VA[ 2| V] r2[ V@ V(5 — A) 70 2

J—©

+ limsup [VA[ |V f ] z2] 2 — A) 7' Vb2 = 0.
J—00

Moreover, as j — o0,

N (f, (=An0)pipeby = lim (p;Hat, prb) = (o/Haf b) — (Haf,b).
Hence, if h satisfies (2.3), then for any f € D(H.a),
((Ha+Df, 0y = lim(((=Bao) + 1o f; by = 0.

Therefore, h . Ran(H4 + 1) and the self-adjointness of H 4 implies
h =0. ]

3. LOCAL WELL-POSEDNESS OF (1.1)

This section is devoted to the proof of the local well-posedness for the
Cauchy problem associated with the model (1.1), where ug(x) = u(0, )
is considered as initial datum. More precisely, we give now a proof of
Theorem 3.
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At first, we give the definition of D4 . We use a functional calculus
for the fractional powers of self-adjoint operators based on the integral
representation below (see (4.7) in [7], for example).

Definition 6. Let A be a non-negative self-adjoint operator. For 0 <
s <2,

A2 = Co(s)f 2L AN+ A)LdA (3.1)

0

where

JOO )\S/Q—l(A + ].)_ld)\) - _ sin (87—;) '

0 ™

Co(s) = (

We remark that here the formula

sin (sZ) [t
z%? = MJ /271 Ldt, =20, s€(0,2) (3.2
m 0 t+x
plays a critical role.
Now we can conclude this section by proving Theorem 3.

Proof of Theorem 3. We rewrite (1.1) in the integral form by means of
its Duhamel’s formulation

t
u(t) = e™Pavyy + f =Py |y (1) P~ u(r) dr. (3.3)

0
Here ¢"Pav stands for the propagator associated with linear hGLK
equation, namely (1.1) with trivial RHS. Briefly speaking, e®Pav f
solves the linear hGLK with f as initial datum. By Lemma A.2, ¢?Pav
is a uniformly bounded operator on H® forn = 1 and s = 1 or for n = 2,
3 and s = 2. A standard fixed point argument implies that (3.3) has a
solutions in C([0,T); H') if n =1 and in C([0,T); H?) ifn =2,3. O

4. COMMUTATOR ESTIMATES
In this section, we assume A1, A2, A3, H1, and H2.

4.1. Preliminary. The following representation is essential for our ap-
proach to study commutator estimates.

Lemma 4.1.
(g, [(Hav)™?, flh)
— _Cyls) f NP A Han) g, [Hay, FIO+ Hay) B dA.

0
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Proof. By (3.1), we have

Lo, [H. FIR)

_ Co(s) L NG Py O+ Hay ), flh dA

=) ([ A [0+ Han) I dA) -

Therefore Lemma 2.3 implies Lemma 4.1. U

Lemma 4.2. Let A be a non-negative self-adjoint operator. For o > }l
0 )\20-3/2 1/2
A A Pl < ([ A ) 1l
o (A+1)*

Proof. Using the spectral measures £, for A (see [20, Theorem VIL.7],
for instance), we can write

()73 AV + A)_UfH%Z((O,oo);L2)
)\20 3/2 1/2 )
f f S B(f)|2 dA

0 \20- 3/2
ZL TSI AN || f]7--

g

In the next lemma, we recall the well-known result that the function
t — t* s € [0, 1], is operator monotone on the set of bounded operators
in a Hilbert space. One can see [18] for the original matrix-valued
version of the statement, [10, Proposition 4.2.8] for the case s = 1/2
and [19] for a short proof of the general case. See also [9, 12].

Lemma 4.3 ([18], [19], [10]). Let (Ay, D(A;)) and (Ay, D(Asg)) be two
positive self-adjoint operators on L? satisfying D(As) < D(A;) and

S Af) < Al

Then

AL <AL (4.1)

for 0 < s < 1. Moreover, if Ay is invertible, so is Ay, and

AT < AT,
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4.2. Fractional Leibniz Rules. Here we collect some useful Leibniz
rules for fractional power of the classical Laplace operator.

Lemma 4.4 ([23, Proposition 4.1.A]). Let f be a Lipschitz function.
Then for any g € H*

I[(=2)"2, flgliz < C|l fluiplgl e

Lemma 4.5 ([14, Lemma A.12]). For 0 < s < 1, there exists C' > 0
such that

[(=A)2(Fg) = F(=A)"2g — g(=A)"* f[2 < C|f] =
Remark 4.1. In [17], one can find the refined estimate
[(=2)2(fg) = F(=A)"2g = g(=A)" [l 12 < | flBmol (—A)*?g] 1.

and more general estimates, but for simplicity, we use only Lemma 4.5.

(—2)"2g] 2.

In the sequel, we shall also need a generalization, obtained in [8], of
the classical Kato-Ponce estimate, introduced in the seminal and well
celebrated work [13]. We recall it.

Lemma 4.6 ([8, Theorem 1]). Let 1/2 <r < 0, 1 < p1,p2, ¢1,G2 < 0
satisfying

A S
TPt @1 P2 42
For s > max{0,n/r — n} or s € 2N (the set of positive even integers),
there exists C' > 0 such that

[(=2)"(f9)|1r
< Ol(=AY2flenlgln + Clf o (=2)"g]e.

1 1 1 1 1
+

4.3. Key estimate for Proposition 2. The purpose of this subsec-
tion is to show that the commutator between D4y and a localized
weight function is realized as a bounded operator in L? under the fol-
lowing assumptions:

[N+ Har) " flee S JA=A)flr2, VeI’ A>0  (42)

for some 1/4 < o < 1;

|Dav fllz < [(=A)2f| 2, Ve HY; (4.3)
[~ f e < /HY S flliz, Ve HY (4.4)

for any g, h € H'/?
(9: VAV IR < (D) [l (=A) g 2] 2] 2
+ |V f e (=) g 2| (= 2) R o
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Lemma 4.7. Assume Al, A2, A3, H1 and H2. Let A and V satisfy
the properties (4.2), (4.3), (4.4), and (4.5). Then for any j € Z,

I[Day, Pif]P<ih|r2 < 27| P f| =R 2, (4.6)
(P9, [Dav, Pif1P~ih)| < 2| P flz gl c2 | R 2 (4.7)

Proof. We first prove (4.6). The same relation given at the beginning
of the proof of Lemma 2.2 and the triangular inequality gives

I[Day, Pjf]1P<jh| L
< [Day (—A)P(=A)2, P f]P<;h| 2 (4.8)
+ [[Day (—A) 2, P f1(=A) V2 Pejhl re.

By (4.3) and Lemma 4.4, the first term on the R.H.S. of (4.8) is esti-
mated as

DAy (=2)72[(=A)", Pif]P<jh] 2
< [(=A)"2, Pif]Pejhllce < 27| Py fl =] Pejhl e,

where we have used the fact that
VP fllie < 27| Pif| .
By (4.3), the second term on the R.H.S. of (4.8) is estimated as

[[Day (=) "2, P f1(—A) '/ Pejh 2
<P fllpe | (—A)Y2Pejh e < 27 Py f | poo| B 2.

We next prove (4.7). By Lemma 4.1, it is enough to show

J NN+ Hay) " Pajg, V- AV ) (A + Hay) ™ Pojhy dA

0
< 2Py flrelgl el o] . (4.9)

By (4.4) and (4.5), we can continue the estimate (4.9) by
< 22| A= | P £ oo
o0
9 fo V2L (0 + M) Py |+ Haw)  Poshll gz dA

+ 27| Ao | Py f o=

0
x f NPIHL O+ Haw) ™ Paggl 2[4 (A + Haw) ™ Pajh] 12 dX.
0
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Then, by Lemma 4.2, the first integral on the R.H.S. of the last in-
equality is estimated by

a0
il f NZIHYL O+ Haw) ™ Pejglia [0+ Haw) ™ Pogh| 2 dA
0

< 2P f XV (A4 Haw ) Pagglz (A — A) 7 Poshl 2 dX
0

< V)M + Haw) T Peggllizoene
X ()T AVA = A) TP bl 2
S 2glz2 (Pl 22
with 1/4 < o < 1 satisfying (4.2). The second integral is also estimated
by
B 1/4 1/4
2’ f AL O+ Haw) T Pojglie |- 0+ Haw) " Pojh 2 dX
0

< Q‘jH( )1/47'[1/4 ( + HA,V)_1P>ngL2(0,oo;L2)
< |YAHY (4 Haw) T Pl 20,02
< 2 g) 2] A2
O

4.4. Proof of Proposition 2. We are now in a position to prove
Proposition 2. We treat separately the two cases.

Proof of Case 1. At first, we show that Lemma 4.7 implies (1.7) with
V =0. (4.2), (4.3), and (4.4) follow from Al. Indeed, (1.5) implies

CiIVflie < {f, Haof) = [Daofliz < Co V1

which coincides with (4.3). Therefore, Lemma 4.3 can be applied with
Hao and —A. Hence, the relation (4.1), with s = 1/2, A; = H 4 and
Ay = —CA, coincides with (4.4). Moreover (1.5) implies that one can
find two constants ¢, C' with 0 < ¢ <1 < C such that

c{fy A=AV )y < {fi (A +Hap)fy < CLf (A= A) f)

for any f € H?> and A\ > 0. Then, Lemma 4.3 implies that for any
felL?
N+ Hao) ) <t (A=0)70),
which coincides with (4.2) with o = 1/2.
(4.5) may be obtained by decomposing 0;(A;x(0xf)h) as follows:

0;(Aj(Okf)R) = (—A)/*Ry(—A) (A (0 f) )

= (=AY R;A; (=) (0 f)R)
+ (=AY R ((—A) 4 Ay ) (0 )R
+ (A R;B(Aj, (O1f)R), (4.10)
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where

3(R;f) = %f@

is, up to a complex constant, the standard Riesz transform, and
B(Ajw, 0 f) = (=A)""(Ajduf) — Aju(=2)V0uf = 0f (L)1 Ay

The first term on the R.H.S. of (4.10) is easily estimated by the Holder
inequality and Lemma 4.6. Here we recall that (1.5) implies |4, k|1 <
o0. The other terms are estimated similarly, since by Lemma 4.5 and
(1.6), we have

| B(Ajs (Oe )2 < | A | (=2) 4 ((Orf)) | 2
and
[((=2) A5 0) (@ )Rl 2 < (=) (k)P 2,
respectively.
We now show Proposition 2 with V' = 0. Since

<gv [DA,Oa f]h>
= <P$]g7 [DA,0> f]h> + <g7 [DA,Ov f]P<]h> + <P>jg7 [DA,07 f]P>]h>
= —(h,[Day, f1P<jg) + <9, [Dayo, f1P<jh) + {P-;g,[Dayo, f1P-;h),

Lemma 4.7 implies the estimate.
We next show (1.7) with V' £ 0. (1.7) follows from the fact that for
any g€ H',

|(Dao — Dayv)glre < |V]zew|gllre.
Indeed, by Definition 6

— Co(1) Y (Dap—Dav)g

— UOO M2(AN+Hao) ™ = (A +Hav)™H dk) g

0

= (Jl M+ Hao) ™ — (AN +Hav)™) d/\) g

0
+ <J AP+ Hay) WA+ Hao) ™ d>\) qg.
1

The L2?-norm of the first integral on the R.H.S. of the last equality is
shown to be bounded by the fact that for any non-negative self-adjoint
operator A

[+ A) gl < A gllze.
By (1.5) and Lemma 4.3,

IV + Hao) " gl < [V oo (=) (N + Hag) g 12
SV oo | HE SO + Hoa) g2

< [V zae A7 g 12,
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Then, the L?-norm of the second integral is shown to be bounded by

o0
f \7324020 g\ < oo,

1

Proof of Case 2. (1.8) follows if we are able to show that
A~ —Ayuy, (4.11)

where the equivalence is in the sense of bilinear forms. Indeed, if (4.11)
is shown, then (4.2), (4.3), and (4.4) are satisfied and therefore Lemma
4.7 implies (1.8). The relation (4.11) is proved as follows:

(f,=Bavfy= (1 =0)(AV, V)
> Cy(1—0)|V 7,
o =Bav ) < Co|V 7+ VIV f]72
< Co| V172 + CPIVI2 oo | (=) F 72

5. THE FINITE TIME BLOW-UP RESULT

Theorem 4 may be concluded be means of the following ODE argu-
ment.

Lemma 5.1. Let A,B > 0 and ¢ > 1. If f € CY([0,T);R") satisfies
f(0) >0 and

f"+Af=Bf? onl0,T) for some T > 0,
then

1

-
flt)=e ( F(0)"™) + A7t Bem Al AlB>
, IE T _ _
Moreover, if f(0) > Aa=T1B™ a1 thenT < —mlog(l—AB LF(0)—ath),
Proof. For completeness, we sketch the proof. Let f = e 4*g. Then
g/ _ Be—A(q—l)tgq
and therefore,

The conclusion follows straightforward. O

We exploit Lemma 5.1 in the proof of Theorem 4.
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Proof of Theorem 4. Case 1. Let w € B, | (R) be a non-negative func-
tion satisfying 1/w € L® n L?. We put u = vw. Then v satisfies

O + — [DA v,wlv = wP~ P . (5.1)

By multiplying ¥ on the both hand sides of (5.1), integrating the re-
sulting equation, and taking the real part,

5= @)L

p—1
> Jwraot) [T — [1/w]ze|[Day, w]of 2o 2

> [1/w] 2 72" = [1/wl e [[Day, wlvl 2 o] 22

> [1/w| 2 o5 = C| v vl (5.2)
where we have used that
_ — —1
fole < 15T sge 5T o) o < [/l 050 ()|

By (5.2), we apply Lemma 5.1 with
A = Ctjw| g fwlpy, |,
= [L/w] 2"
Then (1.9) implies that |v(¢)||z2 is not uniformly controlled.

Case 2. We rescale w € Bl | as wp = w(-/R) with R > 0. Then by
(5.2),

> [ L/wrl ol = 11/ wrl e [[(=Aaw)"2, wrlv] e o] 2
> RV 1w ol = CRTY 1wl [wll g, [0]7-.
We apply Lemma 5.1 with
A= CR1fwlpwl s,
B = ROVR |1 w2,

which means AB~' ~ R~1+(=1/2_ Therefore, if 1 <p <3, AB™' - 0
as R — oo and this shows Theorem 4. O

APPENDIX A. EQUIVALENCE OF SOBOLEV NORMS

We show the equivalence of the standard H®-norms (for s = 1,2)
and the ones induced by the Hamiltonian H 4. We begin with simple
a priori estimates that imply the equivalence of H' norms.
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Lemma A.1. Assume H2. If V e L9®(R") + L*(R") with q¢ >
max{1,n/2}, then for any o € (0,1) there exists C > 0, so that for
any f € CX(R"),

{(=aV - AV —|V|)f. ) = =C|f]7: (A.1)
and
AVENEH+VEH+f7e ~ [l (A.2)
Proof. We know that uniform ellipticity assumption implies
(=V-AV) [ )~ 1 f -
We need to prove the inequality

| viiseas < 111, (A3)

with 0 < s < 1, since this estimate and the Gagliardo-Nirenberg inter-
polation inequality

/]

s S 1F a1 F1E2
imply
[ iispae < (-av - 4wy 0+ Ui
Rn

so we have (A.1) and (A.2).
In order to prove (A.3), we take

1 1 1  n

and then we can write

1/2
<JR W!IfIle") S IV 20| e S IV Lo |1

due to Holder inequality in Lorentz spaces and Sobolev embedding.

The requirement 0 < s < 1 is fulfilled due to the assumption ¢ >
n/2. d

Lemma A.2. Assume Al, A2, H1 and H2. Then one can find positive
constants Cy < Cy so that for any f € CL(R"),

Cil fllae < [=Aavflee + [ fllz < Co| f] w2 (A.4)

Proof. The right inequality of (A.4) follows directly from the represen-
tation of Ay y. Indeed

Aavf = (VA) - VI+ >, Ajula)dionf + V.

J.k=1

Further we can take

=S| =
DO | —

|
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and then we can write
IV ez < Vicae | fllzre S IV izac | f]as (A.5)

with s € (0,2) so interpolation yields the right-side estimate.
Next we show the left inequality of (A.4) with V = 0. By Al,

Cull(-8) 11
- | TRT@(-2)1(s) ds

< | CAPR@(-A40)(-)"f(a) do

- | TEF@-sm0 @) do+ | VAT Gaf(e) da

< (=2 fllzz(ll = Aaofllrz + [Gafllr2),
where G4 = [(—A)Y2, A]V so that

Vo Gaf = [(=Bu0), (-2)7]f = VA, (-2)]V .
Then, by Lemma 4.4, the Gagliardo-Nirenberg and the Young inequal-
ities,
1
|Gafliz < CIVAlL= |V flliz < SI(=2) fllzz + CJ ]z,

which in turn implies

[(=2)flle2 < Clflz + Cll = Anoflr2-
This inequality and (A.5) prove the left estimate in (A.4). O

APPENDIX B. ESTIMATE OF THE WEIGHT FUNCTION

Our choice of w for the proof of the blow-up result is w(z) = {(z)*
with a € (1/2,1). The lower bound of a is required to guarantee that
1/w € L*(R) for Theorem 4. The upper bound of a follows from the
following Proposition:

Proposition 7. Fora <1,
()"e B;o,l'

Proof. We recall that 27% P;(—A)¥2? is a bounded operator on L*.
Therefore for 7 > 0,

[P (=A) (@) o < 27727 P (=A) T2 A ) 1o < 277 | A2)?
which implies P-o(-)* € Bc}ol Moreover, for a > 0 since
| fllz= < 277) f o

and

V()] < <o)
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by taking p = %

|Pi(=2) 2wy o < 2P|V (=) T2V (@) o

< 2002y .

Therefore
Po(x)" € Bl |. (B.1)
For a < 0, it is easy to see (B.1). O

Remark B.1. [t is worth mentioning that the estimate above is valid

i arbitrary dimension, but we can use only n = 1 in order to prove
Theorem 4.

Remark B.2. The upper bound for the function a in Proposition 7 is
optimal. Indeed,

()¢ By, (R")
for any n. In order to show this, we estimate the following equivalent

norm for Bgoﬁl(R”):

« d
155 = [ 500 17+ ) = 20) + = lioruer 3

>
0 |yl<t t

For details, see [2, 6.3.1. Theorem|. Then, by substituting x = 0, for
t>1,

sup sup [(z +y) — 2{x) + {x — y)|

ly|<t zeR™

> sup 2((y) — 1)

lyl<t

2\ 1/2 t
>of(1+=) —1)>-,
((+5) —1)=5

where we have used the fact that

Therefore,

w0 dt
<M, ey = L sup [|€- + ) = 2() + ¢ = Pl o@ny 3

2
ly|<t t

1fodt
> | —=w
8), t
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