Blow-up or global existence for the fractional
Ginzburg-Landau equation in multi-dimensional
case
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Abstract The aim of this work is to give a complete picture concerning the asymp-
totic behaviour of the solutions to fractional Ginzburg-Landau equation. In previous
works, we have shown global well-posedness for the past interval in the case where
spatial dimension is less than or equal to 3. Moreover, we have also shown blow-up
of solutions for the future interval in one dimensional case. In this work, we sum-
marise the asymptotic behaviour in the case where spatial dimension is less than or
equal to 3 by proving blow-up of solutions for a future time interval in multidimen-
sional case. The result is obtained via ODE argument by exploiting a new weighted
commutator estimate.

1 Introduction

In this paper, we consider the following complex Ginzburg — Landau (CGL) equa-
tion in a future time interval
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idu+Du=ilulP~'u, t€[0,T), T>0 xcR" )
u(0,x) = up(x), xeR",

where u is a complex valued unknown function, p > 1,and D = (—A) 12 The choice
of D is closely connected with the recent attempts to develop fractional quantum
mechanical approach (see [23] ).

We shall observe some new interesting phenomena. On one hand, if we take a
future time interval as in (1), then we shall obtain a blow-up result. If, instead, we
take past time interval (—7,0], T > 0 in the place of the future time interval, then
global small data existence for (1) can be proved and therefore we have a similarity
to a diffusion type process.

Before giving the main results on the local and global well-posedness for (1), we
introduce some notations. For a Banach space X and 1 < p < e let LP(R";X) be a
X-valued Lebesgue space of p-th power. We abbreviate L” (R";C) as LP(R"). For
f,8 € L*(R"), we define the inner product as

(f:8) r2@n = /]1‘@ F(x)g(x)dx.

For s € R, let H*(R") be the usual inhomogeneous Sobolev space defined as
H*(R") = (1—A)~S/2L*(R"). Let H*(R") be the usual homogeneous Sobolev space
defined as H*(R") = (—A)~/2L>(R"). HS ,(R") is the restriction to radial func-
tions of H*(R™). Lip refers to space of Lipschitz functions on euclidean space. For
f,8: ACR" = [0,), f < g means that there exists C > 0 such that for any a € A
f(a) < Cg(a). Given two Banach spaces X,Y, Y — X means that ¥ C X with con-
tinuous embedding. Moreover, we say that a Cauchy problem is locally well-posed
forward in time in X, if for any X -valued initial data, there exists 7 > 0 and a Banach
space Y < C([0,T];X) such that there exists a unique solution to the Cauchy prob-
lem in Y and ||u, —ully — O as ||ug,, — uo||x — 0, where u, and u are solutions for
the Cauchy problem for initial data uy and u ,, respectively (the last property goes
under the name of continuous dependence on the initial data). We also say that a
Cauchy problem is globally well-posed forward in time in X if the Cauchy problem
is locally well-posed for any 7' > 0. Moreover, we also say that a Cauchy problem is
globally well-posed in X with sufficiently small data, if we have the property above
for sufficiently small data with respect to the X-norm.
Let us notice that equation (1) is invariant under the scale transformation

uy, (1,x) = APV y(Ar, Ax)
with A > 0. Then

(w0, |l s (mny = )L1/(p_1)+s_n/2”"‘OHHS(]R")

and with
s=spp:=n/2—1/(p—1) <n/2,
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H* norm of initial data is also invariant, for this sn,p 1s called scale critical exponent.
We also call p, s = 1+2/(n—2s) the H*(R") scaling critical power. For any s, in
the scaling subcritical case where p < pj s or s > s, , (1) is expected to have local
solution for any H*(IR") initial data on the analogy of scaling invariant Schrédinger
equation. For instance, we refer the reader to [4, 6, 5, 16, 17]. However, with power
type nonlinearity without gauge invariance, semirelativistic equations could be not
locally well-posed even in scaling subcritical case, see [10].

Here we recall local well-posedness results. It is worth mentioning that Borgna
and Rial [2] showed that in one dimensional case, CGL equation with cubic nonlin-
earity is locally well-posed in H*(R) with s > 1/2. They constructed local solutions
by a contraction argument based on the unitarity of the propagator and the Sobolev
embedding H*(R) < L*(R). Similarly, local solutions may be constructed in the
case where uniform control of solutions holds, namely, in H*(R") with s > n/2. On
the other hand, for fixed p, s, , <n /2; therefore, the local well-posedness of (1) is
expected in wider Sobolev spaces. Indeed, we have the following results that can be
established using the approach in [12]:

Proposition 1 ([12]). Let n = 2. For p > 1 and 3/4 < s < p < pa, the Cauchy
problem (1) is locally well-posed in H*(R?).

Proposition 2 ([12]). Let n > 3 and ug be radial. For 1 < p < pp1 =1+ 25, the
Cauchy problem (1) is locally well-posed in H} ;(R").

Proposition 3 ([12]). Let n = 3 and uy be radial. For p = p31 = 3, the Cauchy
problem (1) is locally well-posed in H', |(R3) with sufficiently small H' ;(R?) data.

Remark 1. In Proposition 3, since the local existence result is based on a priori esti-
mate of type
4
el o) < Co+-Cilluliyy o)

with C; which is independent of T, we restrict well-posedness to the small initial
data.

We recall that in three dimensional case, p = p3 1 = 3 is a critical value in view of
the result in [18]. However, the result in [18] treats non-gauge invariant nonlineari-
ties having constant sign, for which the test function method works. The question of
the existence of local and global solutions for n >3 and p > 1 +2/(n —2) seems,
at the best of our knowledge, still open.

Proposition 1 may be justified by a Strichartz estimate introduced by Nakamura
and Ozawa in [26] or Ginibre and Velo [14]. We remark that they introduced the esti-
mate to study Klein-Gordon equation and it was sufficient to consider Klein-Gordon
equation in scaling subcritical case (see Lemma 1 below). On the other hand, for (1),
local solutions cannot be constructed based on their Strichartz estimates in general
subcritical case. Therefore, in order to consider the well-posedness in H'!(R") for
n > 3, we put radial assumption and apply another Strichartz estimate introduced in
[1] by the third author, Bellazzini and Visciglia. For details, see Section 2.
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Next, we review the known blow-up result. In [11], the authors studied the blow-
up of solutions to (1) in one dimensional case, by an ordinary differential equation
(ODE) argument. In order to review their argument, we define a function space
hL?(R™) by

1
hL2(R") = {f : mesurable and ||%fHL2<Rn) < oo},
where A is a mesurable function. In their argument, an ordinary differential inequal-

ity (ODI) for the hLZ(R) norm of solutions with some 4 are shown. In particular, we
have the following:

Proposition 4. Let h be a Lipschitz function satisfying 1/h € L*(R) NL*(R) and

1 -2
ity Ly <ol o
Let ug € L*(R) satisfy
1 o
”%MOHLZ(R) >C ||*||L2 3)

where Cy = ||[1/h- [D,hl|| ;2(r)12(r)- If there is a solution u € C([0, T);hL*(R)) to
(1), then

1
-1
I Olmy 2 e (1 ol s + € s {e e -1})
“)

Therefore, the lifespan is estimated by
2 —1 L p-t p+l
r< -2 ton (1=l I Il g )

Moreover, by scaling argument, the following statement is shown.

Corollary 1 ([11, Corollary 1]). If p < 3, then any solutions to (1) with non trivial
L*(R) initial data cannot stay in L*(R) globally.

Remark 2. In the Corollary above, p < 3 stands for the condition in one dimensional
case of the Fujita exponent generally defined in R” by pr := 1+ 2/n (see also
Corollary 2). Then the assumption of Corollary 1 is rewritten by p < pr. Under this
assumption, by scaling /, (3) holds for any non trivial L?(R) initial data .

Remark 3. Condition (2) was required to guarantee the commutator estimate:

DA f 2@y <Clfll2g,  VfELA(R). ©)

We remark that Lenzmann and Schikorra [24, Theorem 6.1] showed that (5) holds
for any Lipschitz function A, therefore, the assumption (2) can be omitted.
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The commutator estimate (5) implies blow-up for solutions to (1) in the follow-
ing manner. Let v(z,x) = u(t,x)/h(x), where u is a solution to (1). Then, a straight
computation shows that v satisfies

1 1 1
idv+Dv+ 5 [D,hlv = izatu—l— %Du
1
= 1Z|u|”_lu
= i|n[P~ P, (6)

Therefore,

IV 0) 22 gy = 2Re(v(0), A1)}
= 721m<v(t), iatv(l»Lz(R)
— 2Im(v(r), ~Dv(r) — %[D,h]v(t) O a

1
= 2| PP ()70 ) +20m{v(e), 2 [D,Av()) gy (D)

By the Holder inequality,

VOl 2w _Ilflle D | P D) | sy,

which together with (7) implies

d _ 1
IOl _II*H Dy VO gy = 15 D2y 2y VO 2y ®)

Estimate (8) and Lemma 7 in Section 3 imply that if (3) holds and

1
||% D h]ll 2 )= 2wy < oo ©)

then [[v(?)||;2(r) = Ilu(#)/h]|;2(r) blows-up at a finite time. Therefore, if there exists
1/h € L*(R) satisfying (9), then the argument above works and blow-up of solu-
tions to (1) is shown. In [11], (9) was shown by the boundedness assumption of
1/h and (5). We remark that (5) holds in more general situation; for example, in
multidimensional case. We also remark that in [9] a generalization of (5) taking the
form

2
(=), 1l 2y s 2y < Clialg
is shown, where BL, | 1s the standard homogeneous Besov space and

of == —-V-AV+V.
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Here A is a smooth positive-definite n X n matrix and the real-valued potential V
satisfies some weak integrability conditions. On the other hand, / € Lip is a natural
condition for (5). However, there exists some Lipschitz function 4 satisfying 1/h €
L?(R™) only when n = 1. This means, we cannot consider blow-up phenomena in
multi dimensional case based on (5).

In this paper, we show (9) with polynomial weights which are not Lipschitz in
general. In particular, we show the following estimate:

Proposition 5. Let n > 1 and n/2 < g < n/2+ 1. Then (-)~4]D,(-)9] is bounded
operator on L*(R"), where (-) = (1+ |x|?)"/2.

Remark 4. Obviously, if n > 1 and n/2 < g < n/2+ 1, then (-)~9 € L*(R"). More-
over, only when n =1, g can be 1.

Then, we have the following blow-up statement:

Proposition 6. Let n > 1 and n/2 < g < n/2+ 1. Let ug € {-)9L*(R") satisfy

1
16) ™ uoll 2y = €5 110) ™l 2 g (10)

where
Co = [|) 7D, )M 2 gy 12 )
If there is a solution u € C([0,T); (-)IL*(R")) to (1), then

1) (@) 2 (gen) (11)

__1
> e Ct/2 (||< )~ q”0||L2p£rlt +C2—1||< 3 ‘lHszTR,]l) {e_(l’—l)Czt/Z _ 1}) T

Therefore, the lifespan is estimated by
2 —p+1
T < =G og (1= Call () 16 w0l ) ) - (1)

Corollary 2. Let n > 1. If p < pp := 1 +2/n, then any solutions to (1) with non
trivial L*(R") initial data cannot exist globally.

Remark 5. As Remark 2, under the condition, p < pr, by scaling A, (10) holds for
any non trivial L?(R") data.

In [11], so as to show (5), higher frequency part of D is handled by the Coifman-
Meyer estimate and lower frequency part is estimated by (2). We remark that (5)
is regarded as a Kato-Ponce inequality. For related subjects, we refer the reader to
[15, 19, 20, 25] and we remark that Fourier multiplier argument plays a critical role
in these references. On the other hand, it seems not easy to obtain (9) based on a
Fourier multiplier argument because of the weight function. Therefore, we show
Proposition 5 by using the following representation of the commutator:
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()7 = x4+ f(x+y)
- [+

(ID, (-)]f)(x) =C-P.V. dy, (13)
where P.V. stands for Principal Value (for detail, we refer the reader to [8]). Combin-
ing (13) and the Calderén-Zygmund theory, we show (9) with non-Lipschitz weight
functions.

Our next step is to study the global existence result for negative times of the
following Cauchy problem:
iQu+Du=ilu/P"'u, te(~T,0, T>0, xcR" (14

u(0,x) = up(x), xeR™

Making the change of variables t — —¢, we reduce this problem to the future time
interval for the Cauchy problem

i —Du= —ilulP~'u, t€[0,T), T>0 xecR" 15)
u(0,x) = up(x), xeR"
At least formally, (15) may be rewritten in the following integral equation:
t
u(t) = U=t~ [ U=+ ) urur)a', (16
Jo

where U (1) = .

Then, Propositions 1, 2, and 3 are valid for (15). Moreover, for (16), we can
obtain the following a priori estimates that we include for completeness but detailed
proofs can be found in [12].

Proposition 7 ([12]). Let n € N and p > 1. Let ug € L*>(R") and T > 0. Let u €
L=(0,T;L*(R"))NLP(0,T;L*’(R"™)) be a solution to the integral equation (16) for
the initial data wy. Then, for any t;,tr with0 <t; <t, < T,

1
o) 2oy + 20252 o oy = 1) o

Proposition 8 ([12]). Let n € N and p > 1. Let uy € H'(R") and T > 0. Let u €
L=(0,T;H' (R")) NLP~1(0,T;L=(R")) be a solution to the integral equation (16)
for the initial data uy. Then, for any t,to with0 <t; <t, <T,

p=3
2

p=t p—1 p=3
||V”(t2)||i2(Rn) + 2” |u| 2 Vulliz(z] ;L2 (RM)) + T H |u‘ V|u|2Hi2(’1 123 L2 (RM))
= Hvu(n)niz(Rﬂ). 17)

Proposition 9 ([12]). Let n = 1,2, p > 1, n/2 < s < min{2,p}, and T > 0. Let
up € H*(R") and u € L= (0, T; H*(R")) N L?(0,T;L=(R")) be a solution to (16) for
the initial data wy. Then for any t1,t with0 <t; <t <T,
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” (tZ)HHs R™) < Hu tl)HHs R™) +C/ ||1;>° R™) H ( )HHS R™) dr.

Proposition 10 ([12]). Let 1 <n <3, ugp € H>(R") and T > 0. Letu € C((0,T); H*(R")N
L=(R™)) be a solution to the integral equation (16) for the initial data uy. Then, for
anyt;, b with0 <t; <t, <T,

o) i +2 X [ 010,000 s g

J.k=1

)
< o) oy + 2%+ 1) [ 00 g 0 . 19)
1

Therefore, for (14) we have the following:

Proposition 11. Under the conditions of Propositions 1, 2, and 3, (14) is globally
well-posed.

This paper is composed as follows. In Section 2, we show local well-posedness
of (1) by means of Strichartz estimates of [1, 14, 26]. In Section 3, blow-up for (1)
is shown with a weighted commutator estimate. In Section 4, a priori estimates for
(14) are shown by a direct approach leading to the global well-posedness results.

2 Local well-posedness of (1)

This section is devoted to the proof of the local well-posedness for the Cauchy
problem of (1), where ug(x) = u(0,x) is considered as initial datum. The proof is
essentially the same as [12] but for the reader’s convenience, we give a proof for
Propositions 1, 2, and 3. Here we consider the corresponding integral equation:

u(t) = d(u) (1) uo+/ Ut — ) u(e) P~ u(l)dr. (19)

where U (t) = €'P.

2.1 Two dimensional case

In two dimensional case, the local well-posedness may be obtained by the following
Strichartz estimates:

Lemma 1 ([26, Lemma 2.1], [14, Remark 3.2]). Let (q1,r1) and (q2,72) satisfy

1 1 2
—=z——, 2<rj<oe, 4<gj<o
Tj "2 q;’
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for j=1,2. Then for s € R,

U @)l .
L11(0,T;

BN [ PR SE
T8, 1 (R2)) =
where B;, (R?) = B, (R?) is the usual inhomogeneous Besov space.

ca S, s
LN(0,1:B, 1 (R2)) L2(0,1:8, 2 (R?))

/t Ut —1t)h(t")ar’
0

Lemma 2 ([12, Lemma 3.2]). Let r > 2, and T > 0. If

3 1

> — ~N
S>3ty

5=3(31) 2 oo (T2
then B, " (R7) — L=(R?).
We can now proceed with the proof of Proposition 1.

Proof (Proof of Proposition 1). At first we fix 3/4 <s < p < pa,. Let (gi1,71) sat-
isfy the conditions of Lemma 1, Lemma 2 and g; > p — 1. We remark that such a
pair exists under the assumption s < p < py . Let X*(0,T) = L=(0,T; H*(R?)) N

L0, T;Bi]_3/q1 (R?)). Then, for a fixed T,

1@ () [1xs(0.7) < lluto| s 2y + Cllleel”~ w110 705 2
< Mol s 2y +CT' P~V [ul| B 7 (20)
and
@ (u) = PV)llxs01)
<P~ u— 1PVl 0.7 m2)
< TP (|lul s 0.7y + [V Ixs(0.7)” e = Vllxs o)
+CT == (a7 + [Vl 0™ = vilnge -

This means that if 7 is sufficiently small, then & is a map from

Bu(or) @l = { £ €X°O,T) | w0y < 2o llngae) -

into itself. Moreover, if p > 2, & is a contraction map in X*(0,7). If p < 2, & may
not be a contraction map on X*(0,7) for any 7 > 0. On the other hand, it is not
difficult to see that

1@ () = PV)lp=(0,7:22(r2))

Sri-e-b/a (lullxso.ry + 1Vlxso.r))?~H llu— Vll=0,7:22(R2)) - @n
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Therefore (20) and (21) imply that if u; € BX.T(OyT)(2Hu0HHy(R2>) and u, = P (uj_1)
for k > 2, then there exists u* = limy_ou in L*(0,T;L*(R?)). Since @ (uy) —
@(u*) in L(0,T;L*(R?)) as k — oo, u* is a solution of (19). Moreover, since
X*(0,T) — L=(0,T;H*(R?)), u* is also in L=(0,T;H*(R?)), which and (20) im-
ply .

Wt € L(0,T;B,, ' (R2)).
If s > 1, by the Gagliardo-Nirenberg inequality, for some 0 < 8 < 1,

0 1-6
||L£ - V||L°°(O,T;L°°(]R2)) 5 Hu - VHL‘X’(O,T;LZ(RZ)) Hu - V| L=(0,T;H5 (R2))

and therefore the solution map depends continuously on the initial data in H*(R?).
In the case where s < 1, by (21), the solution map depends continuously on the
initial data in L%(R?). We define s3,s4 > 0 so that they satisfy the following:

max é—kis —é( —1) p <s3 <s4 <minqs,s —&—%
47 2% 4\ 3o g

r—és—s—&—§ B
3= (378 )

and g3 = s4is , where (g3,r3) satisfy the condition of Lemma 1. Let u and v be

solutions of (1) for initial data u( and vy, respectively. Then by Lemma 1,

[Ju—v]| o2
L0181 (R2))

< luo = vollgrss g2y + Cll ufP~ = y|P =1y (22)

L5(0.7:8% (R2))’
3
Foij € C with j=1,2,3,4, withw; =20 —z; and wp = z4 — z3,
24l = |zP s — P e+ P
1 ! 1 /!
= %/ |z3 + 6W2|p_1d9W2 — %/ |z1 + 9W1|p_1d9W1
0 0

1!
+PT/ ‘Z3+9W2|p_3(23+9W2)2d9W2
0

p—1

1
5, |21+ Ow1 P73 (21 + 0wy ) 2d O

Then a direct computation implies that
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llzalP ™ 2a — |23]P 23 = |22]P 2 + |21 [P |
S (lz31P7t + Jzal P wa — w|
+1 1, 1 - _ -
+p7\w1||137a|” 1Jr;|w1||14*zz|” P (|23l [zalP ) o — wy
+|willzs — 21| 4 willza — 22| P
Therefore,
|[eae, -+ )P~ e, + ) = [v(t,- +R) [P~ v(e, -+ h)
_ p—1 p—1
O a(e) + O v0 |
= [[[ut, - +m)[" ue, 4 h) = ()P ult)
= (e, )P (e, )+ ()P ()

/

L'3(R2)
U)oy Nt R =v(t -+ ) = u() + ()] 2(z2
L 372 (R?)
2(p+2)
+ S (e ) = () 2 ) = VO Yy
L 372 (R?)
and this means
eel? = =P~ ol gy
L"% OTB;‘(Rz))

Sl ) N = llass m2y + Vs 2y = 11 o 4 0.7
L 372 (R?) L 377 (R?) '
p—l—miz r3—2

< ey ™l e =l )y

r372 r3—2 -2
wwmmmummw”w\mmmmM
p— _r372 -2

< ||M||ng(p71;r3r;2)(o S ||M||LoO 0,T:L2(R2)) ||M VHL‘”(O,T;HM(Rz))

’ p717r3—2 r3—2

Vol (R

L% 3 (0,7:L=(R2))
p717r3—2 r3—=2

< ||u||Lq1 0,7;L=(R2)) Hu”Lw 0,T;L2(R2)) Hu V||L°°(0TH°4(R2))

=2 -2 r3—2
r3

+ ||VHL°°(O,T;HS4(R2)) ||I/t VHqu 0,T;L> RZ ||M V”Lm 0 TLZ(RZ))

where q1,93 >4 > ¢5 > 4} (pf 1- r3r:2>. This and (22) imply that u — v in

_3
La (O,T;Bi? 1(R?)) as up — vo in H*(R?) because u — v in (L*(0,T;L*(R?)))
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and u, v are uniformly bounded in (L™ (0, T; H*(R?))) as up — vo in H*(R?). More-
over,

Ju— V||L°°(O,T;HS(]R2))

—1
< o = voll s g2y + (s, + Ivollascay) 18 = VI e

—1
S llto = vollgs(e) + (ol s (2) + [[Voll s ) e = vi|” 3

L0 (0,758, T (R2)

Therefore, the solution map is also continuously dependent in L*(0,7; H*(R?)).

2.2 The case n > 3. Local H' existence result

In the case where n > 3, the Strichartz estimate Lemma 1 doesn’t seem sufficient
to obtain a uniform control of solutions in the H'(IR?) setting. So here, we consider
radial data and use the following Strauss lemma.

Lemma 3 ([28, Theorems 1,2], [7, Proposition 1]). Let n > 2 and let 1/2 < s <
n/2. Then for a radial function f
1127wy S M Nas (-

Since solutions are not uniformly controlled at the origin by the Strauss lemma
above, we apply the following weighted Strichartz estimate:

Lemma 4 ([1, Propositions 2.2 and 2.3]). Let n € N. Let § > 0 and [x]5 = |x|' % +
|x|'*9. The for any q € [2,] and g3 € (2,],
-1
15 U o @szzqem S 1Lz

5 [ U=y F Sy

L91(0,T;L%(R"))

Fl IL"IZ (0,7;L2(Rm))

We can now prove Proposition 2.

Proof (Proof of Proposition 2). By using the uniform H'!(R") control obtained in
(17), we reduce the proof to the local well-posedness in H!(R"). Let § >0, 1/2 <
s < 1,and 2 < gq1,g2 < o= satisfy

n 1-6 1-6
—(p—l)(i—s)—i— = (23)

We remark that there exist 8,q1,¢2,sif 1 < p <1+2/(n—2) since,

n 2 2
~1 (f—) l=—p<1 | .
(p )2 s) < p< +n—2s< +n_2
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We define the norm Y!(T') as

||”||Y1(T) = H””LM(O,T;HrLd(R"))

o IR

+H[x]gl/q1Vu

L91(0,T;L2  (R")) LI1(0,T5L2  (R™)) .

Let y € .Z(R";]0,1]) be radial and satisfy

1 if |x] <1,
_ 24
v {0 it x| >2. @)

Then by Lemmas 3 and 4 and (23),
@)y (r)

t
S ol ooy | [ 0= (et

Y(T)
i H/o U1 (1= W)l u(e)) at’

<
S lluoll g1 gy

YI(T)

—(p-D)(5-9)+122 =Py
il e P

2 —s5)+—=2 S—s 1p—1
NN @ (3] Vul b o2 1<)

-1 -1
A el atll 0,72 o 1)) T IVl ) L1 0,722, (g1

1—L_1
S ”uO”Hrlad(R") +T o ”qul(T)

and therefore for some 7" and R, & is a map from By () (R) into itself. Moreover,

1D (u) = 2O)lly1(r)

_1-6 n__ _ n__
S e [ e s (LR AN

_Q n__ _1
N P et (|V(”—V)\+|”_"|)Hmé0T~L2 (kl<2))

T T e e TN (IVu|+ Dl 0.7:22,,(1>1))
+ [l E 5 v]P~ l\x\ff(IV(M—V)\ F =Vl .2 (1> 1))- 25)
Then for p > 2, @ is a contraction map on Byl(T)<R). Similarly, for 1 < p <2, we

define the auxiliary norm Y°(T) as

-1
||“||y0(T) = ”uHL"“(O,T;L?ad(R")) + ||[x]5 /qIMHqu (0,7:L2 4 (R™))*
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Then for 1 < p <2,
(@) = 2())llyor)

5 ([l )" v

p—1
+H(’|x3sv ) lu—v|

1 -1
ST (lully iy + [Vllyr )P~ lu=vllyoer-

S

o+ [lE

/
L2(0,T1L3,4 (]<2))

o [lalE

LY0,7;L2 4 (Jx[>1))

Therefore @ is a contraction map on Y°(T) for some 7 and R, which implies that
(1) posses a unique solution in ¥'! (T). Moreover, by Lemma 3 and (25), with some
0 < 0 < 1, for solutions u and v of (4) for initial data up and vo, respectively,

||“*V||Y1(T)
-L_L _
Sluo=vollgr @my+T 0 2 ([lullyr iy +[VIlyr )" 1||“_V||Y1(T)
rad( )

I_L_L n__ ]7*1
+ T8 (lullys oy + Wl ey || 12~ =)

L=(0,T:LE 4 (R™))
1 1
< lug — DTS P11y —
S lluo VOHHTIM(R")"’T ! 2(HM||Y1(T)+||VHY1(T)) 7 V||Y1(T)

+ T (lullyrry + IV llyrry) e =iy

and therefore ||u—v|[y17) — O as [uop — V()HHld(Rn> —0.
ra

2.3 Three dimensional case, small H' data solutions for p =3

In the three dimensional scaling critical case, the weighted Strichartz estimate
Lemma 4 doesn’t seem sufficient to control solutions uniformly. So here, we trans-
form (1) into the corresponding wave equation.

The Cauchy problem (1) with initial data u(0) = u is rewritten as the following:
Ou = i(—id; + D) |uP'u
1
_ i% P~ (Du— ifu|” " w)

-1 -
- #’T \ul?3u* (Dut— ifulP~u0) + iD(|u|P ' u)

1 -1
=1 <D(u|p1u) + %W‘P*IDM_ I)2|M|P3MZDM) +p|u|2p72u

=: F,(u).
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Then the corresponding integral equation is the following:

sin(zD)

(iDug + |uo|P ' uo) (26)

+ /O t MFp(u)(t’)dt’.

u(t) = cos(tD)ug +

For any radially symmetric function f, we define f as f(|x|) = f(x). Then for any
radial data, (26) is rewritten as

i(t) = 9 J[uo) (t) + J[iDuo + |uo|”~ o] () + /(:J[Fp(u)(t’)] (t—that (27

where
r-+t

11100 =5, [ 24Fajar,

r—t|
This transformation is justified as follows:

Lemma 5 ([12, Lemma 3.5]). Let 1 < p <3 and ug € H} ;(R®) andu € C(0,T; H. ;(R?))
be the solution of (16). Then u is also the solution of (27).

To obtain the uniform control, we use the estimates below regarding J. For any
f:[0,00) = C, we define A[f] : R — C as A[f](A) = f(|A]). See also [21].

Lemma 6 ([12, Lemma 3.6]). Let f : [0,00) — C. Then

|3 [ rwa|  <maimo,

L=(0,%)

where M is the Hardy-Littlewood-Maximal operator defined by

1

M) =sups [ h)lay

forh:R — C.
Corollary 3 ([12, Corollary 3.7]). Let f : R? — C be radial. Then

I M 20,702 m3)) < ClF N2, w3y

Corollary 4 ([12, Corollary 3.8]). Let h : [0,00) x R3 — C be radial. Then

/Otj[h(t’)](t —t")dt’

< ClAll o722, (m3))-

L2(0,T;L(0,00))

Corollary 5 (Hardy, [12, Corollary 3.9]). Let f € C'([0,);C). Then

’ d <1 r+tlf(?t)dl>

el < ! .
di \ 2r Ir—t] —C”rf ||L2(0,°<>)

L2(0,00L(0,0))
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Proof. Let g be even extension of f.

d (1 [+ _ ) f(r+t) =@ —r)f(r—1)
( /| /lf(l)dl)-

dt r—t| 2r
C(r) fr+t) = (t—r)g(t—r)
N 2r
=3, {g(t+7)+(t+f)g’(t+‘c)}dr.
Then
\ : (1 / mlf@)dl) < [ Mgl 2y + [M[-€]] (28)
2 . 2 N
dt |r—t| [2(0eL=(0) 8l () & 2(r)

Therefore, (28) and the following Hardy estimate([22, (0.2)]) imply Corollary 5:

gl S 118 2y
We can now give the proof of Proposition 3.

Proof (Proof of Proposition 3). Let
X124(0,T) = L7 (0, T: Hgg(R*)) NL*(0, T: Ly (RY)).

For 0 < T < 1 and p = 3, By Corollaries 3, 4, 5, and the Holder and Gagliardo-
Nirenberg inequalities imply that, if initial data u( sufficiently small, then & maps
BXI.d(O 7)(R) into itself with some 7 and R. Since

B () — B3 ()|
=i (D(] (Jul*u) 2|u|2Du—u2Dﬁ)+3|u\4u
—i (D(|v[*v) = 2|v[*Dv —v*Dv) —3[v[*v|
S ID(lufPu— |vv) |+ [u*[D (e —v)|
+ ([lul® = V| + [u? = v?]) [Dv] + [Jul*u — v[*V],

we have

[|F3(u) — F3(v)]| . (0,752 4 (R3))
2
S (”“erlad(oj) + ||V||xr1ad(o,T)) Ju— Verlad(oj)

4
+lllxr 0.+ Vlx 0) e =Vllx1 0.1):

This means @ is a contraction map on By, 10T (R) for sufficiently small uq.
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3 Blow-up for (1)

At first, we recall the following ODE argument:

Lemma 7 ([11, Lemma 2.1]). Let C;,C> > 0 and g > 1. If f € C'(]0, T); R) satisfies
f(0) > 0and

ff+Cif=Cof? onl0,T) for some T >0,
then

1
g—1

f(r) = eC (f(o)—(q‘l) O Cpe Ol cl—lcz)

0 SR
Moreover; if f(0) > C{"'C, ', then T < — iy log(1— C1Cy ' £(0) ).

Next, we recall Calderéon-Zygmund argument. We call K, a mesurable function
on R”, Calderén-Zygmund (CZ) kernel if K satisfies

K(x)| < [x|™", |VK(@)| < x|, / K(x)=0, 0<Ve<VR.
e<|x|<R

Then CZ kernel is known to give a LP(R") bounded operator as follows:

Lemma 8 ([3, Theorem 1]). Let K be a CZ kernel. Then for 1 < p < o, there exists
a positive constant C such that

<l fllermny
LP(RY)

HP.V. /R K(x—y)f(y)dy

forany f € LP(R").
Now we are in position to show Proposition 5.
Proof. Thanks to Lemma 7, it is enough to show
[¢-)~[D, <'>q]HL2(]R”)ﬁL2(]R”) < oo
At first, We divide the operator into the following two pieces:
(0)7(=2)"2, (x)7] = CT1 +CT,

where  is a cut-off function defined by (24).

() = o [ EYONEE LR gy yay
YO0~ (x )%

T(f)(x) = (x) 2P.V.

- RO fx+y)dy.

In order to estimate 77 by dividing into two pieces:
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T =T+Ty,

where

T3(f)(x):<x>_‘1/ (1=y)(N?—x+x9)

Ixl <y ] fx+y)dy,
Ta(f)(x) = (x) /‘ N (1- w(y>)|(y<);>+"1— EEND et

By the Holder and Young inequalities,

175 ()] 2 ey

0 M1 -wy())
@ /\X\S\yl

< (1+429) ] fx+y)dy

LZ(R")
< (2D 2

/ W1 —w(y)
R

D fx+y)dy

L=(R")
< (291G 2@ IO 10— ) 2 1 L2 -

Similarly by the Young inequality,

174 () 2y < (1427)

1—y(y)
flx+y)ldy

/R" [y[n+! )l 2(R7)

< A+2901- 171 A = )l oy 1 1 2 -
Next, in order to estimate 75, we recall that

q _
ety =)+ 2 ) (x4 3P = x*) +Ri(x,y),
= N7+ g0 2x-y+ Ro(x,y), (29)

where R>(x,y) = Ry (x,y) +q(x)9~2|y|?/2 and

Ri(x,y) = 292 /‘m‘

o [ ()P —p)ap.

By combining (13) and (29), we have

T =—qT5 — T,
where
B(W = Zz P [ T )
1o = 7P V- [, N e
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It is easy to see that K(y) = y|y| ™~ 'w(y) is a CZ kernel. Therefore

L [ =T

< Cllfll 2w
LZ(R")

Moreover, since

1 R ()] < (0092 4 Gt )0 2) (- 32 — (122 ]

< ()72 4+ (e ) ) byl Dl
by the Young inequality,
vy —n
1760 e <[ [ L petmar| <l Wl e
n [yl L2(Rn)

4 A priori estimates

This last section is devoted to the proofs of Propositions 7, 8, 9, 10, and 11. The
proofs are essentially the same in [12], but we report them here for sake of com-
pleteness.

Proof (Proof of Proposition 7). The proposition follows from a standard argument,
so we omit the proof.

Proof (Proof of Proposition 8). The proposition follows from a standard argument,
so we omit the proof.

Proof (Proof of Proposition 9). Here we give a direct proof based on the integral
equation by using the method in [27].

H”(Q)”%p(w)
(5]
= 1) ey~ 2Re [ (o) P (0)), D)) et
i
(5]
< 00 iy +2 10" 0)17 0 2oy ) s oy
1
5]
00 ey +C )00 oy
1

where we used the nonlinear estimate

1P~ lfHHS R7) S Hf”L"" R?) HfHH‘Y(R”)

(see [13, Lemma 3.4]).
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Proof (Proof of Proposition 10). Since |u|?u € C((0,T); H*(R")), the following cal-
culation is justified by the Plancherel identity:

o) Py

19}
= (1)) 2 gy — 2R / <A|u(t)\2u(t),Au(t)>L2(R,,)dt

— o) gy~ 2Re Y. / 0)0jku(0). ;1)) 2 g

Jik=1

C4Re Y / (0 (1), |u(t)|?, 9 0hau(t)) 12 g
J.k=1

n

_2ReZ/ (B0l Do)y | dr

jk=17/n L2(R")

n tr
= ||u(t1)||12_~12(R,,> -2 Z /t ||u(t)9j8ku(t)Hiz(R,,)dt
jk=171

2 3 [0 0 0) ) g

J.k=1

_ Z / 8 k| u(t)[?, 00k u(r)|* — 2Re(3ju(r) duu(t ))>

=] 12 (R”)

By the Holder, Young, and Sobolev inequalities,
Jua(12) 2 g

< ) ey =2 X[ 010,000

Jk=1

+znzz / 90O i +2 3 [ 1000 oo 1000) s oy

Jik=1

< ) ey =2 3 I0)0,200() s

Jik=1

(5]
+2n2(n+1)/t e () 1 e 100 2 oy

1
We can now conclude the paper by showing Proposition 11.

Proof (Proof of Proposition 11). When s = 1 and when s = 2 and p = 3, a priori
estimates shows the global well-posedness by the blow-up alternative argument.
Here we consider the case where p =3 and 1 < s < 2. Let [a] be the floor function
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of a. Let T} = min{1,Ty}. By using the H' a priori estimate, for any t > 0,

[t/T1]+1

||“||L4(0,t;L°°(R2))§ Z Hu||L4(le,(k+1)Tl;L°°(R2))
k=0
[[/T1]+1

< Z lullxt ery, (k4173
<21 Dbl

Then by using Proposition 10,

) ey DBy + [ 0 ) By o
< ||”0||Hs(1R<2) + flu( )HL“(O,I;L""(RZ)) ||“||i4(o,z;H‘v(R2))
S HMOH%JS(]W) + ”“0”%11(112{2)(1 +t)2||u||i4(07;;H-Y(R2))'

This shows
[ua(t )Hys R?) ||”0||115(R2) + ”“0”111(11@2)(1 +t)4||“||i4<o,r;H-Y(R2))'

Therefore Gronwall inequality imply the global well-posedness in H*(IR?).
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