MASS-SUBCRITICAL HALF-WAVE EQUATION WITH MIXED
NONLINEARITIES: EXISTENCE AND NON-EXISTENCE OF
GROUND STATES AND TRAVELING WAVES

JACOPO BELLAZZINI AND LUIGI FORCELLA

ABSTRACT. We consider the problem of existence of constrained minimizers for the
focusing mass-subcritical Half-Wave equation with a defocusing mass-subcritical
perturbation. We show the existence of a critical mass such that minimizers do exist
for any mass larger than or equal to the critical one, and do not exist below it. As
a byproduct, the same existence and non-existence results hold for traveling waves.
At the dynamical level, in the one dimensional case, we show that the ground states
are orbitally stable.

1. INTRODUCTION

In this paper, we are motivated by the following Half-Wave type equation
W = V=A% + [T — [P, (1.1)

where ¢ (t,z) : [0,T) x R¢ — C, with d € N and T > 0, is a complex wave function
and the exponents ¢, p are of mass subcritical type, meaning that 1 < g <p <1+ %.
The operator v/—A in (1.1) is defined by the Fourier multiplier m(¢) = [¢], € € R,
and it acts as vV—Af = F1(|¢|F(f)), where F and F~! are the Fourier transform

and its inverse, respectively.

In the 1D case, given an initial datum v, € H/?(R) associated to (1.1), it can be
proved in the same manner as in [15] (see also Section 3 for details) that the Cauchy
problem is (globally) well-posed and satisfies the conservation of mass, energy, and
momentum, defined by

M((t)) = / ()P,
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Ew(e) = 5 [ dt.a)V/ (k)

L q+1 . ]_ il
+q+1/ﬂ{rw<t,x>| dzx p—H/Rw(t,x)y dz,
and
P(t) = —/izﬁ(t,x)axq/;(t,x)dx7
R

respectively. Particular solutions to (1.1) are the so-called traveling wave solutions,
which are solutions to (1.1) of the form

U(t, x) = e“tu(z — vt) (1.2)
with w € R, v € R such that |v| < 1, and u(z) € C is a time-independent function
belonging to H'/?(R) which satisfies

V—0%u + ivdyu + wu + |ulT u — uP e = 0. (1.3)

From a time-independent point of view, we can actually consider (1.3) in arbitrary
dimension, namely we consider solutions u(x) € C, z € R%, to
V—=Au+iv - Vu +wu + |[u|!u — [uPru =0, (1.4)

where w € R and v € R? with |v| < 1. Motivated by the 1D case, since in that setting
the mass is a physical quantity which is preserved along the flow of (1.1), a natural
way to find solutions u to (1.4) is to look for critical points of the functional

1 1 1
E,(u) = =T,(u) + — |u|" dr — —/ lu|Pttdx
2 q + 1 ]Rd p + ]. ]Rd

where
T,(u) = / w(x)(V—A+iv - V)u(x)de,
Rd
constrained on the L?-spheres of H'/2(R?) described by
S, ={uc H2 R s.t. ||Jul|> = p}.

So, by a solution of (1.4) we mean a couple (w,, u,) € R x H/?(R%) where w, appears
as the Lagrange multiplier associated to the critical point u, on S,. Note that the
functional E,(¢)) of the time-dependent function v defined in (1.2) is preserved along
the flow on (1.1) by the fact that
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For a fixed mass p > 0, we introduce the ground state energy as the quantity /2,
defined as

1

p

2 :igprv(u). (1.5)

If a minimizer u, to (1.5) exists, we call it ground state solution. Another functional
which will play a relevant role for our approach is the following Pohozaev functional

d(g—1 dip—1
Go(u) = T,(u) + % e |u| " dr — % g lu|Ptdx.

It is well-known that if u, is a solution to (1.4) then u, € V,, where
V= {we HY(RY st llull o = p. Gulu) = 0).

The goal of our paper is to establish a result about the existence and the non-existence
of solutions to the minimization problem (1.5). Specifically, for any fixed v € R? with
|v| < 1, the Theorem below shows the existence of a critical mass pf such that ground
states and traveling waves exist for any mass p > pg, and do not exist if p < pg.

Our main result is as follows.

Theorem 1.1. Let d € N, v € R? with |[v] < 1, and 1 <qg<p <1+ %, then there
exists a strictly positive mass py such that:

(i) 1,2 =0 for all p € (0, p§l;

(ii) 1,2 <0 for all p € (pg, 00).

Moreover, there are no constrained minimizers for 0 < p < pg, and for all p € [pf, )
there exists u, € S, such that I, = E(u,).

We give some comments about Theorem 1.1.

Remark 1.2. (i) The strategy to prove Theorem 1.1 follows a general scaling argument
inspired by [5], and, for v = 0, our approach remains valid for any fractional NLS
equation with mass-subcritical nonlinearities of power-type as appearing in (1.1).

(ii) We also mention the paper by Jeanjean and Luo in [14] for the Schrédinger-Poisson
equation, which was of inspiration for our paper concerning the non-existence results.
We recall that in the Schrodinger-Poisson equation

—Au+wu+ (|z| 7 * [u)u — |ulPtu =0,

the nonlocality is in the nonlinearity. On the other hand, the nonlocal nature of
equation (1.1) is due to the linear operator defining the kinetic energy. In [14], the
analysis is specifically tailored to treat the nonlocal Coulomb-type term, while in our
paper we are concerned with local-type nonlinearities in the whole mass-subcritical
regime, and our achievements extend to any fractional Laplace operator.
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Remark 1.3. We emphasize that when p = pj the weak subadditivity inequality
Loy < L2 + I(py2—y2 that always holds for this class of translation invariant min-
imization problem, becomes an equality by the fact that for 0 < p < pg we have
L2 = I = 0. This fact shows that in general the strong subadditivity inequality
is only a sufficient condition for the existence of constrained minimizers.

Remark 1.4. (i) After the seminal works by Tao, Vigan, and Zhang [19] on the
classical NLS equation with combined nonlinearities, the interest on this type of
equation rapidly increased. In particular, after the papers by Soave [17,18], several
scholars treated the problem of the existence of ground states with fixed mass for
NLS-type equations with mixed nonlinearities. We specifically mention the paper
by the authors [2], and by Jeanjean and Lu [12], that completed the study on the
different scenarios initiated by Soave. We also cite the paper by Jeanjean and Lu [13]
that treated general nonlinearities under suitable growth conditions.

We remark that following verbatim the approach in our paper for the classical NLS
equation with two competing nonlinearities, we can recover the result of [13]. It is
worth mentioning, however, that the authors of [13] consider general mass-subcritical
nonlinearities and not only power-like terms.

(ii) Concerning the Half-Wave equation with two competing nonlinearities, we should
mention the paper [21], where the authors study the problem of existence and non-
existence of traveling waves under the mass constraint. The defocusing-focusing case
in the mass-subcritical case (i.e., under the same assumption of Theorem 1.1) is
considered in [21, Theorem 1.2]. The authors of that paper claim that ground states
cannot exist with sufficiently small mass, as well as they claim the non-existence of
a ground state with zero energy. However, the proof of [21, Theorem 1.2] contains
a crucial mistake in the sign of some estimates when treating the defocusing term.
Furthermore, we actually prove in Theorem 1.1 that a ground state with zero energy
do exists, and its corresponding mass is exactly the threshold for the existence of
ground states.

(iii) As for the existence of ground states for (1.1) in the mass supercritical regime,
we refer to [22].

Remark 1.5. Concerning the existence of ground states, the case with only one
focusing term is quite easy, due to the scaling invariance of the equation. On the other
hand, the problem becomes very interesting and more difficult from the perspective of
the uniqueness and the non-degeneracy of the ground state when v = 0, see [1,9,10],
and also regarding the lack of small data scattering on the dynamical side when v # 0,
see [4].

Our second result concerns the dynamics of the ground states, and specifically it is
the following orbital stability property of standing and traveling waves in 1D.
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Corollary 1.6. Fiz d =1, v € R with |v| < 1, and let p§ be as given in Theorem
1.1. For any p > pg, the set

G={e"u(-+y) st. yER, yeR, and uesS, with L= E,(u)}
18 orbitally stable.

Remark 1.7. It is worth noticing that at a dynamical level we can only consider the
1D framework, as is the only case where we can state a local well-posedness theory of
the Cauchy problem associated to (1.1).

1.1. Notations. We will work in the whole domain R¢, hence we will omit the
dependence on it, and systematically write norms, integrals, etc. without mention of
the space we are working on. We will use the short notation || f||, for the LP-norm of
a function f. H*, for s € (0,1), is the standard Sobolev space endowed with norm
I fllzs = [|(1 — A)*/2f||]5. Rz, Iz, and Z are the real part, the imaginary part, and
the complex conjugate of z, respectively. If there is no confusion, we suppress the
subscript from the functionals E,, G, T, and the superscript from pg from now on.

2. PROOF OF THE MAIN RESULT

As described in the Introduction, the aim is to study the existence of minimizers
for

1 1 1
E(u)==T(u) + — / |u|‘I+1dm - / |u|p+1dm
2 g+1 p+1

where
T(u) = /u(x)(m + v - V)u(x)dz,
for |v| < 1, under mass constraint
S, ={uec H? st. |juls = p},
forl<qg<p<l1l+ (21. Then, the problem is to compute
Ip = igpr(u).
Let us recall that the equation with a single nonlinearity
iy = V=A% [P, (2.1)

is invariant under the scaling ¢ — 9, = )\ﬁw(/\t, Az), and the L?*-norm of 1y is
left invariant provided that p = 1 + 2. Hence, we say that (2.1) (and also (1.1)) is
mass-subcritical.



SUBCRITICAL HALF-WAVE EQUATION MIXED NONLINEARITIES 6

2.1. Preliminary results. In this subsection we collect some essential tools which
will lead to the proof of the main Theorem 1.1.

Let us introduce a general scaling u — uy = A*u(Ax) often used along the paper.
The quadratic part of the energy rescales as

T(uy) = N7 (w),
and a general L™ !-norm rescales as

luallyrr = A% ]

Note that by the Plancherel identity, T'(u) = /(|§| —v-&)|F(u)|*d€, then the condition

[u| < 1 ensures that T'(u) > 0 and that T'(u) ~ |[ull3, -
following Gagliardo-Nirenberg-type inequality: for 1 <r <1+ ﬁ,

We moreover recall the

Jull7E} < C(d, v, )T () /A )0/
for any v € H'/2.
The first result is the following key Lemma which will play a key role for the rest
of the paper.
Lemma 2.1. Fizd € N and v € R? with |v| < 1. Let
As={uec H/? s.t. E(u) <0, G(u) =0, T(u) < d}.
If 0 is sufficiently small then As = ().

Proof. The first observation is that in Ag, the quadratic term 7'(u) has a size compa-
rable with the focusing term Hu||§ﬁ Indeed we have

1 _dlg—1)-2 pP—q s
2P G T - T T G - e
which shows tha
T e 2
=@ dig- i e

On the other hand, the non positivity of the energy implies that

[ullPty > T(w), (2.2)
therefore
[ullPE] ~ T(u). (2.3)
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Now, by computing E(u) — 3G (u) we get

1 2—d(g—1) 1 (p —1) 1
0> B(u) — ~G(u) = —— 2 g0t — 228 2t
The last inequality guarantees that
lullgiy S llullpir (2.4)

At this point, by the Gagliardo-Nirenberg interpolation inequality jointly with the
norm equivalence T'(u) ~ ||u||%,,,, and (2.4), we have

/2
1 1
ulZH] < [ull S ul %2
S lullgn” 0T () e (2.5)

S lluflyi " )2

: 2d(p
with 0 = 55 ((d ))(q—l—l) Combining (2.2), (2.5), and (2.3), we get

T(u) < T(u)(1—9)(p+1)/(q+1)T<u)9(p+1)/2.

Then, noticing that 1 < (1721(]1%1) + % 2+ L g always verified, as it is equivalent to
2(q—p) <O(p+1)(qg — 1), we have that T'(u) cannot be too small, namely As; = ()
provided that § < 1. O

Consider now the energy functional without the defocusing term, i.e., let us
introduce

1 1
E(u) = =T(u) — p
(w) := 5T (u) pHHUHPH,

and define )
Jpe = inf E(u).

u€S,

Note that when v = 0, the functional E corresponds to the energy functional related
to the equation

ity = V=Ay — [Py,
and the latter is invariant under the scaling u — u) = A*u(Azr) with a = zﬁ' By
this simple observation, we get the following.
4-2(d-D(p=1)
Proposition 2.2. J,. =p >0 J; and J; <0.
Proof. The proof follows by a scaling argument. Let us take u € S; and define
Uy = )\ﬁu(Ax). Straightforward computations give

2 2
luall = A7 full} = A7,
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thus, by imposing A = A(p) = p%, we obtain that uy € S,. On the other hand,
by the previous observation,
Blurg) = Np)7 T B(w) = p 200 Bu).
4-2(d—1)(p—1)
The scaling map between S; and S, is a bijection, hence J,2 = p~ 2=d-0" J;.
Now we prove that J; < 0. Let us consider the L?-preserving scaling uy = )\gu(kx)
so that uy € S; and

d(p—1)

- A A2 1

Bu) = 5T(0) =~}
Note that 1 > w > 0 if and only if 1 < p < 1+ 2 and that J; < E(uy). The claim
follows if we choose A sufficiently small, as E < 0 for A < 1. O

We recall the following well-known facts, that always work for translation invariant
minimization problems.
Lemma 2.3. The function p w— I, is continuous. Moreover:
(i) the ground state energy is weakly subadditive, namely

Ip < I+ 1p 2 forall 0<p<p;
(ii) if the ground state energy is strongly subadditive, namely

Ip <Ilp+1p )2 forall 0 <p<p
then the infimum is achieved.

Proof. For the proof we refer to the classical reference [16]. g

" e 4-2(d—1)(p—1)
Proposition 2.4. J: < 1. <0 and /1)1_r>r(1)p—a =0 for all a € [2, W)'
Proof. The fact that J,» < I,> follows from the positivity of the defocusing term. The
non-positivity of 1,2 again follows by a scaling argument. Indeed, by taking u € S,
and the mass-preserving scaling uy = )\%u()\x) such that uy € S, for all A > 0, we

have
d(g—1) d(p—1)

)\ )\ 2 )\ 2
E(uy) = §T(U) + q+—1||u||gﬁ T 2.

For A — 0 we have that E,(uy) — 0, and hence I, < 0. The fact that that

I
lim =2 =0 forall a € 2, %) follows from Proposition 2.2 and the fact that
p—0 p p=1)

I, <0. Ul

We now give a sufficient condition ensuring the strong subadditivity of the function

I,
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I
Lemma 2.5. Let o € [2,00) and [, < 0. If the function p — s strictly
pa

decreasing, then I < I+ 12,2 for all i€ (0, p).

Proof. From the inequalities ’;—ZI 2 < I, and e 2;52)7 I2 < I,z_,2 we get, by adding

term by term,

[N}

//La

pOt

2,2
]pz + w&z < qu + Ipz_/ﬂ.
As I, is non-positive by Proposition 2.4, in order to conclude it suffices to have

p® + (p* — p?)2 < p®. To this aim, note that
PO (07 = ) E = ()% + (0P = i) < (p1)F = p°
by the convexity inequality z® 4+ y* < (z +y)* if a > 1. O

The next Lemma shows that a strict negativity of the ground state energy is enough
to show the existence of constrained minimizers.

Lemma 2.6. If 1> <0 then ezists u € S, such that E,(u) = I 2.

Proof. It suffices from Lemma 2.5 that there exists a € [2,00) such that for any
s € (0,p), Isj > Ip’;j. Indeed, the monotonicity of 22 implies strong subadditivity by

sa

Lemma 2.5, and the latter implies compactness, see Lemma 2.3. See also [5].

4—2(d—1)(qg—1)

a1 ), and let us define the quantity

Now let us restrict a to the interval [2,

From the fact that I, < 0, we have that ), < 0. Moreover, Proposition 2.4 yields

I
prs = {inf s € (0, p] s.t. Sia =Q.} > 0.

Clearly, if p5, = p, then the strong subadditivity holds and a minimizer exists.
Therefore, let us assume that p;, < p. In the latter case, we have by definition that
for any p € (0, p,)

e lien? < L2

and
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Hence, by subadditivity, there exists u, € S(p};,) with E(uq) = I(,x)2 and such that
f0r9€ (1 —¢€,1+¢), for some small € > 0,
Elua)  Lpnz _ Loy _ E(0ua)
_ < < .
() () = 0(pp)™ — 6°(p3)°

Therefore we have

d Oé
=5 (0°B(ua) = E(0u,)) |,_, = 0. (2.6)
For a minimizer u, of I,» we have that
1 1 L1 .
L = E(u,) = §T(Ua) + H—lHuaIIZL - m”uchZL (2.7)
e -1 o=
T(ua) + ==l ualliit — — 1 | uallpiy = (2.8)
Observe from (2.8) that
e+1 g+l ( (p—1) Pl ) 2.9
ol = 2 (M gt~ Twa)). (2.9
and hence from (2.7) we get the identities
d(q - 1) —2 p— +1
Ip = E(ua) = o T(ug) + o g2 2.10
P ( ) 2d(q—1) ( ) (p_'_1>( )” |p+1 ( )
and
dlg—1)—g—1 2(p —q) !
T (uy)+ ||t atl_ Ug, Pl T(Uuy)+———]|uy P (211

From (2.6) we obtain
@B (ua) — (T(ua) + |lualliis — luallpia) =0,
which gives, by using (2.9) and (2.11),

1 2d(2 — a)(p — q)
dla—2)(g—1)—2¢—2—2a p+1
Note that if a € [2, %) then d(a — 2)(q¢ — 1) — 2g — 2 — 2a > 0, while
(2 — a)(p — q) is always non-positive for a > 2. Hence, for any a € [2, %)

we get an absurd from (2.12) as we would have that T'(u,) < 0. In the end, pf, = p
and hence the strong subadditivity property holds and a minimizer exists. O

T(ug) = e |25 (2.12)

p+1

In the next Lemma, we show that for a non-empty right neighborhood of p = 0,
the infimum of the energy is zero.
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Lemma 2.7. There exists a strictly positive mass py such that:
(i) 1,2 =0 for all p € (0, po);
(ii) 1,2 <0 for all p € (pg, 00).

Proof. The fact that I,» < 0, see Proposition 2.4, together with the weak subadditivity

implies that if 7,» < 0 then I,» < 0 all s > p. The negativity of I,, < 0 for sufficiently
large p follows by a scaling argument. Indeed, let us choose

uy = /\ﬁu()\x);
we have

oy 2-dr L 1 +1 ! +1
E(uy) = A (§T(U) + m||u| ZH) — pTHU\ .

and then E(u,) < 0 by choosing a sufficiently large A, as % —d> qT21 —d+1if

and only if p > ¢. On the other hand, |u,|2 = )\%HUHQ and hence a large A
corresponds to a large mass p.
Now we prove (i), i.e., that there exists py > 0 such that I, = 0 for all p € (0, po].
Note that from the weak subadditivity property, together with I, < 0, the function
1,2 is non-increasing. By defining

po = sup{p s.t. Iz =0 for all s € (0,p)}

we have I,2 < 0 for all p € (py,00). Now we prove that py > 0.
The idea is to show that I,» cannot be attained in S, if p is sufficiently small. As a
byproduct we will have that

po = sup{p s.t. I =0 for all s € (0, p|} (2.13)
is strictly positive, because the negativity of /2 implies existence of minimizers thanks
to Lemma 2.6.

Therefore, let us assume that there exists a sequence p, — 0 such that I, is attained
by a ground states u,,. By the fact that E(u,,) < 0 we have (2.2), so jointly with
the Gagliardo-Nirenberg interpolation inequality we get

T(up,) S lup, 257 S Tlu, )1 0=D/2ppt1=dw=1)
and so, asl<p<1_|_%,
T'(up,) = on(1). (2.14)
On the other hand, a ground state fulfills G(u pn) =
2.1.

0, hence (2.14) contradicts Lemma

g

The next Lemma is a non-existence result that shows that if the ground state
energy is zero in a open interval then the ground state energy is never achieved.



SUBCRITICAL HALF-WAVE EQUATION MIXED NONLINEARITIES 12

Lemma 2.8. If I » = 0 in an interval T = (0, p1), then for any p € I, 1,2 is not
attained in S,.

Proof. Let us assume that exists p € Z such that [, = 0 = E(u) with u € S,. Then
E(U) = Ip2 S 102;)2 S E(@u)

for 8 € (1 —¢,1+ ¢), for some small € > 0, and then

d

@E 0u ‘0 1 O,
which implies

T(u) + ullgiy = lulpi =
The above condition, which tells us that v is a static solution solving
V—Au+iv-Vu+ [ulf u— [uffru =0,

is not compatible with the condition E(u) = I, = 0. Indeed, thanks to (2.10) we get

2—de-1)p+1)

lullyiy = T(u)

2d(p — q)

and thanks to (2.11)

1
+1 +1
T(u) + ullgsr = Nullpry = = 5T (w) #0.
This proves that for any p € Z a minimizer for £ on S, cannot exist. U
The last Lemma guarantees the existence of a ground state at the critical mass py.

Lemma 2.9. Let py be defined as in (2.13). Then there exists u € S,, such that
Iz = E(u).

Proof. Let us consider a sequence p,, — pg with p, > pg. We have I,2 < 0 and let us
call u,, a ground states that belongs to S, . Clearly u,, is a bounded sequence in H'/?

. . 1 . . 1
and liminf ||u,, |’} > 0. Indeed, if along some subsequence py,, lim [u,, |27} =0,
n—00 k—o0 k

then by the negativity of the energy we obtain klim T(uy,) =0, and the latter is in
— 00

contrast with Lemma 2.1. By the nonlocal version of the well-known Lieb Translation
Lemma, see [3], up to a space translation and up to a subsequence, u,, — @ with
o # 0, the weak convergence being in H'/2. To prove that 4 € S, it suffices to
observe that if ||u||3 = p? < p? then

L 2+ L2 +0,(1) < E(u,, —u) + E(u) = E(up,) = 1,2 + 0,(1)

and hence, by the weak subadditivity inequality, £(u) = I,2. By Lemma 2.8 this is a
contradiction. O
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2.2. Proof of Theorem 1.1. By means of the tools developed above, we can
conclude the proof of Theorem 1.1. Indeed, it is now an immediate consequence of
Lemma 2.6, Lemma 2.7, Lemma 2.8, and Lemma 2.9.

3. LWP AND DYNAMICAL RESULTS IN 1D

In this section we give a proof of the local well-posedness of (1.1) in the space
domain R. Although it follows the same lines of the scheme as in [15], we give a proof
here for the sake of clarity and to keep the paper self-contained.

3.1. H* solutions, s > 1. Let us recall the following estimate, see [8], which holds
for any function f € H*(R), s > %:
AP fllre < CUFIBS L N e (3.1)

We write a solution to (1.1) in its Duhamel formulation,

t
0t = By i [ IV (< o) (rdr
0
and we define the ball of radius R > 0 in the space of functions C(I, H*), I = (=T, T)
being a time interval containing ¢ = 0, as
Br={f € L>™(I,H*) st. ||f|lp=ns < R}.

The latter is a Banach space, and we can perform a fixed point argument in By for
the map

B((t)) = eV By + i / e~ IVTE (| |aLy — [P 1) (r)dr.

0

By using the unitary property of the linear propagator e V=2 in any H*, the
Minkowski inequality, the estimate (3.1), and the embedding H® — L* for s > %,
we straightforwardly have

190 ety < ol + O (00w a1y + 190 ) -

Hence, for R = 2||’¢0| Hs and T < W
similar estimate applies to the difference ® (v (t)) — ®(12(t)), thus ® is a contraction
in Bg and a solution v (t) to (1.1) with ¥ (0) = v exists in C'(I, H®) at least for small
times T' > 0. The conservation of energy and mass is a consequence of a standard
regularization argument. The blow-up alternative in H/? holds also for initial data
in H*, as we can see by employing the Brezis-Gallouét inequality (see [15, Appendix
D]): there exists C' > 0 such that for any f € H*, s > 1,

1l )
) (3.2)

we have that ® maps Bpg into itself. A

1lle < ClLflla 1 (2 ;
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By the fixed point argument above, the blow-up alternative in H*® holds, and precisely
Thmax < 00 if and only if lim |[¢(¢)||gs = 0o, where Tay is the maximal forward
T

max

time of existence (similarly for the backward time direction). Let us now introduce the
quantity K = sup ||¢(t)]| g1/2. By repeating the estimate of the contraction argument,
tel

and by exploiting (3.2), we have that

t
p-1 (0 .
()] e < I|tboll e + c/ [(7)|[5), In"2 (2 L+ e@la: 1) e,
0 [T 12
and by noting that g(z) = 2P~! In"z (2 + a/z) is monotone increasing, we get

IO < ool + 70 [ (2 LN oy

By setting h(t) = 120l )”Hs , we rewrite the estimate above as

H%HHS
K

h(t) < +CK”‘1/ "7 (2 + h(r))h(r)dr = H(2).

0
Observe that

d p—1

SH(B) = K h() T (2 4+ (1) < K772+ H()W'F (2 4+ H(0),
and then

d 3—p_ .. _
I’ (2 + H(t ) 27D pen-2
= (T e+ HD)) < =
which easily gives

2
3 — = s\ )7
24 H(t) <exp [ =LK+ 1™ (24 Ioll
2 K
and then the norm || (¢)| g remains bounded if 7" is bounded. This means that the
blow-up alternative holds at the regularity H/2. At this point, by using the blow-up

alternative in H'/2, and the mass-subcritical nature of the nonlinearities, we can infer
that the solutions can be extended globally in time.

3.2. H'? solutions. The existence of solutions at the H'/? regularity uses a regu-
larization argument, see [15] (see also [7] for a Half-Wave- Schrédinger equation in
R?). Let us consider a sequence of initial data {¢y,} C H®, s > 3, converging to
1o in the H'/2-topology. The H* solutions ,(t) to (1.1) corresponding to these
initial data are global by the previous discussion, and moreover the H'/2-norm of
these solutions remains bounded by the conservation of the energy, as well as remains
bounded the H~/2-norm of 9;1,,(t). The bound is actually uniform in n, and then
locally in time we can extract a weakly convergent subsequence 1, (t) — 1 (t), and by
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compact embedding the convergence is actually strong in the L, -topology and then
1 is a weak solution to (1.1).

By employing an argument to due to Yudovic [20], see [11] and [15] for the
application to the Szeg6 equation and to the cubic Half-Wave equation, respectively,
we prove uniqueness of weak solutions. Let v and 1), be two solutions emanating
from the same initial datum vy, and define the function h(t) = ||11(t) —o(t)||3. Using

the equation solved by vy and 1o, by the fact that & (1 — ¥o)vV =AY — 1h2) =0,

we have
d

Chit) = 2m / (Orin — Ouin) (i1 — )

B 2%/("@1 — o) ([2]P "2 — |11 [P )

+ 2%/@1 — Do) (Jtha|* by — 1|7 ehy).

The analysis involving the terms (|t [P~ by — [11[P711b1) and (|1ha|7 g — [101]7 1hy)
is the same, so we consider just one of them. By the following easy computations, we
have that

1 — Yo P[P + [P = o1 — o ubr — (| [P + [P
S = a2 (Jn” + 102) ([ P~ + [1ha])
S r = a7 ([ [P0 [P o b [P [P
S = a0 [P0 o),
for any ¢ € (0, 2) where in the last step we used the Young inequality with exponents

p==E2 and pf = EES By using [[6aP — [0l S fon — ol (0l + el ),
(3.3), and the Holder mequality, we get

%/(1/_}1 — o) (|th2|P~ g — |th1 P~ n)

(3.3)

< / 0 — P (P [l )
< / [ — a2 ([gpa P4 4 [P 1H)

1446 —1+46
< H@Z)I - |Lr(2 5)(||¢1’ Lr/(:_ 1+6) + ||¢2||I£w(;1+5))-

By choosing r = we then have

6

25 / (D1 — Ba) (=[P~ b1 + [P )

2 1446 146
Sl = all2 Nl sy + Il i)
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We recall now that there exists a constant C' > 0 such that for any 1 < r < oo,
1£Nl- < CVrN fll gz, for any f € HY2, see [15, Appendix D]. It follows that

d p=1+6 r — _
) S (7 (p =1+ 0) T h®Y (el + )
S (0= 1+0) T h)
where in the last step we used the uniform bound sup(||11(¢)||gs + [|¢2()||ns) < C,
¢

which implies

p—1+6

< () S 0 140"

and then, for any t,

N |=

(p—1+8)r’ (p—1+0)r’
t t —14+9
s (Sew-teat) = (MR S
T \/F
as " — 0o. Note that ' — oo if and only if 6 — 0. Hence, the uniqueness of weak
solutions is proved.

We can pass from weak to strong solutions by means of the following argument.
We know that

()l < lim inf [ (B)]l> =l inf ]l = o]l

where we used the weak convergence of 1, () to 1(t), the conservation of the mass for
the ,,(¢) and the strong convergence of 1, to ¥y, in L?. Since the non-linear flow
(1.1) is time reversible, one gets the converse inequality, and thus |[¢(t)]|2 = ||¢o]|2.
By this fact,

[¥()]l2 = Lm [[¢onllz = Lim [[¢on ()2,
n—00 n—00

always by conservation of the mass, and then lim,, . ||¢n(¢)|l2 = [[¥(¢)||2- This
implies that locally in time, we have strong convergence 1, (t) — ¥(t) in the L>-
topology. By invoking the Gagliardo-Nirenberg inequality, and the uniform bound of
the H'/2-norm of the weak solutions, uniformly in time, we obtain that v, (t) — ¥ ()
strongly in LIt N LPT! as well, locally in time. By strong convergence in LIt N LPT!
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and the conservation of mass and energy, we have
1 1 | )
§||¢(t)||§{1/2 + mW(m 1 mW(W i
. 1 2 1 +1 1 +1
< Jim (G160 + = 1Ol = IR

: 1 2 1 +1 1 +1
= T}l_{lc}o <§||¢0,nHH1/2 + q+—1||¢o,n||g+1 - m”%,nuzﬂ

1 2 1 +1 1 +1
= §H¢OHH1/2 + meO’ g+1 - m|w0’ £+1-

By the time reversibility of the equation and uniqueness, again, we find the con-
verse inequality for any ¢, and then, locally uniformly in time, lim ||[¢,(¢)|| 512 =
n—oo

lim ||¢(¢)|| g1/2 holds true, then we upgrade the weak converge of ¥, (t) — ¥ (t) to a
n—oo

strong convergence, i.e., 1, (t) — 1 (t) in H'/2. This completes the existence theory
in H'/2,

3.3. Stability result. We conclude with the proof of Corollary 1.6, following the
ideas of [6]. Fix d = 1, v € R with |v| < 1, and let p§ be as given in Theorem 1.1.
For any p > pf, the set

G={e"u(-+y)st.yER, yeR, and uwe S, with L= E,(u)}

is orbitally stable if for every ¢ > 0 there exists § > 0 such that for any vy € H'/?(R)
with infg |lw — Yo || 12 < 6 we have
we

ig};i‘éfg () —wl| grz@) < €

where (¢, -) is the solution of (1.1) with initial datum 1. Note that G is invariant
by translation, namely if w € G then also w(- — y) € G for any y € R.
We also notice that our functional F), is invariant along the time evolution. We argue
by contradiction assuming that there exists a p > pg such that G is not orbitally stable.
This means that there exists ¢ > 0, a sequence of initial data {¢, 0} C H?(R), and
a sequence of times {¢,} C R, such that the global solution ,,(t) with 1,,(0) = ¥,
satisfies

nlggo gég |%n,0 — w||H1/2(R) =0 and irelg [%n(tn, ) — w||H1/2(R) > €.
Then, there exists a minimizer u, € H?(R) of E, and § € R such that w = e"u,
and

[¥nollz = lluplla = p and  Ey(¢n0) = Eu(u,).
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Note that we can assume that 1,0 € S,. Indeed, by setting o, = p/||¢noll2, we
have that a,, = 1, aptno € S, and Ey,(an¥n0) — 1,2, and then we can replace v, o
with o, 0. Hence, {1, 0} is a minimizing sequence for I,2, and since E,(¢,(t,)) =
Ey(¥n0), also {1y (t,, )} is a minimizing sequence for I,2. Since we proved that every
minimizing sequence has a converging subsequence (up to translation) in the strong
H'2topology to a minimum on the sphere S,, we have a contradiction and the proof
is complete.
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