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Abstract. We prove small data scattering in the mass-subcritical regime for

the NLS equation with double nonlinearities, where a focusing leading term is

perturbed by a lower order defocusing nonlinear term. Our proof relies on the

pseudo-conformal transformation in conjunction with a general variational argument

used to obtain the positivity of certain modified energies. Moreover, the smallness

assumption is only on the mass of the initial data, and not on the whole Σ-norm.

1. Introduction

In this paper, we consider the Cauchy problem for the nonlinear Schrödinger

equation (NLS) with combined nonlinearities{
i∂tψ + ∆xψ = |ψ|q−1ψ − |ψ|p−1ψ

ψ(0) = ψ0 ∈ Σ
, (1.1)

where ψ = ψ(t, x), ψ : R×Rd 7→ C, ∆x is the standard Laplace operator with respect

to the space variables x, and

1 +
2

d
< q < p < 1 +

4

d
.

The space Σ is defined as the subspace of H1(Rd) with finite variance:

Σ = {u ∈ H1(Rd) s.t. |x|u ∈ L2(Rd)},

endowed with norm ‖f‖2
Σ = ‖f‖2

H1(Rd)
+ ‖|x|u‖2

L2(Rd)
. Taking into account the signs

in front of the nonlinear terms in (1.1), we are dealing with a mixed nonlinearity with

focusing mass-subcritical term of order p, and a defocusing term of order q ∈ (1+ 2
d
, p).
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The critical power p0 = 1 + 4
d

is defined by borrowing from the usual scaling invariant

equation with one nonlinearity

i∂tψ + ∆xψ = ±|ψ|p−1ψ,

and refers to the conservation of the L2-norm of a solution under the scaling invariance

of the equation given by ψλ(t, x) = λ
2

p0−1ψ(λ2t, λx).

The exponent q0 = 1 + 2
d

is instead known as the exponent separating the so-called

short-range and long-range nonlinearities. See the discussion below.

A function ψ(t), with ψ ∈ C((−Tmin, Tmax); Σ) is said a mild solution to (1.1) if it

satisfies the integral equation

ψ(t) = U(t)ψ0 − i
ˆ t

0

U(t− s)g(ψ(s))ds,

where U(t) = eit∆x is the free Schrödinger propagator and g(ψ) = |ψ|q−1ψ − |ψ|p−1ψ.

At a formal level, equation (1.1) preserves the following quantities: the mass,

M(ψ(t)) =

ˆ
Rd
|ψ(t, x)|2dx, (1.2)

the energy

E(ψ(t)) =
1

2

ˆ
Rd
|∇ψ(t, x)|2dx+

1

q + 1

ˆ
Rd
|ψ(t, x)|q+1dx

− 1

p+ 1

ˆ
Rd
|ψ(t, x)|p+1dx,

(1.3)

and the momentum

P (ψ(t)) = Im

ˆ
Rd
ψ(t, x)∇ψ̄(t, x)dx. (1.4)

A solution to (1.1) satisfying conservation of (1.2), (1.3), and (1.4) is known to

exist. See Proposition 3.1 in Section 3.

1.1. Purpose of the work. In this paper, we are interested in the scattering

properties of solutions to (1.1). In particular, once it is known that a solution

exists globally-in-time, we ask whether the solution behaves linearly for large times.

Specifically, one may ask the existence of functions ψ± such that

lim
t→±∞

‖U(−t)ψ(t)− ψ±‖X = 0, (1.5)

in some functional space X. For our scopes, X will be the space L2(Rd), H1(Rd), or Σ,

and we will refer to (1.5) as L2-scattering, H1-scattering, or Σ-scattering, respectively.
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Note that U(t) is an isometry in Hs(Rd), s ∈ R, and so (1.5) is equivalent to

lim
t→±∞

‖ψ(t) − U(t)ψ±‖X = 0 if X = L2(Rd) or X = H1(Rd). This is no more true

when X = Σ, and we refer to [4] for some results in this direction. Before going into

details, we state our main result.

Theorem 1. Let 1 + 2
d
< q < p < 1 + 4

d
. There exists a positive mass ρ? such that

for any ψ0 ∈ Σ with ‖ψ0‖L2(Rd) < ρ? a solution to (1.1) scatters in L2(Rd).

Let us give the following comments about the content of the theorem above.

Remark 1.1. We emphasize that our smallness assumption is only on the mass of

the initial datum, and not in the whole Σ-norm. This is a major difference with

respect to the classical scattering results as in [12,16,31] for the NLS equation (see

below for further details). In 1D, we also cite [17], where the authors consider an

arbitrary (complex) linear combination of nonlinear terms, and proved a version of

the scattering with small data in some weighted Sobolev spaces.

Remark 1.2. Below, we will provide an upper bound on the mass ρ? by means of

the threshold mass yielding the existence of ground states for equation (1.9).

It is worth briefly recalling what happens for standard NLS equation with one

pure-power nonlinearity. The problem of scattering for the following defocusing

equation

i∂tψ + ∆xψ = |ψ|q−1ψ (1.6)

and the focusing equation

i∂tψ + ∆xψ = −|ψ|p−1ψ (1.7)

has a long history, and a huge amount of works has been produced since the 70’s. In

the setting of the present paper, where mass-subcritical nonlinearities are considered,

i.e., 1 < q < 1 + 4
d
, for the defocusing model (1.6) we mention the work by Tsutsumi

and Yajima [37], who proved L2-scattering in the whole short-range interval 2
d
< q < 4

d

for solutions in Σ by employing the pseudo-conformal transformation, see Section

3. The results in [37] are optimal as Strauss [34] and Barab [3] proved failure of

L2-scattering in the long-range regime 1 < q ≤ 2
d
. We also cite the more recent

paper [10] by Burq, Tzvetkov, Visciglia, and the third author, in which the result

in [37] is upgraded to the H1-topology. For the Σ-scattering, we refer to [12, 36],

where the scattering in the strongest norm Σ is proved up to a restriction of the
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short-range interval, i.e., q ∈ (q1,
4
d
), with q1 > q0.

As for the focusing equation (1.7), the situation is more complicated due to the

conflict between the dispersive effect of the linear part of the equation and the

nonlinear interaction. While the energy is non-negative definite for (1.6), it does

not have a sign for (1.7), and when an initial datum is not small (in some sense),

the nonlinear effect can be strong enough to prevent scattering. This is the case of

particular solutions, called standing waves, which in fact do exist for (1.7), and do

not exist for (1.6). Such solutions are of the form ψ(t, x) = eiωtu(x), with ω ∈ R, and

u(x) ∈ C is a time-independent function belonging to H1(Rd) which satisfies

−∆u+ ωu− |u|p−1u = 0. (1.8)

It is worth recalling that solutions to (1.8) exist for any mass, and standing waves are

global non-scattering solutions. For scattering results under smallness assumption in

some weighted L2-spaces, we refer to the classical works by Cazenave and Weissler,

Ginibre, Ozawa, and Velo, and Nakanishi and Ozawa, see [12, 16, 31], respectively.

We also mention the recent work by Ifrim and Tataru [18,19] for new results about

the one dimensional, focusing, cubic NLS. The transition between scattering/non-

scattering solutions in term of the size of the initial datum is studied in the papers

by Masaki [27,28], where the author works in some weighted L2-spaces. It is worth

mentioning that in contrast to the mass-critical or mass-supercritical cases p ≥ 4
d
,

Masaki results show that the ground state does not play the role of the threshold

separating the scattering and non-scattering regimes.

As the existence of standing waves may represent an obstruction for scattering, we

start by considering the possible existence of standing waves for our mixed model

(1.1). Specifically, we look at solutions to (1.1) of the form ψ(t, x) = eiωtu(x), with

ω ∈ R and u(x) ∈ C is a time-independent H1(Rd)-function which satisfies

−∆u+ ωu+ |u|q−1u− |u|p−1u = 0. (1.9)

Since the mass is a conserved physical quantity along the flow of (1.1), a natural

approach to finding solutions u to (1.9) is to seek critical points of the energy

functional, constrained to the L2-spheres in H1(Rd), which are defined by

Sρ = {u ∈ H1(Rd) : ‖u‖L2(Rd) = ρ}.
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Thus, a solution to (1.9) is understood as a pair (ωρ, uρ) ∈ R × H1(Rd), where

ωρ serves as the Lagrange multiplier corresponding to the critical point uρ on the

constraint set Sρ.

For a fixed a mass ρ > 0, we define the ground state energy the quantity Iρ2 , defined

as the infimum of the energy functional over Sρ, namely,

Iρ2 = inf
Sρ
E(u),

where E is defined as in (1.3).

We have the following existence and non-existence result for the existence of ground

states.

Theorem 2. Let d ≥ 1 and 1 < q < p < 1 + 4
d
. Then there exists a strictly positive

mass ρ0,E such that:

(i) Iρ2 = 0 for all ρ ∈ (0, ρ0,E];

(ii) Iρ2 < 0 for all ρ ∈ (ρ0,E,∞).

Moreover, there are no constrained minimizers for 0 < ρ < ρ0,E, and for all ρ ∈
[ρ0,E,∞) there exists uρ ∈ Sρ such that Iρ2 = E(uρ).

We will refer to the minimal mass ρ0,E as the ground state threshold mass.

Remark 1.3. Note that any ground state uρ given in Theorem 2 belongs to Σ as

well. Indeed, it is a solution to the elliptic equation (1.9) with ω > 0 and therefore is

in L2(|x|2dx). See Appendix A.

A natural question that arises after proving the existence of a threshold mass for

the existence of ground states, is whether there exists a smaller threshold mass for

the existence of generic standing waves. In order to answer this question, we recall

that for any standing wave ψ(t, x) = eiωtu(x) we have G(u) = 0, where G(u) is the

following Pohozaev functional

G(u) =

ˆ
Rd
|∇u|2dx+

d(q − 1)

2(q + 1)

ˆ
Rd
|u|q+1dx− d(p− 1)

2(p+ 1)

ˆ
Rd
|u|p+1dx.

Note that the Pohozaev functional has the same structure as the energy functional

(1.3), the two being different only by the constants appearing in front of the integrals.

Then, it becomes relevant to study the existence of minimizers for a general defocusing-

focusing energy functional of the type

Eα,β,γ(u) := α‖∇u‖2
L2(Rd) + β‖u‖q+1

Lq+1(Rd)
− γ‖u‖p+1

Lp+1(Rd)
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constrained to the manifold Sρ, with positive constants α, β, γ and 1 < q < p < 1 + 4
d
.

Thus, we consider the general problem

Iα,β,γρ2 := inf
Sρ
Eα,β,γ(u),

and we prove the following existence and non-existence result of minimizers.

Theorem 3. Let d ≥ 1, 1 < q < p < 1 + 4
d
, and α > 0, β > 0, γ > 0. Then there

exists a strictly positive mass

ρ0 = ρ0(α, β, γ) (1.10)

such that:

(i) Iα,β,γρ2 = 0 for all ρ ∈ (0, ρ0];

(ii) Iα,β,γρ2 < 0 for all ρ ∈ (ρ0,∞).

Moreover, there are no constrained minimizers for 0 < ρ < ρ0, and for all ρ ∈ [ρ0,∞)

there exists uρ ∈ Sρ such that Iα,β,γρ2 = Eα,β,γ(uρ).

It is clear that Theorem 2 is just a specific case of Theorem 3 when α = 1
2
, β =

1
q+1

, γ = 1
p+1

, namely ρ0 = ρ0,E, and that Theorem 3 also guarantees that G(u) > 0

for u ∈ Sρ when ρ < ρ0,SW where

ρ0,SW = ρ0

(
1,
d(q − 1)

2(q + 1)
,
d(p− 1)

2(p+ 1)

)
. (1.11)

As a consequence, we have the following.

Corollary 1. Standing waves solutions ψ(t, x) = eiωtu(x), ω ∈ R and u ∈ H1(Rd)

with mass smaller than ρ0,SW cannot exist.

Remark 1.4. It is worth mentioning that a general result for nonhomogeneous

nonlinearities that gives an analogous statement of Theorem 3 is contained in [21].

In this paper, we give a new alternative and shorter proof that uses only scaling

arguments and is suitable for pure-power mixed nonlinearities. In this way, on the one

hand, all the results in this paper are self-contained. On the other hand, and most

importantly, our ideas are precisely tailored to work on the dynamical properties of

solutions to (1.1), as they enable us to perform suitable controls on various energy

functionals that appear throughout the paper. We introduced this new approach

very recently in the context of the Half-Wave equation, see [6], and in this article we

further develop our method to tackle the much harder scattering problem related to

(1.1).
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Remark 1.5. Since the seminal work by Tao, Vişan, and Zhang [35], the NLS with

combined nonlinearities has attracted a lot of attention. Concerning the existence

of standing waves when the leading nonlinearity is mass super-critical it is worth

mentioning at least the following recent works [7, 15, 20, 22, 32, 33], and references

therein.

Going back to our main goal, i.e., the long-time dynamics of solutions to (1.1), and

having in mind Theorem 2 and Corollary 1, it is clear that the long-time dynamics

of solutions to (1.1) shall be rather different from those of the NLS equation with a

single power-like nonlinear term. Indeed, we are in a scenario where standing waves

may exist or not, depending on the mass. We can re-state Theorem 1 in a more

precise and quantitative way. To this aim, we introduce the following exponents:

δ(q) =
4− d(q − 1)

2
and δ(p) =

4− d(p− 1)

2
. (1.12)

Note that both exponents above are in the range (0, 1).

Theorem 4. Let d ≥ 1, 1 + 2
d
< q < p < 1 + 4

d
, and ρ0,E > 0 be the threshold mass

for the existence of ground states given in Theorem 2. Then there exists a positive

mass ρ?, given by

ρ? = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
< ρ0,E,

such that for any ψ0 ∈ Σ with ‖ψ0‖L2(Rd) < ρ? there exist ψ± ∈ L2(Rd) satisfying

lim
t→±∞

‖ψ(t)− U(t)ψ±‖L2(Rd) = 0

with ψ(t) solution to (1.1).

Remark 1.6. In view of the content of Theorem 4, it is natural to ask whether

the threshold mass ρ? is optimal or not. Alternatively, we may ask if we can push

ρ? up to ρ0,E defined in Theorem 2. We conjecture that this is not possible as we

suspect the existence of standing waves which are not global minima for the energy

functional, and have a mass strictly smaller than ρ0,E. In the Appendix we show that

the threshold mass ρ0,E defined in Theorem 2, ρ0,SW defined in (1.11) and ρ? defined

in Theorem 2, are ordered as ρ? < ρ0,SW < ρ0,E.
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Let us briefly illustrate the main ideas behind the proof of Theorem 4. First, we

introduce the pseudo-conformal transformation

ϕ(τ, ξ) = ψ

(
τ

1− τ
,

ξ

1− τ

)
(1− τ)−d/2e−

i|ξ|2
4(1−τ) .

It is known that e−it∆xψ(t) has a strong limit in the L2-topology as t→ +∞ if and

only if ϕ(τ) has a strong limit in the L2-topology as τ → 1−, see Proposition 3.4.

In the new variables, ϕ(τ) is a solution to the following NLS with time-dependent

coefficients

i∂τϕ+ ∆ξϕ = (1− τ)−δ(q)|ϕ(τ)|q−1ϕ(τ)− (1− τ)−δ(p)|ϕ(τ)|p−1ϕ(τ),

and to perform a Tsutsumi and Yajima argument [37] it will be crucial to have

suitable controls in terms of (1− τ) for the quantities ‖∇ξϕ(τ)‖L2(Rd), ‖ϕ(τ)‖Lq+1(Rd),

and ‖ϕ(τ)‖Lp+1(Rd). At this point, in order to control the aforementioned norms, we

introduce the modified energy

EA(τ, ϕ(τ)) :=
(1− τ)A

2
‖∇ξϕ(τ)‖2

L2(Rd) +
(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

Lq+1(Rd)

− (1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

Lp+1(Rd)
.

The modified energy above is parametrized by a non-negative real number A that

satisfies δ(q) < A < 1 (which will be chosen properly later in the paper). Specifically,

the modified energy EA is not conserved along the flow, so the crucial point will be to

exploit a bound on the time evolution of the modified energy in terms of EA(0, ϕ(0)),

provided that the Cauchy datum has L2-norm strictly lower than a certain mass

ρ1(A). The variational analysis developed in Theorem 3 will be the key tool for this

purpose. Once the time evolution of the modified energy is controlled, we will get

the estimates

‖∇ξϕ(τ)‖2
L2(Rd) . (1− τ)−A,

‖ϕ(τ)‖q+1
Lq+1(Rd)

. (1− τ)δ(q)−A,

‖ϕ(τ)‖p+1
Lp+1(Rd)

. (1− τ)δ(p)−A.

that enable us to prove the long-time dynamical results by exploiting the Tsutsumi

and Yajima strategy. We therefore prove scattering below the threshold mass ρ1(A)

parametrized by A. Eventually, we will show the monotonicity of the mass ρ1(A) as
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A→ 1− and we compute the largest possible threshold mass given by

ρ? = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
.

Remark 1.7. To the best of our knowledge, this is the first L2-scattering result in

the full short-range regime with a smallness assumption only on the initial mass. It

is worth mentioning that the problem of scattering has been widely treated in recent

years when the nonlinear terms in (1.1) (not necessarily in the defocusing-focusing

case) are in the mass-supercritical and energy-subcritical/energy-critical interval, and

we refer the reader to [1, 2, 5, 13,14,25,26,29,30,35] and references therein.

1.2. Notations. Along this paper, we use the following notation. The Lebesgue

spaces Lp(Rd), 1 ≤ p <∞, are simply denoted by Lp with the corresponding norms

denoted by ‖f‖p = (
´
Rd |f(x)|pdx)1/p. Since now on, we omit the dependence on

the whole space in the integrals. For s ∈ R, Hs(Rd) = Hs = (1 − ∆)−s/2L2 are

the L2-based Sobolev space endowed norms ‖f‖2
Hs = ‖(1−∆)s/2f‖2

2. In particular,

‖f‖2
H1 = ‖∇f‖2

2 + ‖f‖2
2. The L2-pairing is defined as 〈f, g〉 =

´
f(x)g(x)dx. X . Y

stands for the usual shorthand notation for inequalities that involve implicit constants.

Specifically, X . Y means that X ≤ CY for some positive constant C, and similarly

for X & Y . When both inequalities hold, we use X ∼ Y .

2. The variational problem

As described in the Introduction, our first goal is to find conditions for the existence

of minimizers for a general defocusing-focusing energy functional of the type

Eα,β,γ(u) := α‖∇u‖2
2 + β‖u‖q+1

q+1 − γ‖u‖
p+1
p+1, (2.1)

constrained on the manifold Sρ := {u ∈ H1 : ‖u‖2 = ρ}, with positive constants

α, β, γ and 1 < q < p < 1 + 4
d
. Therefore, we look at the problem

Iα,β,γρ2 := inf
Sρ
Eα,β,γ(u).

We also introduce the Pohozaev functional

Gα,β,γ(u) := 2α‖∇u‖2
2 +

d(q − 1)

2
β‖u‖q+1

q+1 −
d(p− 1)

2
γ‖u‖p+1

p+1,

and we recall that for all critical points of the energy functional Eα,β,γ(u) we have

Gα,β,γ(u) = 0. From now on, having fixed α, β, γ, we simplify the notation for the
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reader’s convenience using E(u) instead of Eα,β,γ(u), G(u) instead of Gα,β,γ(u), Iρ2

instead of Iα,β,γρ2 , and ρ0 instead of ρ0(α, β, γ).

First, we recall the following facts, for which we refer to the work by Lions [24].

Lemma 2.1. Consider the function ρ→ Iρ2. The following properties hold true:

(i) Iρ2 is weakly subadditive, i.e., for any 0 < µ < ρ,

Iρ2 ≤ Iµ2 + Iρ2−µ2 ;

(ii) if Iρ2 is strongly subadditive, i.e., if for any 0 < µ < ρ

Iρ2 < Iµ2 + Iρ2−µ2 ,

then the infimum is attained.

In order to prove Theorem 3, we introduce the auxiliary problem

Ẽα,γ(u) = Ẽ(u) := α‖∇u‖2
2 − γ‖u‖

p+1
p+1,

and we define

Jρ2 = inf
Sρ
Ẽ(u).

We start with the following negativity property of Jρ2 .

Proposition 2.2. For any ρ > 0, Jρ2 = ρ
4(p+1)−2d(p−1)

4+d−dp J1 < 0.

Proof. Let us assume that u has L2-unitary norm. We claim that J1 < 0. Let us

consider the mass-preserving scaling uλ = λ
d
2u(λx) so that uλ remains in S1. We

have that

Ẽ(uλ) = αλ2‖∇u‖2
2 − γλ

d
2

(p−1)‖u‖p+1
p+1.

As for 1 < p < 1 + 4
d

we have d
2
(p− 1) < 2 and J1 ≤ Ẽ(uλ) by definition, the claim

follows by selecting λ sufficiently small.

Now, set uλ = λ
2
p−1u(λx). We then have that ‖uλ‖2

2 = λ
4
p−1
−d‖u‖2

2 = λ
4
p−1
−d. By

fixing λ = λ(ρ) = ρ
2(p−1)

4−d(p−1) we have that uλ ∈ Sρ. For this choice of λ, the energy

becomes Ẽ(uλ(ρ)) = λ(ρ)
2(p+1)−d(p−1)

p−1 Ẽ(u) = ρ
4(p+1)−2d(p−1)

4+d−dp Ẽ(u). As the scaling map

between S1 and Sρ is a bijection, Jρ2 = ρ
4(p+1)−2d(p−1)

4+d−dp J1 < 0, and the proof is done. �

As a consequence, we can deduce the non-positivity of the function Iρ2 and its

decay property as ρ→ 0+.

Proposition 2.3. Jρ2 ≤ Iρ2 ≤ 0 and lim
ρ→0+

Iρ2

ρ2
= 0.
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Proof. The positivity of β directly implies Jρ2 ≤ Iρ2 . Take now u ∈ Sρ and uλ =

λ
d
2u(λx), so that uλ ∈ Sρ for all λ > 0. We have

E(uλ) = αλ2‖∇u‖2
2 + βλ

d
2

(q−1)‖u‖q+1
q+1 − γλ

d
2

(p−1)‖u‖p+1
p+1,

then E(uλ)→ 0 for λ→ 0+, and hence Iρ2 ≤ 0. Proposition 2.2 and Iρ2 ≤ 0 yield the

decay property Iρ2 = o(ρ2) as ρ→ 0+, since 4(p+1)−2d(p−1)
4+d−dp > 2 for p > 1. �

Lemma 2.4. The function ρ 7→ Iρ2 is continuous.

Proof. Let ρn → ρ. For every n ∈ N, let wn ∈ Sρn such that E(wn) ≤ Iρ2n + 1
n
.

Since we are in a mass-subcritical regime, all the terms in the energy functional are

uniformly bounded. So we easily find

Iρ2 ≤ E

(
ρ

ρn
wn

)
= E(wn) + on(1) ≤ Iρ2n + on(1).

On the other hand, given a minimizing sequence {vn} ⊂ Sρ for Iρ2 , we have

Iρ2n ≤ E

(
ρn
ρ
vn

)
= E(vn) + on(1) = Iρ2 + on(1),

and then by combining with the previous property, limn→∞ Iρ2n = Iρ2 . �

We now demonstrate that if the weak non-negativity of Iρ2 can be strengthened to

strict non-negativity, then the existence of minimizers follows.

Lemma 2.5. Fix ρ > 0 and suppose that Iρ2 < 0. There exists u ∈ Sρ such that

E(u) = Iρ2 .

Proof. It suffices to show that for any s ∈ (0, ρ),
Is2

s2
>

Iρ2

ρ2
. Note that the strong

subadditivity at ρ follows by adding term by term
µ2

ρ2
Iρ2 < Iµ2 and

(ρ2 − µ2)

ρ2
Iρ2 <

Iρ2−µ2 . Let us define the quantity

Q = inf
s∈(0,ρ]

Is2

s2
.

From the fact that Iρ2 < 0 we have that Q < 0, and by Proposition 2.3 that

ρ̄ := inf{s ∈ (0, ρ] :
Is2

s2
= Q} > 0.
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Clearly, if ρ̄ = ρ strong subadditivity at ρ holds, and a minimizer exists thanks

to Lemma 2.1. Therefore let us assume that ρ̄ < ρ. In the latter case, we have by

definition that for any µ ∈ (0, ρ̄)

µ2

ρ̄2
Iρ̄2 < Iµ2

and
ρ̄2 − µ2

ρ2
Iρ̄2 < Iρ̄2−µ2 .

Hence Iρ̄2 < Iµ2 + Iρ̄2−µ2 and by subadditivity, there exists ū ∈ S(ρ̄) with E(ū) = Iρ̄2

and such that for θ ∈ (1− ε, 1 + ε), for some small ε > 0,

E(ū)

ρ̄2
=

Iρ̄2

ρ̄2
≤

Iθ2ρ̄2

θ2ρ̄2
≤ E(θū)

θ2ρ̄2
.

Therefore we have
d

dθ

(
θ2E(ū)− E(θū)

) ∣∣
θ=1

= 0. (2.2)

For a minimizer ū of Iρ2 we have

Iρ2 = E(ū) = α‖∇ū‖2
2 + β‖ū‖q+1

q+1 − γ‖ū‖
p+1
p+1, (2.3)

and

2α‖∇ū‖2
2 +

d(q − 1)

2
β‖ū‖q+1

q+1 −
d(p− 1)

2
γ‖ū‖p+1

p+1 = 0. (2.4)

From (2.2) we get

β(q − 1)‖ū‖q+1
q+1 − γ(p− 1)‖ū‖p+1

p+1 = 0,

and by plugging the latter into (2.4) we get ‖∇ū‖2
2 = 0, which is a contradiction. In

the end, ρ̄ = ρ, thus subadditivity holds and a minimizer exists.

�

We move to the proof of the existence of a threshold mass giving a dichotomy

between Iρ2 = 0 and Iρ2 < 0.

Lemma 2.6. There exists a strictly positive threshold mass ρ0 such that:

(i) Iρ2 = 0 for all ρ ∈ (0, ρ0];

(ii) Iρ2 < 0 for all ρ ∈ (ρ0,∞).

Proof. The fact that Iρ2 ≤ 0, see Proposition 2.3, together with the weak subadditivity

property implies that if Iρ2 < 0, then Is2 < 0 for all s > ρ. The negativity of Iρ2 < 0
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for sufficiently large ρ follows by a scaling argument. Indeed, let us rescale u as

uλ = λ
2
q−1u(λx). We have

E(uλ) = λ
2(q+1)
q−1

−d (α‖∇u‖2
2 + β‖u‖q+1

q+1

)
− γλ

2(p+1)
q−1

−d‖u‖p+1
p+1

and then E(uλ) < 0 after choosing a sufficiently large λ, since 2(p+1)
q−1

− d > 2(q+1)
q−1

− d
if and only if p > q. On the other hand, ‖uλ‖2

2 = λ
4
q−1
−d‖u‖2

2 and hence a large λ

corresponds to a large mass ρ.

Now we prove (i), i.e., that there exists ρ0 > 0 such that Iρ2 = 0 for all ρ ∈ (0, ρ0].

Note that from the weak subadditivity property, together with Iρ2 ≤ 0, the function

Iρ2 is non-increasing. By defining the set O = {ρ : Is2 = 0 for all s ∈ (0, ρ)}, we

prove that O 6= ∅ and that

ρ0 = sup{ρ : Is2 = 0 for all s ∈ (0, ρ)} > 0.

Moreover, Iρ2 < 0 for any ρ > ρ0. The idea is to show that Iρ2 cannot be attained in

Sρ if ρ is sufficiently small. As a byproduct, we will have that

ρ0 = sup{ρ : Is2 = 0 for all s ∈ (0, ρ]} (2.5)

is strictly positive, because the negativity of Iρ2 implies existence of minimizers, see

Lemma 2.5.

Therefore, let us assume that there exists a sequence {ρn} such that ρn → 0+ and

Iρ2n is attained by ground states uρn . The fact that E(uρn) ≤ 0 guarantees that

‖u‖p+1
p+1 ≥ α

γ
‖∇u‖2

2, and jointly with the Gagliardo-Nirenberg interpolation inequality

we get

‖∇uρn‖2
2 . ‖uρn‖

p+1
p+1 . ρ

p+1− d(p−1)
2

n ‖∇uρn‖
d(p−1)

2
2

and so, as 1 < p < 1 + 4
d
,

lim
n→+∞

‖∇uρn‖2 = 0.

On the other hand, ground states fulfill G(uρn) = 0, but this contradicts the following.

Claim. For ε > 0 sufficiently small, the set

Aε = {u ∈ H1 \ {0} : E(u) ≤ 0, G(u) = 0, ‖∇u‖2 ≤ ε} = ∅. (2.6)

The first observation is that for a function in Aε, the kinetic energy ‖∇u‖2
2 has a size

comparable to that of the focusing potential energy term ‖u‖p+1
p+1. Indeed, we have

0 ≥ E(u)− 2

d(q − 1)
G(u) =

d(q − 1)− 4

d(q − 1)
α‖∇u‖2

2 +
p− q
q − 1

γ‖u‖p+1
p+1
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which shows that

‖∇u‖2
2 ≥

d(p− q)
(4− d(q − 1))

γ

α
‖u‖p+1

p+1.

On the other hand, the non-positivity of the energy implies

‖u‖p+1
p+1 ≥

α

γ
‖∇u‖2

2, (2.7)

and then ‖u‖p+1
p+1 ∼ ‖∇u‖2

2. Note that

0 ≥ E(u)− 1

2
G(u) =

4− d(q − 1)

4
β‖u‖q+1

q+1 −
4− d(p− 1)

4
γ‖u‖p+1

p+1.

The latter inequality guarantees that ‖u‖p+1
p+1 & ‖u‖

q+1
q+1. Therefore, thanks to the

Gagliardo-Nirenberg inequality, we have

(‖∇u‖2
2)

d(p−q)
2d−(d−2)(q+1) (‖u‖q+1

q+1)
2(p+1)−d(p−1)
2d−(d−2)(q+1) & ‖u‖p+1

p+1,

and hence

(‖∇u‖2
2)

d(p−q)
2d−(d−2)(q+1) (‖u‖p+1

p+1)
2(p+1)−d(p−1)
2d−(d−2)(q+1) & ‖u‖p+1

p+1.

We now use (2.7), and we conclude that

(‖∇u‖2
2)

d(p−q)+2(p+1)−d(p−1)
2d−(d−2)(q+1) & ‖∇u‖2

2.

We notice that
d(p− q) + 2(p+ 1)− d(p− 1)

2d− (d− 2)(q + 1)
> 1,

when p > q and hence ‖∇u‖2 cannot be too small, namely Aε = ∅ provided that

ε� 1. �

The next Lemma is a non-existence result which shows that if the ground state

energy is zero in a open interval, then necessarily the ground state energy is not

achieved.

Lemma 2.7. If Iρ2 = 0 in an interval I = (0, ρ1), then for any ρ ∈ I, Iρ2 is not

achieved in Sρ.

Proof. Let us assume the existence of a mass ρ ∈ I and of a function u ∈ Sρ such

that Iρ2 = 0 = E(u). Then

E(u) = Iρ2 ≤ Iθ2ρ2 ≤ E(θu)
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for θ ∈ (1− ε, 1 + ε), for some small ε > 0, and then

d

dθ
E(θu)

∣∣
θ=1

= 0,

which implies

2α‖∇u‖2
2 + (q + 1)β‖u‖q+1

q+1 − (p+ 1)γ‖u‖p+1
p+1 = 0.

The above condition tells us that u solves the static equation

−2α∆u+ (q + 1)β|u|q−1u− (p+ 1)γ|u|p−1u = 0,

and the latter is not compatible with the condition E(u) = Iρ2 = 0. To be more

precise, we observe from (2.3) and (2.4) that

Iρ2 = E(u) = E(u)− 2

d(q − 1)
G(u) = α

(
1− 4

d(q − 1)

)
‖∇u‖2

2 +
p− q
q − 1

γ‖u‖p+1
p+1

and
2α‖∇u‖2

2 + (q + 1)β‖u‖q+1
q+1 − (p+ 1)γ‖u‖p+1

p+1

= 2α

(
1− 2(q + 1)

d(q − 1)

)
‖∇u‖2

2 + 2γ

(
p− q
q − 1

)
‖u‖p+1

p+1.
(2.8)

Furthermore, due to (2.8),

2α‖∇u‖2
2 + (q + 1)β‖u‖q+1

q+1 − (p+ 1)γ‖u‖p+1
p+1 = −2

d
‖∇u‖2

2 6= 0.

This shows that for any ρ ∈ I minimizers for E constrained on Sρ cannot exist. �

The last Lemma guarantees the existence of a ground state at the threshold mass

ρ0.

Lemma 2.8. For ρ0 defined as in (2.5), there exists u ∈ Sρ0 such that Iρ20 = E(u).

Proof. Consider a sequence {ρn} of masses converging to ρ0, with ρn > ρ0 for any n.

By definition, Iρ2n < 0, so denote by uρn a ground state that belongs to Sρn . Clearly

uρn is bounded in H1 and lim inf
n→∞

‖uρn‖
p+1
p+1 > 0. Indeed, suppose by the absurd that

lim
k→∞
‖uρnk‖

p+1
p+1 = 0 along some subsequence {ρnk}. Then, by the negativity of the

energy, we get lim
k→∞
‖∇uρnk‖

2
2 = 0, and the latter is in contrast to (2.6). Note that by

interpolation, as ‖∇uρn‖2 . 1,

‖uρn‖2 = ρn . 1, ‖uρn‖p+1 . 1, and ‖uρn‖q+1 & 1. (2.9)
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Define ũρn = ρ0
ρn
uρn which belongs to Sρ0 . Clearly, the estimates in (2.9) are valid for

ũρn , and so, by the Lieb Translation Lemma [23], we can claim that up to a space

translation ũρn ⇀ ū 6= 0 in H1, by possibly extracting a subsequence. To prove

that ū ∈ Sρ0 , it suffices to observe that if ‖ū‖2
2 = µ2 < ρ2

0, then by the Brezis-Lieb

Lemma [9],

Iρ20−µ2 + Iµ2 + on(1) ≤ E(ũρn − ū) + E(ū) + on(1) = E(ũρn) = Iρ20 + on(1) = on(1),

hence by the weak subadditivity inequality E(ū) = Iµ2 . By Lemma 2.7 this is a

contradiction. �

Proof of Theorem 3. The content of Theorem 3 is now a consequence of Lemma 2.5,

Lemma 2.6, Lemma 2.7, and Lemma 2.8. �

We conclude this Section by giving the following monotonicity and continuity

properties for the threshold masses ρ0(α, β, γ) with respect to the parameters.

Proposition 2.9. Let ρ0(α, β, γ) be the threshold mass given by Theorem 3, then

ρ0(α′, β, γ) < ρ0(α, β, γ),

ρ0(α, β′, γ) < ρ0(α, β, γ),

ρ0(α, β, γ′) < ρ0(α, β, γ),

for 0 < α′ < α, 0 < β′ < β, 0 < γ < γ′.

Proof. The proof follows from Theorem 3 by noticing that for the parameters (α′, β, γ)

the energy functional fulfills Eα′,β,γ(uρ0) < 0, with uρ0 a ground state for the energy

Eα,β,γ, namely, Eα,β,γ(uρ0) = 0. The other cases are identical. �

Proposition 2.10. Let ρ0,E = ρ0

(
1
2
, 1
q+1

, 1
p+1

)
be the threshold mass given by Theo-

rem 3. Then

lim
η→1+

ρ0

(
1

2
,

1

q + 1
,

η

p+ 1

)
= ρ0,E.

Proof. By the monotonicity of the threshold mass as a function of η > 1 given by

Proposition 2.9, ρ0(
1
2
, 1
q+1

, η
p+1

) has a limit as η → 1+. Suppose, for the sake of

contradiction, that

lim
η→1+

ρ0

(
1

2
,

1

q + 1
,

η

p+ 1

)
= ρ̃0 < ρ0,E.
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By denoting ρη0 = ρ0

(
1
2
, 1
q+1

, η
p+1

)
, we consider a ground state uρη0 with mass ‖uρη0‖2 =

ρη0 for the functional E
1
2
, 1
q+1

, η
p+1 (u), see Theorem 3. By considering the scaling

uλ = λ
2
q−1u(λ·), we have

E(uρη0 ,λ) = λ
2−d(q−1)+2q

q−1

(
1

2
‖∇uρη0‖

2
2 +

1

q + 1
‖uρη0‖

q+1
q+1 −

λ
2(p−q)
q−1

p+ 1
‖uρη0‖

p+1
p+1

)
.

At this point we fix λη such that ‖uρη0 ,λη‖
2
2 =

ρ20,E+ρ̃20
2

< ρ2
0,E. Note that ‖uρη0 ,λη‖

2
2 =

λ
4−d(q−1)
q−1

η (ρη0)2, i.e., λη =
(
ρ20,E+ρ̃20
2(ρη0)2

) q−1
4−d(q−1)

. By the fact that limη→1+ ρ
η
0 = ρ̃0, it

exists c > 1 independent of η such that λη > c. We conclude by observing that

E
1
2
, 1
q+1

, η
p+1 (uρη0 ) = 0 and then

E(uρη0 ,λη) < λ
2−d(q−1)+2q

q−1
η

(
η

p+ 1
‖uρη0‖

p+1
p+1 −

c
2(p−q)
q−1

p+ 1
‖uρη0‖

p+1
p+1

)
< 0

when η is sufficently close to 1. This contradicts that ρ0,E is the threshold mass.

�

3. Small-mass data scattering

In this Section, we collect some important facts as well as crucial results we need

to prove our main achievement. First, we begin with the following well-posedness

theory.

Proposition 3.1. Let d ≥ 1, 1 < q < p < 1 + 4
d
, and ψ0 ∈ Σ. Then the

Cauchy problem (1.1) is globally well-posed. In particular, the solution ψ ∈ C(R; Σ),

M(ψ(t)) = M(ψ0), E(ψ(t)) = E(ψ0), and P (ψ(t)) = P (ψ0).

For a proof of the well-posedness results, we refer the reader to the monograph [11].

We only recall that extension of local solution to global ones is a consequence of

the blowup alternative and the fact that the leading, focusing, nonlinear term is of

mass-subritical nature.

3.1. Pseudo-conformal transformation and pseudo-conformal energy. We

recall the following pseudo-conformal transformation

(t, x, ψ) 7→ (τ, ξ, ϕ)
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defined by

t =
τ

1− τ
, x =

ξ

1− τ
, (3.1)

and

ψ(t, x) = (1 + t)−d/2ϕ

(
t

1 + t
,

x

1 + t

)
e
i|x|2

4(1+t)

with inverse transformations given by

τ =
t

1 + t
, ξ =

x

1 + t
, (3.2)

and

ϕ(τ, ξ) = ψ

(
τ

1− τ
,

ξ

1− τ

)
(1− τ)−d/2e−

i|ξ|2
4(1−τ) .

If ψ is a solution to (1.1) defined in the time interval t ∈ [0,∞), then we can apply

the pseudo-conformal transformation, and via

i∂tψ + ∆xψ(t, x) = e
i|x|2

4(1+t) (1 + t)−2−d/2 ((i∂τ + ∆ξ)ϕ)

(
t

1 + t
,

x

1 + t

)
,

we obtain that ϕ(τ, ξ) solves

i∂τϕ+ ∆ξϕ = (1− τ)−δ(q)|ϕ(τ)|q−1ϕ(τ)− (1− τ)−δ(p)|ϕ(τ)|p−1ϕ(τ), (3.3)

on the time interval τ ∈ [0, 1), with initial datum

ϕ0(x) = e−
i|x|2
4 ψ0(x), (3.4)

where δ(p) and δ(q) are given by (1.12) We give now the relations between the norms

for ϕ(τ) and norms for ψ(t). To this end, we define the operator

J(t+ 1) =
x

2
+ i(1 + t)∇x. (3.5)

Lemma 3.2. The following identities hold true:

‖ϕ(τ)‖2 = ‖ψ(t)‖2,

‖ϕ (τ)‖rr = (1 + t)−d+dr/2 ‖ψ (t)‖rr ,
‖|ξ|ϕ(τ)‖2 = (1 + t)−1‖|x|ψ(t)‖2,

‖∇ξϕ(τ)‖2 = ‖J(t+ 1)ψ(t)‖2,

where τ is defined in (3.2).
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Proof. From (3.1) we have

|ψ(t, x)| =
∣∣∣∣ϕ( t

1 + t
,

x

1 + t

)∣∣∣∣ (1 + t)−d/2 =

∣∣∣∣ϕ(τ, x

1 + t

)∣∣∣∣ (1 + t)−d/2,

and then we findˆ
|ψ(t, x)|2dx =

ˆ
(1 + t)−d

∣∣∣∣ϕ(τ, x

1 + t

)∣∣∣∣2 dx = ‖ϕ (τ)‖2
2

and ˆ
|ψ(t, x)|rdx =

ˆ
(1 + t)−dr/2

∣∣∣∣ϕ(τ, x

1 + t

)∣∣∣∣r dx = (1 + t)d−dr/2 ‖ϕ (τ)‖rr .

In a similar way, we haveˆ
|x|2|ψ(t, x)|2dx =

ˆ
(1 + t)−d+2

∣∣∣∣ x

1 + t
ϕ

(
τ,

x

1 + t

)∣∣∣∣2 dx = (1 + t)2 ‖|ξ|ϕ (τ)‖2
2 .

Finally, we have

∇xψ(t, x) = e
i|ξ|2

4(1−τ) (1− τ)d/2
(
i
ξ

2
+ (1− τ)∇ξ

)
ϕ (τ, ξ)

and

(1− τ)d/2∇ξϕ(τ, ξ) = e−
i|x|2
4(1+t)

(
−ix

2
+ (1 + t)∇x

)
ψ(t, x).

Hence,ˆ
|∇ξϕ(τ, ξ)|2dξ =

ˆ
|
(x

2
+ i(1 + t)∇x

)
ψ(t, x)|2dx = ‖J(1 + t)ψ(t)‖2

2. (3.6)

�

After the application of the pseudo-conformal transformation on ψ(t), we consider

the initial value problem (3.3)-(3.4) for ϕ. We rewrite (3.3) as

i∂τϕ+ ∆ξϕ = g(τ, ϕ(τ)), (3.7)

where

g(τ, ϕ(τ)) = (1− τ)−δ(q)|ϕ(τ)|q−1ϕ(τ)− (1− τ)−δ(p)|ϕ(τ)|p−1ϕ(τ), (3.8)

and δ(p) and δ(q) defined in (1.12). These δ’s will be used along the proof of the

main theorem. Hence, the mild solution ϕ ∈ C([0, 1); Σ) to the Cauchy problem (3.3)

satisfies the integral equation

ϕ(τ) = U(τ)ϕ0 − i
ˆ τ

0

U(τ − σ)g(σ, ϕ(σ))dσ. (3.9)
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We have the following equivalence result, for which we refer to [11] for a proof.

Proposition 3.3. Let ψ0 ∈ Σ. ψ(t) is a solution to (1.1) in C([0,∞); Σ) if and only

if ϕ(t) is a solution to (3.7)-(3.8) in C([0, 1); Σ) with initial datum given by (3.4).

Moreover, the following equivalence about the asymptotic dynamics holds true,

see [11].

Proposition 3.4. Under the hypothesis of Proposition 3.3, U(−t)ψ(t) has a strong

limit in the L2-topology as t → +∞ if and only if ϕ(τ) has a strong limit in the

L2-topology as τ → 1−. In particular,

lim
t→+∞

U(−t)ψ(t) = lim
τ→1−

e
i|x|2
4 U(−τ)ϕ(τ) in L2.

At this point, we fix a non-negative real number A (that will be properly chosen

later on in the paper), and we introduce the modified energy

EA(τ, ϕ(τ)) =
(1− τ)A

2
‖∇ξϕ(τ)‖2

2 +
(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

− (1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1.

(3.10)

It is implicit in our notation that when computing norms for the unknown ϕ, we

are seeing them as functions of the pseudo-conformal space variable ξ. We give the

following.

Lemma 3.5. Let A ≥ 0 and ϕ ∈ C([0, 1); Σ) a solution to (3.9). Then, we have the

relation

EA(τ, ϕ(τ)) +

ˆ τ

0

RA(σ, ϕ(σ)) = EA(0, ϕ(0)), (3.11)

where the correction energy term RA is defined by

RA(τ, ϕ(τ)) =
A(1− τ)A−1

2
‖∇ξϕ(τ)‖2

2

+ (1− τ)A−δ(q)−1 (A− δ(q))
q + 1

‖ϕ(τ)‖q+1
q+1

− (1− τ)A−δ(p)−1 (A− δ(p))
p+ 1

‖ϕ(τ)‖p+1
p+1.

(3.12)
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Proof. After a regularization argument, we can justify the following computations.

Take the real part of the L2-pairing of the equation (3.7) with (1− τ)A∂τϕ; we find

0 = Re

ˆ
(i∂τϕ+ ∆ξϕ(1− τ)A∂τ ϕ̄ dξ

−
ˆ

(1− τ)−δ(q)|ϕ(τ)|q−1ϕ(τ) + (1− τ)−δ(p)|ϕ(τ)|p−1ϕ(τ))(1− τ)A∂τ ϕ̄ dξ

=
1

2
(1− τ)A∂τ

(
Re

ˆ
i|ϕ|2 − |∇ϕ|2dξ

)
− 1

q + 1
(1− τ)A−δ(q)∂τ

(ˆ
|ϕ|q+1dξ

)
+

1

p+ 1
(1− τ)A−δ(p)∂τ

(ˆ
|ϕ|p+1dξ

)
.

Then we have

d

dτ

(
(1− τ)A

2
‖∇ξϕ(τ)‖2

2 +
(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

)
− d

dτ

(
(1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1

)
+RA(τ, ϕ(τ)) = 0,

where RA(τ, ϕ(τ)) is defined in (3.12). So we have

d

dτ
EA(τ, ϕ(τ)) +RA(τ, ϕ(τ)) = 0,

where EA is defined in (3.10). After integrating in τ , we find (3.11) and the proof is

complete. �

The next proposition shows that the right-hand side of (3.11) is non-negative if ϕ0

has mass less than or equal to that of the threshold mass ρ0,E.

Lemma 3.6. The functional

EA(0, ϕ0) :=
1

2
‖∇ξϕ0‖2

2 +
1

q + 1
‖ϕ0‖q+1

q+1 −
1

p+ 1
‖ϕ0‖p+1

p+1

fulfills EA(ϕ0) ≥ 0 for all ϕ0 = e−
i|x|2
4 ψ0(x) in Σ with mass ‖ϕ0‖2

2 = ρ2 if and only if

ρ ≤ ρ0,E where ρ0,E is the threshold mass for the existence of ground states given in

Theorem 2.

Proof. Thanks to Theorem 2, if ρ ≤ ρ0,E clearly EA(0, ϕ0) ≥ 0. For the other

implication we look at states ϕ0 = e−
i|x|2
4 ψ0(x). Let us fix ρ > ρ0,E and let us consider

the initial condition ψ0(x) = e
i|x|2
4 uρ(x) where uρ is a ground state (that belongs to Σ,
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see Appendix A) with mass ρ > ρ0,E. Hence, ϕ0(x) = uρ(x) and we have E(uρ) < 0

by Theorem 2. We claim that

EA(0, ϕ0) = E(uρ) < 0. (3.13)

By (3.6)

EA(0, ϕ0) =
1

2
‖J(1)ψ0‖2

2 +
1

q + 1
‖uρ‖q+1

q+1 −
1

p+ 1
‖uρ‖p+1

p+1,

where J(1) is defined in (3.5). We compute ‖J(1)ψ0‖2
2 = ‖(x

2
+ i∇x)e

i|x|2
4 uρ‖2

2. We

have

‖J(1)ψ0‖2
2 =

1

4
‖xuρ‖2

2 + ‖∇(e
i|x|2
4 uρ)‖2

2 + Re〈xe
i|x|2
4 uρ, i∇(e

i|x|2
4 uρ)〉

=
1

4
‖xuρ‖2

2 + ‖∇(e
i|x|2
4 uρ)‖2

2 + Im〈xe
i|x|2
4 uρ,∇(e

i|x|2
4 uρ)〉.

Now,

‖∇(e
i|x|2
4 uρ)‖2

2 = ‖∇uρ‖2
2 +

1

4
‖xuρ‖2

2 + Re〈ixuρ,∇uρ〉 = ‖∇uρ‖2
2 +

1

4
‖xuρ‖2

2

and

Im〈xe
i|x|2
4 uρ,∇(e

i|x|2
4 uρ)〉 = Im〈xe

i|x|2
4 uρ, e

i|x|2
4 ∇uρ + i

x

2
e
i|x|2
4 uρ〉

= −Re〈xe
i|x|2
4 uρ,

x

2
e
i|x|2
4 uρ〉 = −1

2
‖xuρ‖2

2.

Hence, ‖J(1)ψ0‖2
2 = ‖∇uρ‖2

2 and hence the claim (3.13) holds. The proof of is

concluded since EA(0, ϕ0) < 0. �

4. Non-negativity of the correction energy (3.12) and estimates on

the growth of ‖∇ξϕ(τ)‖2
2, ‖ϕ(τ)‖q+1

q+1, ‖ϕ(τ)‖p+1
p+1

Aim of this subsection is to prove that we can select the exponent A as introduced

in Lemma 3.5 satisfying δ(q) < A < 1, for δ(q) defined in (1.12), such that we can

control of the growth of the modified energy given by (3.10), provided that the initial

datum has sufficiently small mass (depending on A).

Lemma 4.1. Let d ≥ 1, 1 + 2
d
< q < p < 1 + 4

d
, and ρ0,E be the threshold mass for

the existence of ground states given in Theorem 2. We have the following: for any

A ∈ (δ(q), 1), there exists a positive mass ρ1(A), with

ρ1(A) = ρ0

(
A

2
,
(A− δ(q))(A− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
, (4.1)
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such that for any ϕ0 satisfying ‖ϕ0‖2 ≤ ρ1(A)

EA(τ, ϕ(τ)) =
(1− τ)A

2
‖∇ξϕ(τ)‖2

2 +
(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

− (1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1

≤ EA(0, ϕ(0)),

(4.2)

where EA is defined in (3.10).

Proof. Consider the correction energy functional (3.12) in the form

R̃A(τ, ϕ(τ)) := (1− τ)1−ARA(τ, ϕ(τ))

=
A

2
‖∇ξϕ(τ)‖2

L2 + (1− τ)−δ(q)
(A− δ(q))
q + 1

‖ϕ(τ)‖q+1
q+1

− (1− τ)−δ(p)
(A− δ(p))
p+ 1

‖ϕ(τ)‖p+1
p+1.

Denote ϕ(τ, ξ) = λd/2v(τ, λξ). We get

R̃A(τ, ϕ(τ)) = λ2

(
A

2
‖∇ξv(τ)‖2

2 + (1− τ)−δ(q)
(A− δ(q))λ−δ(q)

q + 1
‖v(τ)‖q+1

q+1

−(A− δ(p))(1− τ)−δ(p)λ−δ(p)

p+ 1
‖v(τ)‖p+1

p+1

)
.

(4.3)

Fix λ so that (A− δ(p))(1− τ)−δ(p)λ−δ(p) = 1, namely λ = (A− δ(p))1/δ(p)(1− τ)−1.

By plugging this choice of the parameter into (4.3), we obtain

R̃A(τ, ϕ(τ)) =
(A− δ(p))2/δ(p)

(1− τ)2

(
A

2
‖∇ξv(τ)‖2

2

+
(A− δ(q))(A− δ(p))−

δ(q)
δ(p)

q + 1
‖v(τ)‖q+1

q+1 −
1

p+ 1
‖v(τ)‖p+1

p+1

)
.



L2-SCATTERING NLS WITH MIXED NONLINEARITIES 24

At this point, we look at the functional

R̃′A(τ, ϕ(τ)) :=
(1− τ)2

(A− δ(p))2/δ(p)
R̃A(τ, ϕ(τ))

=

(
A

2
‖∇ξv(τ)‖2

2 +
(A− δ(q))(A− δ(p))−

δ(q)
δ(p)

q + 1
‖v(τ)‖q+1

q+1

− 1

p+ 1
‖v(τ)‖p+1

p+1

)
.

(4.4)

Note that the right-hand side of (4.4) in non-negative provided that

‖ϕ0‖2 ≤ ρ1(A) = ρ0

(
A

2
,
(A− δ(q))(A− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
where ρ0 is defined in (1.10) of Theorem 3. Hence, the positivity of the correction

energy term implies (4.2). �

The previous Lemma shows that we are allowed to take an arbitrary A ∈ (δ(q), 1)

in order to prove that the correction term given by (3.12) is non-negative when the

initial datum has L2-norm smaller than ρ1(A). Now we prove that this threshold

mass is monotone increasing with respect to the parameter A.

Lemma 4.2. Let ρ1(A) as defined in (4.1). We have that

sup
A∈(δ(q),1)

ρ1(A) = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
(4.5)

and

ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
< ρ0,E. (4.6)

Therefore, EA(0, ϕ(0)) > 0 for all A ∈ (δ(q), 1).

Proof. Set h(A) = (A− δ(q))(A− δ(p))−
δ(q)
δ(p) and consider the functional

E
A
2
,
h(A)
q+1

, 1
p+1 (ϕ) =

(
A

2
‖∇ξϕ(τ)‖2

2 +
h(A)

q + 1
‖ϕ(τ)‖q+1

q+1 −
1

p+ 1
‖ϕ(τ)‖p+1

p+1

)
.

Define ϕ(τ, ξ) = λd/2v(τ, λξ). We get

E
A
2
,
h(A)
q+1

, 1
p+1 (τ, ϕ(τ))

A
= λ2

(
1

2
‖∇ξv(τ)‖2

2 +
h(A)λ−δ(q)

A(q + 1)
‖v(τ)‖q+1

q+1 −
λ−δ(p)

A(p+ 1)
‖v(τ)‖p+1

p+1

)
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and hence

E
A
2
,
h(A)
q+1

, 1
p+1 (τ, ϕ(τ))

A
=λ2

(
1

2
‖∇ξv(τ)‖2

2 +
1

q + 1
‖v(τ)‖q+1

q+1

− 1

p+ 1

1

A

(
h(A)

A

)− δ(p)
δ(q)

‖v(τ)‖p+1
p+1

)

when λ = (A−1h(A))
1
δ(q) . With this choice of λ, the function

f(A) := A−1
(
A−1h(A)

)− δ(p)
δ(q) =

(
1− δ(p)

A

)(
1− δ(q)

A

)− δ(p)
δ(q)

.

For readability convenience, we set x = δ(q) and y = δ(p). Recall that y < x < A < 1.

By computing the derivative of f(A) we get

f ′(A) = yA−2
(

1− x

A

)− y
x − yA−2

(
1− y

A

)(
1− x

A

)− y
x
−1

= yA−3
(

1− x

A

)− y
x
−1

(y − x) < 0

and then f(A) is decreasing, so (4.5) is proved. To get (4.6), it suffices to note that

the function (1− δ(q))(1− δ(p))−
δ(q)
δ(p) < 1. We omit the computations. �

We now exhibit an explicit upper bound on the growth of ‖∇ξϕ(τ)‖2
2, ‖ϕ(τ)‖q+1

q+1,

and ‖ϕ(τ)‖p+1
p+1, by means of negative powers of (1− τ).

Lemma 4.3. Let d ≥ 1, 1 + 2
d
< q < p < 1 + 4

d
, and ρ0,E > 0 be the threshold mass

for the existence of ground states as in Theorem 2. Moreover, let A ∈ (δ(q), 1) and

ρ1(A) be as given in Lemma 4.1. Then, for ‖ϕ0‖2 ≤ ρ1(A),

‖∇ξϕ(τ)‖2
2 . (1− τ)−A,

‖ϕ(τ)‖q+1
q+1 . (1− τ)δ(q)−A,

‖ϕ(τ)‖p+1
p+1 . (1− τ)δ(p)−A.

(4.7)

Proof. Fix 0 < ε < 1. We write EA(τ, ϕ(τ)) as

EA(τ, ϕ(τ)) =
ε(1− τ)A

2
‖∇ξϕ(τ)‖2

2 +
ε(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

+
ε(1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1 + E?
A(τ, ϕ(τ)),
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where

E?
A(τ, ϕ(τ)) =

(1− ε)(1− τ)A

2
‖∇ξϕ(τ)‖2

2

+
(1− ε)(1− τ)A−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

− (1 + ε)(1− τ)A−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1.

Our purpose is to show that for a suitable choice of ε with ε > ε0, for ε0 independent of

A, E?
A(τ, ϕ(τ)) is strictly positive for all τ ∈ (0, 1). We argue as before by considering

Ẽ?
A(τ, ϕ(τ)) := (1− τ)−AE?

A(τ, ϕ(τ))

=
1− ε

2
‖∇ξϕ(τ)‖2

2

+ (1− ε)(1− τ)−δ(q)

q + 1
‖ϕ(τ)‖q+1

q+1

− (1 + ε)
(1− τ)−δ(p)

p+ 1
‖ϕ(τ)‖p+1

p+1.

(4.8)

Define ϕ(τ, ξ) = λd/2v(τ, λξ). We have

Ẽ?
A(τ, ϕ(τ)) := λ2

(
1− ε

2
‖∇ξv(τ)‖2

2

+ (1− ε)(1− τ)−δ(q)λ−δ(q)

q + 1
‖v(τ)‖q+1

q+1

− (1 + ε)
(1− τ)−δ(p)λ−δ(p)

p+ 1
‖v(τ)‖p+1

p+1

)
.

We impose that (1− τ)−δ(p)λ
d
2

(p−1)−2 = 1, namely λ = (1− τ)−1 and we get

Ẽ?
A(τ, ϕ(τ)) = (1− τ)−2

(
1− ε

2
‖∇ξv(τ)‖2

2 +
(1− ε)
q + 1

‖v(τ)‖q+1
q+1

−(1 + ε)

p+ 1
‖v(τ)‖p+1

p+1

)
,

and then

(1− τ)2

1− ε
Ẽ?
A(τ, ϕ(τ)) =

(
1

2
‖∇ξv(τ)‖2

2 +
1

q + 1
‖v(τ)‖q+1

q+1 −
(1 + ε)

(1− ε)(p+ 1)
‖v(τ)‖p+1

p+1

)
.
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By Proposition 2.9 there exists ρ2(ε) = ρ0

(
1
2
, 1
q+1

, (1+ε)
(1−ε)(p+1)

)
with 0 < ρ2(ε) < ρ0,E

such that Ẽ?
A > 0 for all ϕ with ‖ϕ‖L2 ≤ ρ2(ε). By Proposition 2.10 we have

lim
ε→0+

ρ2(ε) = ρ0,E, and by the fact that

ρ1(A) < ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
< ρ0,E

we can select ε sufficiently small independent of A such that Ẽ?
A(τ, ϕλ(τ)) ≥ 0, and

hence for all ϕ0 with ‖ϕ0‖L2 ≤ ρ1(A) we have (4.7). �

Remark 4.4. Notice that if we consider the initial condition ψ0 = uρ0,E , with uρ0,E
being a ground state with mass ρ0,E, we have

lim
τ→1−

Ẽ?
A(τ, ϕ(τ)) = −∞ (4.9)

where Ẽ?
A(τ, ϕ(τ)) is given by (4.8). We emphasize that this fact is crucial, because

it shows that (4.7) cannot hold for the time evolution of the ground state. To show

(4.9) we just notice that, being 1− τ = (1 + t)−1,

Ẽ?
A(τ, ϕ(τ)) =

(1− ε)(1 + t)2

2
‖uρ0,E‖2

2 +
(1− ε)(1 + t)2

q + 1
‖uρ0,E‖

q+1
q+1

− (1 + ε)(1 + t)2

p+ 1
‖uρ0,E‖

p+1
p+1 +

(1− ε)(1 + t)

2
〈xuρ0,E ,∇uρ0,E〉

+
1− ε

8
‖xuρ0,E‖2

2

and hence, by the fact that E(uρ0,E) = 0,

Ẽ?
A(τ, ϕ(τ)) < −ε(1 + t)2

2
‖∇uρ0,E‖2

2 +
(1− ε)(1 + t)

2
〈xuρ0,E ,∇uρ0,E〉

+
1− ε

8
‖xuρ0,E‖2

2 → −∞ as t→ +∞.

At this point we can prove the main scattering result, by implementing the Tsutsumi

and Yajima scheme.
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4.1. Proof of Theorem 4. Let A ∈ (δ(q), 1) and ρ1(A) be as given in Lemma 4.1.

Then (4.7) holds and

‖∇ξϕ(τ)‖2
2 . (1− τ)−A,

‖ϕ(τ)‖q+1
q+1 . (1− τ)δ(q)−A,

‖ϕ(τ)‖p+1
p+1 . (1− τ)δ(p)−A.

By Proposition 3.4, we prove that ϕ(τ) as a strong limit in the L2-topology as τ → 1−.

Recall the embedding L
p+1
p ⊂ H−1 ⊂ H−2, then by using (3.7)-(3.8), (4.7), and the

conservation of the mass for ϕ(τ),

‖∂τϕ(τ)‖H−2 ≤ ‖ϕ(τ)‖2 + C(1− τ)−δ(q)‖ϕ(τ)|ϕ(τ)|q−1‖H−2

+ C(1− τ)−δ(p)‖ϕ(τ)|ϕ(τ)|p−1‖H−2

≤ ‖ϕ(τ)‖2 + C(1− τ)−δ(q)‖ϕ(τ)‖qq+1

+ C(1− τ)−δ(p)‖ϕ(τ)‖pp+1

≤ ‖ϕ0‖2 + C(1− τ)−δ(q)+
q
q+1

(δ(q)−A)

+ C(1− τ)−δ(p)+
p
p+1

(δ(p)−A).

This means that ∂τϕ belongs to L1((0, 1);H−2) since δ(p) − p
p+1

(δ(p) − A) < 1 for

any p ∈
(
1, 1 + 4

d

)
, and this implies the existence of a function ϕ̃ ∈ H−2 such that

ϕ(τ) → ϕ̃ in the H−2-topology as τ → 1−. By using again the conservation of

the mass for ϕ(τ), we actually have that ϕ̃ ∈ L2 and by the uniform bound in L2,

ϕ(τ) ⇀ ϕ̃, as τ → 1−. Let us consider 0 ≤ τ ′ ≤ τ < 1. By using the fundamental

theorem of calculus, and again the equation solved by ϕ(τ), see (3.7)-(3.8), for a test

function φ we have,

〈ϕ(τ)− ϕ(τ ′), φ〉 =

ˆ τ

τ ′
〈i∇ϕ(t),∇φ〉ds

+

ˆ τ

τ ′
(1− s)−δ(q)〈i|ϕ(s)|q−1ϕ(s), φ〉ds

−
ˆ τ

τ ′
(1− s)−δ(p)〈i|ϕ(s)|p−1ϕ(s), φ〉ds,
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and then

|〈ϕ(τ)− ϕ(τ ′), φ〉| ≤ ‖∇φ‖2

ˆ τ

τ ′
‖∇ϕ(s)‖2ds+ ‖φ‖Lq+1

ˆ τ

τ ′
(1− s)−δ(q)‖ϕ(s)‖qq+1ds

+ ‖φ‖p+1

ˆ τ

τ ′
(1− s)−δ(p)‖ϕ(s)‖pp+1ds

≤ ‖∇φ‖2

ˆ τ

τ ′
(1− s)−A/2ds+ ‖φ‖q+1

ˆ τ

τ ′
(1− s)−δ(q)+

q
q+1

(δ(q)−A)ds

+ ‖φ‖p+1

ˆ τ

τ ′
(1− s)−δ(p)+

p
p+1

(δ(p)−A)ds.

By the weak convergence in L2, we have

|〈ϕ̃− ϕ(τ ′), φ〉| ≤ ‖∇φ‖2

ˆ 1

τ ′
(1− s)−A/2ds+ ‖φ‖q+1

ˆ 1

τ ′
(1− s)−δ(q)+

q
q+1

(δ(q)−A)ds

+ ‖φ‖p+1

ˆ 1

τ ′
(1− s)−δ(p)+

p
p+1

(δ(p)−A)ds

. (1− τ ′)−
A
2

+1‖∇φ‖2 + (1− τ ′)−δ(q)+
q
q+1

(δ(q)−A)+1‖φ‖q+1

+ (1− τ ′)−δ(p)+
p
p+1

(δ(p)−A)+1‖φ‖p+1.

(4.10)

At this point we set φ = ϕ(τ ′) in (4.10), and we get, by using once more the controls

given in (4.7),

|〈ϕ̃− ϕ(τ ′), ϕ(τ ′)〉| . (1− τ ′)−A+1 + (1− τ ′)−δ(q)+
q
q+1

(δ(q)−A)+1+ q
q+1

(δ(q)−A)

+ (1− τ ′)−δ(p)+
p
p+1

(δ(p)−A)+1+ p
p+1

(δ(p)−A),

and the right hand side of the above estimate converges to zero as τ ′ → 1−. Indeed, it

goes to zero provided that both the exponent −δ(q)+ q
q+1

(δ(q)−A)+1+ q
q+1

(δ(q)−A)

and −δ(p) + p
p+1

(δ(p)−A) + 1 + p
p+1

(δ(p)−A) are positive. Let us consider the term

in q, the other being similar. We have that the quantity

−δ(q) +
q

q + 1
(δ(q)− A) + 1 +

q

q + 1
(δ(q)− A) = −δ(q) +

2

q + 1
(δ(q)− A) + 1

is strictly positive if and only if

A <
1− q

2

(
2− d

2
(q − 1)

)
+
q + 1

2
. (4.11)
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Note that the right-hand side of (4.11) above is larger than 1 for q > 1 + 2
d
. Hence,

since A < 1, (4.11) is verified. The proof is concluded by noting that

‖ϕ(τ)− ϕ̃‖2
2 = −〈ϕ̃− ϕ(τ), ϕ(τ)〉+ 〈ϕ̃− ϕ(τ), ϕ̃〉,

which tends to zero by the previous convergence properties.

In conclusion, we proved L2 scattering for any initial datum with mass smaller then

ρ1(A), the latter being defined in (4.1). Now we pass to the limit when A → 1−,

and by using the monotonicity of the threshold mass given by Lemma 4.2, we get

scattering below the mass given by (4.5).

Appendix A.

Proposition A.1. Let u ∈ H1 be a standing wave solution to

−∆u+ ωu+ |u|q−1u− |u|p−1u = 0,

with E(u) ≤ 0. Then ω > 0 and u ∈ Σ.

Proof. Let us define K = ‖∇u‖2
2, Nq = ‖u‖q+1

q+1, Np = ‖u‖p+1
p+1, and M = ‖u‖2

2. Hence

the standing wave solve the following system of equations
K +Nq −Np + ωM = 0
1
2
K + 1

q+1
Nq − 1

p+1
Np = E

K + d
2

(q−1)
q+1

Nq − d
2

(p−1)
p+1

Np = 0.

(A.1)

From (A.1) we derive {
Np = 2(p+1)

d(p−1)
K + (q−1)(p+1)

(q+1)(p−1)
Nq

d(p−1)−4
2d(p−1)

K + p−q
(q+1)(p−1)

Nq = E
, (A.2)

while from (A.2) we get

Nq =
(q + 1)(p− 1)

p− q
E − (d(p− 1)− 4)(q + 1)

2d(p− q)
K (A.3)

and hence we have

K +Nq −
(

2(p+ 1)

d(p− 1)
K +

(q − 1)(p+ 1)

(q + 1)(p− 1)
Nq

)
+ ωM = 0,

which implies(
d(p− 1)− 2p− 2

d(p− 1)

)
K +Nq

(
2(p− q)

(q + 1)(p− 1)

)
+ ωM = 0.
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From (A.3)

−2

d
K + 2E + ωM = 0,

which implies ω > 0 if E(u) ≤ 0. If we consider the ground state, once the positivity

of ω is shown, the exponential decay is well-known, see [8], and hence the ground

state belongs to Σ. �

We claim the following homogeneity properties of the threshold masses.

Lemma A.2. The function ρ0 (α, β, γ) is homogeneous of order 0 and satisfies

ρ0 (α, β, γ) = ρ0 (1, 1,Λ(α, β, γ)) (A.4)

where

Λ(α, β, γ) =
γ

α1− δ(p)
δ(q)β

δ(p)
δ(q)

.

Proof. Let us consider Eα,β,γ(u) defined in (2.1). Then, for uλ = λd/2u(λx) and

λ =
(
β
α

) 1
δ(q) , we get

Eα,β,γ(uλ) = αλ2

(
‖∇u‖2

2 + ‖u‖q+1
q+1 −

γ

α1− δ(p)
δ(q)β

δ(p)
δ(q)

‖u‖p+1
p+1

)
.

The above identity implies (A.4) by definition. �

As a by-product we can give the order of the threshold masses.

Proposition A.3. The masses ρ?, ρ0,SW , and ρ0,E defined in (1.11), in Theorem 4,

in Theorem 2, respectively, are ordered as follows:

ρ? < ρ0,SW < ρ0,E.

Proof. Note that

ρ? = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
= ρ0 (α1, β1, γ1)

with (α1, β1, γ1) =

(
1
2
, (1−δ(q))(1−δ(p))

− δ(q)
δ(p)

q+1
, 1
p+1

)
,

ρ0,SW = ρ0

(
1,
d(q − 1)

2(q + 1)
,
d(p− 1)

2(p+ 1)

)
= ρ0 (α2, β2, γ2)
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with (α2, β2, γ2) =
(

1, d(q−1)
2(q+1)

, d(p−1)
2(p+1)

)
, and

ρ0,E = ρ0

(
1

2
,

1

q + 1
,

1

p+ 1

)
= ρ0 (α3, β3, γ3)

with (α3, β3, γ3) =
(

1
2
, 1
q+1

, 1
p+1

)
. By (A.4) and the monotonicity property of Propo-

sition 2.9, we aim at proving that Λ(α1, β1, γ1) > Λ(α2, β2, γ2) > Λ(α3, β3, γ3). The

latter is equivalent to prove that

(1− δ(q))−
δ(p)
δ(q) (1− δ(p)) > d(p− 1)

4

(
d(q − 1)

4

)− δ(p)
δ(q)

> 1. (A.5)

By definition, δ(p) = 2− d(p−1)
2

and δ(q) = 2− d(q−1)
2

, thus (A.5) becomes

(1− δ(q))−
δ(p)
δ(q) (1− δ(p)) >

(
1− δ(q)

2

)− δ(p)
δ(q)
(

1− δ(p)

2

)
> 1. (A.6)

We introduce the function

F (x) =

(
1− δ(q)

x

)− δ(p)
δ(q)
(

1− δ(p)

x

)
, x ∈ [1,∞).

Note that (A.6) is equivalent to

F (1) > F (2) > lim
x→+∞

F (x),

and the proof is concluded provided that F is monotone decreasing. Direct computa-

tions give

F ′(x) =
δ(p)

x3

(
1− δ(q)

x

)− δ(p)
δ(q)
−1

(δ(p)− δ(q)) < 0,

by recalling that δ(p) < δ(q). The proof is concluded. �
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[9] Häım Brézis and Elliott H. Lieb. A relation between pointwise convergence of functions and

convergence of functionals. Proc. Am. Math. Soc., 88:486–490, 1983. 16

[10] N. Burq, V. Georgiev, N. Tzvetkov, and N. Visciglia. H1 scattering for mass-subcritical NLS

with short-range nonlinearity and initial data in Σ. Ann. Henri Poincaré, 24(4):1355–1376,
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Bruno Pontecorvo, 5, 56127, Pisa, Italy, and Faculty of Science and Engineering,

Waseda University, 3-4-1, Okubo, Shinjuku-ku, Tokyo 169-8555, Japan, and Institute

of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. Georgi

Bonchev Str., Block 8, 1113 Sofia, Bulgaria

Email address: vladimir.simeonov.gueorguiev@unipi.it


	1. Introduction
	1.1. Purpose of the work
	1.2. Notations

	2. The variational problem
	3. Small-mass data scattering 
	3.1. Pseudo-conformal transformation and pseudo-conformal energy

	4. Non-negativity of the remainder
	4.1. Proof of Theorem 4

	Appendix A. 
	Acknowledgements

	References

