NLS WITH MASS-SUBCRITICAL COMBINED NONLINEARITIES:
SMALL MASS L>-SCATTERING

JACOPO BELLAZZINI, LUIGI FORCELLA, AND VLADIMIR GEORGIEV

ABSTRACT. We prove small data scattering in the mass-subcritical regime for
the NLS equation with double nonlinearities, where a focusing leading term is
perturbed by a lower order defocusing nonlinear term. Our proof relies on the
pseudo-conformal transformation in conjunction with a general variational argument
used to obtain the positivity of certain modified energies. Moreover, the smallness
assumption is only on the mass of the initial data, and not on the whole ¥-norm.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the nonlinear Schrodinger
equation (NLS) with combined nonlinearities

{i% + A = [T — [l
w(O) =Yy €X

where 1) = (t,x), ¥ : Rx RY — C, A, is the standard Laplace operator with respect
to the space variables x, and

, (L1)

1+2< < <1+4
g~ 9=P d

The space X is defined as the subspace of H'(R?) with finite variance:
Y ={uec H'R?Y st. |zrluec L*(RY},

endowed with norm || f||% = ||f||§{1(Rd) + |||x|u||2LQ(Rd). Taking into account the signs
in front of the nonlinear terms in (1.1), we are dealing with a mixed nonlinearity with
focusing mass-subcritical term of order p, and a defocusing term of order ¢ € (14 %l, D).
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The critical power py = 1+ % is defined by borrowing from the usual scaling invariant
equation with one nonlinearity

0 + Agtp = £y,
and refers to the conservation of the L?-norm of a solution under the scaling invariance
2
of the equation given by (¢, z) = Aro-1)(A%t, \x).
The exponent ¢y = 1 + %l is instead known as the exponent separating the so-called

short-range and long-range nonlinearities. See the discussion below.
A function ¥(t), with ¢ € C((—Timin, Tmax); 2) is said a mild solution to (1.1) if it
satisfies the integral equation

Gt) = Uty — i / Ut — 5)g(ib(s))ds,

where U(t) = A= is the free Schrodinger propagator and g(¢) = [¢|97 1) — [P~ 1.
At a formal level, equation (1.1) preserves the following quantities: the mass,

M) = [ 100, (1.2

the energy
BO0) =5 [ Vit afde+ — [ o)

1 p+1
- [ et
and the momentum
P((t) =Im [ (t,z)Vi(t, z)dr. (1.4)

R4
A solution to (1.1) satisfying conservation of (1.2), (1.3), and (1.4) is known to
exist. See Proposition 3.1 in Section 3.

1.1. Purpose of the work. In this paper, we are interested in the scattering
properties of solutions to (1.1). In particular, once it is known that a solution
exists globally-in-time, we ask whether the solution behaves linearly for large times.
Specifically, one may ask the existence of functions * such that

i [[U(=6)(1) — ¢*|lx =0, (15)

in some functional space X. For our scopes, X will be the space L*(R?), H'(R?), or %,
and we will refer to (1.5) as L?-scattering, H!-scattering, or Y-scattering, respectively.
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Note that U(t) is an isometry in H*(R?), s € R, and so (1.5) is equivalent to
tlirin |(t) — Ut)y*||x = 0if X = L*(R?) or X = H'(R?). This is no more true
—+o0

when X = ¥, and we refer to [4] for some results in this direction. Before going into
details, we state our main result.

Theorem 1. Let 1+ %l <qg<p<l+ %. There exists a positive mass p* such that
for any 1y € ¥ with |[¢)o[|r2re) < p* a solution to (1.1) scatters in L*(R?).

Let us give the following comments about the content of the theorem above.

Remark 1.1. We emphasize that our smallness assumption is only on the mass of
the initial datum, and not in the whole ¥-norm. This is a major difference with
respect to the classical scattering results as in [12, 16, 31] for the NLS equation (see
below for further details). In 1D, we also cite [17], where the authors consider an
arbitrary (complex) linear combination of nonlinear terms, and proved a version of
the scattering with small data in some weighted Sobolev spaces.

Remark 1.2. Below, we will provide an upper bound on the mass p* by means of
the threshold mass yielding the existence of ground states for equation (1.9).

It is worth briefly recalling what happens for standard NLS equation with one
pure-power nonlinearity. The problem of scattering for the following defocusing
equation

i0a) + Agtp = [|" 4 (1.6)

and the focusing equation

10 + Agth = —|h|P~ (1.7)

has a long history, and a huge amount of works has been produced since the 70’s. In
the setting of the present paper, where mass-subcritical nonlinearities are considered,
e, 1<g<1+ %, for the defocusing model (1.6) we mention the work by Tsutsumi
and Yajima [37], who proved L2-scattering in the whole short-range interval (21 <q< %
for solutions in > by employing the pseudo-conformal transformation, see Section
3. The results in [37] are optimal as Strauss [34] and Barab [3] proved failure of
L?-scattering in the long-range regime 1 < ¢ < %. We also cite the more recent
paper [10] by Burq, Tzvetkov, Visciglia, and the third author, in which the result
in [37] is upgraded to the H'-topology. For the Y-scattering, we refer to [12,36],
where the scattering in the strongest norm X is proved up to a restriction of the
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short-range interval, i.e., ¢ € (g1, 3), with ¢ > go.

As for the focusing equation (1.7), the situation is more complicated due to the
conflict between the dispersive effect of the linear part of the equation and the
nonlinear interaction. While the energy is non-negative definite for (1.6), it does
not have a sign for (1.7), and when an initial datum is not small (in some sense),
the nonlinear effect can be strong enough to prevent scattering. This is the case of
particular solutions, called standing waves, which in fact do exist for (1.7), and do
not exist for (1.6). Such solutions are of the form (¢, z) = e“'u(z), with w € R, and
u(z) € C is a time-independent function belonging to H'(R?) which satisfies

—Au+ wu — |[ufPru = 0. (1.8)

It is worth recalling that solutions to (1.8) exist for any mass, and standing waves are
global non-scattering solutions. For scattering results under smallness assumption in
some weighted L?-spaces, we refer to the classical works by Cazenave and Weissler,
Ginibre, Ozawa, and Velo, and Nakanishi and Ozawa, see [12, 16, 31], respectively.
We also mention the recent work by Ifrim and Tataru [18,19] for new results about
the one dimensional, focusing, cubic NLS. The transition between scattering/non-
scattering solutions in term of the size of the initial datum is studied in the papers
by Masaki [27,28], where the author works in some weighted L*-spaces. It is worth
mentioning that in contrast to the mass-critical or mass-supercritical cases p > %,
Masaki results show that the ground state does not play the role of the threshold
separating the scattering and non-scattering regimes.

As the existence of standing waves may represent an obstruction for scattering, we
start by considering the possible existence of standing waves for our mixed model
(1.1). Specifically, we look at solutions to (1.1) of the form (¢, z) = e“*u(x), with
w € R and u(z) € C is a time-independent H!(RY)-function which satisfies

—Au+wu + |u)* 'y — |ulPru = 0. (1.9)

Since the mass is a conserved physical quantity along the flow of (1.1), a natural
approach to finding solutions u to (1.9) is to seek critical points of the energy
functional, constrained to the L?-spheres in H'(R?), which are defined by

Sp={ue H'R?) : |ullp2me = p}-
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Thus, a solution to (1.9) is understood as a pair (w,,u,) € R x H'(R?), where
w, serves as the Lagrange multiplier corresponding to the critical point u, on the
constraint set S,.

For a fixed a mass p > 0, we define the ground state energy the quantity 1,2, defined
as the infimum of the energy functional over S,, namely,

Ip2 = igpf E(u),

where E is defined as in (1.3).
We have the following existence and non-existence result for the existence of ground
states.

Theorem 2. et d>1land 1 <g<p<1+ %. Then there exists a strictly positive
mass po g such that:

(i) I,2 = 0 for all p € (0, po,sl;

(i) I,2 < 0 for all p € (po,g, 00).

Moreover, there are no constrained minimizers for 0 < p < pg g, and for all p €
[po,, 00) there exists u, € S, such that 1. = E(u,).

We will refer to the minimal mass pg g as the ground state threshold mass.

Remark 1.3. Note that any ground state u, given in Theorem 2 belongs to X as
well. Indeed, it is a solution to the elliptic equation (1.9) with w > 0 and therefore is
in L?(|z|*dx). See Appendix A.

A natural question that arises after proving the existence of a threshold mass for
the existence of ground states, is whether there exists a smaller threshold mass for
the existence of generic standing waves. In order to answer this question, we recall
that for any standing wave ¢ (¢, ) = e*'u(x) we have G(u) = 0, where G(u) is the
following Pohozaev functional

Gu)= [ |Vul|’dr+ M/ lu| " dx — dp=1) lu|Ptda.
R 2(¢+1) Jra 2(p+1) Jra
Note that the Pohozaev functional has the same structure as the energy functional
(1.3), the two being different only by the constants appearing in front of the integrals.
Then, it becomes relevant to study the existence of minimizers for a general defocusing-

focusing energy functional of the type

1 1
Eaﬂﬁ(u) = CVHVUHQLQ(IM) + B||u||%-jz_+1([@d) - VHUHZE:H(W)
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constrained to the manifold S,, with positive constants a, 8,y and 1 < ¢ <p <1+ %.
Thus, we consider the general problem
177 = inf 227 (),

and we prove the following existence and non-existence result of minimizers.

Theorem 3. Let d> 1,1 <g<p< 1+%, and a > 0, f > 0, v > 0. Then there
exists a strictly positive mass

po = polcv, B,7) (1.10)
such that:
(i) I;’)‘f” =0 for all p € (0, po];
(i) 1577 < 0 for all p € (po, 00).
Moreover, there are no constrained minimizers for 0 < p < pg, and for all p € [pg, 0)
there exists u, € S, such that ij” = E*P7(u,).

It is clear that Theorem 2 is just a specific case of Theorem 3 when o = %, b=
107 = 51, namely pg = po g, and that Theorem 3 also guarantees that G(u) > 0
for u € S, when p < py sw where

- dig—1) d(p—1)
v = (150575 2 51)) )

As a consequence, we have the following.

Corollary 1. Standing waves solutions ¥(t,z) = e“*u(z), w € R and u € H'(R?)
with mass smaller than py gy cannot exist.

Remark 1.4. It is worth mentioning that a general result for nonhomogeneous
nonlinearities that gives an analogous statement of Theorem 3 is contained in [21].
In this paper, we give a new alternative and shorter proof that uses only scaling
arguments and is suitable for pure-power mixed nonlinearities. In this way, on the one
hand, all the results in this paper are self-contained. On the other hand, and most
importantly, our ideas are precisely tailored to work on the dynamical properties of
solutions to (1.1), as they enable us to perform suitable controls on various energy
functionals that appear throughout the paper. We introduced this new approach
very recently in the context of the Half-Wave equation, see [6], and in this article we
further develop our method to tackle the much harder scattering problem related to
(1.1).
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Remark 1.5. Since the seminal work by Tao, Visan, and Zhang [35], the NLS with
combined nonlinearities has attracted a lot of attention. Concerning the existence
of standing waves when the leading nonlinearity is mass super-critical it is worth
mentioning at least the following recent works [7, 15,20, 22,32, 33], and references
therein.

Going back to our main goal, i.e., the long-time dynamics of solutions to (1.1), and
having in mind Theorem 2 and Corollary 1, it is clear that the long-time dynamics
of solutions to (1.1) shall be rather different from those of the NLS equation with a
single power-like nonlinear term. Indeed, we are in a scenario where standing waves
may exist or not, depending on the mass. We can re-state Theorem 1 in a more
precise and quantitative way. To this aim, we introduce the following exponents:

_4—d(g—-1)
-1

:4—d(p—1)

(q) 5

and  4(p) (1.12)

Note that both exponents above are in the range (0, 1).

Theorem 4. Let d > 1, 1+ % <g<p<l+ %l, and po g > 0 be the threshold mass
for the existence of ground states given in Theorem 2. Then there exists a positive
mass p*, given by

3(q)

. (1 (1= 5()(1 = 8(p)) " 1 )WO’E’

2’ q+1 ‘p+1

such that for any vy € X with ¢/ r2(rey < p* there exist ¢ € L*(RY) satisfying

lim l4(t) = U()¢£]| L2ee) = 0

t—=o0

with 1 (t) solution to (1.1).

Remark 1.6. In view of the content of Theorem 4, it is natural to ask whether
the threshold mass p* is optimal or not. Alternatively, we may ask if we can push
p* up to po g defined in Theorem 2. We conjecture that this is not possible as we
suspect the existence of standing waves which are not global minima for the energy
functional, and have a mass strictly smaller than py g. In the Appendix we show that
the threshold mass py g defined in Theorem 2, pg sy defined in (1.11) and p* defined
in Theorem 2, are ordered as p* < po.sw < po.E&-
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Let us briefly illustrate the main ideas behind the proof of Theorem 4. First, we
introduce the pseudo-conformal transformation

R e e LR

1—7"1—7

It is known that e~#A=1)(¢) has a strong limit in the L?-topology as t — +oc if and
only if ¢(7) has a strong limit in the L?-topology as 7 — 17, see Proposition 3.4.
In the new variables, ¢(7) is a solution to the following NLS with time-dependent
coefficients

i0-0 + Do = (1= 1) D)o(7)|7 (1) = (1 = 7) 2P () [P~ p(7),

and to perform a Tsutsumi and Yajima argument [37] it will be crucial to have
suitable controls in terms of (1 —7) for the quantities ||Veo(7)|| p2ray, [|0(T)|| Lot (ray,
and |[¢(7)| p+1(rey. At this point, in order to control the aforementioned norms, we
introduce the modified energy

(1-7) 2 (1 —7)A 0 +1
Ba(r o) = = IVep(Mlliaqma) + el oi ey
_ m”ﬂﬂ\ Pﬂl( 5
p+1 Lp+1(R4)"

The modified energy above is parametrized by a non-negative real number A that
satisfies 6(¢) < A < 1 (which will be chosen properly later in the paper). Specifically,
the modified energy F 4 is not conserved along the flow, so the crucial point will be to
exploit a bound on the time evolution of the modified energy in terms of E4(0,»(0)),
provided that the Cauchy datum has L?-norm strictly lower than a certain mass
p1(A). The variational analysis developed in Theorem 3 will be the key tool for this
purpose. Once the time evolution of the modified energy is controlled, we will get
the estimates

HVSSO(T)H%%W) (1—7)~4,

5 _
||go(7-)||qLﬂ1(Rd) S(1- 7')5(‘1)—A7
S (-

that enable us to prove the long-time dynamical results by exploiting the Tsutsumi
and Yajima strategy. We therefore prove scattering below the threshold mass p;(A)

lo ()24 gy S (1= )P4,

parametrized by A. Eventually, we will show the monotonicity of the mass p;(A) as
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A — 17 and we compute the largest possible threshold mass given by

. (1 (1-8(g)(1—8(p) " 1 )

2’ q+1 ‘p+1

p:

Remark 1.7. To the best of our knowledge, this is the first L2-scattering result in
the full short-range regime with a smallness assumption only on the initial mass. It
is worth mentioning that the problem of scattering has been widely treated in recent
years when the nonlinear terms in (1.1) (not necessarily in the defocusing-focusing
case) are in the mass-supercritical and energy-subcritical /energy-critical interval, and
we refer the reader to [1,2,5,13,14,25,26,29,30,35] and references therein.

1.2. Notations. Along this paper, we use the following notation. The Lebesgue
spaces LP(RY), 1 < p < oo, are simply denoted by LP with the corresponding norms
denoted by | f|l, = (fga |f(2)[Pdz)"/P. Since now on, we omit the dependence on
the whole space in the integrals. For s € R, H*(RY) = H* = (1 — A)~*/2L? are
the L?-based Sobolev space endowed norms || f]|%. = [|(1 — A)*/2f||2. In particular,
1f[I7 = IVfII3 + [ f]13- The L*-pairing is defined as (f,g) = [ f(z)g(z)dz. X Y
stands for the usual shorthand notation for inequalities that involve implicit constants.
Specifically, X <Y means that X < C'Y for some positive constant C, and similarly
for X 2 Y. When both inequalities hold, we use X ~ Y.

2. THE VARIATIONAL PROBLEM

As described in the Introduction, our first goal is to find conditions for the existence
of minimizers for a general defocusing-focusing energy functional of the type

E* () = of | Vull3 + Bllullyiy — vl (2.1)

constrained on the manifold S, := {u € H' : |lulls = p}, with positive constants
a,f,yand 1 <g<p<1l+ é. Therefore, we look at the problem

I;‘Q’B’W = iglf EP (u).
P

We also introduce the Pohozaev functional

o dg—1 dp—1
6w = 20 Va3 + LD guary - A2 -1

and we recall that for all critical points of the energy functional E*#7(u) we have

1
Yllullpis,

G*%(u) = 0. From now on, having fixed a, 3,7, we simplify the notation for the
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reader’s convenience using E(u) instead of E*“#7(u), G(u) instead of G*#7(u), L,
instead of I;“Q’ﬂ 7 and pqg instead of po(a, B,7).
First, we recall the following facts, for which we refer to the work by Lions [24].

Lemma 2.1. Consider the function p — L,2. The following properties hold true:
(i) L2 is weakly subadditive, i.e., for any 0 < pu < p,

Ip2 < IMQ + Ipz_uz;

(i) if L2 is strongly subadditive, i.e., if for any 0 < pu < p
Ip2 < IM2 +1

p2—p?s

then the infimum is attained.

In order to prove Theorem 3, we introduce the auxiliary problem
- - 1
B (u) = E(u) == o[ Vully = ~ullpi1,

and we define
Jp2 = iélf E(u).

We start with the following negativity property of J .

ol 4(p+1)—2d(p—1)
Proposition 2.2. For any p >0, J,2 = p~ *d=dr J; < 0.
Proof. Let us assume that u has L?-unitary norm. We claim that J; < 0. Let us
consider the mass-preserving scaling uy = )\%u()\x) so that u, remains in S;. We
have that
E(uy) = aX||Vull} = A5V Jull 1.
Asfor1<p<1+32wehave 4(p—1)<2and J; < E(uy) by definition, the claim
follows by selecting A sufficiently small.
2 4 4
Now, set uy = Ai-1u(Az). We then have that [|uy]|2 = i1 %||ul|2 = A1~ By
2(p—1)
fixing A = A(p) = p* =D we have that uy € S,. For this choice of A, the energy
. 2(p+1)—d(p—1) ~ Apt+1)—2d(p—1) ~ .
becomes E(uyp)) = Ap) »*  E(u) = p &4  E(u). As the scaling map
4(p+1)—2d(p—1)
between S; and S, is a bijection, J,2» = p~ #d=dr— J; < 0, and the proof is done. [J
As a consequence, we can deduce the non-positivity of the function I,. and its
decay property as p — 0%,

I
Proposition 2.3. J, <1 <0 and lim %2 =0.
p—0t p
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Proof. The positivity of § directly implies J,; < I1,. Take now u € S, and uy =
Asu(Az), so that uy € S, for all A > 0. We have

d(g— d(p—
E(uz) = aX?|[Vull3 + BA2C [lullgiy — v A2 D lulp 1,

then E(uy) — 0 for A — 07, and hence I < 0. Proposition 2.2 and I, < 0 yield the

decay property 12 = o(p?) as p — 07, since % > 2 for p > 1. d

Lemma 2.4. The function p 1, is continuous.

Proof. Let p, — p. For every n € N, let w,, € S,, such that E(w,) < I, + %
Since we are in a mass-subcritical regime, all the terms in the energy functional are
uniformly bounded. So we easily find

I, <E (ﬁwn> = E(wy) + on(1) <12 +0,(1).
On the other hand, given a minimizing sequence {v,} C S, for I 2, we have

g < B (p_pnvn> = E(vn) + 0n(1) = L2 + 0,(1),
and then by combining with the previous property, lim, .o Ip2 = I,2. U

We now demonstrate that if the weak non-negativity of L2 can be strengthened to
strict non-negativity, then the existence of minimizers follows.

Lemma 2.5. Fiz p > 0 and suppose that 1, < 0. There exists u € S, such that
E(u) = IPQ.

I, I
Proof. Tt suffices to show that for any s € (0, p), —22 > %2. Note that the strong
s2 7 p
I (P — 1)
subadditivity at p follows by adding term by term —I,2 < I and ———1, <
p p

I2_,2. Let us define the quantity

p

From the fact that [» < 0 we have that ) < 0, and by Proposition 2.3 that

I
p:=inf{s € (0, p] : 5_22 =@} > 0.
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Clearly, if p = p strong subadditivity at p holds, and a minimizer exists thanks
to Lemma 2.1. Therefore let us assume that p < p. In the latter case, we have by
definition that for any p € (0, p)

1
?IﬁQ < 1#2
and
2 2
P —u
p2 Ip2 < Iﬁz_ﬂz
Hence I2 < 1,2 +15_,2 and by subadditivity, there exists @ € S(p) with F(a) = [
and such that for 0 € (1 —,1+ ¢), for some small ¢ > 0,
E(I_L) _ Iﬁ < 19252 < E(@I_L)
ﬁ2 )52 — 82p2 - 02/32
Therefore we have
d 2 _
p (0*E(u) — E(0u)) |,_, = 0. (2.2)
For a minimizer @ of I, we have
L2 = E(a) = of|Va|3 + sllalis —~lalbi, (2.3)
and
_ d( 1) dip — 1)
20| Vill3 + ——=8llalli — Tﬂlﬂ\liﬁ = (2.4)

From (2.2) we get
Blg = Dlallziy — v(p — Dllaly =0,
and by plugging the latter into (2.4) we get ||Val||3 = 0, which is a contradiction. In

the end, p = p, thus subadditivity holds and a minimizer exists.
O

We move to the proof of the existence of a threshold mass giving a dichotomy
between I» = 0 and I » < 0.

Lemma 2.6. There exists a strictly positive threshold mass py such that:
(i) L2 =0 for all p € (0, pol;
(ii) L2 <0 for all p € (po, 0).

Proof. The fact that [ » < 0, see Proposition 2.3, together with the weak subadditivity
property implies that if I,» < 0, then I, < 0 for all s > p. The negativity of I, <0
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for sufficiently large p follows by a scaling argument. Indeed, let us rescale u as
2
uy = Ai-Tu(Ax). We have
2(q+1) 1 20041 _y 1
E(w) = A1~ (al|Vull3 + Bllullh) — A lullbhy
—d> q+1) —d

if and only if p > ¢. On the other hand, ||u,||3 = AT |2 and hence a large A

and then F(uy) < 0 after choosing a sufficiently large A, since 2(p +1

corresponds to a large mass p.

Now we prove (i), i.e., that there exists py > 0 such that I,» = 0 for all p € (0, po|.
Note that from the weak subadditivity property, together with I, <0, the function
1,2 is non-increasing. By defining the set O = {p : I, =0 for all s € (0,p)}, we
prove that O # () and that

po =sup{p : I2=0forall s € (0,p)} >0.

Moreover, I, < 0 for any p > py. The idea is to show that I,» cannot be attained in
S, if p is sufficiently small. As a byproduct, we will have that

po =sup{p : Iz =0 for all s € (0,p]} (2.5)

is strictly positive, because the negativity of 1> implies existence of minimizers, see
Lemma 2.5.

Therefore, let us assume that there exists a sequence {p,} such that p, — 0" and
L is attained by ground states u,,. The fact that E(u,,) < 0 guarantees that
HuHﬁE > f/HVqu, and jointly with the Gagliardo-Nirenberg interpolation inequality

we get
1 +1-4e1) p=1)
IVup, 13 S o, i S o 7 IIVuanz
and so, asl<p<1—|—3,

i ([Vu, o =

On the other hand, ground states fulfill G(u,,, ) = 0, but this contradicts the following.

Claim. For ¢ > 0 sufficiently small, the set
A.={ue H'\{0} : BE(u) <0, Gu) =0, ||Vullz <e} =0. (2.6)

The first observation is that for a function in A, the kinetic energy |Vul|3 has a size
comparable to that of the focusing potential energy term ||u||p +1- Indeed, we have
2 dlg—1) -

PR = T

1
Zalvul + 224 = IIUIliL
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which shows that
dp—q) p+1
— —_ _H ||p+1'
(4—d(g—1))«a

On the other hand, the non-positivity of the energy implies

IVull3 >

(07
lullpty > = [IVulf3, (2.7)
g

and then ||u||§ﬁ ~ ||Vul||3. Note that

4 - d( ) q+1 4 — d( ) p+1

1
OZE(u)—éG() Bllullgyy — ———7llullpi1-

The latter inequality guarantees that ||u||§ﬂ pe Hqui} Therefore, thanks to the
Gagliardo-Nirenberg inequality, we have

(I u]2) =TT (g o41) DD > oyt

q+1 p+1

and hence
v 2 %ﬂ p+1 % > p+1
(IVull3) |ullpi1) Jullpsa-

We now use (2.7), and we conclude that

9)+2(p+1)—d(p—1)

(I7ullp) “FERET 2 |Vl

We notice that
dp—q) +2(p+1) —dp—1)
2d — (d—2)(q+ 1)
when p > ¢ and hence [|Vu||y cannot be too small, namely A. = () provided that
ek 1. U

> 1,

The next Lemma is a non-existence result which shows that if the ground state
energy is zero in a open interval, then necessarily the ground state energy is not
achieved.

Lemma 2.7. If 1> = 0 in an interval I = (0,py1), then for any p € I, 1,2 is not
achieved in S,.

Proof. Let us assume the existence of a mass p € I and of a function u € S, such
that I, =0 = E(u). Then

E(U) = Ip2 S 102/22 S E(QU)
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for 0 € (1 —¢,1+ ¢), for some small € > 0, and then

d
5 EOw],_, =0,

which implies
20 Vull3 + (g + DBl — 0+ Dylluli = 0.
The above condition tells us that u solves the static equation
—2aAu+ (g + 1)Blu|"'u — (p+ )y|uffu =0,

and the latter is not compatible with the condition E(u) = I,» = 0. To be more
precise, we observe from (2.3) and (2.4) that

2 4 p+1
Ly = () = B - 56 = (1 - W) IVl + 2=

20| Vull} + (g + DB llullgis = (o + Drllullyis

= 20 (1—%) |V ugm( )u pr B

Furthermore, due to (2.8),

2

1 1

20[Vul3 + (¢ + DBlull — (0 + Dllullyiy = =5l Vuls # 0.

This shows that for any p € I minimizers for £ constrained on S, cannot exist. [

The last Lemma guarantees the existence of a ground state at the threshold mass
Po-

Lemma 2.8. For py defined as in (2.5), there exists u € Sy, such that 1,2 = E(u).

Proof. Consider a sequence {p,} of masses converging to pg, with p, > po for any n.

By definition, T2 < 0, so denote by u,,, a ground state that belongs to S,,. Clearly

u,, is bounded in H' and liminf ||u,, ||§ﬂ > 0. Indeed, suppose by the absurd that
n— o0

klim (7. ||f,ﬁ = 0 along some subsequence {p,, }. Then, by the negativity of the

—00

energy, we get klim IV, |I3 =0, and the latter is in contrast to (2.6). Note that by
—00

interpolation, as [|[Vu,, |2 S1

[wpllz=pn STt llprn ST, and - lup, [lg0 2 1. (2.9)
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Define @, = £2u,, which belongs to S,,. Clearly, the estimates in (2.9) are valid for
@, , and so, by the Lieb Translation Lemma [23], we can claim that up to a space
translation 4,, — @ # 0 in H', by possibly extracting a subsequence. To prove
that u € S,,, it suffices to observe that if ||ul|3 = u? < p3, then by the Brezis-Lieb
Lemma [9],

Lz o+ L2 +0,(1) < E(d,, —u) + E(u) + 0n(1) = E(t,) =Lz + 0,(1) = 0,(1),

hence by the weak subadditivity inequality E(u) = I,2. By Lemma 2.7 this is a
contradiction. O

Proof of Theorem 3. The content of Theorem 3 is now a consequence of Lemma 2.5,
Lemma 2.6, Lemma 2.7, and Lemma 2.8. U

We conclude this Section by giving the following monotonicity and continuity
properties for the threshold masses po(a, 8, 7) with respect to the parameters.

Proposition 2.9. Let py(«, 3,7) be the threshold mass given by Theorem 3, then

pO(O/7 ﬁa fy) < pO(a7 ﬁ? 7)7
pO(aa 5/7 ’}/) < pO(a7 B7 7)7
pO(aa 67 ’7/) < pO(av B7 V)v
for0<d <a,0<pf <pB,0<y<y.
Proof. The proof follows from Theorem 3 by noticing that for the parameters (o, 3,7)

the energy functional fulfills £%%7(u,,) < 0, with u,, a ground state for the energy
E*87 namely, E*%7(u,,) = 0. The other cases are identical. i

Proposition 2.10. Let py g = po (%, qu1’ zﬁ) be the threshold mass given by Theo-

rem 3. Then

’ L1 n

im - — —— | = .

o\ g 1) TP

Proof. By the monotonicity of the threshold mass as a function of n > 1 given by

Proposition 2.9, po(3, —+, -2

3 T m) has a limit as n — 1*. Suppose, for the sake of
contradiction, that

li L 1 G0 <
im - ] = .
THHPO 27q+17p+1 Po < Po,E
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e — o (L 1 : - B
By denoting pJ = po (2, pra p+1), we consider a ground state u,n with mass |[un[l2 =

po for the functional E%’qfll’#(u), see Theorem 3. By considering the scaling
2
uy = Ai-Tu(\), we have

2(p—q)
2 d(q 1)+2q 1 1 1 ATa T 1
E(upo, ) = A <§||Vupg||§ + q+—1||upg||gi1 - Dt Hupg”gil> :

At this point we fix A, such that [lum |15 = i E+p0 < pg - Note that |luz s [13 =
4-d(g=1) N e TCES )]
A T ()2 e, Ay = (p;z‘i%5°)4 0 By the fact that lim, i+ g = po, it
0

exists ¢ > 1 independent of n such that A\, > c. We conclude by observing that
E%’qﬁ’ﬁ(upg) = 0 and then

o dlg—1)42q 0 . CQ(:D q) »
1
Eugy,) <Ay P Tyl — Py Tyl

when 7 is sufficently close to 1. This contradicts that py g is the threshold mass.
0

3. SMALL-MASS DATA SCATTERING

In this Section, we collect some important facts as well as crucial results we need
to prove our main achievement. First, we begin with the following well-posedness
theory.

Proposition 3.1. Let d > 1,1 < ¢ < p < 1+ 4 5, and Yy € X. Then the
Cauchy problem (1.1) is globally well-posed. In partzcular, the solution ¢ € C'(R;Y),

M(y(t)) = M(tho), E((t)) = E(t0), and P((t)) = P(3o).

For a proof of the well-posedness results, we refer the reader to the monograph [11].
We only recall that extension of local solution to global ones is a consequence of
the blowup alternative and the fact that the leading, focusing, nonlinear term is of
mass-subritical nature.

3.1. Pseudo-conformal transformation and pseudo-conformal energy. We
recall the following pseudo-conformal transformation

(t,2,9) = (1.€,9)
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defined by
T £
tzl_T, =17 (3.1)
and
(t,x) = (1+1)"p o e%fﬂ
’ 14+t 1+t
with inverse transformations given by
t T
_ - 3.2
TTiee TSI (32)

and

p(1,8) =1 ( - : ) (1— T)_d/26_4z‘1§—|27>.

1—-7'1—7
If ¢ is a solution to (1.1) defined in the time interval ¢ € [0, 00), then we can apply
the pseudo-conformal transformation, and via

- izl . . ;
1040 + A (t,x) = €05 (14 1) 7272 ((i0; + Ag)yp) (1 +t'1 i t) :

we obtain that (7, &) solves
i0rp + Aep = (1= 7) 7 D]o(1) | p(r) — (1 = 1) P ep(7) [P~ (), (3.3)

on the time interval 7 € [0, 1), with initial datum

iz|?

po(x) =€ 1

where d(p) and 0(q) are given by (1.12) We give now the relations between the norms
for p(7) and norms for ¢ (t). To this end, we define the operator

J(t+1) = g (14 V. (3.5)

Lemma 3.2. The following identities hold true:
le(m)ll2 = ll(@)]l2,
lo (DI} = (L+ )~y @I,
Hele(ll2 = (1 + )7 [zl ()],
IVep(T)ll2 = I7(E + )0 (1),
where T is defined in (3.2).
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Proof. From (3.1) we have
t x x
— o 1 —d/2 — o 1 —d/2
) = o ()| A0 = o (m 15 ) [a e oo

and then we find
2
_d T
o ( d t)

/lw(t,w)\Qd;p — /(1 +1)
J e = faorzlo (7 55)

In a similar way, we have

/W [W(t, x)| dm_/(1_|_t) —dt2

Finally, we have

de = |l (7)]l5

and

de = (1+ )"l (r)]I7.

o o

e (oS
Voult, ) = et 1 /(g (1= 7)e) (9
(-

= (L+ 1 [llgle (7] -

and ,
(1- )d/2v§(p(7 §=e — i g (1+t)V >¢(t x)
Hence,
/’Vggo 7, &) [2d¢ = / ~+i(1+4)V ) O(t, x)|2de = ||J(1+t)p(t)|5.  (3.6)

g

After the application of the pseudo-conformal transformation on 1(t), we consider
the initial value problem (3.3)-(3.4) for ¢. We rewrite (3.3) as

i0rp + Dgp = g(7, (7)), (3.7)

where
g(rp(r)) = (1= 1)@l (r)[* (1) — (1= 7) P (r)[" (), (3.8)
and 0(p) and 0(q) defined in (1.12). These 0’s will be used along the proof of the

main theorem. Hence, the mild solution ¢ € C([0,1); %) to the Cauchy problem (3.3)
satisfies the integral equation

o(7) = U)o — i / Ulr — 0)g(0, pl0))do (3.9)
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We have the following equivalence result, for which we refer to [11] for a proof.

Proposition 3.3. Let 1y € X. 9)(t) is a solution to (1.1) in C([0,00); X) if and only
if o(t) is a solution to (3.7)-(3.8) in C(]0,1); X) with initial datum given by (3.4).

Moreover, the following equivalence about the asymptotic dynamics holds true,
see [11].

Proposition 3.4. Under the hypothesis of Proposition 3.3, U(—t)Y(t) has a strong
limit in the L*-topology as t — +oo if and only if ©(T) has a strong limit in the
L?-topology as T — 1. In particular,

ilz|?

lim U(—t)y(t) = lim e 2 U(=7)p(t) in L

t——+o0 T—17

At this point, we fix a non-negative real number A (that will be properly chosen
later on in the paper), and we introduce the modified energy

1_7_A 1_7—14_5(‘1)
Eatrptr) = S5 Ve + =L el
(1 — 7)Ao pHl 310
- p+—1’|90(7)\ p+1-

It is implicit in our notation that when computing norms for the unknown ¢, we
are seeing them as functions of the pseudo-conformal space variable £&. We give the
following.

Lemma 3.5. Let A >0 and ¢ € C([0,1);X) a solution to (3.9). Then, we have the
relation

Earo(0) + [ Rao,9(0)) = Eaf0.9(0), (3.11)
0
where the correction energy term R4 is defined by
A(l — )41
————IVer(n)]12

2
+ (1= pyrso s Dy o (3.12)

A—§(p)—1 (A—4d(p)) p+1
(1—7)*0w pT||90(7)|p+1~

Ra(7, (7)) =
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Proof. After a regularization argument, we can justify the following computations.
Take the real part of the L2-pairing of the equation (3.7) with (1 — 7)%9,¢; we find

0= Re/(i&g& + Acp(1 — 7)20,p d¢
= [= Dl plr) + (1= 7)) Pl (1 - )0
= 0= 770, (Re [l = [9epac) - -0+, ( [ lapae)
4 L(l — T)A*J(p)aT (/ |¢‘p+1d§) _

p+1
Then we have

(1 —7)A-0

d ((1-71)4 )
T (S wemr+ S e
0

d ((1—7)A70)
- (el ) + Ratrpt) =,
where R4(7, p(7)) is defined in (3.12). So we have
d
EEA@_: (20(7—» + RA(Tv 90(7—)) - 07
where E 4 is defined in (3.10). After integrating in 7, we find (3.11) and the proof is
complete. O

The next proposition shows that the right-hand side of (3.11) is non-negative if g
has mass less than or equal to that of the threshold mass po z.

Lemma 3.6. The functional

. 1 2 1 +1 1 +1
EA(0,¢0) := §|’V§<P0Hz + mHSOOHZH - m”@ouzﬂ

i|z|2
fulfills Ea(po) >0 for all py = e_%wo(x) in 3 with mass ||eol|3 = p? if and only if
p < po.r where po g is the threshold mass for the existence of ground states given in
Theorem 2.

Proof. Thanks to Theorem 2, if p < pop clearly E4(0,¢0) > 0. For the other
implication we look at states ¢y = e’%wo(x). Let us fix p > po g and let us consider

il|?

the initial condition ¢y(x) = e 7 u,(x) where u, is a ground state (that belongs to X,
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see Appendix A) with mass p > po . Hence, po(x) = u,(x) and we have E(u,) <0
by Theorem 2. We claim that

E4(0,¢0) = E(u,) < 0. (3.13)
By (3.6) 1
Ea(0.0) = 51Tl + — Il = =l

2
where J(1) is defined in (3.5). We compute ||J(1)]3 = [|(£ + iV, ) = u,||3. We

have
\ |2

ile|?
17 (1)bollz = qup|\2+ IV (e™5 )13 + Re(we 5 uy, iV (e u,))
ilz|? ilzl?
||95Up||2+||V( up) ||z + Im{ze 5wy, V(e s u,)).
Now,
ial? 2 o 1 2 : 2 2
V(e up) 2 = IVupllz + Fllewlls + Relizuy, Vuy) = [[Vau,ll + 7 llzw,[l2
and 2 o2 2 2 2
Im(xe”i‘ up,V(e”il up)) = Im(xe%up, = +z§ez‘z‘ Up)
i22 i.'zz 1
= —Re(e # uy, e 1 u,) = —lou |3
Hence, ||J(1)¢oll3 = [[Vu,|3 and hence the claim (3.13) holds. The proof of is
concluded since F4(0, ¢g) < 0. O

4. NON-NEGATIVITY OF THE CORRECTION ENERGY (3.12) AND ESTIMATES ON

THE GROWTH OF [|Vewa(7)|3, ()51, lle(m)ll5in

Aim of this subsection is to prove that we can select the exponent A as introduced
in Lemma 3.5 satisfying 6(q) < A < 1, for §(q) defined in (1.12), such that we can
control of the growth of the modified energy given by (3.10), provided that the initial
datum has sufficiently small mass (depending on A).

Lemma 4.1. Letd > 1, 1 —|— <qg<p<l+? 2> and po g be the threshold mass for
the existence of ground states given in Theorem 2. We have the following: for any
A€ (6(q),1), there exists a positive mass p1(A), with

pl(A):pO(é (A= 8(@)(A ~ )~ 1 > "

27 qg+1 "p+1
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such that for any @o satisfying ||¢olle < p1(A)

1—7)4 1 —7)4-9)
Ea(rp(r) = S5 Ve + EE L el
(1 —7)A-9@ ) (4.2)
- T“‘P(T)HZL
< E4(0,4(0)),
where E4 is defined in (3.10).
Proof. Consider the correction energy functional (3.12) in the form
Ra(r, (7)) == (1 = 1) Ra(r, ¢(7))
A A—=9
= Vel + (1 = o XD oy
sy (A—0(p))
—(1-1) 5(p)pT||SD(T)||§E-
Denote o(7, &) = A\2u(7, AE). We get
~ A _ A — 5 q )\_6(‘1)
Ra(ryp(r)) = X2 (IVeo(r) I + (1 = )0 =2
2 qg+1 (4.3)

(1 — 1)@\~
~a =0 T g )
Fix A so that (A — §(p))(1 — 7)°@A=®) = 1, namely A = (A — §(p))/°®)(1 — 7).
By plugging this choice of the parameter into (4.3), we obtain

2/8(p

(A=) (A
s (||vs<>||2

)
)
(A= <>>;A 60) L ”()Hpﬂ)

1 |o(r )Hq+1 P+ 1 p+1

RA<T7 90(7—))
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At this point, we look at the functional

RAro() = T g R #(7)
@
=(éuvwmn%(A_M)ﬁla( D et @)

o).

Note that the right-hand side of (4.4) in non-negative provided that

H900H2 < Pl(A) = Po <§> <A — 5(q))(§jj_1 5(p))‘@ " j_ 1)

where py is defined in (1.10) of Theorem 3. Hence, the positivity of the correction
energy term implies (4.2). O

The previous Lemma shows that we are allowed to take an arbitrary A € (0(q),1)
in order to prove that the correction term given by (3.12) is non-negative when the
initial datum has L?-norm smaller than p;(A). Now we prove that this threshold
mass is monotone increasing with respect to the parameter A.

Lemma 4.2. Let p1(A) as defined in (4.1). We have that

3(q)
1 (1—-4(¢q)(1 —0d(p) @ 1
su A) = =, , 4.5
AG@(E)J)ﬂl( ) = po (2 | ST (4.5)
and o

L (1=6(g)(1—d(p) " 1
— ) < . 4.6
£0 (2, g1 P+ 1 Po.E ( )

Therefore, E4(0,p(0)) > 0 for all A € (6(q),1).
0

@ and consider the functional
h(4)
et - eIz ).

S

Oq

Proof. Set h(A) = (A =d(q))(A—d(p))”

A) 1

A RA) 1 A
BHR () = (FIVerlr +

Define ¢(7, &) = A\/20(7, ). We get

A h(A) 1

20 g+ p+1 (T T d(q 1 —4(p) 11
B et e (el + ML - e
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and hence
B (rplr) s (L
T PTAT,P\T)) (9 2 +1
T (GIvenl +
3(p)

1 1 [h(A)\ @
-3 (%) vawzii)
when \ = (Aflh(A))ﬁ . With this choice of A, the function

fpo;:A*(AJMA»%V:(1—§%Q)(1—§%Q)Z%.

For readability convenience, we set x = 0(¢) and y = 0(p). Recall that y <z < A < 1.
By computing the derivative of f(A) we get

R e [
=yA™ (1 B Z>_;_ (y —x) <0

and then f(A) is decreasing, so (4.5) is proved. To get (4.6), it suffices to note that
5(a)
the function (1 —d(¢))(1 —d(p)) @ < 1. We omit the computations. O

q+1

We now exhibit an explicit upper bound on the growth of [|[Veo(7)[3, [lo(7)[1411,

and Hgo(7’)||£ﬂ, by means of negative powers of (1 — 7).

Lemma 4.3. Letd > 1, 1+ %1 <g<p<l+ 2—11, and po.p > 0 be the threshold mass

for the existence of ground states as in Theorem 2. Moreover, let A € (0(q),1) and
p1(A) be as given in Lemma 4.1. Then, for ||¢olla < p1(A),

IVep(r)llz < (1 —7)7,
le(mllgi S (1 —7)" @4, (4.7)
le(m)llpi S (1 — )@,

Proof. Fix 0 < & < 1. We write E(T,¢(T)) as

e(1—7)4
T o)l +

£(1 — 7)A=00) )
THSO(T)”?S + B (7, ¢(7)),

g(1 — 1)A=%)

Ea(r,0(7)) = |

le(m)lgh
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where

Byrpm) = LT g o)

2
P e
ol s

Our purpose is to show that for a suitable choice of € with € > ¢, for g independent of
A, E% (7, (7)) is strictly positive for all 7 € (0,1). We argue as before by considering

E(7,0(7)) = (1 — T)_AEE(T, (7))
_1-

L
. e>%u e 4
-+ i
Define o(7,€) = A/2u(r, A€). We have
Bir(r)) = 3 (35 IVl
= [T e
- 0o ).

We impose that (1 — 7)0@X2¢=D-2 = 1 namely A = (1 — 7)~! and we get

Bi(rp(r) = (1= 772 (S5 IVeo I + S ool

(1+¢)

L)

and then

(1—7) _ (1 2 1 g+1 (1+¢) pt+1
B (re(r)) = (GIVe B + I - e eI ).
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By Proposition 2.9 there exists pa(g) = po (%, (14+17 %) with 0 < pa2(e) < po.p
such that E% > 0 for all ¢ with ||¢|[,2 < pa(e). By Proposition 2.10 we have
lim+ p2(€) = po.p, and by the fact that
e—0

_a)
o(4) < po (% (1= )01 6"+ ’pil) o

we can select ¢ sufficiently small independent of A such that E% (7, ¢x(7)) > 0, and
hence for all pg with [|¢g||zz < p1(A) we have (4.7). O

Remark 4.4. Notice that if we consider the initial condition vy = u,, ,, With u,, .
being a ground state with mass py g, we have

lim E%(7, (1)) = —c0 (4.9)

T—1-

where E%(7, (7)) is given by (4.8). We emphasize that this fact is crucial, because
it shows that (4.7) cannot hold for the time evolution of the ground state. To show
(4.9) we just notice that, being 1 — 7 = (1 +¢)7!,

. (1—e)(1+1)? (1—¢)(1+1)? 1
EAZ(T? (70(7—>> - 2 ||UPO,E||3 + q + 1 ||UP0,E||311
(1+e)(1+1)? (1—e)(1+1)
- p+1 HUPO,E‘ Zi% + f@;upo,m VU‘PO,E>
1—¢
[2ttp, 13
and hence, by the fact that E(u,, ,) =0,
~ e(1+1t)? (I—e)(1+1)
E:l(T’ 30(7_)) < _T”VUPO,EHg + f«pupo,}a? VUPO,E>
1—-¢

5 |zup, ,|I3 = —00 as  t — +oo.

At this point we can prove the main scattering result, by implementing the Tsutsumi
and Yajima scheme.
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4.1. Proof of Theorem 4. Let A € (§(¢),1) and p;(A) be as given in Lemma 4.1.
Then (4.7) holds and

IVep(nll3 < (1 =),
lo()ligin S (1 —7)20=4,

le(m)lpi S (1 — )@,

By Proposition 3.4, we prove that ¢(7) as a strong limit in the L*-topology as 7 — 1.
p+1

Recall the embedding L% cH'cC H~2 then by using (3.7)-(3.8), (4.7), and the

conservation of the mass for (1),

0ro(M)ll-2 < llp()ll2 + C(1 = 1) @lp(r) (7)1
+CO(1 =)D lo(r)le(r)P~ -2
< lle(m)llz + C1 =) Dlp(r) 1514
+ O =7)" (1) 511
< llgolla + C(1 — 7) @+ 7 0@=4)
+C(1—- 7.)—5(p)+ﬁ(5(p)—z4).

This means that 0-¢ belongs to L*((0,1); H™?) since d(p) — 57 (d(p) — A) < 1 for
any p € (1, 1+ %), and this implies the existence of a function ¢ € H~2 such that
©(7) — ¢ in the H %-topology as 7 — 1. By using again the conservation of
the mass for (1), we actually have that ¢ € L? and by the uniform bound in L?
o(t) = ¢, as 7 — 17. Let us consider 0 < 7/ < 7 < 1. By using the fundamental
theorem of calculus, and again the equation solved by ¢(7), see (3.7)-(3.8), for a test
function ¢ we have,

(p(T) — /ZVQO ¢)ds
" / (1 - 5)2@ i]o(5) 7o (s), &) ds
/ (1= 5)70) (i o(s)| V(). &) ds,
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and then

T

6(r) = ol). ) < IVl [ 1T e@lads + el | (1= 5) " Dlpls) 11
Flollpa [ (=9 P p(s) s
<90l [ (19 2ds 4 ol [ (1= 5) 00 OO0
s [ (1) OO g,

By the weak convergence in L2, we have
1 1 .
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At this point we set ¢ = p(7’) in (4.10), and we get, by using once more the controls
given in (4.7),
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and the right hand side of the above estimate converges to zero as 7" — 1* Indeed, it
goes to zero provided that both the exponent —=0(q)+ 5 (6(q) —A) +1+ 5 (d(q) - A)

and —0(p) + F5(d(p) — A) + 1+ ;25(0(p) — A) are positive. Let us consider the term
in ¢, the other being similar. We have that the quantity

~5(0) + 60 = A) + 1+ —(5(0) = 4) = ~(0) + (@)~ A) +1

is strictly positive if and only if
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Note that the right-hand side of (4.11) above is larger than 1 for ¢ > 1+ 2. Hence,
since A < 1, (4.11) is verified. The proof is concluded by noting that

le(r) = @113 = (& — @(7), (1)) + (P = @(7), &),
which tends to zero by the previous convergence properties.
In conclusion, we proved L? scattering for any initial datum with mass smaller then
p1(A), the latter being defined in (4.1). Now we pass to the limit when A — 17,

and by using the monotonicity of the threshold mass given by Lemma 4.2, we get
scattering below the mass given by (4.5).

APPENDIX A.
Proposition A.1. Let u € H' be a standing wave solution to
—Au+wu + |u)u — |ulP e =0,
with E(u) < 0. Then w >0 and u € X.

Proof. Let us define K = ||Vul|3, N, = ||“”ZE7 N, = ||u||§i}, and M = ||ul|3. Hence

the standing wave solve the followmg system of equations

K+ Ny— N, +wM =0
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From (A.1) we derive
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while from (A.2) we get
1 -1 dip—1)—4 1
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and hence we have
2(p+1) (¢g—Dp+1) >
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which implies
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From (A.3)
2
——K +2B+wM =0,

which implies w > 0 if E(u) < 0. If we consider the ground state, once the positivity
of w is shown, the exponential decay is well-known, see [8], and hence the ground
state belongs to X. O

We claim the following homogeneity properties of the threshold masses.

Lemma A.2. The function py (c, B,7) is homogeneous of order 0 and satisfies

po (e, B,7) = po (1,1, A(e, B,7)) (A4)
where
Ao, B,7) = %
Ba

Proof. Let us consider E%%7(u) defined in (2.1). Then, for uy = A%?u(Az) and
A= ( )‘“‘1) we get

lo" 1 Y 1
B (uy) = aX® <|IVU||§ + ullghs - T i |IU||§11> :
o' 5@ [50
The above identity implies (A.4) by definition. O

As a by-product we can give the order of the threshold masses.

Proposition A.3. The masses p*, po.sw, and po g defined in (1.11), in Theorem 4,
in Theorem 2, respectively, are ordered as follows:

p* < posw < Po.E-

Proof. Note that
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. d(q—1) d(p—1
with (az, B2,72) = (1’ 2EZ+1;’ 2&13)’ and

(1 ! ! ) (a3, B3, 73)
= a4 1 = as, 5
Po,E = Po 2 g+ 1 pt1 Po (3, 03,73

with (as, fs,73) = (%, qu17 ﬁ) By (A.4) and the monotonicity property of Propo-
sition 2.9, we aim at proving that A(aq, 51,71) > A(ag, B2,72) > A(as, f3,73). The
latter is equivalent to prove that
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By definition, d(p) = 2 — @ and 6(q) =2 — @, thus (A.5) becomes
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We introduce the function
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Note that (A.6) is equivalent to

F(1)> F2) > lim F(z),

T—r+00

and the proof is concluded provided that F' is monotone decreasing. Direct computa-

tions give
5(p) (| S\ !
P =28 (1= 22) G0 - ) <o,
x T
by recalling that d(p) < §(g). The proof is concluded. O
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