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ABSTRACT. We consider the 3D nonlinear Schrodinger equation with combined nonlinearities,
where the leading term is an intracritical focusing power-type nonlinearity, and the perturbation
is given by a power-type defocusing one. We completely answer the question whether the ground
state energy, which is a threshold between global existence and formation of singularities, is
achieved. For any prescribed mass, for mass-supercritical or mass-critical defocusing perturbations,
the ground state energy is achieved by a radially symmetric and decreasing solution to the
associated stationary equation. For mass-subcritical perturbations, we show the existence of a
critical prescribed mass, precisely the mass of the unique, static, positive solution to the associated
elliptic equation, such that the ground state energy is achieved for any mass equal or smaller than
the critical one. Moreover, the ground state energy is not achieved for any mass larger than the
critical one. As a byproduct of the variational characterization of the ground state energy, we
prove the existence of blowing-up solutions in finite time, for any energy below the ground state
energy threshold.

1. INTRODUCTION

In this paper, we consider the following Schrodinger equation with competing nonlinearities:
i 4 Au = A |ul? w4+ Ao|ulPtu,  (t,z) € R x RY (1.1)

Equation (1.1) is a nonlinear Schrédinger equation with two pure-power nonlinearities, which
arises in the description of many physical models, determined by different configurations of the
parameters d, p, q, A\1, A2 appearing above. See [20,26,31,34] and references therein for physical
insights and justifications of the models. From a mathematical point of view, after the pioneering
works by Zhang [40], Tao, Visan, and Zhang [39], and Miao, Xu, and Zhao [33], there has been an
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always increasing interest in NLS equations with combined nonlinearities. We refer the reader to
[9,11,25,28,36,37] for extended discussions on the nowadays known results for (1.1) for different
choices of the structural constants d, p, g, A1, Asa.

Along this paper, we are interested in the three dimensional problem d = 3, and in exponents
satisfying 1 < ¢ < p, while the coefficients A\; and A9 are two real parameters with sign, and in
particular A; > 0 and Ay < 0. Namely, we are concerned with equation (1.1) when the leading
order nonlinearity is focusing, and the lower order nonlinearity is defocusing. Moreover, we
are primarily interested in a leading order nonlinear term satisfying the following mass/energy
intracriticality condition:

7
Pme ::§<p<5::p607

where py,c = % represents the mass-critical exponent, and p.. = 5 stands for the energy-critical
exponent. We are therefore treating mass/energy intracritical nonlinearities for the focusing
term, and we allow any mass-supercritical, mass-subcritical, or mass-critical perturbation for
the defocusing term, subject to the condition that ¢ < p. Without loss of generality, we fix the
parameters A1 and Ap normalized as A = —)\2 = 1; hence, for (t,2) € R x R3, the studied equation
is

7
i+ Au = |u|Tu — [Py, 1<qg<p, pE (3,5) . (1.2)

As we also aim to deal with the dynamics for solutions to the evolution equation (1.2), we
consider its associated Cauchy problem in the energy space. Hence, the initial value problem reads

{i@tu + Au = |ul7 tu — |uP

u(0,z) = ug(z) € HY(R?) (1:3)

Local existence of solutions to (1.3) is well-known, and we refer the reader to the classical
monographs [10,38]. It is also well-known that solutions to (1.3) conserve along the flow the mass

and the energy, the latter being defined by
1 1
E(u(t)) := = | de + —— )| da —
(wt) == 5 [ VP o+ — [ uo i

the former being given by

1

P s Ju(t) P de, (1.4)

M(u(t)) = /]R lu(t)|? dz.

Conservation means that for any ¢t € (—Tinin, Tmaz ), where Trin, Tinaz € (0, 00] are the minimal
and maximal time of existence of the solution, respectively,

E(t) = E(u(t)) = E(u(0)) = E(uo)

and

For later purposes, let us write

K= [ 19sPde N = [ e N = [ 151
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which are, up to the constants appearing in (1.4), the kinetic energy functional, the component
of the potential energy functional associated to the lower order nonlinear term, and the one
associated to the leading order nonlinear term of (1.3), respectively. With this terminology at
hand, we can rewrite the energy functional as

1 1 1
E(f)==-K —N, - —
We introduce the following quantity (the so-called Pohozaev functional)
_ 3(a-1 _3(p-1
6t =&+ 3 (157 ) M0 -3 (257) Mo (15)

which will be crucial for the characterization of the dynamics of solutions to (1.3), and we give
the following useful identity:

B -3 (527 ) o= (B0 ) w+ (= ) M- 09

iwt

We note in particular that solutions to (1.3) of the form ¢(t,z) = e“*u(z), w being a real

parameter, i.e. standing wave solutions, fulfil G(u) = 0.

By the fact that the mass is preserved during the time evolution, we will study the energy
functional under the mass constraint HuH2L2 ®3) = p?, where p is a positive parameter. Specifically,
we aim to study the existence of a least energy critical point of the energy with prescribed
mass. Notice that due to the focusing mass-supercritical nonlinearity, the energy functional is not
bounded from below under the mass constraint. This fact will imply the existence of solutions to
(1.3) that blow-up in finite time, namely T}, < 0o and/or Tjp, < 00. Hence, we introduce the
following notation for H'(IR?) functions having prescribed mass:

S(?) = {f € H'(B®) such that ||f[}as) = 77}

We recall the definition of ground state for functional that are, as in our case, unbounded from
below.

Definition 1.1. Let p > 0 be an arbitrary real number. We say that u, € S (p?) is a ground state
of
E(u,) = inf {E(u) such that u € S(p*) and E'[g(p2)(u) =0} = Vi(nf2)E,
p
where the set V(p?) is defined by

V(p?) = {u e HY(R?) such that HUH%2(R3) =p’ and G(u) = 0} :

In other words, a function u € S(p?) is called ground state if it minimizes the energy functional
E(u) among all the functions which belongs to V(p?) and, in particular, among all standing wave
solutions of (1.3). Associated to the ground state, there is a Lagrange multiplier w € R, such that
the couple (u,w) solves

— Au+wu+ [ulTu — [ufP e = 0. (1.7)
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Observe that, provided u(x) solves (1.7), the function (t,z) := e™“'u(z) is a standing wave
solution to (1.2).

Given p > 0, a strategy to show that the infimum of the constrained energy is achieved by a
ground state, hence the minimization problem actually admits a minimizer, is to show that the
energy functional E defined in (1.4) has a mountain pass geometry on S(p?) (in the spirit of [23]
for constrained minimization problems), and there exists a critical point at the mountain pass
energy level. Precisely, we aim to prove that there exists a positive parameter k£ > 0 such that,
given the set of paths

I‘(p2) = {g e C([0,1]; S(pQ)) such that ¢(0) € Ay and E(g(1)) < 0} , (1.8)

where
Ay ={f € S(p*) such that ||f|% <k},
and the space X is the Banach space of function having finite X-norm, the latter being defined by

1

1llx = K2 + NPT = 1l gasy + 1o s, (1.9)

then the following critical energy

I(p?*) := inf E(g(t
) jonf,) max (9(t))

satisfies
I(p? >max{ max F(g(0)), max FE(g(1 }
() max B(9(0)). max E(g(1)
It is standard, see [1], that the mountain pass geometry induces the existence of a Palais-Smale
sequence at the level I(p?). Namely a sequence {uy,}, C S(p?) such that, as n — oo,

E(un) = 1(p%) + 0n(1) and [|E'|g(p2) (un)l| g-1(rs) = on(1).

If one can show, in addition, the compactness of {uy }n, namely that, possibly up to a subsequence,
up — u in HY(R3), then a critical point is found at the level I(p?). As it will be shown later the
mountain pass energy level I(p?) coincides with infy(,2) £ and hence a mountain pass critical
point of the constrained energy corresponds to a ground state solution.

For the understanding of the qualitative properties of I(p?), and for the existence result of
mountain pass solutions with mass p?, besides (1.7), it will be also crucial to consider the elliptic
equation

— Au+ |u|? = uP e =0, (1.10)

in A'(R%) N LIt (R?). Equation (1.10) is a specific case of the so called zero mass case equation
studied by Berestycki and Lions, see [7], and solutions to (1.10) correspond to static solutions to
(1.2), i.e. solutions to the equation (1.2) which are independent of time.
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Before stating our main achievements, we summarize — for 1 < g < p, % < p < 5 — the known
properties of I(p?), and those of positive solutions to (1.10), that will be crucial in our first
theorem (see Theorem 1 below):

e the function p — I(p?) is continuous in (0, c0);

o I(p?) = infy (,2) E, i.e. the mountain pass energy is the least energy level for standing
states, and therefore the ground state energy;

e a positive, radially symmetric solution U to (1.10) do exists, see [7]. Furthermore, the
positive radially symmetric solution that belongs to H'(R?) N LIT1(R3) is unique, see
[27,29], and fulfils the following precise asymptotic behavior at infinity, see [13,14]:

1 2
\U(r)| ~—  with a:max{l,l}. (1.11)
r

e for small values of p, the mountain pass energy I(p?) is attained by a function u, € S(p?),
with an associated Lagrange multiplier w,, which solves

— Auy + wpty + |up| T, — upP u, = 0. (1.12)

Moreover, u, is positive and radially symmetric, see [24,36,37];

e for all w > 0, a unique (see [35]), positive, radially symmetric solution to (1.12) exists,
by minimizing the action functional S, (u) = E(u) + §M (u) on the Nehari manifold, in
the spirit of [19]. For w > 0 this solution is strongly unstable as well as when w = 0 and
l1<g< %, see [18].

Having the above picture in mind, we are now able to state the main theorem of the paper.

Theorem 1. Let p,q be such that p € (%,5) and 1 < q < p. For any fixred p > 0, the energy

functional E(u) has a mountain pass geometry on S(p?). Furthermore, we have the following
characterization.

7
3
subcritical, there exists a critical mass p. > 0, such that for all 0 < p < p. there exists a couple
(up,w,) € S(p?) x R such that e“rtu, is a solution to (1.2) with E(u,) = I(p?). Moreover:

Mass-subcritical perturbations. For 1 < q < i.e. when the defocusing term is mass-

(i) the solution u, is radially symmetric, positive and decreasing;
(ii) the function I(p?) is strictly decreasing in (0, pc|, with liH(l) I(p?) = +o0, and constant in
p—

[p07 00);

(7i) at the critical mass pe, the solution u,, is the unique positive solution U to the static
equation (1.10);

(iv) finally, I(p?) is not achieved for p > pe.

Mass-critical or supercritical perturbations. If % < q < p, i.e. when the defocusing term is
mass-critical or mass-supercritical, for all p > 0 there exists a couple (up,w,) € S(p*) x R such
that e™rtu, is a solution to (1.2) with E(u,) = I(p®). Moreover:

(i) the solution u, is radially symmetric, positive and decreasing;
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(ii) the function I1(p?) is strictly decreasing in (0,00) with lin% I(p?) = o0 and li_>m I(p%) =
p— p—>00
EU).

Energy Ground state Energy Ground state

E(U) -

Mass Mass

L
Pc

F1GURE 1. Ground state energy as function of the mass.

Left. Mass-subcritical defocusing nonlinearity: the ground state energy is de-
creasing up to the threshold p., given by the mass of the positive static solution,
and then constant.

Right. Mass-critical or mass-supercritical defocusing nonlinearity: the ground
state energy is decreasing for all p, approaching at infinity the energy of the unique
positive static solution.

Let us now comment on the achievements of Theorem 1. A classical strategy to prove the
existence of constrained critical point for mass-supercritical nonlinearities, is to show that I(p?) is
a strictly decreasing function. When the latter monotonicity property is not easy to prove, a way
to overcome this difficulty is to show that a weak limit (of a minimizing sequence) solves

—Au+ wu+ [uPu — ul e =0

with the corresponding Lagrange multiplier w being positive, see [24,36,37]. The positivity of the
Lagrange multiplier proves that weak convergence to a critical point is in fact strong. For small p,
due to functional inequalities, this positivity property is fulfilled.

Our approach is different, and it is not focused on proving that the Lagrange multiplier is
positive (which is just a sufficient condition). Our idea is related to the argument to prove strict
sub-additivity for mass-subcritical nonlinearities in the spirit of [5]. Given an arbitrary interval
J = (0, p], we prove in Lemma 3.6 that the existence of a positive radial solution to (1.10) with
mass po € (0, p), is a necessary condition for having not strict monotonicity of the function I(p?).
The decay properties of the positive solution to (1.10) given by (1.11) yield informations on the
monotonicity of I(p?). When the leading-order nonlinearity |u[P~1u is focusing, mass-supercritical
and energy-subcritical, and the nonlinearity |u|?~'u is defocusing and mass-subcritical, the unique
positive solution to (1.10) belong to H'(R?), therefore the mass of this solution is well defined:



GROUND STATE ENERGY FOR NLS WITH COMPETING NONLINEARITIES 7

po = pe- As a byproduct, we show that I(p?) is strictly decreasing as soon as 0 < p < p. and
constant for p > p.. Indeed, assuming on the contrary that I(p?) is not strictly decreasing in
0 < p < pe, we deduce the existence of a solution of (1.10) with mass smaller than p,.

On the other hand, when the defocusing nonlinearity |u|?~ 1 is mass-critical or mass-supercritical,
the unique positive solution to (1.10) does not belong to H!(R3) and hence I(p?) should be
decreasing in 0 < p < co. When p — 0o, the ground state energy converges to the energy of the
static solution of (1.10).

Remark 1.2. It is interesting to notice that in the case when both the nonlinearities are focusing
and mass-supercritical, our argument, together with the decay estimate for the positive solution
to the zero mass equation
— Au=uP +ul (1.13)
due to Flucher and Miiller, see [16], permits to conclude that I(p?) is strictly decreasing for all
€ (0,00), thus I(p?) is achieved for all p. Indeed, positive and radially symmetric solutions to
(1.13) have a lower bound decay given by |71|, and this fact permits to exclude that a weak limit
of the L?-constrained problem could solve (1.13). With a different approach, in a more general
setting, this case has been recently studied in [24].

Remark 1.3. The normalization of the coefficients in front of the two nonlinearities in (1.2) do
not affect the validity of the main Theorem. Indeed, for general coefficients with sign A1 > 0 and
A9 < 0, the achievements in Theorem 1 remain valid.

Remark 1.4. We underline that our approach easily generalizes to arbitrary space dimensions.
Indeed, considering again an intracritical focusing nonlinearity and a defocusing lower order
perturbation, the decay for the static solution is explicitly known to be

1 2
|U(r)] ~ —  with a:max{,N—Q}.
re qg—1

Following verbatim our approach, we get for instance that for N > 5, the static solution U is in
L? for all ¢, and hence the ground state problem behaves as in FIGURE 1, Left.

With the results contained in Theorem 1 at hand, we can pass to the dynamical properties of
(local) solutions to the time dependent problem (1.3). Specifically, the ground state energy defines
a threshold between global well-posedness and formation of singularities in finite time. Indeed, for
an initial datum ug € H'(R?) with mass pj = ||u0H%2(R3), if the initial energy F(ug) < I(p3) and
G(up) > 0, the solution to (1.3) exists globally in time, i.e. Tinin = Tmae = +00. This fact follows
from the variational characterization of I(||ug||3. (R3)) together with (1.6).

For the blow-up part, some further assumptions on the symmetry of the solutions must be
introduced. In what follows, we denote by X3 the space of function with cylindrical symmetry
and finite variance in the third direction. More precisely,

Y3 = {f € H'(R?) such that f(x)= f(Z,23) = f(|Z|,2z3), f € L*(R? 23dx)}, (1.14)
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where & = (z1,22) and |Z| = (23 + 23)Y/2.

Theorem 2. Let us consider an initial datum ug € H'(R3) with mass pg = Hu0||%2(R3). Suppose
that E(ug) < I(p?) and G(up) < 0. Provided one of the following conditions is satisfied, then we
have finite time blow-up of the solution uw = u(t,z) to (1.3), namely Tmin, Tmaz < 00 :
(i) uo € L*(R?; |z|? dz);
(ii) u is radial;
(iii) £ <p<3,1<q<p, andu € .

We point-out that Theorem 1 is closely related to the above Theorems 2 by the fact that, given
an initial datum wug, for p?> = ||u0\|%2(R3), the mountain pass energy level I(p?) gives an energy
threshold to get global well-posedness or finite time blow-up for the solution to (1.3), provided
G(up) has sign, and at least one of the conditions (7)-(éi7) holds true for the blow-up part. It
is worth mentioning that, once fixed the power of the focusing term in (1.3), the qualitative
behaviour of the energy threshold I(p?) is only determined by the property of the defocusing term
to be mass-subcritical or not.

Remark 1.5. We mention that (i7)-(iii) of Theorem 2 are more general with respect to the
blow-up results in [11,18].

We conclude this introduction by listing some notation used along the paper.

1.1. Notations. The L"(R3) spaces, with r € [1,00], denote the usual Lebesgue spaces, and
H'(R3) stands for the usual Sobolev space of functions in L*(R?) with Vu € L?(R%). With H*(R?)
we refer to its homogeneous version, and by H~!(R3) we denote the dual of H'(R?). As we work
in the three-dimensional space, we drop the notation R3, unless when needed to avoid confusion.
For an analogous reason, we simply write [-dz when the domain of integration is the whole
space. The space X, introduced in (1.9), denotes the Banach space endowed with the norm
| lx =1 “llz1 + - llpar1, while the space ¥3 denotes the subspace of H' consisting of functions
which are radial with respect to the (z1,22) components of R, and with finite variance with
respect to the xsg-direction, see (1.14).

2. VARIATIONAL STRUCTURE OF THE ENERGY FUNCTIONAL

We analyse the geometry of the energy functional E(u) constrained to S(p?), and to this aim
we introduce the L?-preserving scaling

w(z) == ¥ u(px),  p> 0. (2.1)
We recall the definition of the set V(p?) :
V(p®) = {u € H" such that |[u|/?. = p* and G(u) = 0},

where G is defined in (1.5). In order to prove the fundamental Proposition 2.4 below, in particular
Proposition 2.4, point (iii), we will use the following results. Although they are elementary, they
are not evident facts. Thus, we provide here a proof for sake of completeness.
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Lemma 2.1. Let z € (0,00) and f(2) = az? +b2® —c2® withb >0, ¢>0,0 < a <2, and § > 2.
Then f'(z) > zf"(2).

Proof. By direct computations
() = 2f"(2) = bzt — 2P —ba(a — 1)L+ cB(B — 1)2°!
=ba(2 — )zt 4 cB(B —2)2P L,
and both terms in the right-hand side of the equation above are strictly positive. O

As a consequence of the above elementary lemma, by calling zp the (unique) maximum of the
function f(z), we have the following.

Corollary 2.2. Under the hypothesis of Lemma 2.1, the function f is concave in [z, 00) and
fN(ZO) < 0.

Lemma 2.3. Let z € (0,00) and f(2) = az® +b2* —c2P withb>0,¢>0,2< a < 3, and § > 2.
Then, by calling zo the (unique) mazimum of the function f(z), we have f”(z9) < 0.

Proof. The case o = 2 it is straightforward. Let us take o > 2 and assume that f”(z9) = 0. By
the Taylor expansion formula, we get

F(2) = Fz0) + 57" (0)(z — 20)° + oz — 20f").
By the fact that 2z is a maximum point, we get that f”/(z9) = 0. By easy computations we have
0= f'(z0) = 20f"(20) = ba(2 — @) =5~ +eB(B ~ 2)z
and
231" (20) = boo = 1)(a = 2)25 ™ — BB~ 1)(B - Dz
From the first identity above we get

while from the second

and they imply a contradiction, as o # (3. O

Proposition 2.4. Let u belong to the manifold S(p?). Then the following properties are satisfied:
(1) %E(u“) = iG(u“), Y > 0;
) there exists a unique fi = ji(u) > 0, such that uf € V(p?);
) the map p— E(u*) is concave on [fi,00), and %E(uﬁ) < 0;
(iv) E(ut) < E(u?), for any p >0 and p # fi;
)
)
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(vii) the functional G satisfies
>0, Yue(0,n
_ e (0.iu)
<0, ¥pe (i), +o0)
Proof. We prove the claims of the Proposition in order.

Point (7). Let us introduce the rescaled quantities (under the rescaling (2.1)) E(u*) and G(u*) :
1

1 3 3
my — Z,,2 5(g-1) _ 5(p—1)
B(u) = 50K () + — i IN, () =~ it 0N ) (2.2)
and
3(q—1\ s,_ 3(p—1\ 34_
"y — 2K b e S (¢=1) 7 I I =D N _(£). 2.
Gt = 2K+ 3 (1 )t vmn - § (A7) st I e
Direct computations show that
d 3(q—1\ 3,1 _ 3(p—1\ 3,_1_
LB = uK bl i S (a—1)-1p7 B I (-1 2.4
B =)+ 3 () e - (D) e 2a)
and combining the two identities (2.3) and (2.4) we see that
d 1
—EW") = -G(u" 2.5
TE() = 16l (25)

hence (i) is proved.
Let us prove (ii). We recall that p € (%, 5) . We distinguish two cases.

Case 1: % < g < p. We are therefore considering the defocusing nonlinearity mass-critical or
mass-supercritical. We rewrite (2.3) as

3(qg—1\ 3,1 _ 3/(p—1\ 3._1_
G(u") = p? (K(U) + 5 (q+1> p2 DTN (u) — By <p+1> p2 @Y 2Np(u)> = 1?h(p),

where

3(q—1\ 3¢ 1_ 3(p—1\ 30,1
) = K+ 5 (57 ) b2 = 3 (2 ) ko2 ),

The fact that there exists only one fi such that h(fi) = 0, which in turn implies G(u#) = 0, it is
straightforward when 2(¢ — 1) —2 = 0, i.e. when the defocusing term is mass- critical. In all other
cases, we observe that h/(u) admits only one (real) zero, say po > 0, and h(p) is increasing on
[0, po], and decreasing on [ug, +00). Indeed we have

W (1) = crpz T Ny(u) — cpp2 =D 2N, ()

for some ¢q, co > 0, and the latter function admits only one zero. This property, combined with
the fact that h(p) — —oo as u — 400, implies that there exists only one i such that h(f) = 0,
hence G(u”) = 0. We recall that the scaling (2.1) preserves the L?-norm, then it is straightforward
that ut € S(p?).
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Case 2: 1 < q < % < p. Here we are dealing with the defocusing term in the mass-subcritical
range. In this case it is convenient to rewrite (2.3) as

mwy — 21 [, 5 3(p—1 3 (p=1Y apg) _ 51
G = o (T w0 + (27 ) Mt = § (257 ) 00,0 ) = e

where

_ 5N 3(p—1 3 (PN s
) =0 R+ 5 (D] ) M) - 5 (2 ) ko o)

Arguing as before, we have that /() admits only one (real) zero, and hence that there exists
only one ji such that h(fi) = 0, thus G(u”) = 0. The proof is done, by recalling that the scaling is
L2-preserving. The proof of (i) is complete.

Point (zi7) is proved by means of Lemma 2.1 and Lemma 2.3. We rewrite the rescaled energy (2.2)

as
1

1 3(g— 3(p—
E(u") = QMQK(U) + ﬁlﬁ(q YN (u) — Iml”(p YN (u)
We distinguish two cases.

Case 1: g < % By observing that o = %(q —1)<2and 8= %(p — 1) > 2, we apply Corollary 2.2
and we conclude.

Case 2: q > % In this case, by observing that o = %(q —1)>2and g = %(p —1) > 2, we use
Lemma 2.3 and we conclude.

We now show point (iv). We observe that the rescaled energy F(u*), defined in (2.2), is positive
and increasing in a neighbourhood of the origin, and its derivative %E (ut) admits only one zero,
which is a point of maximum for E(u*), and it is exactly the point fi, where for the latter fact we
employ the point (i) and (2.5). This in turn gives (iv).

Let us consider point (v). Assume G(u) < 0 and suppose that iz > 1. As G(u*) > 0 for any p < f,
in particular we have G(u) > 0, which is a contradiction. Viceversa, assume that i < 1; then for
any p > fi the quantity G(u#) < 0, and in particular G(u) < 0.

We can conclude the proof of the Proposition by observing that point (vi) is straightforward by
definition of fi, in conjunction with the previous discussions, while point (vii) is clear from the
definition of /i and the identity (2.5), observing that the right-hand side of (2.5) is positive. O

As a simple consequence of Proposition 2.4 and the definition of the rescaling (2.1), we have
the following.

Corollary 2.5. Let u € S(p?). Then we have:

(1) K(u") — 0 and Ny(ut) = 0 as p — 0;
(17) K(ut) — oo, Ny(ut) — oo, and E(u") — —o0, as p — 0o;
(7i) if E(u) <0, then G(u) < 0.
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Proof. The first point is trivial. The second point is a consequence of Proposition 2.4. The second
one straightforwardly comes from the identity (1.6). O

Now, let us consider the space X = H'(R3) N LI (R3), which is a reflexive Banach space
equipped with the norm
1 1
Jullx = K(u)2 + Ny(u)#1, (2.6)
and we prove that the energy functional has a mountain pass geometry on X.
Proposition 2.6. E(u) has a mountain pass geometry on X.
Proof. Let us first define the space of paths
I'x ={g € C([0,1]; X) such that ¢(0) € A, and E(g(1)) < 0}. (2.7)

where
A = {u € X such that Hu||§( < k}.

In order to show the mountain pass geometry we aim to prove that

I:= inf max E(g(t)) > max{max E(g(0)), max E(g(l))} . (2.8)

g€l'x t€(0,1] gel'x gel'x

Let us fix |lul|3% = b. From (2.6), by the Young inequality, we have b < 2 (K(u) + Nq(u)%).

This fact implies that either

b 1
K(w) > = luli
1 g+1

vz (5) = (5) 7 I

which implies that for ©v € X
1 1 2 1 1%
. 1
K(u) 4 o Nyfu) > 1 (K(u) £ Ny(w)) > - min {4Hu||§<, (3) "t } - @9)

or

+

q

v ‘

1
2 g+1 T g41 “q+1

The Gagliardo-Nirenberg inequality yields Np(u) < C \\u\]§(+1, and hence

1 1 1 1 1
E <K - N - N < 2 - q+1 C p+1
(u) < SK(u) | g(u) P p(u) < Slulx + ) [ully ™ + Cllullx™, 210
1 1 1 1 1 '
Eu)==-K —N, — ——N, > luld + ——[Jul|Z = OB
(1) = K@)+ Nyfu) = = Nylw) 2 Gl + ol =

Thus, for a fixed b, by defining the set
Cy = {u € X such that |jul% = b} ,

we derive, by (2.9) and (2.10), that for any u € Cy
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and, by the definition of G, see (1.5),

g+

q—1 . b (b 2 pt1

> —_— — | - — .
G(u) 3<q 1>mln{4,<4> } Ch 2

As a byproduct, there exists by < 1 such that, thanks to (2.10), for k < by

0 < sup E(u) < inf E(u),
u€Ag uecbo

and inf,cc, G(u) > 0 when 0 < b < by. The proof of Proposition 2.6 follows directly from these
two estimates. From the scaling introduced in (2.1), the class of paths defined in (2.7) fulfilling
(2.8) is not empty. Indeed, given g € I'x there exists ¢ € [0, 1] such that g(t) € Cy,. O

We now introduce the space
W ={u € X such that G(u)=0}. (2.11)
We have the following characterization of the mountain pass energy I in X.

Proposition 2.7. The minimization problem satisfies I = i‘I/[l/fE.

Proof. Let v € W. Since G(v) = 0, by considering the scaling v*(x) = u%v(/m), we deduce from
Corollary 2.5 that there exists p; < 1 and pp > 1 such that u*' € Ay and E(u#?) < 0. Thus, if
we define, for A € [0, 1],

g(\) = v(l—/\)u1+>\u27
we obtain a path in I'x. By the definition of I

I< E(g(\) = E
< max, (g(\) (v),

which implies that I < i‘l;lvf E. On the other hand, any path g(¢) in I'x crosses W, by continuity.
This shows that

o
e E(g(t)) 2 inf E(u),

and hence that I > infyy E O

Proposition 2.8. E(u) has a mountain pass geometry on S(p?).

Proof. Analogous to the proof of Proposition 2.6, with I'(p?) defined in (1.8) replacing I'x.
U

Proposition 2.9. The minimization problem satisfies I(p?) = i(nf2) E.
Vip

Proof. Similar to the proof of Proposition 2.7, replacing W with V(p?). O
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3. MONOTONICITY OF I(p?) AND THE CONNECTION WITH THE SOLUTION TO (1.10)

As stated in the Introduction, the mountain pass geometry implies the existence of a Palais-Smale
sequence {u,}n C S(p?) such that

E(un) = 1(p*) + 0n(1) and  [|E'[g(p2)(un)l| -1 = 0n(1).

Inspired by an argument due to [21,22], we can strengthen this information and select a specific
sequence localized around V' (p?), namely such that dist(u,, V(p?)) = 0,(1). Let us notice that for
any n € N and any w € V(p?), we may write, for 6 € [0, 1]

G(un) = G(w) + dG(Ou, + (1 — 0)w)(uy, — w) = dG(Ouy, + (1 — 0)w)(uy — w).
Therefore, by choosing a sequence {wy,}, C V(p?) such that
[l — wna| — dist (un, V (p%))

as m — oo, we get that G(uy,) = on(1), as dist(un, V(p?)) — 0. In particular we can consider a
Palais-Smale sequence for which G(u,) = o,(1).

We first recall the following known property. It basically says that the monotonicity of I(p?)
implies compactness.

Lemma 3.1. Let {u,}, C S(p?) be such that E(u,) = I(p?) + 0,(1), 12 (p2) (un) |1 = on(1),
G(up) = 0,(1) as n — oo, and I(p?) < I(u?) for any 0 < u < p. Then, up to a possible space
translation sequence, we have w, — u in H', with E(u) = I1(p?) and G(u) = 0. Moreover, the
ground state solution u is real, positive and radially symmetric.

Proof. Firstly, we notice that there exists a Palais-Smale sequence {u,}, C S(p?) such that
E(un) — I(p*) and G(uy) = 0,(1) which is bounded in X, as consequence of (1.6).

Let us first show that u # 0. We claim that ||uy,||;»+1 > ¢ > 0. On the contrary, by assuming that
||un||Lp+1 = 0n(1), by interpolation we get ||uy,||re+1 = on(1), and by the fact that G(uy,) = 0,(1)
we conclude that K (up) = 0,(1). On the other hand

Blun) = 5 (527 ) Gl = (28 ) Kl + (o5 s ) M) = 162) + on(),

p—1 6p — 6 g+1)(p-1)

and hence the latter contradicts the fact that ||u, || »+1 = 0,(1). At this point, since [|u, |3 = p

for any n, and sup,, ||un||s < C, the classical pqr-Lemma, see [17], implies that there exists a
n > 0, such that

inf |{|un| > n}| > 0.

Here | - | denote the Lebesgue measure of a measurable set. This fact, together with the Lieb
Translation Lemma, see [30], guarantees the existence of a sequence {z,}, C R? such that a
subsequence of {u,(z+,)}, has a weak limit u # 0 in H'. Now, let us prove the weak convergence
is actually a strong convergence. Since u is not trivial, and is a weak solution to (1.7), we can
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assume that u € V(u?) for some 0 < p < p. By the Brezis-Lieb Lemma, we have that
K(up —u) + K(u) = K(uy,) + on(1)
Ny (un, — u) + Ng(u) = Ng(up) + 0,(1), (3.1)
Np(un —u) + Np(u) = Np(un) + 0n(1).
Since E(uy,) — I(p?), the splittings (3.1) above give
E(up —u) + E(u) = I(p?) + 0a(1),
and we also have
G(up —u) + G(u) = G(uy) + 0, (1). (3.2)
Since u € V(u?) we have that E(u) > I(u?), and we deduce therefore that
B(up —u) + (1) < 1(p*) + 0n(1).
Now, by using the relation
(20) -+ ) 0= 102 (52t
by the fact that G(u,, — u) = 0,(1), thanks to (3.2) we obtain that
(22=f) K=+ (oo ) N =)+ 1) < 1)+ 0u(1),

By the monotonicity of I(p?) we necessarily deduce that u? = p?, K(u, —u) = o0,(1) and
N,(un — u) = on(1). This proves the strong convergence of {u,}, in H!. The ground state

solution u can be selected real, positive and radially symmetric, by the well known facts concerning
the symmetric decreasing rearrangement, see [8] for a reference. U

In what follows, we focus on the proof of some qualitative properties of the functional I(p?).
Lemma 3.2. I(p?) diverges as p — 0, i.e. lim, 0 I(p*) = +00.

Proof. In order to prove the Lemma, we make a connection with the usual NLS equation with
one focusing nonlinearity of power-type. Indeed, to prove that the limit at 0F of I(p?) do exists,
we first notice that lim, 0 I(p?) = 400, where I, E, and V are defined by
I(p*) = inf E(u),
u€V(p?)
1

K(u) = ——Np(u),

1
2 p+1- 7P

and
V(p?) = {u € S(p?) such that G(u) = O} ,

respectively, where

G = Kt - 5 (257 ) Ml
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Now, provided we take i, € V(p?) with E(i,) = I(p?), by the fact that ¢™q is a standing
wave solution for the focusing NLS equation

i+ Au = —|ulP~tu, (3.3)
(namely, we are ignoring the defocusing perturbation in (1.2)) it is clear that E(i,) = CK(i,), for
some constant C. Let us recall that (3.3) is invariant under the scaling u*(t, z) = )\P%lu()\Qt, Az).
Hence, if we take @, with normalized L?-norm ||@ |72 = 1, we get that |||, = A7t and
K(u}) = )\%K(ﬂl). By defining p? = )\%, we deduce that E(i,) = Cp% and hence
lim, I(p?) = +o00,as p e (%,5) )

With the above considerations, the claim follows provided that inequality I(p?) > I(p?) holds
true. To prove the latter inequality, let us take @ € V(p?) such that E(u) = I(p?) + ¢, € > 0.
Clearly, @(ﬂ) < 0. By considering fi # 1 such that é(ﬂﬂ) = 0, by definition of the mountain pass
energy we have

I(p?) < E(ug) = mﬁxxE(ug) < mﬁxE(ug) = F(up) = I(p*) +¢.

By the arbitrariness of the choice of &, we have therefore the desired inequality I(p%) > I(p?).
The proof is therefore concluded as lim,_, I(p*) = +oo0. O

According to Proposition 2.4, let us recall that we define by i = fi(v) the unique scaling
parameter such that G(v") = 0.

Lemma 3.3. The function 0 — E((6u)* ") is C' in a neighbourhood of 6 = 1.
Proof. Let us define the function
f(0) = max{ E((6u)")}
u>0

1
p+1

1 1 30— 3(p_
:T§§{2M292K(u)+ q_’_]_MQ(q 1)04+1Nq(u)_ 'ug(p 1)0p+1Np('U,)}.

—L-Np(u). Let

To simplify the notation, let us call a = $ K (u), b = qJ%qu(u), and ¢ =

9(9, M) — a92M2 + b@q'HM%(q_l) . CHIH'IN%(P—I)’

then
b .
0u9(0,1) = 206+ 5 (g — 1) pdle 71 gt im0
and
3b 3g—5 30, 1)— 3c 3p—5 3(n_1)—
0R0(0.1) = 206" - (- 1) (M2 ) grriydoen2 - By (2R )tz

By Proposition 2.4, for a fixed 6y > 0 there exists a unique py = po(fp) > 0, such that
0,9(6o, po) = 0 (see point (i)), and QQWQ(GQ,MO) < 0 (see point (77)), thus f(6o) = g(fo, po). Then,
by applying the Implicit Function Theorem to the function 0,9(8, i), we deduce the existence of
a continuous function p = p(6) in some neighbourhood O, of 6y which satisfies d,9(8, 1(6)) = 0
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for any 6 € Og,, and Ozug(ﬁ,,uw)) < 0. Now, since the function g(#, ) is C! in (6, ), it follows
that f(0) is C*. O

Lemma 3.4. Forp € (%,5), l1<g<p,anda>0,b>0,c>0, the function (a,b,c) — f(a,b,c)
where
f(a,b,c) = max {az2 T bzalaD) cz%(p_l)} ,
2>0

is continuous on R™ x RT x R,

Proof. For a proof, see [4, Lemma 5.2]. O
We can eventually prove the weak monotonicity of I(p?).

Lemma 3.5. The function p — I(p?) is continuous in (0,00) and non-increasing.

Proof. The continuity of p — I(p?) is a standard fact. To show that p +— I(p?) is non-increasing,
we follow the approach in [4, Lemma 5.3]. It is enough to verify that, for any p; < ps and € > 0
arbitrary, we have

1(p3) < I(p}) +e.

By definition of I(p}), there exists u; € V(p?) such that E(u1) < I(p}) + § with

E(uy) = max E(ul).
(ur) = max E(uf)

We truncate u; with a compactly supported function as follows. Let n € CSO(R?)) be a radial
cut-off function such that 7 : R3 ~ [0, 1]

1, for |z[<1
x) = - 3.4
(@) {0, for |z|>2 (3:4)

For any § > 0, let
us(x) = n(ox)ur(x).
It is standard to show that @1 s(x) — ui(z) in H! as § — 0. Then, by continuity, we have, as
6 — 0,
K (u1,s) = K(u1),

Nq(u1,5) = Ng(u),
Np(u,5) = Np(ur)-
At this point, using Lemma 3.4, we deduce that there exists 6 > 0 small enough, such that

~ 3
max B(d 5) = max E(uf) + 7.

Now let v(z) € C§°(R?) be radial and such that suppv C Bops+1\Bary, where we defined Rs = %.
Then we introduce the function

2 ~ 2
Py — ||U1,6HL2 .

Vg =
[P

Y
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for which we have Hvo||%2 =p3— ||171,5||%2. Finally, using the scaling (2.1), letting v = ,ugvo(,uzn),

for p € (0,1), we have HUSH%Q = ||1)0H%2 and the rescaled quantities
K (vg) = K (vo)*,
No(vh) = Nq(vo)ﬂg(q_1)> (3.5)
Np(v)) = Np(vo) 2@

Now, for any p € (0,1) we define w;, = Uy 5 + vf. We observe that

dist{supp @1 5, supp vfy } > s _ Rs = 2 (2 - 1) > 0.
I o \p
It follows that ||w,||3 = ||u1]13 + [|[vh]13 and w, € S(p3). Furthermore,
K(wy) = K(u1,5) + K(vp),
Ny(wy) = Ny(t1s) + Ny(vg), (3.6)
Ny(wy) = Np(i,5) + Np(vp)-
From (3.6) and (3.5) we see that, as u — 0,
K(wy) — K(u1s),
Ng(wy) = No(tr,5)
Np(wy) = Np(u ).
Thus, we have that, by fixing u > 0 small enough,

~ 3
g ) = g Pl g) + 3

At this point we can conclude with the following:

9 - € € € 9
I(p3) < max B(wy) < max B(ui ;) + 5 < max B(ui) + 5 = B(w) + 5 < 1(p1) +¢,
and this conludes the proof. O

We are able to prove the result concerning the connection between the function I(p?) and the
existence of solutions to (1.10).

Lemma 3.6. If the function p — I(p?) is not a strictly monotone decreasing function in (0, p],
then there exist po € (0,p) and ug € S(pE) such that ug is a positive radially symmetric solution
to (1.10).

Proof. If the function p — I(p?) is not a strictly monotone decreasing function in (0, p] there
exists a smallest point p € (0, p) such that, given the quantities A and A defined by
A= inf I(p®
p€(0,p) )
and
A =1inf{p € (0,p] such that I(p*)=A},
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then we have A < p. Notice that lim, .o I(p?) = +oc and hence A > 0.

By construction, I(A\?) < I(s?) for any 0 < s < A, and the ground state at the mountain pass
energy level for the constrained problem with mass A is achieved by Lemma 3.1. Moreover, this
ground state can be chosen positive and radially symmetric. Let us call ug such ground state with
mass A\. We have that the function I(p?) has a global minimum in A in the interval (0, 5) and thus

B(ug) = I(X) < 1(0)?) < B ((0u)" @)

for 6 € (1 —¢€,1+ €). We deduce that
d ~
il fi(Buo)) -
= (B((0u) )‘821 0,
which in turn gives
d { (ji(Bug))? [i(0ug))2 @D [i(Bug)) 3@
d (( 010)) g1 )+ L qofl PN, () — PO ) 2o

lo=1
Direct computations give, using that fi(fu) is C' and fi(Qug) =1,

lo=1
o (moro) = (K + 3 (151 Mt = 3 (21) Matuo)) (ouo .,
)

By recalling that K (uo) + 3 (ﬂ) Ng(ug) — 3 (E) Np(up) =0 as G(ug) = 0, we get
K(UO) + Nq(uo) — Np(UO) =0. (37)
Now, ug solves
—Aug + wug + |UO’p_1U0 — \u0|q_1u0 =0,

where w is the associated Lagrange multiplier. From (3.7) we obtain that w = 0 and hence that
ug solves the zero mass case equation (1.10). It is therefore enough to set pg = A to conclude the
proof of the Lemma. O

4. PROOF OF THEOREM 1

This section is concerned with the proof of Theorem 1. Let us consider the zero-mass elliptic
equation (1.10), which we rewrite:

—Au+ |u|Ty — ulP e = 0.
By Berestycki-Lions [7], we know that it admits a real, non-negative, radial, and non-increasing

solution U € X = H' N L9t In [7], the ground state for the equation above is found as a
minimizer of the constrained minimization problem

1 1 1
inf { —K h that X d —N, — ——N, =17. 4.1
in {2 (u) such that we X, an P ) ) q(u) } (4.1)

The minimizer, that can be chosen positive and radially symmetric, solves

—Au = A(uP — u?)
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for some A > 0, which can be normalized by a suitable rescaling, in order to get a solution to
(1.10). Moreover, by [27,29], U is unique. A priori, U ¢ L?. Nonetheless, in [13,14], the precise
decay of the solution U was proved. In particular

1 2
|U(r)| ~ —  with a:max{,l},
T qg—1
and hence U € L? if and only if 1 < ¢ < %, i.e. the defocusing nonlinearity is mass-subcritical.

On the other hand, the functional F has a mountain pass geometry in X, and called I the
mountain pass energy, and u; the function in X that minimizes (4.1), we have that

T 1 1 1 1
1= max B (w1 (75 ) ) = ma {2K (w)ss =5 <p+1Np<“1> B quWl))}

1
= max {2K(u1)sé - 5} .

s>0

(4.2)

This connection between the mountain pass energy and the constrained minimization of [7] has
been proved, in a general framework, in [6, Theorem 0.1].

In particular, maxssg {%K(ul)s% — s} can be computed explicitly, and we get that
11 1 3 2

3
By calling s¢p = (%) * the maximum of the function h(s) = %K(ul)sl/?’ — s, we have that

U = u1 | -7 |, and hence from (4.2) we also obtain that the mountain pass energy is given
So

=50 5 (n (43))

Mass-subcritical perturbations. By Proposition 2.8, F(u) has a mountain pass geometry
on S(p?). By Lemma 3.1 and Lemma 3.6, when 1 < ¢ < %, the function p + I(p?) is strictly
decreasing for p € (0, pc], where p? = ||U|2,, and a positive and radially symmetric ground state
u, exists for any p in that interval.

When p = p., we claim that U = u,,. Indeed

I=B(U) =gt B = int B=1I(p}) = B(up,) < 1(6 o) < E (0, )"

for 8 € (1 —€,1+ ¢), and we recall that the space W was defined in (2.11) by
W ={u € X such that G(u)=0}.

Arguing as in Lemma 3.6 we get

d% (E ((gupc)ﬂ(ﬁufac)» = 0,

and hence u, is a positive solution of (1.10), i.e. U = u,,.



GROUND STATE ENERGY FOR NLS WITH COMPETING NONLINEARITIES 21

By the fact that I(p?) = I = i‘al/fE < Vl{ﬁ;) E for any p and that Lemma 3.5 holds true, then I(p?)
p

is constant for p > p.. If I(p?) were achieved for some p > p,, arguing again as in Lemma 3.6 we
would find again 4 (E((Gup)ﬁ((’mp)))Ig_1 = 0 by the fact that I = I(p?) < I(6%p?) < E((Qu,)"0)).
Moreover, we would find a second positive radially symmetric solution to (1.10) which is different
from U, and this is forbidden by the uniqueness result.

Mass-critical or mass-supercritical perturbations. By Lemma 3.1 and Lemma 3.6, when
% < ¢ < p the function p +— I(p?) is strictly decreasing for p € (0,0), because positive, radially
symmetric solutions to (1.10) do not belong to L?, and hence a positive, radially symmetric ground
state u, exists for any p in the positive half-line.

To prove that lim, o I(p*) = E(U), we argue as in Lemma 3.5, by considering a radial cut-off
function n € C§°(R3;[0,1]) such that (3.4) holds. For any small § > 0, let

Us(x) = n(02)U(2).
Clearly, ||Us||3, = pj — oo when § — 0 and

K(Us) = K(U),

Nqg(Us) = No(U),

Np(Us) = Np(U).
As in Lemma 3.5, for a fixed € > 0 there exists § > 0 small enough such that

I(p3) < max E(U}') < max E =1
(p5) < max E(UY) < max E(U) +e=1+e,
and hence lim,_, I(p?) = E(U). The proof of Theorem 1 is concluded.

5. BLow-up

This section is devoted to the proof of the blow-up results for solutions to (1.3). In order to
prove Theorem 2, we introduce some fundamental estimates.

Lemma 5.1. Let us suppose that the initial datum ug satisfies E(ug) < I(||uol|32) and G(ug) < 0.
Then G(u(t)) <0 for any t € (—Tmin, Tmaz)- More precisely, there exists a positive constant 6 > 0
such that G(u(t)) < =6 for any t € (—Timin, Tmaz)-

Proof. By the absurd, if G(u(t)) > 0 for some time t € (—Tynin, Tmaz), then by the continuity in
time of the function G(u(t)), there exists ¢ such that G(u(t)) = 0. By definition of the functional
I(p?), we have therefore I(|jugl|7.) < E(u(f)) = E(ug), which is a contradiction with respect to
the hypothesis.

The uniform lower bound away from zero is proved as follows. We simply write u for the
time-dependent solution u(t). By Proposition 2.4 there exists a scaling parameter i € (0,1) such

that G(u”) = 0. Then
E(up) — E(uf) = (1 - m;LEwm:u
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for some i € (f1,1), and due to the concavity of pu +— E(u*) — see again Proposition 2.4 — we have

that

E(ug) = B(u) = (1 - ﬂ>dCLE(U“)!u=n > (1- ﬁ)diE(U“)lu:l = (1= p)G(w).

The last equality in the above chain of relations comes from the last statement in Proposition 2.4.
Hence

G(u) < (1= )" (B(uo) — B(u")).
As G(uf) = 0, we have that I([lug||?.) < E(u”) by definition, thus
G(u(t)) < —(1 = @) (luol72) — E(uo)).
The proof is complete by choosing & := —(1 — 1)~ (I(||uo|%2) — E(uo)). O

As a consequence of Lemma 5.1, we can actually provide a pointwise-in-time upper bound for
the Pohozaev functional G evaluated at u(t).

Lemma 5.2. Under the hypothesis of Lemma 5.1, there exists a strictly positive constant ¢ > 0,
such that G(u(t)) < —eHu(t)H%[l for any t € (=Tiin, Trnaz)-

Proof. Firstly, by recalling the identity (1.6), we write

6(p—1 2 —
_6(p—1) ( B G__ P—d Nq) .
3p-7 3p—=1) " (¢+Dp-1)
It straightforwardly follows that

G+€K:<1 ie >G+6€(p1)E— bep—a)

3p—7 3p—1 (Bp—T7)(g+1)
4e Ge(p — 1)
<|(1-— G+ —*F
_< 3p—7> + 3p—7

as the last term in the right-hand side in the first line is negative. Provided ¢ < 1 we get therefore
G+eK<(1-¢)G+EE
for some ¢,¢’ < 1. Hence, by using Lemma 5.1, we obtain (possibly by refining the choice of ¢)
G+eK < (l—e)d+E<O.
O

A corollary of the of the previous Lemma is a uniform lower bound for the H'-norm of the
solution to (1.3).

Corollary 5.3. Under the hypothesis of Lemma 5.1, there exists a positive constant ¢ > 0 such
that

inf w(t)| ;1 > c.
te(_TminaTmaac) ” ( )HHI B
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Proof. The existence of a sequence of times {t,}, C R such that lim, . ||u(ts)[ 5 = 0, would
imply that limy, oo (||w(tn)|| zo+1 + ||u(tn)| Ler1) = 0 as well, by employing the Gagliardo-Nirenberg
inequality. But then lim, ., G(u(ty)) = 0, which is in contrast with respect to the claim of
Lemma 5.1. (]

We can now give a proof of the blow-up results as stated in Theorem 2. In order to employ a
convexity argument, we introduce the following virial functional. Define

Valt) = [ olutt)P da.

where ¢ is a time-independent smooth cut-off function. Usual calculations (see [10]) imply, by
using the equation solved by u(t),

Vi(t) =23 {/quuVu dx}
and

Vi(t) = 4%{/v2¢vuvmx} — /A2¢|u|2dx

2 2
21— —— Aol der —2 (1 - —— /A rtlyg
+( q+1)/ ol v ( p+1> ol !

= 4%{/v2¢vuvudx} - /A2¢|u\2dx

q—1 +1 . p—1 +1
+2 <q m 1> /A¢|u|q dx — 2 <p—|— 1) /A¢|u|p dx
= 49%{/v2¢vuvuda;} — /A2¢yu\2dx+ /A¢np7q(u)dx,

where we have introduced the notation

2((] - 1) |u|q+1 _ 2(p - 1) ‘u|p+1
g+1 p+1

to denote the density (up to some constants) of the potential energy. To lighten the notation, we

npq(u) =

omitted the dependence on time of wu.

Proposition 5.4. Provided the cut-off function is smooth enough, we have the following identities:

(i) If o(x) = |z|?,
V(1) = 8G(u(t)). (5.1)

(i) If ¢ is radially symmetric, by denoting |x| = r, we have

Vg(t) = _/A2¢(x)u\2d$+4/qﬁﬂ]Vu\2dx
+4/ <¢:,(2T) - qb;(;)) |z - Vu|*dz

+ / A(x)ny o (u)dz.
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(iii) If ¢ is radial and u is radial as well, then
V() = / A2()|ul2dz + 4 / & (r)|Vul2dz + / Ab(x)ny (u)dz. (5.2)

(iv) Let ¢ : R? — R a smooth radial function. By setting ¢(z) = 1(z) + 23, provided u(t) € X3
forallt € (=T_,T), then we have

V() = / AZy(a)|uf*di + 4 / () |Vl da
(5.3)
+80gulfa + [+ M) (e

where p = |Z|.
We are now able to give a proof of the blow-up results of Theorem 2.
Proof of Theorem 2. By using the above virial identities, we prove (i), (i7), (¢i¢) in order.

Proof of (i). The first point is proved by employing a usual Glassey-type argument, once we have
that G(u(t)) < —6 < 0 for any t € (—=Tin, Tmaz), see Lemma 5.1. Indeed, by (5.1) we have

and a convexity argument gives the desired conclusion.
Proof of (ii). For the second point, concerning radial solutions, let 6 : [0,00) — [0,2] be a C®°

function satisfying
2 if 0<r<1,
9(7”)_{ 0 if r>2.

We define the function © : [0,00) — RT U {0} by

o) == /O /OTH(s)dsdT.

For R > 0, we define the radial function ¢ : R? — R by means of a rescaling of © :

¢r(x) = ¢r(r) == R*O(r/R), 1= |z|.
It is straightforward to check that Vo € R? and Vr > 0,

2> ¢h(r) >0, 2- ¢/Rr(r) >0, 66— Apg(z)>0.

With the above properties and (5.2), we get
Vi (t) < —1. (5.4)
Indeed, by (5.2), and using that



GROUND STATE ENERGY FOR NLS WITH COMPETING NONLINEARITIES 25

see (1.5), we obtain
VI (t) = 8G/(u) — 8K (u) — 6 / ny o (u)da
/A2¢R )|ul dﬂc+4/¢> )| Vul|*dx
+ [ Bon(o)m (s
= 8G(u /A2¢R )|u|?dx

4 [ 2= k) IVuPde ~ [(6 - Adr(a))npglu)da.
As [[A%¢R||L~ < R72, the conservation of mass implies that
/A2¢R(x)\u|2daz

The latter, together with ¢/4(r) < 2 for all 7 > 0, ||A¢r||z~ < 1, and ¢g(x) = |z|> on |z| < R,
yield

<R

V) (t) <8G(u) + CR*+ C/| - (Ju)?™ + [u[Pth) da.

To estimate the last term, we recall the following radial Sobolev embedding (see e.g. [12]): for a
radial function f € H'(R3), we have

1 1
Sig\wllf(w)! < CIV Izl 1IZ:- (5.6)

Thanks to (5.6) and the conservation of mass, we estimate

_ 1/2 1/2
[ watde = [ Pl e s (BVall) uls
|z|>R |z|>R
< R_(q‘”HVqu{”/Q,

and similarly

_ 1/2 1/2
[ = [ e s (R

S ROVl
It follows that
Vi () < 8G() + CR™2 4+ CR- (v & + v 77) |
and by using the Young inequality, observing that q;21 < % < 2, we can infer that
Vi (t) < 8G(u(t)) + or(1) + or(1) | Vu(t)||7.-

Hence, (5.4) follows by combining the last estimate above with Lemma 5.1, Lemma 5.2, and
Corollary 5.3.
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Proof of (iti). For last third point, which deals with cylindrically symmetric solutions, a refined
argument of the proof for (i) is used. It is worth mentioning that the first early work for the
classical focusing NLS equation in anisotropic spaces goes back to Martel [32]. See [2,3,15] for
recent results for other classes of dispersive equations.

From (5.3), and using again the identity (5.5),
Vi) = [ Aun(@)ulds + 4 [ (o) Veulds
4800l + [+ Asn(e) (s
— - [ Mm@~ 1 [ 2 sip)IVauPda
+SK () + / (2 4+ Aatbr())npg(u)ds + 6 / g (1),
= 5G(u) - [ Abun()luPds ~4 [ (2~ (o) Vaulds
- [ Bsvn@)ng iz,

where p = |z|. Similarly to the point (i), we introduce the function © : [0,00) — RT U {0} defined

by
O(p) = /Op /0 0(s)dsdr.

For R > 0, we define the function g : R? — R by

Yr(Z) = Yr(p) == R*O(p/R), p=|zl.
Since ¢} (p) < 2 and ||AZ2¢p||L~ < R72, it follows that

VY () < 8G(u) + CR™? — / (4 — Astor(Z))y g (u)da. (5.7)

Note that in the last estimate, the contribution given by the lower order term |u|?"! shall be
discarded, as it accounts for a non-positive contribution, hence (5.7) can be refined as

VI (t) < 8G(u(t)) + CR™* — C / (4 - Ayor(y)luP e, (5.8)
Observe that the function
R R (/R
hap) =4 = Asvn(z) = 4~ ©' (o] R) — ~ 6/ (p/F) = 4~ 0(p/F) = & /0 (s)ds

is a localization function outside a cylinder. Indeed, we note that by its construction Azyg(z) =4
for any p < R, hence hp(p) is a non-negative, bounded, smooth function supported outside
{p > R}. Let us consider the last term in the right-hand side of (5.8):

@ dsvr@niupids = [ ha(p)ulda.
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We restrict to the range p € (%, 3] . By using the Holder inequality, we estimate

J e N R T e Ry A i

- -1/ o »)/2 (5.9)
S (funoulge ar) ([ 1 ) .
By the Gagliardo-Nirenberg inequality and the conservation of mass, we bound
(3-p)/2
4/(3— —-1)/2
(/1o ) S I9ull 2, (5.10)

Indeed, by recalling that for a one-dimensional function f € H'(R)

e S 1T F 112

for o € (2,00) and 0 = (0 — 2)/20, we obtain

6, \OP? > < p1/2
Ju HLz dxs el 2 |l L4/ 1Os llull 2 172 "M lull L2 H

1)/2
R [ A

)

where we used 0 = 4/(3 — p) and § = (p — 1)/4, and the conservation of mass in the uniform

1/(p—1), 12
/HhR uHLm‘zR)dxg

is estimated as in our previous paper [3, eq. (4.13)]. Briefly, by using the boundedness of hr and

constant. The term

a version of (5.6) in R?,

1/(p—1), 2 -1

h 0o drs < R

[ s dos S RSl
hence

Vip-1), 12 R Pty
Il dos <R | &2, (5.11)

Thus, by glueing up together (5.9), (5.10), and (5.11), we obtain
[ bro)lup e S ROV T 8.

The specific case p = 3 is estimated in [3], so we omit the details. Note just that, instead of

_ (3-p)/2
controlling (f Hu”ff’ p)dx3> , we have to deal with ||||u]| ;2|3 - The proof of the Theorem
z z ' Va3
2 is concluded. g
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