SCATTERING FOR NON-RADIAL 3D NLS WITH COMBINED
NONLINEARITIES: THE INTERACTION MORAWETZ APPROACH
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ABSTRACT. We give a new proof of the scattering below the ground state energy level for
a class of nonlinear Schrédinger equations (NLS) with mass-energy intercritical competing
nonlinearities. Specifically, the NLS has a focusing leading order nonlinearity with a
defocusing perturbation. Our strategy combines interaction Morawetz estimates a la
Dodson-Murphy and a new crucial bound for the Pohozaev functional of localized functions,
which is essential to overcome the lack of a monotonicity condition. Furthermore, we give
the rate of blow-up for symmetric solutions.

1. INTRODUCTION

The aim of the present paper is to study long time dynamics of solutions to the following
nonlinear Schrodinger equation with competing nonlinearities

10 + Au = A\ |u|? u + Ao |ulP (1.1)

where u(t,z) : I x RY — C, I C R, and the parameters \;, \» € R. Equation (1.1) is a
nonlinear Schrodinger equation which arises in many physical contexts, and we refer the
reader to [19,21,30,40] for motivations and further discussions on the models. Since the
early works by Zhang [44], Tao, Visan, and Zhang [43], and Miao, Xu, and Zhao [36],
equations of the type (1.1) have attracted a lot of attention leading to a wide literature
concerning different problems: local and global theory, scattering, blow-up, stability of
standing waves, and so on; see [2,3,6,8,9,20,29,31-34,38,41,42] and references therein.

In this article, we are primarily interested in the 3D physical case, and we consider
exponents satisfying g < q < p < b, with a positive coefficient A; and a negative coefficient
Ao. Namely, the nonlinearities are defocusing and mass supercritical, and focusing and
energy subcritical, respectively. Without loss of generality, we can normalise the coefficients,
by scaling and homogeneity, as A\ = —Ay = 1. Therefore, our main focus lies in the Cauchy
problem below:

(1.2)

i0u + Au = |u|?tu — JulP~lu
uw(0,x) = uy € H'(R?),

where u(t,z) : I xR* - C, I CR, with £ < ¢ <p <5.

At the local level, it is well-known that (1.2) admits solutions, see [7], and by denoting
Inax 2 0 the maximal interval of existence, solutions preserve (among other quantities)
mass and energy, defined by

M(u(t)) := lu(t)|? du, (1.3)
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and

1 1 1
E(u(t)) == = Vu(t)|* d —/ )9 d ——/ P da, 1.4
(w(t) i= 5 | 1VuPde+— | e de = = | Ju@pte, (1)

respectively. Hence (1.3) and (1.4) are independent of time.

The main purpose of this paper is to study the energy scattering for (1.2) with non-radial
initial data which avoids the machinery of the concentration-compactness and rigidity
method. Before stating our main contribution, let us briefly recall known results related
to the energy scattering for combined NLS with focusing leading nonlinearity.

1.1. Known results. Since the pioneering work by Kenig and Merle [26] establishing the
scattering below the ground state threshold for the energy critical focusing (3D quintic)
NLS with radial data, i.e. (1.1) with A\; = 0 and Ay < 0, the literature on the scattering
problem for nonlinear dispersive PDEs rapidly grew up. The Kenig-Merle approach
relies on the so-called concentration-compactness and rigidity scheme, based on profile
decompositions. The radial assumption on the milestone paper [26] was removed by Killip
and Vigan [23] for dimensions greater than or equal to five and by Dodson [13] in dimension
four. After the energy critical cases, the mass-critical problems have been considered by
several mathematicians. Killip, Tao, and Vigan [27] proved the scattering below the mass
threshold for the 2D cubic NLS with radial data. The higher dimensional cases, still with
radial data, was investigated by Killip, Visan, and Zhang [28]. Dodson [12] completely
removed the radial requirement and extended these results to all dimensions.

Moving to the mass-supercritical and energy-subcritical nonlinearities (the so-called
intercritical case), still by exploiting a Kenig-Merle scheme, the scattering below the
ground state threshold was established by Holmer and Roudenko [22] for the 3D cubic NLS
with radial data. Then the radial condition was later removed by Duyckaerts, Holmer,
and Roudenko [17]. Extensions to higher dimensions, in the whole intercritical range, were
done by Akahori and Nawa [1], and Fang, Xie, and Cazenave [18].

The argument used in the previously cited papers follows the Kenig-Merle road map
with a concentration-compactness and rigidity scheme. An alternative strategy to prove
scattering below the ground state energy in a non-radial framework was recently introduced
by Dodson and Murphy [15] (see [14] by the same authors for the radial case) for the H'/2
critical nonlinearity, combining interaction Morawetz estimates together with a scattering
criterion. See also [11] for a generalisation to intercritical powers in general dimension.

As far as we know, similarly to the single nonlinearity, also in the case of double
nonlinearity all the existing results rely on a concentration-compactness and rigidity
scheme. For equations of the type (1.1) with a focusing leading term, we mention here the
papers by Akahori, Ibrahim, Kikuchi, and Nawa [3] with energy critical leading term and
a focusing mass-supercritical perturbation in dimensions d > 5 and the recent extension
to d > 3, given by Luo in [33]. In the case of a focusing mass-critical perturbation,
the scattering was recently proved by Luo [34] in all dimensions d > 3. Note that the
3D case requires the radial assumption due to the fact that the non-radial scattering
for the 3D quintic NLS is still an open question. For the defocusing mass-supercritical
perturbation, an early scattering result was proved by Miao, Xu, and Zhao [36] for the
3D cubic-quintic NLS with radial data. It was extended to dimensions five and higher
in [37]. For the defocusing mass-critical perturbation, Cheng, Miao, and Zhao [9] proved
the scattering with radial data in dimensions d < 4. It was recently extended, still with
radial data, to dimensions d > 5 by Luo [33]. When the leading term is mass-supercritical
and energy-subcritical we refer to Cheng [8] with the defocusing mass-critical perturbation.
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Concerning the intercritical range on nonlinearities, the energy scattering was proved by
Akahora, Kikuchi, and Nawa in [4], and as for the already mentioned papers, the scattering
for such equations is proved by means of a Kenig-Merle approach. In fact, in [4] a wide
class of NLS-type equations is treated. Among them, one also finds the NLS equation with
combined nonlinearities with intercritical exponents. The main novelty in [4] is that they
replace a usual monotonicity condition (which is in fact not satisfied by combined power
nonlinearities) with weaker assumptions. Then, in order to prove a desired lower bound
on the Pohozaev functional G, see (1.5) below, Akahori, Kikuchi, and Nawa distinguish
different cases depending on sign of GG along minimizing sequences. Specifically, the tool
given by [4, Lemma 3.3] enables them to employ a concentration-compacteness and rigidity
scheme.

In our paper, we propose an alternative approach to prove the energy scattering of [4]
for (1.2) based on the recent method proposed by Dodson and Murphy, see [15], for the 3D
focusing cubic NLS, which relies on suitable interaction Morawetz estimates, and avoids
the Kenig-Merle machinery. In the next sections, we explain our new contributions and
the main novelties.

1.2. Main results and novelties. To state our main results and our original achieve-
ments, we begin by introducing the following Pohozaev functional

3 (q 3(p—1
G(u) = Vu(t)]?dr + = iy — =~ (Y= HPtde, (1.5
w= [ wuopard (S0) [ optan- 3 (2) [ uoptas. 1)
which will be crucial for the characterization of the dynamics of solutions to (1.2). We
note in particular that solutions to (1.2) of the form u(t, ) = e“%)(z), with w being a
real parameter, i.e., standing wave solutions, fulfill G(¢) = 0.
Furthermore, we introduce the action functional

S.(6) = B(9) + ;"M(gb)

= 51Vl = =161 sy + IOl + e
and the following ground state energy
my, = inf {S.(¢) : ¢ € H' (R*)\{0}, G(¢) =0}.
Note that the action functional S, is a conserved quantity along the time evolution of a
solution to (1.2), as sum of conserved quantities.

The existence of standing waves of the form u(t, z) = ¢! (x) can be proved by showing
that the aforementioned ground state energy is achieved, i.e., that the infimum of the
action on the constraint G = 0 is indeed a minimum. The fact that ground state energy
level m,, is achieved for any w > 0 is proved in [4] while the instability properties of the
corresponding standing waves is a recent result by [20]. It is worth mentioning that m,, is
given by S, (Q.), where Q,, solves the elliptic equation

_AQw+wa+ng_ f;:

The question concerning the existence of ground states with an assigned mass has been
addressed in [5]. Eventually, for w > 0, we introduce

Al = {ue H'(R?) : S,(u) < my, G(u) >0}

and
A5 = {ue H'(R?) : Sy(u) < my,, G(u) <0},
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and we recall the notion of scattering: we say that a solution wu(t,x) to (1.2) scatters
provided that

: QA+ _
tLlrinoo |u(t) — e"Cug || g (rsy = 0,

for suitable ui € H'(R?), where ¢"*? is the linear Schrédinger propagator.

Our purpose is to show that:

(1) if ug € A}, then the corresponding solution exists globally in time and scatters in
H'(R?) in both directions;

(2) if up € A, then if we assume ug is radially symmetric or cylindrically symmetric
(with some additional restrictions on p and some relaxations on the hypothesis on
q), then the corresponding solution blows up in finite time with an explicit blow-up
rate.

The first result concerns the energy scattering for (1.2) with data in A},

Theorem 1.1. Let % <qg<p<bandw > 0. Let uy € Al . Then the corresponding
solution to (1.2) exists globally in time and scatters.

1.2.1. Comments on Theorem 1.1. In order to prove Theorem 1.1, we combine a scattering
criterion jointly with interaction Morawetz estimates in the spirit of [15], and our new key
ingredient is a coercivity property established in Subsection 4.2 for solutions belonging to
A7 . Specifically, we provide here the new crucial bound (1.6) on the Pohoazev functional
for localized solutions, which enables us to build upon [15]. In order to get this property, we
perform a careful variational study of the functional G that we believe it is of independent
interest. More precisely, we use the variational properties of the functional GG, that appears
in the virial-like estimates, to prove an interaction Morawetz estimate. We show that
taken a suitable cut-off function xr(z) = x(%) such that xgp = 1 when [z| < (1 —7n)R
with some 1 > 0 small, the Pohozaev functional fulfills, for any R sufficiently large,

G(xr(- = 2)ut(t, ) = 8|IV(Xr(- — 2)us(t, ) Z2qes) (1.6)

for any space shift z € R3, all time t € R, and some § = {(t,2, R) € R3, where u¢(t,z)
stands for the modulated function e®*u(t,z). Here § > 0 is a constant independent of
time and the translation vector.

Remark 1.2. The localized coercivity result, i.e., that the coercivity is true if we localize
the modulated and translated solution wu(t) in a sufficiently large ball centered anywhere,
as far as we know is a new property which may be relevant in other contexts. Indeed,
(1.6) may be used in contexts where a concentration-compactness scheme is unknown
to be exploitable. We refer the reader to the very recent work by Luo, [35], where our
estimate (1.6) is crucially used for the scattering of solutions to intercritical NLS posed
on high-dimensional waveguides. Hence, we believe that our strategy is not only a mere
alternative proof of the results of [4] for (1.2).

Remark 1.3. We shall emphasize that in the paper by Dodson-Murphy, the coercivity
property needed to prove interaction Morawetz estimates comes from the refined Gagliardo-
Nirenberg inequality (see [15, Lemma 2.1])

£l Z2a@s) < Conllfllz@s) IV £ ll2@s) IV £ 1172 gs) (L.7)

which holds for any f € H'(R?) and any ¢ € R?, and that we are prevented to use in
our setting. Indeed, due to the non-homogeneity of nonlinearities, inequality (1.7) is not
applicable in our framework. Therefore, our proof is not a straightforward adaptation
of [15] as we need to bypass the difficulties related to the lack of scaling due to the presence
of two competing nonlinearities.
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Remark 1.4. One of the motivation to study the energy scattering for (1.2) came to
complete the picture on the dynamics of solutions to (1.2) after a recent work by the first
and third authors with Georgiev, see [5], where existence of normalized ground states for
(1.2) and blow-up results were established in the 3D space. We keep the presentation for
the physically relevant 3D case as a counterpart of the results we established in [5]. It is
worth mentioning that the scattering results of Theorem 1.1 still holds in arbitrary space
dimension, as (1.6) can be established in the same way in any dimension d > 1, for any

intercritical powers % +l<g<p<l+ ﬁ, with (d —2)* := max{0,d — 2}.

Our second result concerns the blow-up rate for finite time blowing-up solutions to (1.2)
with initial data in A_. In [5], we proved that if % <p<bhb 1<qg<p,andw > 0, for
uy € A, if one of the following conditions is satisfied:

o uy € L(R?) := HY(R3) N L3(R3, |z|*dx),
e uy € H'(R?) is radial,
e uy € 23(R3) and p < 3, where

S3(R%) == {f € H'(R®) : f(z) = f(T,23) = f(|T],23), [ € L*(R* a3da)}, T = (21,22),
then the corresponding solution to (1.2) blows up in finite time.

Here we show that we have the following blow-up rate for (1.2).
Proposition 1.5. Let % <p<b 1<qg<p,w>0,anduy e A.

(i) Assume that one of the following conditions is fulfilled:

(1) ug € H'(R3) is radial,
(2) up € 33(R?) and p < 3.

Then the corresponding solution to (1.2) blows up in finite time, i.e., T* < 400, and fort
close to T™,

T* 2(5-p)
. C(T* —t)»= of (1) holds,
/ (T —r>||Vu<T>||iz(R3)dfs{ (I7 =)+ i (1) (1.8)
t

C(T*—t) s+ if (2) holds.

In addition, there exists a time sequence t,, / T* such that

2(p—1)

C(T* —t,)” »  if (1) holds,
C(T* —t,) 5% if (2) holds.

[Vulty) | r2ms) < { (1.9)

(11) If we do not assume any symmetry on the solution (nor any restriction on the

exponents), then either T* < oo or u grows up in infinite time, namely T* = oo and
limsup, ., [|Vu(t)| r2@sy = oo.

The Proposition above is based on the results we obtained in [5], jointly with a Merle,
Raphagél, and Szeftel argument [39]. In particular, the new results are the blow-up rate
estimates (1.8) and (1.9) of point (), and point (i¢). The finite time blow-up for symmetric
solutions is established in [5], and we include it in the statement for sake of completeness.
The grow-up result follows by means of a localized properties of the mass, jointly with a
contradiction argument as in [16].
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Notations. In the rest of the paper, we will use the notations below.

Given two quantities A and B, we denote A < B if there exists a positive constant C'
such that A < CB. For 1 < p < o0, the LP = L?(Q; C) are the classical Lebesgue spaces

endowed with norm || f|| o) = ([, | f(@)[? dx)l/p if p # oo or || f|| pee() = esssup,eq | f(7)]
for p = co. We denote by H ' = HY(R?; C) the usual Sobolev space of L? functions with
gradient in L2. Here (-) stands for the Japanese brackets (-) = (1 + |- [*)/2. Given an
interval I C R, bounded or unbounded, we define by LY X, = L?(I,X,) the Bochner

space of vector-valued functions f : I — X endowed with the norm ([} ||f(s)[% ds) Y for
1 < p < oo, with similar modification as above for p = co. (In what follows, f € LY X,
means that f = f(¢,z) is a function depending on the time variable t € I C R and
the space variable x G ]R3, with finite L} X,-norm). For any p € [1,00], p’ denotes its
dual defined by p/ = . As we work in the 3D case, we omit the R? notation when no
confusion may arise.

2. VARIATIONAL ANALYSIS

In this section, we recall and prove some crucial variational tools used along the paper,
used in particular to define the scattering/blow-up dichotomy regions of initial data for
the Cauchy problem (1.2). Furthermore, some of the results illustrated below will be also
essential in proving a new coercivity property that we need to prove scattering by means
of suitable interaction Morawetz estimates.

Let w > 0. We consider the minimization problem
mg, = inf {S,(¢) : ¢ € H'\{0}, G(¢) =0},

where

_ w _1 2 p+1 1 g+1 w 2
5.(6) = B(0) + 5M(6) = 19612 — —Iollh + ol + 2ol

is the action functional and

_ o Ble—=1) i 3l@—1) g
G(¢) = [Vollz 2<p_|_1)”¢’Lp+1 2(q+1)\|¢HLq+1

is the Pohozaev functional.

Proposition 2.1. Let g <p<b 1<qg<p, andw > 0. Then m, > 0 and there exists
at least a minimaizer for my,.

Before giving the proof of Proposition 2.1, let us start with the following observation.
Lemma 2.2. Let ¢ € H'\{0}. Then there exists a unique Ao > 0 such that

>0 if 0 <A< A,
G(9x) =0 if A=A,
<0 if A > A,

where

oA(x) = A29(Az), A > 0. (2.1)
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Proof. We have

3p—1) 30— 3(¢—1) 3
— )2 2 _ 2\ T/ 51 pt+1 (g—1) q+1
G(¢)\) )\ HV¢HL2 2<p_|_ 1>>‘2 H¢HLP+1 + 2((] + 1))‘2 H¢HLQ+1
3(p—1) .3 1 3(q—1) 3 1
= \? 2 2\ S/ A5 (-D)=2) )Pt A3 (a=D=2) |19+

= A2 f(N).
Consider f(\) = a — bA* + c\P with a,b,¢ > 0, a > 0, and 8 < a. We have
/N = N (eB — bar>P).
In particular, there exists a unique A\; > 0 such that

f(Ar) = max f(A).

Drawing the graph of f, we see that there exists a unique Ag > 0 such that f(\y) = 0.
Moreover, f(A) >0 for 0 < A < Ag and f(\) <0 for A > Ag. This shows the lemma. O

Proof of Proposition 2.1. We proceed in several steps, illuminated by the works of Ibrahim,
Masmoudi, and Nakanishi [24], and Akahori, Ibrahim, Kikuchi, and Nawa [2].

Step 1. An auxiliary minimization problem. Denote

= Su(0) — ———G(g) = LT P e @
and consider
my, = inf {1,(¢) : ¢ € H'\{0}, G(¢) <0} . (2.2)

We claim that m, = m,, > 0. In fact, it is clear that m, < m,. Now let ¢ € H'\{0} be
such that G(¢) < 0. By Lemma 2.2, there exists A\g € (0, 1] such that G(¢,,) = 0. Thus

my, < Sw(gbko) = Iw(¢AO) < Iw(¢)7

where we have used \yg < 1 in the last inequality. Taking the infimum, we get m,, < m,,,
hence m, = m,,.

To see that m,, > 0, we take a minimizing sequence {¢,}, for m,, i.e., ¢, € H\{0},
G(¢n) <0, and I,(¢p,) — my,. As I, is non-negative, there exists C' = C'(w) > 0 such that

[énl22 < C, Vn>1.
On the other hand, since G(¢,,) < 0, we have

3(p
Vol < S honlih

which together with the standard Gaghardo—N1renberg 1nequality yield

|I¢nl|Lz < C||V¢n||Lz

IVoull7> < C||V¢nHLz
This shows that
IVénl2: >C >0, Vn>1, (2.3)

hence m,, > 0.

Step 2. Minimizers for m,. Let {¢,}, be a minimizing sequence for m,,. Observe that
if ¢F is the Schwarz symmetrization of ¢, then {¢}}, is still a minimizing sequence for
m,. Thus without loss of generality, we can assume that ¢,, is radially symmetric. As I,
is non-negative, we see that {¢,}, is a bounded sequence in H'. Passing to a subsequence
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if necessary, there exists ¢ € H' such that ¢, — ¢ weakly in H' and ¢, — ¢ strongly in
L for all 2 < r < 6. As G(¢,) <0, using (2.3), we have

p1 o 2(p+1) S 2+l
[ fnllZois = >
3p—1) = 3p-1)
which shows ¢ # 0. We also have

G(¢) < liminf G(¢,) =0,

n—o0

thus
my < I,(¢) < liminf I,(¢,) = my,.
n—oo

This shows that ¢ is a minimizer for m,,.

Step 3. Minimizers for m,,. We now show that there exists at least a minimizer for m,,.
Let ¢ be a minimizer for m,,. By Lemma 2.2, there exists Ay € (0, 1] such that G(¢,,) = 0.
Thus

My < Su(Png) = Lu(da,) < 1u(9) = My = My,
This shows that \g = 1, G(¢) = 0, and S, (¢) = m,,. In particular, ¢ is a minimizer for
My, OJ

3. SCATTERING CRITERION

In this section, we state and prove a scattering criterion for (1.1) which is inspired by
the paper of Dodson and Murphy [15]. As explained in [15], the criterion infers that if on
any time interval which is large enough, one can find a large interval where the scattering
norm is small, then the global solution scatters.

We first introduce the following exponents:

4 1 2(p—1 1 2(p—1 1
o= ot 2D+ 2p -1+ ]) (3.1)
3(p—1) 5—p 3p? —5p—2
and
6(p—Dp+1)
by = 1 = . 3.2
P e 13 (3:2)
It can be easily checked that (ay, b;) and (my,r;) are Schrédinger admissible and
1 1 2 1 1 3p—17

2(p—1)

Proposition 3.1. Let L < q < p <5 Suppose that u(t) is a global solution to (1.2)
satisfying ||ul| e (m,m1) < 0o. Then there ezist € > 0 and Ty = To(e) > 0 such that if for
any a > 0, there exists ty € (a,a + Ty) such that [to —e 7, to] C (a,a + Tp) and

||u||L:n1([tO,E—a,tO]’LZI) 5 19 (33)

for some o > 0, then the solution scatters forward in time.

my nq aq ’ bl (&1 3 ’

Proof. By Lemma A.5, it suffices to prove that there exists T > 0 such that

Hei(th)A ( )”Lml([Too) S < gt (3.4)

for some p > 0. To show (3.4), we write

T
DAY (T) = e*Pug + z/ ellt=s)a (Ju(s)P u(s) — |u(s)|"  u(s)) ds.
0
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By Sobolev embedding and Strichartz estimate (see Proposition A.2), we have

e ol o g, S sl

By the monotone convergence theorem, there exists 17 > 0 sufficiently large such that for
all T > Ty,

A <e. (3.5)

He uo”L?’l([T,oo),LZl) ~

Taking a = T} and T =ty with a and ¢y as in (3.3), we write
T
/ I (Ju(s)Pu(s) — Ju(s)|* u(s)) ds =
0
/ I ([u(s) P () — u(s)|" u(s)) ds
I1Ul>

where [} = [T'—¢77,T] and I, = [0, T — £ ?]. By using the linearity, we denote by Fi(t)
and Fy(t) the integrals over I and Iy, respectively.

To estimate Fi, we start with the following observation:

el jont g, oy < Nl 15 gy oy 1l g 22y (3.6)
where
g — 3pqg — 3q — 4p _ (1 —0)gmyn) _ (1 —0)qbi b}
aGo-7) T Tm =gy T b~ ogby
Since % < q < p <5, we see that
g€ (0,1), %+%:g, v € [2,6].

In particular, (p,) is a Schrodinger admissible pair. Thanks to Strichartz estimates for
non-admissible pairs (see Proposition A.2), we have

13 oy < Cllful™ + Olllel ™ all

HL;”l ([T\00),LY ul L, L L L)
< Ol g, gony + Ol | o,
< Oull ooy + Ol o Nl Ly
< Ol ) +cuv“ ”Hqum oI

Since ||u|peer,m1) < 00, we infer from (3.3) that

IFy by < Ceb 4 Cet?757070),

HLTI([T,OO),L
Taking o > 0 small, we have

||F1 S Cet (37)

”LZ’” ([T\00),L5Y)

for some p > 0.

To estimate F5, we use Holder’s inequality to have

b1 ""1

As (my,r1) is a Schrodinger adm1881ble pair and

F2<t) _ ez’(thJrs_")Au(T _ 870) _ eitAuo,
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we have
||F2||L§”1([T,oo),L;1) 5 L.

On the other hand, by the dispersive estimates (A.1) and Sobolev embedding, and noting
that my > 2, we have for all t > T,

IR0z S [ =7 (P u(s) g + (o) u(s) ) ds
= [ =9 (1l + ol ) ds
S = (o) + s, ) ds

S@t-—T+e°).
It follows that

= mi Nmr o o(ioL
12l (700 25) S (/ (t—TJre‘“)‘Tldt) ' <e (3-5).
, g g

In particular, we get

ol )=t
1Bl s gy S 7077022 (3.8)

Collecting (3.5), (3.7), (3.8), and choosing ¢ > 0 sufficiently small, we prove (3.4). The
proof is complete. 0

4. ENERGY SCATTERING

This section is the bulk of the paper and contains the main novelty. Specifically, we will
prove a coercivity property, see Lemma 4.2 below, and the interaction Morawetz estimates
that will allow to prove the scattering for large data global solutions to (1.2).

4.1. A cutoff function. Let n € (0, 1) be a small constant. Let y be a smooth decreasing
radial function satisfying

1 if »r<1-—n,

o =x={ 5 151" WOIS r=ll (4.)

1
n
For R > 0 large, we define the functions

1
onla) =~ [ Xl = 2Dl
and
1
bunla) i = — [ il = D),
burle) i = 5 [ e = 0 ()

where xg(2) := x(2/R), and wj is the volume of the unit ball in R®. We see that ¢g, ¢, r,
and ¢, r are radial functions. We next define the radial function

Yr(z) = Yr(r) = %/OT or(T)dr, 1 =|x| (4.2)

We collect some basic properties of ¢r, ¢p r, ¢q.r, and ¥g as follows (see [10] for a proof.).
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Lemma 4.1. We have

|wR<x>|,smm{1,§}, Oyunla) = [ (onle) ~ U(o), J = 12,3

and

V() — 6() 2 0, 6a(r) — 00n(r) 20, [6n(e) ~dpa(®) Su (43
and
Von(oll S o onlo) -~ on)] S Sin {1 K 1Wune) € S { 7 ii

for all x € R3.

4.2. A coercivity property. The following is the essential new ingredient that will be
exploited to prove suitable interaction Morawetz estimates. As already mentioned in the
introduction, the scaling invariant equation with one nonlinearity is treated by taking
advantage of the refined Gagliardo-Nirenberg inequality (1.7), that we cannot use in the
present paper.

Lemma 4.2. Let % <qg<p<bandw > 0. Then A} is invariant under the flow of
(1.2), d.e., if ug € AL, then u(t) € AL for allt € Iyax. In particular, the solution to (1.2)
with initial data ug exists globally in time. In addition, there exists Ry > 0 sufficiently
large such that for all R > Ry, all z € R3, and all t € R,

G(xr(- = 2)us(t)) > 8V (xr(- — 2)u*(1)]|72, (4.5)
where us(t, x) 1= e fu(t, z) with £ = £(t, 2, R) and

/Hm7yx@ma@vwa@mx U/ny—@m@ﬂwmx#a

E(t,z, R) := X5z — 2)|u(t, v)|*dw

0 i [ Xata = 2utt.0)da =0,
(4.6)
and xr(x) = x(x/R) with x as in (4.1)

Proof. Let ug € AYF. We will show that u(t) € A7 for all ¢ € I,,,c. By the conservation
of mass and energy, we have S, (u(t)) = S,(ug) < my, for all t € I, Assume by
contradiction that there exists ¢y such that G(u(ty)) < 0. As u : Iyax — H' is continuous,
there exists ¢; such that G(u(t,)) = 0. By the definition of m,,, we have S, (u(t1)) > my,
which is a contradiction. Thus G(u(t)) > 0 for all ¢t € I,,.x, namely A7 is invariant under
the flow of (1.2).

As G(u(t)) > 0, we have

ST SR S BTSRRI
g O+ g MOl + 5Ol
ZQWWI&WW—@%3QWNS&MW<WWvmgm
This shows that
6(q —1)

A

Vi € L. (4.7)
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The blow-up alternative shows that the solution must exist globally in time.

Next we prove (4.5). To this end, we observe that

I, (u(t)) = S,(u(t)) — ﬁG(u(t)) < Su(u(t)) = Su(ug) =my, —v, VYt € Lpax,
(4.8)
for some v > 0 as S, (up) < my,. Using
/ IV (xu)|*dr = /X2|Vu|2dx — /XAx|u|2da:, (4.9)

we have
/|V(Xu5)|2dx: |§|2/X2|u|2d:17—|—/x2|Vu|2d:p—/XAx|u|2d:E+2§-/Im(X2EVu)dx.

By the definition of &, we have

Lo(val — 2)uf(1) = 2T / V(- — 2)|Vu(t) Pda

6(g —1)
- [ xal = 28xa(: - 2lu(o)Pde)

‘ 2

3¢ — 7 \ / Im(x%(- — 2)u(t, z)Vu(t, z))dx
R e

s [ P e+ S [ G- 2P
<

2

Thus, by (4.8), there exists Ry > 0 sufficiently large such that
L(xr(- — 2)us(t)) < my — g VR > Ry, Vz € R®, ¥t € R. (4.10)
We claim that
G(xr(- — 2)us(t)) >0, VR > Ry, Vz € R? Vt € R. (4.11)

Suppose now that there exists Ry > Ry, z; € R, t; € R, and & = (¢, 21, Ry) € R? such
that G(xg, (- — 2z1)u'(t;)) < 0. Using the definition of /m,, (see (2.2)) and the fact that
m,, = My, we have

I,(Xr, (- — Zl)uEl (t1)) = me

which contradicts (4.10).
For R> Ry, z € R} t € R, and € = (¢, 2, R) € R?, we denote O := yr(z — 2)us(t). We
consider two cases.

Case 1. Assume that

3(p—1)@Bp+1)
4(p+1)

3(¢—1)Bg+1)
p+1

4ol - lolek, = o.
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Then we have

3(p—1) 1, 3(g—1) 1
. 2 p+ q+
6(©) = VOl — 5 Il + S lel:
3p—7 2 9¢—1)p—9q) +1
> 2 O% e
3p 7
> 229l
This proves (4.5).
Case 2. We now assume that
3(p—1DBp+1) 3(¢—1DBg+1)
4vel7. - o[ty + e[%, <o. 4.12
Vel — 2 oy, + A e (112)
We first observe that as 1,(0) < m,, (see (4.10)), an argument leading to (4.7) yields
6(¢ —1)
7o < ——my, 4.13
Vel < 3= (4.13)
Now set f(A) := S,(0,), with ©, as in the rescaling (2.1). We have
3(p—1) 3(-1) 3(q — 1) 3(a-1) G(©,)
! = 22 - )\ -1 p 1 -1 q 1 =
FO) = AIVeIE: - 5L A el + S ey = £
and
, 9(p—1)? 3-1) 1 9(g—1)? se-n_ 1
! _ 2 -1 p+ 5 1 q+
()‘f (A)) - 2)‘HVG)”L? 4(p_'_ 1) >‘ ||@||Lp+1 4<q+ 1) >‘ ||®||Lq+1
We write
/ 3(p—1)Bp+1),= 1
/ _ o 2 P+
(PO = =270+ A(4IVOIE: - =5 ZH =N el
3a—DBg+1), 2 g1
T el
= —2f'(\) + AR(N).
Thanks to (4.12), we have
szt ( 3(p—DEp+1DBp—7) sty 0 pi
A =X | — (O] i
R jol:!
3(¢—DBg+1)Bp—7) T
8(q +1) ke
3q—7 3( 1)(3p + 1)(3p — 7) 3(p q)
< )\ 2 — V@ 2
< T Ivel:
3(¢—1)(3¢+1) 3p—T 300  3¢—T 41
4(q+ 1) 2 )‘ + H@HLq+1
s [ 3(p—1)Bp+1)(3p — 7) 3p-0)
< )\ 2 — Vo 2
< . Ivel:
g =DBa+ D= a) ) a1
- @ a 1 O

for all A > 1. This shows that h(\) < h(1) <0 for all A > 1. In particular, we have
AN < =2 (N), VA>1. (4.14)
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As G(©) > 0 due to (4.11), Lemma 2.2 shows G(0,,) = 0 for some Ay > 1. Integrating
(4.14) over (1, Ag), we get

2

G(0) 2 2(54(x,) — 5,(0)) =2 (LX@AO) B Y

G(@)) .

It follows that

60) = =1 (01) - 1(O)
6(q—1)
3q+1 ( w_]w(@))
6(a—1) (. L.(6)
= 3011 (1_ . >m‘“
> Bi=v oo,

2(3q + 1)my,
where we have used (4.10) and (4.13) to get the last inequality. This also proves (4.5). O

4.3. An interaction Morawetz estimate. We next define the interaction Morawetz
action

MEF2(t) = 2/ lu(t, y)*Yr(x —y)(x —y) - Im(u(t, ) Vu(t, z))dzdy, (4.15)
where ¥ is as in (4.2). We start by the following interaction Morawetz identity.

Lemma 4.3. Let u be a solution to (1.2) satisfying

sup [u(t)]|n; < A
te[0,7*)

for some constant A > 0. Let M%*(t) be as in (4.15). Then we have

sup |[MG2(t)| <a R. (4.16)
te[0,7*)

Moreover, we have

L p32() - 203 // o) (Im(@(t, y)dyu(t, y)))

% Yr(z — y)(ax — yo) In(@(t, 2)Opu(t, 2))dedy  (4.17)
oSt )P — )5 — )
%// ) R ) Yy
x O (Re(0ju(t, x)0ku(t, x))) dedy (4.18)
n // fut, 9)Pon( — 9)(@ — y) - VA(ut, 2)P)dedy (4.19)

L2020 ) Ponte = p)a =) Vluteap ety (420

2(q—1)
qg+1

// lu(t, y)*r(z — y) (@ —y) - V(|u(t, 2)|"")dedy (4.21)

for all t € [0,T%).
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Proof. By the support property of x, we have ¢r(7) = 0 for all |7| > 2R. Thus we get

2| < /OzRgbR(T)d / / (x— 2)2(2)dedr = CR - (4.22)

for some constant C' > 0 independent of R. The estimate (4.16) follows directly from
Holder’s inequality and (4.22). The identities (4.17)—(4.21) follow from a direct computa-
tion using

O(Jul*) = —2) 9 (Im(udju))

J

and
1
O(Im(uoju)) = =Y ok (2 Re(0;ud)) — §5jkA(yu|2>>
k
P= Loty — L1 (upet
+ 2o, () = S0,
for j =1,2,3, where J,; is the Kronecker symbol. U

We are now in position to prove our interaction Morawetz estimates, that jointly to the
scattering criterion of the previous section will yield to the main result of the paper. The
coercivity result in Lemma 4.2 is essential for the proof of the estimates below.

Proposition 4.4. Let £ < ¢ < p < 5 and w > 0. Let ug € A} and u(t) be the
corresponding solution to (1.2). Define M$*(t) as in (4.15). Then for e > 0 sufficiently
small, there exist To = Ty(e), J = J(€), Ro = Ro(e,uo) sufficiently large, and n =n(e) >0
sufficiently small such that for any a € R,
a+Tp Roe’ 9 dR
gl [l bt e ) 19 ente e Pasas e 5 ¢
(4.23)

where xr(r) = x(x/R) with x as in (4.1) and u*(t,x) = e u(t,z) with some & =
&(t,z,R) € R3.
Proof. Denote

— LTk

As
Xy

Oj(Vrzy) = Ojbr + 7 R (9r — ¥r),

the integration by parts yields

(4.17) = 42 // Im(u(t, y)dju(t, y))0; (Vr(x — y)(ze — yr)) Im(u(t, 2)Opu(t, v))dzdy
= —42 //Im(ﬂ(t, y)0u(t,y))dikdr(x — y) Im(u(t, x)Opu(t, z))dxdy (4.24)

—4 E}; // Tm(a(t, y)oju(t, y)) Pix(x — v)

X (Y — br) (@ — y) Im(T(t, 2)dku(t, o) )dady, (4.25)
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where 8]3-’ is J; with respect to the y-variable. Similarly, we have
(4.18) = 42 // lu(t, y)20E (Vr(x — y)(z; — y;)) Re(9u(t, z)Opu(t, x))dzdy
jok
= 42 // lu(t, y)|?6;rpr(z — y) Re(Oju(t, ©)Ou(t, x))drdy (4.26)
jik

4 Zk // lu(t, y)|* Pir(x — y)(¥r — or)(x — y) Re(du(t, z)0pu(t, z))dzdy,
| (4.27)

where 0} is 0y, with respect to the z-variable. We have
(4.25) 4 (4.27) = 4/ [u(t, y) IV, u(t, 2)]*(0r — dr)(z — y)dzdy
~ 4 [ ta(t, ) ut.9)) - Iale, )Yt ) (o — 6m)(x = )dndy,

where

Y, ult,z) = Vult,z) — —2 ( LY g, x))

|z —y| \ |z -y

is the angular derivative centered at y, and similarly for ¥, u(t,y). As ¢r — ¢r > 0, the
Cauchy-Schwarz inequality yields

(4.25) + (4.27) > 0.

Next, using the fact that

1

or(z —y) = N / Xr(r =y — 2)xk(2)dz = w3lR3 /X%(l“ — 2)xR(y — 2)dz,

we have

(4.24) + (4.26) = 4/ or(r —y) (Jult,y)]*|Vult, 2)|*

—Im(u(t,y)Vu(t,y)) - Im(u(t, ) Vu(t, x))) dedy

s ] e = et = 2) (e )1 vute o

—Im(a(t,y)Vu(t,y)) - Im(u(t, ) Vu(t, x))) dedydz.

For z € R3 fixed, we consider the quantity defined by

// i — 2y — 2) (Jult )P Vult, 2) 2
—Im(u(t, y)Vu(t,y)) - Im(u(t, z)Vu(t, x))) dedy.

It is not hard to see that the above quantity is invariant under the Galilean transformation
u(t,x) = ut(t,x) for all £ € R3 due to the symmetry of x. We will choose a suitable
¢ € R3 such that

/ Im(x(x — 2)T (¢, 2)V (e (£, 2)) ) = 0.
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Specifically, we select £ as follows (compare with (4.6)):
/Im(X%(x — 2)u(t, z)Vu(t, ))dx
£:§<t,Z,R>:— )
/X%(x — 2)|u(t, z)|*dx

provided that the denominator is non-zero (otherwise £ = 0 suffices). With this &, we get

(4.24) + (4.26)

R3// IXr(y — 2)ult,y)]*|xr(z — 2)V (6t (t, 2)) *drdydz.

By integration by parts twice and using

Za Yr;) —3w3+2% 0j¢r = 3¢r +2(Vr — On),

we have

(4.19) = Z / u(t, y)Per(e — y) (e, — y;)0,00 (ult, 2))dedy
= 3 ]ttt ) PO (Wnle — y) (s — )3 (ult, 2)P)dad
]zk:// Yy R Yy Yy

= Z//Iu (t,y) 1?0 (3or(x — y) + 2(vr — ¢r)(x — y))k(|u(t, z)|*)dzdy.
We also have

(4.20) +1 Z//| ult, 9)20 (Yl — )@y — ) ult, )| ddy

- _ // u(t, y)|*Pp.r(x — y)|u(t, )P dedy (4.28)

p+1

2= [t ) 6n — b — plute, o) ey
- ‘*(;’T‘f) J[ 9P = 6 = platt, ) dady,
We can rewrite (4.28) as
(128) = 0 ] ety = e )P vnte - 2pute o) sy
Similarly, we have
(4.21) = % // Ixr(y — 2)u(t,y)*|xr(z — 2)u(t, )| dovdydz

* % // lu(t, y)|*(¢r — dg.r)(x — y)|ul(t,z)|" dady

g+ 11) / [u(t, y)*(r — ¢r) (@ — y)|ult, 2)| " dzdy.
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Collecting the above identities, we obtain

20 > — [l leaty = 2ute. ) Plxte - 2)V(a0,) Py
" / [t )PV (B3m(e — y) + 20m — éx) (@ — 9)) - V(|ult, 2)P)dady

- % // IXr(y — 2)u(t, y)|*Ixr(z — 2)u(t, z)["" dedyd=

1) / |u(t, y)|2(¢R — ¢pr)(x — y)lu(t,x)|p“dxdy

p+1
- 42%11)// lu(t,y) > (Wr — ¢r) (@ — y)|u(t, z)[PHdzdy
T %// IXr(y — 2)u(t,y)|*|xr(z — 2)u(t, z)|"  dedydz
+ q+—1/ lu(t, y) 2 (or — dq.r)(x — y)|u(t, z)|"  dzdy

L ]t )P o = ), )

As Yp — ¢r > 0 and ¢r — ¢y r > 0, we get

s [ ety = 2t (et = 9 )7

3(p— 1) p B0 e daduds

~ Sy he@ = Dult. D)+ S (e - 2ult,7)] )dedyd

—%Mm ~ [[ 1)V Bonta ) + 200~ ém)a = ) - VJult,)P)dody
p+1 2 [P on = 6p)te = plute, o) sy

Pl p+1 //| u(t,y)* (Vg — or)(z — y)|u(t, )P dedy.

By (4.16), we see that

a+Top Roe’ ®2
T / / MG

Roe? dR
< sup  |ME%(t)|—
JTO te[a,a—I—TO]l R ( )| R

Roe J
< 1 < Rge

~ JTy Jg, ~ Iy

(4.29)
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As |Vor(2)| S ;5 and sup,eg [[u(t)||m < oo, we see that

a+Ty Roe dR
‘JTO / / / [u(t, )PV ér(z —y) - V(|u(t, z)]*)dedy—dt
a+Tph R0€
WT/ /‘”“MNWUM—ﬁ

a+To Roe”
—dt
77J Ty / /

4.
Similarly, as |[V(vr — ¢r)(7)| S %mm {%7 %} < WLR’ we have
a+To Roe’ )
‘]TO / / / lu(t,y)|"V(Yr — or)(x —y) - V(Ju(t, )| )dxdy—dt‘ nJRO
(4.31)

Using (4.4), we see that

a+Top Roe’ ) » o
’ JT, / / // lu(t,y)|*(Vr — or)(x — y)|u(t, x)| dwdyfdt’
a+Thy Roe’ |x B y’ . .
t 2 mi t p+1d duZ=t dt
nJTO/ / / - mm{ R ’I:v—yl}m(’:':)| rdy—

a+To Roe’ |l’— | R IR
ul(t u(t, z) [P / min{ y } dzdydt
TIJTO/ //‘ )Pl 2) ( R |z —y Yy

<07 nJ (4.32)
Here we have used the fact that sup,cp |lu(t)|| sz < oo and
/w '{m—yl R }dR
min 7 <1
0 R e —y
Using (4.3), we have
a+Th RD@ N dR
‘JTO/ / / lu(t,y)*(or — ¢p.r)(x — y)|ult, 2) [T dedy— i
a+To Roe”
S JTO / ”_dt S (4.33)

By glueing up together (4.29), (4. 30) (4.31), (4.32), and (4.33), we obtain

5 / /Roe 5 ][ ety = 2t ) (et = 29,20

— 1) )|p+1 i 3(g—1)

IXr(T — 2)u(t,> Ixr(z — 2)u(t, ZL“)IqJ’l)dxdydz%dt

2(p +1) 2(q + 1)
ROGJ 1 1
S -7 : 4.34
Nn+77JTo+nJ+nJRO (4.34)
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Now, for fixed z,£ € R?, we have from (4.9) that

/ Xl — 2)V (s (2, )P = / Ve — 2t 2)]Pdz + OB u(t)]|2).

From the conservation of mass and (4.5) that for R > Ry with Ry sufficiently large,

/ <|XR(x — 2)V(us(t,2))]> — 2221 1; IXRr(z — 2)u(t,z)|P

3(g—1) q+1
g DR = 2t )7 ) e

= G(xa(- — 2)u*(t)) + O(R™?)
> 6V (xa(- — 2)u ()72 + O(R™).
The term O(R™?) can be treated analogously to (4.30). We thus infer from (4.34) that

a+Tp Roe , 5 2 dR
’JTO/ / 3 // Ixr(y — 2)u(t,y)[*|V(Xr(z — 2)us(t, x))| dxdydzfdt
Roe‘] 4 i n 1
ndTo  nJ  nJRy

This proves (4.23) by taking n = ¢,J = ¢ 3, Ry = ¢ * and Ty = ¢ . The proof is
complete. 0

+

S+

(4.35)

4.4. Proof of the main result. We can now proceed with the proof of the main result.

Proof of Theorem 1.1. The global existence is proved in Lemma 4.2. It remains to prove
the scattering. We only consider the positive times since the one for negative times is
similar. Our purpose is to check the scattering criteria given in Proposition 3.1. To this end,
we fix @ € R and let € > 0 sufficiently small and Ty > 0 sufficiently large to be determined
later. We will show that there exists ty € (a,a + Tp) such that [ty — ™7, ] C (a,a + Tp)
and

||u||LT1([to—t‘*",to],LZl) S gt (436)

for some o, > 0 to be determined later. By (4.23), there exist Ty = Ty(e), J = J(e),
Ry = Ry(e,up) and nn = n(e) such that

a+To Roe’ ) 2 iR
JTO / / R3 /// IXr(y — 2)u(t, y)|*|V(xr(z — Z)ug(t, x))| dxdydzfdt <e.

It follows that there exists Ry € [Ry, Roe’] such that

1 forte ]
o[ g [l e = e IV G o= 2 ) Pndydade < <
a 1

hence
1 et q ¢ )
T /IIXRI — 2u()[| 72 IV (xR, (- — 2)ut (1)) ||72dzdt S e.

By the change of variable z = £ (w + §) with w € Z* and 6 € [0,1]*, we deduce that there
exists 61 € [0, 1]® such that

= 5 Jen (= w00 ) 5 (o (6= w00 a0 L

LE

< e.

~
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Let 0 > 0 to be chosen later. By dividing the interval [a + %, a+ %} into The? intervals
of length €77, we infer that there exists tq € [a + %, a-+ %} such that [ty — e 7, tg] C
(a,a+ Tp) and

2

2 R,
- < l-o
/to Y Z HXR1< w—|—91)> HL%HV (XR1< 1 (w+91)> St )) ‘L%dt <ele.
This, together with the Gagliardo-Nirenberg inequality
lullzz < Nl Ve |Ze,
implies that
to Rl 4
/ > HXRI ( 2w+ 91))u(t) dt < e, (4.37)
to—e— 7 4 Lg

wEZ3

On the other hand, by Hoélder’s inequality, Cauchy-Schwarz inequality, and Sobolev
embedding, we have

Zha( s,
< 3 o (-~ )], o~ )]

< (5 o (et (om0,

S IIU( )IILgIIU( ez S 1. (4.38)

Here we have used the following estimate to get the last line:

x

wezum«-—%wwwww\i
2 e (- =2+ 00) vt

1
SAIVu@®)z: + e Sllu®l7e < llu)
in

2

SN T

L3

as Ry > Ry = 7! = 7! (see after (4.35)). Note that |Vx| < n~! by the choice of .
Combining (4.37) and (4.38), we get from the property of xg,, in conjunction with the
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Holder and the Cauchy-Schwarz inequalities, that

P /to”ZHXRI('—%WMI))W) o
L Bty
(X oS m)uo] )

weZ3

to R 4 1
: )
([ (s,
to R 2 1
([ Z (=G ool )
weZ3
5 gliTo-g_% = 6%_07
which implies that
lull 22 (rg—ee aolrs) S €37, (4.39)

Let 8 € (0,1) to be chosen shortly. We define (v, p) by
1 ¢ 1-6 1 6 1-40
m; 3 * v 7 b 3 + p
Pick £,s > 0 such that

We readily check that

In particular,

_3 1 (2 50
T 1 0\p—1 3)°

As 7/3 < p < 5, we can take § > 0 sufficiently small so that 0 < s < 1. In particular,
(v, B) is a Schrodinger admissible pair. By Holder’s inequality, Sobolev embedding, and
(4.39), we have

||u||Lm1 (fto—e—7 to],L21) < ||U||L5 ([to—e=7 to] xR3) ||u”ﬁ (lto—e=7,t0],.L7)
S ||U||L3 ([to—e =7 to] xR3) Iy UHLV [to e~ to],L%)
< HUHL3 ([to—e =7 ,to] XR3) H< > u| L)( [to —e=9 to],L%)
53( U)g_ﬁ(l_e)

5%7<%+;9)0‘

S

S

Here we have used the fact that
14V ull 18y S (1)

which follows from the local theory. This proves (4.36) by choosing ¢ > 0 small enough.
The proof is complete. U
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5. BLOW-UP RESULTS

In this last section, we prove the blow-up rate results as stated in Theorem 1.5. We
start with the following upper bound for the Pohozaev functional for solutions arising
from initial data in A_. The result of the next Lemma is also contained in [5,20], but we
report the short proof for sake of completeness.

Lemma 5.1. Let % <p<d, 1<qg<p, andw >0. Then A, is invariant under the flow
of (1.2), i.e., if ug € A, then u(t) € A, for allt € Iax. In addition, we have

—1
Gu(t) < 2PV m, — Suw)). V1€ Ly (5.1)
Furthermore, there exists 6 > 0 small such that
3(p—1
G(u(t)) + || Vu(t)|3. < — (p4 )(mw — Su(ug)), YVt € Lpax- (5.2)

Proof. Let ug € A,,. We will show that u(t) € A for all ¢t € I;yax. By the conservation of
mass and energy, we have

Su(u(t)) = Su(ug) < M, Yt € L. (5.3)

Assume by contradiction that there exists ¢, such that G(u(to)) > 0. As w: Iy — H'
is continuous, there exists ¢; such that G(u(t;)) = 0. By the definition of m,,, we have
So(u(ty)) > m,, which contradicts (5.3). Thus G(u(t)) < 0 for all t € Iy or A is
invariant under the flow of (1.2).

For simplicity, we denote u := u(t) and set f(\) := S, (uy), where uy is the scaling (2.1).
We have

3 _1 3(p—1
PO = AVl — =D om0y o

3(g = 1)\ sen o1 Gluy)
2(p+1)

,1)_1
2 e
2(q+ 1) ||u||Lq+1 )\

and

— 2 — — ’ >
9(p—1) A2y et +MAw‘I|IUHQH

A () =2\ 2 — .
( f( )) ||VU/||L 4(p+1) Hu||LP+1 4(q+1) La+1

We then write

o 3p—-1), 3p—T7 9(q—1)(p— 3(g—1) a
F ) = 2 ) - LI g - A,

As§<p<5and1<q<p,weget

(V) < @ (N, YA > 0. (5.4)

On the other hand, as G(u) < 0, by Lemma 2.2, there exists \g € (0,1) such that
G(uy,) = 0. In particular, we have A\gf'(\g) = 0 and f(\g) = S, (uy,) > m,,. Integrating
(5.4) over (Ao, 1), we obtain

Glu) < 22 =1)

< 225, () = S (wy) <

which is (5.1).
Finally, we prove (5.2). Observe that

6(q—1 pP—q w
19l = S (1w - Bl - Sl

6(q —1) 2 pP—q
347 (S“’(“) 300" T D

w
ol - S
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It follows that

G@X+MVuM2=(1——££—)GW)+Q&Q;Q&JM

3g—17 3g—7
___6p—4q) |2t — MHUH ,
Bg=T)p+1) T 3¢—7 T
40 60(q — 1)
<[1- P S
< (1- 5o ) 6w+ = Dsw
as w > 0 and ¢ < p. By the energy and mass conservation laws, and (5.1), we get

Glu) + 8IVaol: < - (1= 572 ) 22 m = S + SH 5 ),

Vt € Inax. By taking § > 0 sufficiently small, we obtain (5.2). O

We are now ready to give the proof of the blow-up results in Theorem 1.5. They are
based on virial identities/estimates. We classically introduce a sufficiently smooth and
decaying function ¢ : R* — R. We denote the virial quantity

— [ olutoas

The following identities are nowadays standard (see e.g., [7]):

V(;(t) = 2Im/V¢ - Vu(t)u(t)dx
and

V() = - / A2gfu(t)Pdz+43 " Re / 02,00;u(t) Oy (1) dx
7.k

" 22‘1; U [ Solutpas - —2Z’+_11) [ Solutoyp s

A first application of the above virial identities is the following virial identity for finite
variance solutions. More precisely, if ug € 3, then the corresponding solution to (1.2)
satisfies

\a:|2( ) - SG( ( ))7 Vit € Inax- (55)

Provided ug € A, by Lemma 5.1 G(u(t)) < —1 for any ¢ € I,ax. Then (5.5) implies finite
time blow-up for solutions in ¥ via a convexity argument.

Another applications are virial estimates for radial and cylindrical solutions [5]. To
state these estimates, we let 6 : [0, 00) — [0, 2] a smooth function satisfying

2 if 0<r<1,
“”:{Oifrzz

We define the function ¥ : [0, 00) — [0, 00) by

//9 )drds.

For ¢ > 0, we define the radial function ¢, : R* — R by
$o(1) = y(r) := 0*I(r/0), T =|zl. (5.7)

(5.6)
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Then the following virial estimate for radial solutions: If uy € H' is radial, then the
corresponding solution to (1.2) satisfies

VI (1) < 8G(u(t)) + Co2 + Co™ V[ Vu(t)[}3 , Vit € Las, (5.8)
To state virial estimates for cylindrical solutions, we define, for o > 0, the function
bo() == 0*V(r/o) + 13, r:=|T|, T=(11,1). (5.9)
If uy € X3, then the corresponding solution to (1.2) satisfies
V() < 8G(u(t)) + Co™ + Co™ " |[Vu(t)|[%", Yt € Lnax. (5.10)

We refer the readers to [5] for a proof of (5.8) and (5.10). We are now able to prove our
blow-up result for (1.2).

Proof of Proposition 1.5. Let us start with the point (i). The proof is based on an idea of
Merle, Raphaél, and Szeftel [39].

(1) Let us consider the radial case. Using

3(p—1) 3p 7 3(p—q) |
Gu) = E(u) - IVullf e 1)HquL—j1_+1>
we infer from (5.8) that
12(p — q)

Vi, (t) < 12(p — DE(u(t)) — 2(3p — T)[[Vu(t) 1> — el L ][Fhes

p—1
+Co 2+ Co P V| Vut)|,Z ) Yt E Lna,
where ¢, is as in (5.7). As p < 5, by Young’s inequality, we have for any ¢ > 0,

4(p—1)

V(8 < 12(p — DE(u(t) — 2(3p = T)I[Vu(t)|[72 + Co™> + ¢ Vu(®) |2 + Ce 550 57,
Vt € Ihax. Taking e = 3p — 7, we get

. _4(p—1)
Vi (t) < 12(p = 1) E(u(t)) = (3p = [ Vu(®)|lz2 + Co™* + Co~ o7,
Vt € Inax- By the conservation of energy and 2 < (p 1) , we obtain
4(p—1)
(3p = DIVu®)||z2 + Vg, (8) < Co™ o, (5.11)

Vt € I provided that o > 0 is taken sufficiently small. Let 0 < tg <t < T*. We
integrate (5.11) twice on (to,t) and get

(3p — 7// IVu(r)||22drds + Vi, (t) < Co™ 1 — 1) + (t = to) V5, (to) + Vi, (t0)

<Co o (t —to)? + Co(t — to) || Vu(to)| >
+ C0?,
where we have used the conservation of mass and
Vs, (to) < Co*[lu(to)|z2 < Co?,
V3, (to) < Col|Vulto) ||z llu(to) |2 < CollVu(to)|| 2.

Note that the constant C' > 0 may vary from line to line. By Fubini’s Theorem, we have

/tt/t HW(HIIiQdms:/t: (/Ttds) HWWHMT:/t:(t—T)IIVu(T)||iQdT.
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As Vy, is non-negative, we get

/(t_T)HVU( 227 < Co™ %5 (t — to)* + Colt — to)|[Vulto)||z2 + Cd®

to
Letting t ' T*, we obtain

-
| @ = nIVu)dr < Co T~ 10 4+ ColT” — 1) Vulto)e + C

to

_4lp=1) . 5—p
Optimizing in o by choosing o~ 57 (T* — t9)? = 0 or equivalently o = (T* — to)#%, we

have

T 2(5—p) 5—p
| @ = nIVu) s < 0@ - 1) 53+ 0@ — 1) Va1

to

2(5—p)

< C(T* —tg) »7 4+ C(T" —t0)?||Vu(to) |32,

for any 0 <ty < T™. Now set

g(t) := /t (T* — 7)||Vu(7)||32dT. (5.12)

We have
2(5—p)

gty SC(T* —t)y»s —(T* = t)g'(t), YO<t<T*

which is rewritten as

gt) \' 1 N C
(#;) = fmetat) + (7 = 0 0) S o

Integrating it over (0,¢), we obtain
g(t 0 C C

*( ) < g(*) + 3p—7 3p—7

T2 T i

which yields

t C
9(t) < 5— for t close to T™.
T — ¢ (T* _ t) s
2(5-p)

In particular, we have g(t) < C(T* —t) »# which is (1.8).
To see (1.9), we rewrite (1.8) as
C

1 .
T t/ (T* — 7)||Vu(7)||32dr < —. (5.13)
t (T* —t)»3

Take T,, / T*. For a fixed n, g defined in (5.12) is a continuous function on [T,,,7*] and
differentiable on (7, 7). By the mean value theorem, there exists t,, € (1,,,7*) such that

9(T*) — g(T,) / (T" - T>HW<T>HL2dT'

—(T" —t, [ 2:/tn: ===
( )IVultn)llz: = g'(tn) T —T, T —T,

Using (5.13), we have

] C C
(T = ta) [ Vu(ta) 2 < @ T < =i
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hence o
IVu(tn)|72 < =R

T* — tn) p+3

This proves (1.9).
(2) We now consider the cylindrical case. By (5.10), we have
Vi, (1) < 8G(u(t)) + Co® + Co™ "2 || Vu(b)|l7s"

12(p — q)

< 12(p — DE(u(t)) — 23p — D[ Vu(®)lIz> — [G]

+Co 2+ Co "7 |Vu(t)|P3, Vit € Lnax,
where ¢, is as in (5.9). By Young’s inequality with p < 3 and ¢ < p, we have
_p=1l _p-1
Voo (t) < 12(p — D E(u(t)) = 2(3p — DIIVu()[[72 + Co™* +&[[Vu(t) |7 + Ce™ 30" 5
< 12(p = DEu(t) — 3p = DIVuIffe + Co 2+ Co 55, Wt € Lus,
n

Where We have chose
2 <= yleld

u(t

€ = 3p — 7 to get the second line. The energy conservation and

(3p = DIVu(®liz + V4, () < Co 5, Vit € nux
provided that o > 0 is taken sufficiently small. By the same reasoning as above, we prove
(1.8) and (1.9).

Point (ii). The result is a straightforward application of the estimate in Lemma 5.1
yielding G(u(t)) < —1 uniformly in time in the maximal time of existence, and the Du,
Wu, and Zhang scheme [16]. Indeed, with respect to the NLS equation with one focusing
nonlinearity, the extra defocusing term accounts for negative contributions in the virial
estimates. Hence by repeating the argument in [16] jointly with the uniform negative
upper bound for GG, the proof is complete. O
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APPENDIX A. SMALL DATA THEORY

In this appendix, we first recall some useful tools such as dispersive and Strichartz
estimates. We then prove small data global existence and small data scattering results
related to (1.1). Let us start by reporting the well-known 3D dispersive estimate, see [7]
for a proof.

Lemma A.1. We have, for all r € [2,00] and for any t # 0,
; _3(1_2
e ey S 1720 f Ly (A1)
for any f € L.

The next ones are the well-known Strichartz estimates, arising from the dispersive
estimate above. See [7,25].

Proposition A.2. The following space-time bounds hold true.
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e (Homogeneous Strichartz estimates) For any f € L* and any Schrodinger admissible
pair (a,b), i.e
2 3 3
-+-==, be|2,6],
a + b 2 12,6
then

HeimeLg(R,Lg) S ||fHL§~

e (Inhomogeneous Strichartz estimates) Let I C R be an interval containing 0. Then

t
/ ei(t’s)AF(s)ds
0

for any F € LF (I, L)) and any Schridinger admissible pairs (a,b) and (p, 7).
o (Strichartz estimates for non-admissible pairs) Let I C R be an interval containing
0 and (a,b) be a Schridinger admissible pair with b > 2. Fiz m > § and define n

by

S IE]
L3 (1,LY)

’ ’
Lf (I,L’IY )

1 1 2
m n o a

t
‘ / =R P (5)ds
0

for any F € LY (I,LY).

Then

S ||F||Lg’(1,Lg’)
Lt (1,LY)

As in (3.1) and (3.2), we introduce the following exponents:

_ Ha+1) _20—1)(g+1) _ 20g=1Dg+1)
ag = ——=,  my = , Mg = :
3(g—1) 5—q 3q%2 — 5q — 2
and
6(a— 1)(g+ 1)
by = 1 = :
2 =q+1, 32 1 2q — 13
We see that (ag, ba), (ma, 72) are Schrodinger admissible pairs and
LS O T N SO T Ak
meo ng_ag’ bg_r2 3’ 72— 2<q—1)

The following Lemma follows directly from the above choices, Holder’s inequality, and
Sobolev embeddings.

Lemma A.3. Let I C R be an interval. We have

p—1 < P
Ml oty S
]~ L2(1,0%2) S ||u||qm2(I,L’;2)’
(V) (Jul"~ )“le’l < Jlu HpmluLbl)H (V) ull por (7 10y
) Gl )l gy g, S T2 ) il

HUHL;’H(LL;) < |||V|01U”L;”1(I,L;1) S V) UHLTl(I,Lgl);
HUHL;nz(Lng) N |||V|02UHL;”2(I,L;2) S V) UHL??(I,L;?)-

We next prove a global existence result for small data.
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Lemma A.4. Let £ <q<p <5 and T >0 be such that u(T) € H'. Then there exists
0 > 0 sufficiently small such that if

i(t-1)4,,

I <0,

(T)HL;”l([T,oo) DNLY'2([T,00),L52)
then there ezists a unique solution to (1.2) with initial datum u(T) satisfying

S 2H€i(t7T)Au<T)

u b b b b
” HLGl([T,oo),Lzl)OL:Q([T,OO),LZQ) ”L{”l([T,oo),Lml)mL;”Q([T,oo),Lﬁ)

and
| (V) UHL?I([TDO) LYNLe2 ([T,00),L%2) < Cl|luw(T )“H;

for some constant C' > 0.

Proof. We consider

Xr = {u : Hu”L{”l(I,Lil)nLT2(1,L‘;2) <M, [[{V) uHle(J,L‘;l)mL?(LL’;?) < L}
equipped with the distance
d(u,v) = ||lu —

UHL‘jl(J,L‘;l)mL?(I,LZ?y

where [ = [T, 00) and M, L > 0 will be chosen later. By the persistence of regularity
(see e.g., [7, Theorem 1.2.5]), we readily see that (X7, d) is a complete metric space. Our
purpose is to show that the Duhamel functional

t

Oy (u(t)) := e D2y(T) —I—i/ e TIR (Ju(s) P u(s) — |u(s)|*u(s)) ds (A.2)

T
is a contraction on (X7, d). By Strichartz estimates and Lemma A.3, we have

t
/ei(tS)A\u(s)]plu(s)ds

||q)T(u)||L:”1(I,L‘;1) < He"(t*T)AU(T>‘|LT1(I,L’;1) + ‘ .

LM(I,L)

t
+ /ei(ts)A|u(s)|q1u(s)ds

T

L7 (1,LY)

(t— T)A p—1
< N TUD) gy + Pl

-+ (V>/ e =8 ()9 2u(s)ds

T

Ly (I.LgY)
t-T)A -1

< ||€ u(T )HLml (1,L5Y) + Cul? UIHLZL,I(I,LZ/I)

+CIH{V) (Jul" )|

S Hei(th)Au( )

”2(1 I

+CH I

HL:’” (1,L%

L N (1L R O

’nLlIL )

Similarly, we have

HqDT(“)HLT?(I,LZ?) < ||ei(t_T)A“(T)||L;"2(LL + Clu ||p

+ CHU”%TQ(I,LZQ)

e |V Ul ey
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We next estimate
) @)l s 20y < D)y + ) (el ), o
+CMVHM“WW%

< Cfu(T >||H1+0||u||pmm Il g

(1,L22)

Ol 1) tll gy
and

B < Dl + M 1) )l
+ Cllul|”,

’"21L V)l gty

Next we have
|1 (0) = @r(0) 212 yogzo g2y < Cllul™ = ol 0]

+ Cllul* u = o] o

(IL )
%u%
b= b=
< (Jhulpr! i 1ol oy e = ol g

q— a— _
(Ul 00 i )= 0l g

Thus there exists C' > 0 independent of T such that for any u,v € X, we have

12l s atynupaatey < 1D s e ey + OO + M)

+C(MT + MP YL,
|| <V> CI)T( )HL“I([ Lbl)mLQQ([ Lb2 < OHU( )HH% + C<Mq_1 + Mp_l)L7
and
d(®7(u), Pr(v)) < C(MT + MP~Hd(u,v).

By choosing M = 2||ei('5_T)Au(T)||L;n1 (tynnreptey and L= 2C||u(T)|| g1 and taking M
sufficiently small, we see that ®r is a contraction on (X7, d). This completes the proof. [

The next Lemma is a small data scattering result.

Lemma A.5. Let £ < q < p < 5. Suppose that u(t) is a global solution to (1.2) satisfying
|ul| Lo m, 1) < 00. Then there exists 0 > 0 sufficiently small such that if

(t—=T)A

||€ u(T)“L:"l([T,oo),LZl) <0

for some T > 0, then u scatters forward in time.
Proof. We first observe that for any interval I C R,
el e g,y < Wullns g oy Il 2y

where
_ (Bg—=T7)(p—1) (1 =0)mymy (1= 0)biby
 Bp—=T7)(g—1) P T —0ms T b by
We readily check that for % <qg<p<b?,

2 3 3
be0,1), Z+2=2 ye[2,6],
(0,1) Sto=y 7 2, 6]
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namely (p, ) is a Schrodinger admissible pair. It follows that
t—-1T)A b2 < ||6 t-1T)A ( )HQ

< &’ llu(T) |3’

le*

T gl i

( )”Lm2 ([T,00),Ly 1)||61(

ml [T

Thus

i(t-T)A,,

le (D) ey 2y (e 2y < E00)

for some £(6) > 0 small depending on 4. By Lemma A4, we have

| < 2 TAy(T) (A.3)

el s (1,00, 250 )72 (000, 222 L2 (1,00, 2200272 (11,00, 12)

and

109l 21 ey 2 s iy < ClUCT) (A4)

for some constant C' > 0.
For T' < t; < ty, we use the Duhamel formula (A.2), (A.3), and (A.4) to have

le™%u(tz) — e Pu(tn)llmy < V) (P )l
+CI(V) (Jul* )

< Cllell}.,

!
t2),Lab)
! !
| LY2((t1,t2),L22)

SR L L PP

+CHUHQm2((t .02 H< Y ull p22 (11 2,2y O

as t1,ty — oo. This shows that {e#Au(t)}; s is a Cauchy sequence in H!. Thus there
exists

Uy = e TAY(T) +i /TOO e "2 (Ju(s)|P u(s) — |u(s)|"  u(s)) ds € H,

such that e~®2u(t) — wu, strongly in H! as t — oco. By the unitary property of the
propagator, we obtain

Ju(t) — e uy|| g — 0 as t — oo.
The proof is complete. ]
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