SHARP CONDITIONS FOR SCATTERING AND BLOW-UP FOR A SYSTEM OF
NLS ARISING IN OPTICAL MATERIALS WITH y® NONLINEAR RESPONSE
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ABSTRACT. We study the asymptotic dynamics for solutions to a system of nonlinear Schrédinger equations
with cubic interactions, arising in nonlinear optics. We provide sharp threshold criteria leading to global
well-posedness and scattering of solutions, as well as formation of singularities in finite time for (anisotropic)
symmetric initial data. The free asymptotic results are proved by means of Morawetz and interaction
Morawetz estimates. The blow-up results are shown by combining variational analysis and an ODE
argument, which overcomes the unavailability of the convexity argument based on virial-type identities.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the following system of nonlinear Schrédinger equations
with cubic interaction

1 1
iOu+Au—u = —(=|u®+2v?)u— -7,

y : (1)
1 .
o+ Av—pv = — (9|v|2 + 2|u|2) v — §u3,

with initial datum (u,v)|,_, = (uo,vo). Here u,v : R x R* = C, ug,vo : R®* = C, and the parameters v,
are strictly positive real numbers.

The system (1.1) is the dimensionless form of a system of nonlinear Schrédinger equations as derived in
[28] (see also [29]), where the interaction between an optical beam at some fundamental frequency and its
third harmonic is investigated. More precisely, from a physical point of view, (1.1) models the interplay of
an optical monochromatic beam with its third harmonic in a Kerr-type medium (we refer to [27] for the
latter terminology, as well as for a sketch of the derivation of (1.1)).

Models such as in (1.1) arise in nonlinear optics in the context of the so-called cascading nonlinear
processes. These processes can indeed generate effective higher-order nonlinearities, and they stimulated
the study of spatial solitary waves in optical materials with 2 or x* susceptibilities (or nonlinear response,
equivalently).

Let us mention, following [9], the difference between x? (quadratic) and x* (cubic) media. The contrast
basically reflects the order of expansion (in terms of the electric field) of the polarization vector, when
decomposing the electrical induction field appearing in the Maxwell equations as the sum of the electric
field E and the polarization vector P. Indeed, for “small” intensities of the electric field, the polarization
response is linear, while for “large” intensities of E, the vector P has a non-negligible nonlinear component,
denoted by P,;. Thus, when considering the Taylor expansion for P,;, one gets the presence of (at least)
quadratic and cubic terms whose coefficients x7, which depend on the frequency of the electric field E, are
called j-th optical susceptibility. For j = 2,3, they are usually denoted by x? and x3. Therefore quadratic
media arise from approximation of the type P,; ~ x?E2?, and similarly one can define cubic media. The
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so-called non-centrosymmetric crystals are typical examples of x? materials. Moreover, it can be shown,
see [14], that isotropic materials have x?" = 0 susceptibility, namely even orders of nonlinear responses
are zero. In the latter case, the leading-order in the expansion of P,; is cubic, and these kind of isotropic
materials are called Kerr-materials. See the monographs [4, 14, 30] for more discussions. In addition,
we refer to [1,5,6,9,18,23,28,29,35], and references therein, for more insights on physical motivations
and physical results (both theoretical and numerical) about (1.1) and other NLS systems with cubic
and quadratic interactions. Models as in (1.1) are therefore physically relevant, and they deserve a rigor-
ous mathematical investigation. In particular, we are interested in qualitative properties of solutions to (1.1).

Our main goal is to understand the asymptotic dynamics of solutions to (1.1), by establishing conditions
ensuring global existence and their long time behavior, or leading to formation of singularities in finite time.
Let us mention since now on, that once the Strichartz machinery has been established, and this is nowadays
classical, local well-posedness of (1.1) at the energy regularity level (i.e. H'(R?), mathematically speaking)
is relatively straightforward to get (see below for a precise definition of the functional space to employ a
fixed point argument).

The dynamics of solution of NLS-type equation is intimately related to the existence of ground states
(see below for a more precise definition). The analysis of solitons is a very important physical problem,
and the main difference between y? media and x* media, is that, in the latter case, the cubic nonlinearity
is L? supercritical, while in the former quadratic nonlinearities are L? subcritical. The last two regimes
dramatically reflect the possibility for the problem to be globally well-posed, and the stability /instability
properties of the solitons are different. See [9] for further discussions, and a rigorous analysis for solitons in
quadratic media.

Regarding system (1.1), existence of ground states and their instability properties were established in a
recent paper by Oliveira and Pastor, see [27]. Our aim is to push forward their achievements to obtain
a qualitative description of solutions to (1.1), by giving sharp thresholds, defined by means of quantities
linked to the ground state, are sufficient to guarantee a linear asymptotic dynamics for large time (i.e.
scattering) or finite time blow-up of the solutions.

Let us start our rigorous mathematical discussion about (1.1). The existence of solutions is quite
simple to obtain. As said above, it is well-known that (1.1) is locally well-posed in H'(R3) x H!(R3),
(see e.g., [7]). More precisely, for (ug,vo) € H'(R3) x H'(R?), there exist T4 > 0 and a unique solution
(u,v) € X((-T-,T4)) x X((—T-,T4)), where

X((~T-.Ty)) = O((~T-, T}), H'(B*)) N L

loc

((_T*’ T+)a WLT(R?’))

for any Strichartz L2-admissible pair (¢,7), i.e., % + % = %, for 2 < r < 6. See Section 2. In addition,
the maximal times of existence obey the blow-up alternative, i.e., either T, = oo, or Ty < oo and
limg 7, ||(w(t), v(t))] g1 (r3)x o (R3) = 00, and similarly for 7. When T4 = oo, we call the solution global.
Solutions to (1.1) satisfy conservation laws of mass and energy, namely

My (u(t), v(t)) = Msy (uo, vo), (Mass)

Eu(u(t),v(t)) = o (K(u(t), v(t) + My (u(t), v(t))) — P(u(t), v(t)) = Ep(uo, vo), (Energy)
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where
Mf,9) 1= 11 ey + el ey (1.2
K(f,9) = IV o) + 9013z (1.3
P() = [ gl @I + Jla@l* + 17 @Rlo@) + § Re (7 @)g(e)) do (14)

It is worth introducing since now the Pohozaev functional

and, for later purposes, we rewrite the functionals P (see (1.4)) by means of its density: namely

P(f,9) = . N(f(=),g(x))dx

where
N(f(2),9(e)) = 56l F@I + Jlo(@)l* + 1 £@)Pla() + 5 Re (F()g()) (16)

The previous conservation laws can be formally proved by usual integration by part, then a rigorous
justification of them can be done by a classical regularization argument, see [7].

In order to introduce other invariance of the equations, let us give the following definition.

Definition 1.1. We say that the initial-value problem (1.1) satisfies the mass-resonance condition provided
that v = 3.

For v = 3, (1.1) has the Galilean invariance: namely, if (u,v) is a solution to (1.1), then
ue(t,z) == e”'fe_tlglziu(t, x —2t€), wve(t,x) = 63”'56_3”5'2%(1&, x —2t)), ¢ eR3, (1.7)
is also a solution to (1.1) with initial data (e ¢ug, €3 €uy).

Remark 1.1. Notice that if v # 3, the system (1.1) is not invariant under the Galilean transformations as
in (1.7).

As, in this paper, we are interested in long time behavior of solutions to (1.1), let us recall the notion of
scattering.

Definition 1.2. We say that a global solution (u(t),v(t)) to (1.1) scatters in H'(R3) x H!(R3) if there
exists a scattering state (ug,vy) € H'(R?) x H(R3) such that

i ([ (u(t), v() — (S (O, Sa(O)va) 1y ) = 0, (L8)

where
Si(t) = €A and  Sy(t) =7 A (1.9)

are linear Schrédinger propagators.

Note that the set of initial data such that solutions to (1.1) satisfy (1.8) is non-empty, as solutions
corresponding to small H(R?) x H!(R?)-data do scatter (see Section 2).
As already mention above, it is well-known that the dynamics of nonlinear Schrédinger-type equations
is strongly related to the notion of ground states. Hence, we recall some basic facts about ground state
standing waves related to (1.1). By standing waves, we mean solutions to (1.1) of the form

(u(tw),v(t, l‘)) = (eiwtf($)> esthg(m)) ’
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where w € R is a frequency and (f, g) is a real-valued solution to the system of elliptic equations
1 1
Af —(+Df+ (g +29° ) f+5f9=0,
9 3
) (1.10)
Ag = (n+3w)g + (99" +2f*)g+ 5 = 0.

It was proved by Oliveira and Pastor, see [27], that solutions to (1.10) exist, provided that

w>—min{1,?ffy}. (1.11)

Moreover, a non-trivial solution (¢,) to (1.10) is called ground state related to (1.10) if it minimizes the
action functional

Suinr(1,9) = Bulf,9) + 5 M (£.9), (112)

over all non-trivial solutions to (1.10). Under the assumption (1.11), the set of ground states related to
(1.10) denoted by

G(w, p,7) = {(¢,9) € Aw,u,’y : Sw,/z,v(¢7¢) < Sw,,u,’y(fa 9), V(f,9) € Aw.,u,’y}

is not empty, where A, , , is the set of all non-trivial solutions to (1.10). In particular, G(0,3v,~) # 0.
It was shown (see [27, Theorem 3.10]) that if (ug,vo) € H'(R3) x H(R?) satisfies

E, (uo, vo) M3~ (ug,vo) < %E37(¢7 V) M3z (¢, ), (1.13)
K (ug,v0) Mz~ (ug,v0) < K(¢,v)Ms(¢,v), (1.14)

where (¢,%) € G(0,37,7), then the corresponding solution to (1.1) exists globally in time. The proof of
this result is based on a continuity argument and the following sharp Gagliardo-Nirenberg inequality

P(f,9) < Copt (K(f,9))% (Ms(f,9))%,  V(f,g) € H'(R®) x H'(R®). (1.15)

This type of Gagliardo-Nirenberg inequality was established in [27, Lemma 3.5]. Note that in [27], this in-
equality was proved for real-valued H'-functions. However, we can state it for complex-valued H'-functions
as well since P(f,g) < P(f],]g]) and [V (1]}l z2zs) < [V ]l2ces).

We are now in position to state our first main result. The following theorem provides sufficient conditions
to have scattering of solutions. More precisely, for data belonging to the set given by conditions (1.13) and
(1.14), solutions to (1.1) satisfy (1.8), for some scattering state (u®,v%).

Theorem 1.1. Let u,y >0, and (¢,¢) € G(0,37,7). Let (u(t),v(t)) the corresponding solution of (1.1)
with initial data (ug,ve) € HY(R3) x HY(R3). Assume that the initial data satisfies (1.13) and (1.14).
Provided that

e (non-radial case) either |y — 3| < n for some n = n(Es((uo,v0)), M3y ((uo,v0))) > 0 small enough,
e (radial case) or (up,vo) is radial,

then the solution of (1.1) is global and scatters in H'(R®) x H'(R3).

Our proof of the scattering results is based on the recent works by Dodson and Murphy [12] (for
non-radial solutions) and [11] (for radial solutions), using suitable scattering criteria and Morawetz-type
estimates. In the non-radial case, we make use of an interaction Morawetz estimate to derive a space-time
estimate. In the radial case, we make use of localized Morawetz estimates and radial Sobolev embeddings
to show a suitable space-time bound of the solution.
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Let us highlight the main novelties of this paper, regarding the linear asymptotic dynamics. For the
classical focusing cubic equation in H'(R3), scattering (and blow-up) below the mass-energy threshold, was
proved by Holmer and Roudenko in [16] for radial solutions, by exploiting the concentration/compactness
and rigidity scheme in the spirit of Kenig and Merle, see [17]. The latter scattering result has been
then extended to non-radial solution in Duyckaerts, Holmer, and Roudenko [13]. To remove the radiality
assumption, a crucial role is played by the invariance of the cubic NLS under the Galilean boost, which
enables to have a zero momentum for the soliton-like solution. As observed in Remark 1.1, equation (1.1)
lacks the Galilean invariance unless v = 3. Hence we cannot rely on a Kenig and Merle road map to achieve
our scattering results, and we instead build our analysis on the recent method developed by Dodson and
Murphy, see [11,12]. In the latter two cited works, Dodson and Murphy give alternative proofs of the
scattering results contained in [13,16], which avoid the use of the concentration/compactness and rigidity
method. They give a shorter proofs, though quite technical, based on Morawetz-type estimates. In our
work, by borrowing from [11,12], we prove interaction Morawetz and Morawetz estimates for (1.1), and
we prove Theorem 1.1 for non-radial solutions which do not fit the mass-resonance condition, as well as
for radially symmetric solutions. In this latter case, instead, we only need (localized) Morawetz estimates,
which are less involved with respect to the interaction Morawetz ones, as we can take advantage of the
spatial decay of radial Sobolev functions.

Our second main result is about formation of singularities in finite time for solutions to (1.1). We state
it for two classes of initial data. Indeed, besides the fact that these initial data must satisfy the a-priori
bounds given by (1.13) and (1.16) — the latter (see below) replacing the condition (1.14) yielding to global
well-posedness — they can belong either to the space of radial function, or to the anisotropic space of
cylindrical function having finite variance in the last variable. The Theorem reads as follows.

Theorem 1.2. Let u,y > 0, and (¢,) € G(0,3v,7). Let (ug,vo) € H'(R?) x H'(R®) satisfy either
E,(ug,v0) <0 or, if E,(ug,v0) > 0, we assume moreover that (1.13) holds and
K (g, v0) M3y (o, v0) > K(¢,¥)Msy(,1). (1.16)
If the initial data satisfy
o cither (ug,vo) is radially symmetric,
e or (ug,vo) € X3 x X3, where
Sy i={f € H'(R®) : f(y,2) = f(lyl2), 2f € L*(R%)}
with © = (y, 2),y = (v1,72) € R? and 2z € R,
then the corresponding solution to (1.1) blows-up in finite time.
Let us now comment previous known results about blow-up for (1.1) and the one stated above, and

highlight the main novelties of this paper regarding the blow-up achievements with respect to the previous
literature.

In the mass-resonance case, i.e., v = 3, and provided u = 3y = 9, the existence of finite time blow-up
solutions to (1.1) with finite variance initial data was proved in [27, Theorems 4.6 and 4.8]. More precisely,
they proved that if (ug,vo) € B(R3) x X(R3) with X(R3) = HY(R?) N L2(R3, |x|?dz) satisfying either
Ey(ug,vg) < 0 or if Eg(ug,vg) > 0, they moreover assumed that

1
FEyg(ug,vo)Mg(uo,vo) < §E9(¢,¢)M9(¢,1/1),

K(UO, UO)ME)(U()’ UO) > K(¢7 ’L/))M9(¢7 ’(/))a
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where (¢,v) € G(0,9,3), then the corresponding solution to (1.1) blows-up in finite time. The proof of the
blow-up result in [27] is based on the following virial identity (see Remark 3.3)

d2

oV (1) = 4G(u(?), v(1)), (1.17)
where

V(t) = / |z|? (Ju(t, z)|* + 9Jv(t, 2)|?) da.

Using (1.17), the finite time blow-up result follows from a convexity argument. For the power-type
NLS equation, this kind of convexity strategy goes back to the early work of Glassey, see [15], for finite
variance solutions with negative initial energy. See the works by Ogawa and Tsutsumi [26] for the removal
of the finiteness hypothesis of the variance, but with the addition of the radial assumption. See the already
mentioned paper [16] for an extension to the cubic NLS up to the mass-energy threshold, of the results by
Glassey, and Ogawa and Tsutsumi.

If we do not assume the mass-resonance condition, or we do not assume that p # 3, the identity (1.17)
ceases to be valid. Thus the convexity argument is no-more applicable in our general setting. The proof
of Theorem 1.2 above relies instead on an ODE argument, in the same spirit of our previous work [10],
using localized virial estimates and the negativity property of the Pohozaev functional (see Lemma 5.1).
We point-out that our result not only extends the one in [27] to radial and cylindrical solutions, but also
extends it to the whole range of u,~ > 0. It worth mentioning that blow-up in a full generality, i.e. for

infinite-variance solutions with no symmetric assumptions, is still an open problem even for the classical
cubic NLS.

We conclude this introduction by reporting some notation used along the paper, and by disclosing how
the paper is organized.

1.1. Notations. We use the notation X <Y to denote X < CY for some constant C' > 0. When X <Y
and Y < X (possibly for two different universal constants), we write X ~ Y, or equivalently, we use the
‘big O’ notation O, e.g., X = O(Y). For I C R an interval, we denote the mixed norm

I 0zg s am) = ( [ ([ tearas)” dt)

with the usual modifications when either r or ¢ are infinity. When ¢ = r, we simply write || f|| LI (IxR3)-
Let f,g € L{L" (I x R?), we denote

1(f, 9)||L‘,{Lng§L;(IxR3) = ||f||L;{L;(IxR3) + llg| LILT (IXR3)

and if ¢ = r, we simply write
(/s Q)HLfyxngm(IxRS) = ”fHL;‘,m(leW) + ||g||LZ’I(I><]R3)~

The LP(R3) spaces, with 1 <,p < oo, are the usual Lebesgue spaces, as well as spaces W*P(R3) spaces,
and their homogeneous versions, are the classical Sobolev spaces. To lighten the notation along the paper,
we will avoid to write R? (unless necessary), as we are dealing with a three-dimensional problem.

1.2. Structure of the paper. This paper is organized as follows. In Section 2, we state preliminary
results that will be needed throughout the paper, and we will prove some coercivity conditions which play
a vital role to get the scattering results. In Section 3, we introduce localized quantities, and we derive
localized virial estimates, Morawetz and interaction Morawetz estimates which will be the fundamental
tools to establish the main results. The latter a-priori estimates will be shown in both radial and non-radial
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settings. In Section 4, we give scattering criteria for radial and non-radial solutions. We eventually prove, in
Section 5, the scattering results and the blow-up results, by employing the tools developed in the previous
Sections. We conclude with the Appendixes A and B, devoted to the proofs of some results used along the

paper.
2. PRELIMINARY TOOLS

In this section, we introduce some basic tools towards the proof of our main achievements. Specifically,
we give a small data scattering result, as well as useful properties related to the ground states. We postpone
the proof of some of the following results to the Appendix A.

2.1. Small data theory. We have the following small data scattering result, which will be useful in the
sequel.

Lemma 2.1. Let g,y > 0, and T > 0. Suppose that (u,v) is a global H*-solution to (1.1) satisfying
sup [ (u(t), v(t) [l xm < E
teR

for some constant E > 0. There exists €sq = €sq(E) > 0 such that if
[(S1(t = T)u(T), S2(t — T)v(T)) | LaLs x L4 L8 (17,00) xB3) < Esds (2.1)
then the solution scatters forward in time.

Proof. See Appendix A. O

2.2. Variational analysis. We first recall some basic properties of ground states in G(0,37,v) and then
show a coercivity condition (see (2.8)), which play a vital role to get scattering results.
It was shown in [27, Lemma 3.5] that any ground state (¢,%) € G(0,3v,~) optimizes the Gagliardo-
Nirenberg inequality (1.15), that is
P(¢, )
3 1
(K((ba 1[])) 2 (M3’Y(¢7 w)) 2

Using the Pohozaev identities (see [27, Lemma 3.4])

Copt

P(0,1) = So30(6,) = By (6,1) = M (6,) = 2K (0,1, (22)

we have

N

Cope = 5 (K(6,9) M (6,0))” 23)

To employ some Morawetz estimates in the proof of the scattering theorem, we will also use the following
refined Gagliardo-Nirenberg inequality.

Lemma 2.2. Let (¢,1) € G(0,37,7). For any (f,g) € H* x H' and &1, & € R3, we have

L( KU 9Msy(£.9) \* o fints s pints
PUTLIa < 5 (G0 ) Ko fe=eg) (2.4

Proof. See Appendix A. O

We conclude this preliminary section by giving the following two coercivity results.
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Lemma 2.3. Let p,y > 0, and (¢,¢) € G(0,37,7). Let (ug,vo) € H' x H' satisfy (1.13) and (1.14).

Then the corresponding solution to (1.1) exists globally in time and satisfies

igﬂ}gK(u(t),v(t)) < 6E,(uo, vo). (2.5)

Moreover, there exists § = 6(ug,vo, d, %) > 0 such that

K (ult), v(t) Mas (u(t), v(t)) < (1= 6)K (6, %) May (6, ) (2.6)
for all t € R.
Proof. See Appendix A. O

Lemma 2.4. Let j1,v > 0, and (¢,v) € G(0,3v,7). Let (ug,v0) € H' x H' satisfy (1.13) and (1.14). Let
J§ be as in (2.6). Then there exists R = R(6,uo, vo, ¢,%) > 0 sufficiency large such that for any z € R3,

K (Cr(- = 2)u(t),Tr(- = 2)o(t)) Msy (Cr(- = 2)u(t), Tr(- = 2)v(t))

< (1 - g) K(6,0) My, (6,)

(2.7)

uniformly for t € R, where Ig(x) :=T (%) with T a cutoff function satisfying 0 < T'(x) < 1 for all z € R3.
Moreover, there exists v = v(8) > 0 independent on t so that for any &,& € R3, and any 2z € R3,

K (Tr(- = 2)e™™tu(t), Pr(- — 2)e™ () — 3P (Cr(- — 2)u(t), Tr(- — 2)v(t)) (2.8)
> vK (Tg(- — 2)e™ St u(t), (- — 2)e™2u(t)) '
for any t € R.

Proof. See Appendix A. O

3. VIRIAL AND MORAWETZ ESTIMATES

This section is devoted to the proof of virial-type, Morawetz-type, and interaction Morawetz-type
estimates, which will be crucial for the proof of the main Theorems 1.1 and 1.2.

3.1. Virial estimates. We start with the following identities. In what follows we use the Einstein
convention, so repeated indices are summed.

Lemma 3.1. Let p, 3,7 > 0, and (u,v) be a H'-solution to (1.1). Then the following identities hold:

2
O ([u|* +vBJv|?) = =2V - Im(uVu) — 26V - Im(TVv) + 3 (1 - g) Im(u’7), (3.1)
1
Oy Im(TOu + YUo,v) = §8kA(|u|2 + [v]?) — 20; Re(d;u0ku + 0;005v) + 20N (u, v), (3.2)

where N is as in (1.6). In particular, we have
2
Ou([u* +7*of?) = =2V - Im(@Vw) — 29V - Im(vV0) + < (1 - %) Im(u%7),
Or(|u® + 3v[v]?) = =2V - Im(aVu) — 6V - Im (V).
Proof. See Appendix B. O

A direct consequence of Lemma 3.1 is the following localized virial identity related to (1.1).
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Lemma 3.2. Let ju,y > 0, and ¢ : R* — R be a sufficiently smooth and decaying function. Let (u,v) be a
H'-solution to (1.1) defined on the mazimal time interval (—T_, T, ). Define

= 2Im/V<,0 (Vut + yVut)(t, z)dz. (3.3)
Then we have for all t € (=T-,T}),

/A2 Y(|ul? + o) (t, x)dx —|—4Re/ x)(0;u0ku + 0;U0,v)(t, x)dx

— 4/A<p(x)N(u, v)(t, z)dz.
The following Corollary is easy to get.

Corollary 3.3. Recall the definition of G, N, P in (1.5), (1.6), and (1.4), respectively.
(i) If o(z) = |af?, .

%M‘w‘z(t) = 8G(u(t), v(t)). (3.4)
(i) If ¢ is radially symmetric, by denoting |x| = r, we have

SM(0) = = [ A%p(@)(ul + o) ts)dn + 4 [ EE (T + Vo) 01

dt
v [ (2020 oV + o T 1) (35)

74/Ag0(x)N(u,v)(t,x)dx.

(ii1) If ¢ is radial and (u,v) is also radial, then
== [ A%p(a)(al + o)t a)do +4 [ )Tl + [ToP)t, )
—4/Aap(x)]\/'(u,v)(t,m)dx.

(iv) Denote v = (y,z) with y = (v1,72) € R? and z € R. Let ¢ : R?> — R be a sufficiently smooth and
decaying function. Set p(z) = ¥(y) + 22. If (u(t),v(t)) € L3 x X3 for allt € (=T_,T}), then we have

(3.6)

GMo0) == [ AZ) (P + )t )z + 4 / WD)V yul? + Vo) (8, 2)d -
48 (J0ut) 22 + 100032 = SP(u(t),o(0) ~ 4 [ A,0(0) N (w,v)(t,2)da,
where p = |y].
Proof. See Appendix B. O

We now aim to construct precise localization functions that we will use to get the desired main results
of the paper. Let ¢ : [0,00) — [0,2] be a smooth function satisfying

2 if 0<r<l,
C(’")'_{0 if > 2.

- /O ' /O " ¢(s)dsdr. (3.8)

We define the function ¥ : [0, 00) — c0) by
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For R > 0, we define the radial function ¢ : R® — R by
or(r) = or(r) := R*I(r/R), r=|z|. (3.9)
We readily check that

/
2> ¢h(r)>0, 2-— #r(r) >0, 6—Apg(z)>0, Vr>0, VzecR>
T
We are ready to state the first virial estimate for radially symmetric solutions.

Lemma 3.4. Let pi,v > 0. Let (u,v) be a radial H'-solution to (1.1) defined on the mazimal time interval
(—=T_,T4). Let pr be as in (3.9) and denote My, (t) as in (3.3). Then we have for allt € (=T_,T),

d _ _
%Mw(t) < 4G(u(t),v(t)) + CR2K (u(t),v(t)) + CR™> (3.10)
for some constant C' > 0 depending only on p,7, and Mz, (ug,vo), where G is as in (1.5).

Proof. By (3.6), we have for all t € (-T_,T%),

GMenlt) = = [ A2en)(u + )t )dn+ 4 [ h)(Val + [F0) (e )da
—4/A¢R(x)N(u, v)(t, x)dz.

We rewrite, using G — K + 3P =0,
d

%MV,R(t) = 8G(u(t),v(t)) — 8K (u(t),v(t)) + 24P (u(t),v(t))

~ [ Apn()(ul? + o)t )+ 4 [ GV + Vo)t )
74/A¢R(Z)N(u,v)(t,x)dx
= 8G(u(0),v(0) ~ [ M%) (ul + o)1, )
—4/(2 — QRN (| Vul? 4+ |[Vo|?) (t, z)dx + 4/(6 — Apgr(x))N (u,v)(t, z)d.
As [[A%2pg|| L~ < R™2, the conservation of mass implies that
[ A%en(@)(ul? + o)t 2)ds
RS

The latter, together with ¢5(r) < 2 for all r > 0, ||Apr|lL~ <1, pr(z) = |z|* on |z| < R, and Holder’s
inequality, yield

<R2.

~

d
%MWR(t) < 8G(u(t),v(t)) + CR™2 + C/ lu(t, z)|* + |v(t, )| d,
|z|>R
where we have used the fact that (see (1.6))

IN(u,0)| S lul* + o] .
To estimate the last term, we recall the following radial Sobolev embedding (see e.g., [8]): for a radial
function f € H'(R?), we have

Sirélwl\f(x)l < CIVFIZIIFIE:- (3.11)
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Thanks to (3.11) and the conservation of mass, we estimate
/ u(t, z)|*de < sup [u(t,z)[*[lu(t)]Z:
|z|>R z[>R

SR sup (|zllu(t,2)))? [lu(t) |7
lz|>R

< R Vu(t) |l 2 u(®)]|3

< R Vu(t)| .2

SR (Va7 +1).
It follows that

%M@R(t) < 8G(u(t),v(t)) + CR™> + CR™* (|Vu®)|[Z + [IVu(t)]1Z2) -

The proof is complete. O

Next we derive localized virial estimates for cylindrically symmetric solutions (we also mention here
[2,10,19,20,24], for the qualitative analysis of dispersive-type equations in anisotropic spaces). To this end,
we introduce

Vr(y) = vr(p) == R*¢(p/R), p=ly| (3.12)

and set
or(z) == Yr(y) + 2°. (3.13)

Lemma 3.5. Let p,v > 0. Let (u,v) be a X3-solution to (1.1) defined on the maximal time interval
(=T-,T}). Let pr be as in (3.13) and denote M, (t) as in (3.3). Then we have for allt € (=T_,T),

%Mw{(t) < 8G(u(t),v(t)) + CR™ K (u(t),v(t)) + CR™> (3.14)

for some constant C > 0 depending only on p,~y, and M (ug, vg).
Proof. By (3.7), we have for all t € (-=T_,T%}),

d

GMenlt) = = [ A3on)(uP + o)t )+ 4 [ RV, + 9,0 1 e

+8 ([0:u(®)[[Z + 10:0(t)[172) — 8P (u(t), v(t)) — 4/Ay¢R(y)N(U»v)(t7w)d%

where p = |y|. Tt follows that

d

M (1) < 8G(u(t), v(t) + CR — 4 / (2~ V() (IVyul® + |Vy0lP)(t, 2)de

+4 Re/(4 — Ayr(y))N(u,v)(t, z)dx.

As ¢ (p) <2 and ||AyYr||re S 1, Holder’s inequality implies that

%Mw(t) < 8G(u(t),v(t)) + CR™>+C o lu(t, z)|* + |v(t, =) dz. (3.15)
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We estimate

/ IICOICE [ e gl ) 2y
Yyl=

< sup 2 [ It 2 )
z€R R ’

Set g(z) := ||u(t,z)\|%5, we have

2) :/ 0sg(s)ds = 2/ Re/ u(t,y, s)0su(t,y, s)dyds
—o00 —o0 R2
< 2fu(®)llz210-u(t)| L2

which, by the conservation of mass, implies that

sup [lu(t, 2)[7: < [10:u(t)]| 2z (3.16)
2€R v
By the radial Sobolev embedding (3.11) with respect to the y-variable, we have

J 1t )tz S B [ 1950t 2) g e )1

/2
< R™ (/HV u(t, z) ||L2dz> (/Hut z ||L2dz>

S RHIVyu(®) e llut)l| 2
S RYVyut)|rz- (3.17)
Collecting (3.16) and (3.17), we get

/l o u(t, 2)[*de < R™HIVyu(t)| 2 [ 0:u(t)] 2

S B (IVyu)lE + lo-u®): )
< R7HIVu()|Z:-
The latter and (3.15) give (3.14). The proof is complete. O

3.2. Interaction Morawetz estimates. Non-radial setting. Following [32], let x be a decreasing
radial smooth function such that y(z) =1 for || <1— 0 and x(z) =0 for |z| > 1, where 0 < 0 < 1 is a
small constant.

Let R > 1 large. We define the following radial functions

Brle) = — [ Xkl - 2l

1
B1a(e9) = 5 [ Xhle — 20kl - s
where yg(z) := x (%) and w; is the volume of unit ball in R3. We also define the functions
1 =l ||
Va(a) = o | vrtyir er(e)= [ rwn(rdr
0 0

We collect below some properties of the above functions.

Remark 3.1 ([12]). We have the followings:
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e 0;0p(z) =z;Vp(z) and 0;VR(x) = é‘g (Pr(z) — Ugr(z)). In particular,

AOg(z) = 2Wg(z) + Pr(z), 95,0r(x) = 0x®r(x) + Pjr(x)(Vr(z) — Pr(z)), (3.18)
where Pji(x) = 65 — x‘;% with d;;, the Kronecker symbol.

. R 1
V(o) - ale) 20, (a(o)| Smin {170 LL [VOR)] £ 3

Br(o) - D100 S0 (VRG] Smin{ b 0r(o) - @a] S min {2

Let (u,v) be a global H'-solution to (1.1) with initial data (ug,vo) satisfying (1.13) and (1.14). We
define the interaction Morawetz quantity adapted to system (1.1) by

ME2(t) =2 // Ly (u,v)(t,y)VOgr(z — y) - Im(aVu + y0Vv)(t, z)dzdy,
where
Lo (u,0)(t,2) := (Jul? +7°[v])(t, 2).
From the conservation of mass, (2.5), and (3.19), we have

sup | ME2(t)| < .
teR

By Lemma 3.1, we have

0L (1, v) = —2V - Tm(@Vw) — 24V - Tm(3V0) + ; (1-2) mn) (3.20)

and
Oy Im (w0, u + y00kv) = —20; Re(0;u0ku + 0;00,v) + %5’kA(|u\2 + [v]?) 4 20k N (u, v),
where we recall that
N(uyv) = elul + ol 4+ JuPlof? + 5 Re(a®).

Here repeated indices are summed. Moreover, by using integration by parts, we readily see that

%M%(t) 4 // L (w,0)(t, y)VOr(x — 1) - VN (u, 0)(t, 2)dedy (3.21)
4 //Ly(u,v)(t,y)VGR(x _ ) VA(lul? + o) (¢, 2)dady (3.22)
4 // L (4, 0)(t,)0kOr(z — 1)9; Re(d;w0u + O;00,0) (£, )dady (3.23)
+2 / Lo (1, 0)(t, y) VOR(x — y) - I (WVu + A5V 0) (£, 2)dady. (3.24)

We are able to prove the following interaction Morawetz estimates, which will play a fundamental role
for the proof of the scattering theorem in the non-radial framework.

Proposition 3.6. Let p,y > 0, and (¢,v) € G(0,3v,7). Let (ug,vo) € H' x H' satisfy (1.13) and (1.14).
Let (u,v) be the corresponding global solution to (1.1). Then for arbitrary small € > 0, there exist Ty = To(e),
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J = J(e), Ry = Ro(e, ug,v0,¥) sufficiently large and o = o(e), n = n(e) sufficiently small such that if
|y — 3| <mn, then for any a € R,
1 a+Ty Roe”’ 1
) g Lttt o)
¢ ¢ dR

* K(xr(: = 2)u>(8), xr(- — 2)v> () de—-dt S e, (3.25)

where (u(t,z),v¢(t, 7)) := (e Su(t, ), e v(t, ) for some £ = £(t, 2, R) € R3 and
W(f.0) = | L (F)@)d.

Proof. Since AOg(z —y) =3Py r(z,y) +3(Pr — 1.r)(x,y) +2(¥r — Pr)(x —y), by integration by parts,
we have

(3.21) =— 12//Lv(u,v)(t,y)@1,3(m — )N (u,v)(t, z)dzdy (3.26)
12 // L (w1, 0)(t, y) (@R — @) (& — )N (u, 0)(t, ) dady (3.27)
-8 // Ly (u,v)(t,y)(Yr — Pr)(z — y)N(u,v)(t, x)dxdy. (3.28)
Again, by integration by parts and Remark 3.1, we have

(3.22) = //Lv(u,v)(t, YVEBPr(z —y) +2(¥r — Pr)(x —y)) - V(|ul® + |v[*)(t, )dzdy. (3.29)

We will treat (3.27), (3.28), and (3.29) as error terms. Moreover, by Remark 3.1, we get
(3.23) = 4//L,y(u, V) (t, y)Pr(x —3)(|Vul* + |Vu*) (t, z)dzdy (3.30)
+4 // L, (u,v)(t,y)(Yr — ®r)(z — y)Pjr(z — y) Re(0;u0ku + 0;50,v)(t, x)dxdy. (3.31)

Similarly, by (3.20) and Remark 3.1, we see that
(3.24) = —4 // Or(r —y) Im@Vu +0Vo)(t,y) - Im(@Vu + yoVo)(t, z)dzdy (3.32)
—4 //(\I/R — ®r)(z — y)Pjr(z — y) Im(udpu + y00,v)(t, y) Im(wd;u + yv0;v)(t, y)dedy  (3.33)
4 ¥ _ _ 3_
+ 3 (1 - §) VOg(z —y) - Im(@Vu + yoVo)(t, ) Im(u’v) (¢, y)drdy. (3.34)

Now, let Wy denote the angular derivative centered at y, namely

¥y fe) = Vi) - 22 (E2L9 1))

|z —y| \ |z —y|

and similarly for ¥,. We have

(3.31) + (3.33) = 4//(‘PR —®p)(x - y)((IVyU\2 |V, 0?) () (Jul? + 72 |ol) ()

(3.35)
—Im(@Y,u+ oY ,0)(t, z) - Im(uV,u + oY ,v)(t, y))dazdy.

Hence g — ¢ is radial and non-negative, by the Cauchy-Schwarz inequality, we infer that

(3.31) + (3.33) = (3.35) > 0.
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On the other hand, as y g is radial and non-negative, we have
(3.30) + (3.32)
= o [ = 20— (9 4 19l 44700

—Im(aVu + yoVo)(t,y) - Im(@Vu + yoVo)(t, sc)) dxdydz

_ 4 /B(u, v)(t, z)dz, (3.36)

B UJ3R3

where

Blu,v)(t,2) : = / (@ — 2)(IVul? + Vo) (t, 2)de / By — 2)(jul? +2210?) (. y)dy
2
- ‘/X%{(m — z) Im(@Vu + yoVo)(t, z)dx

Notice that B(u,v) is invariant under the gauge transformation
(u(t,z),v(t,x)) — (u(t,x),v5(t, z)) := (" Su(t, z), e Su(t, )
for any ¢ € R3. Indeed, we see that

LW(UE’,UE) = L’Y(ua U)7 VW(U‘E’UE) = gL"/(ua U) + Vy(U,U),
H(u, %) = €L (u,v) + H(u,v) +2€ - V3 (u,v),

where
V., (u,v)(t,z) == Im(@Vu +4oVo)(t,z), H(u,v)(t,z) = (|Vul|® + |Vv|?)(t, 2),

which implies that B(u¢,v¢) = B(u,v). Next, we define

/X%(m — 2)V,(u,v)(t, z)dz
/X%(x — 2) Ly (u,v)(t, x)dx

&(t,z,R) := —

provided that the denominator is non-zero; otherwise we can define £(¢, z, R) = 0. With this choice of &, we
have

/X%(l‘ — 2)V,, (ub, v%)(t, z)dx = 0.

Combining this with (3.36), we infer that

(3.30) + (3.32) =

w;i%g / </ X5(z — Z)H(ufyvg)(t,x)dl‘/XZR(y - Z)Lw(uw)(t,y)dy) dz.
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Therefore, by the above identity, (3.26), (3.27), (3.29), and (3.34), we get

s [ ([0 woen)

X (/ X%(:c - z)H(uE,vg)(t,x) - SX;lz(z — 2)N(u, v)(t,x)daj) dz

< M)

+ //Ly(u7v)(t,y)(12(<I>R —®1 g)+8(¥r— Pr))(x — y)N(u,v)(t, z)dzdy
—//Lv(u,v)(t,y)(SVq)R L OV(Wp — BR) (@ — ) - V(|ul® + [o]?)(t, 2)dady
+§ (% — 1) / VORr(x —y) - Im(@Vu + voVo)(t, z) Im(u*D) (¢, y)dzdy.

Now, we consider (3.37). Since

/WVQJH%W=i/XﬂVfFM*i/XAXUP¢m
we get

[ e = D))z = [ Hcr(:~ 20 xal — 20t 0)d

+ [ xae = )8 Gt = 2) (uf? + o) (¢, 2)d.

(3.37)

(3.38)
(3.39)
(3.40)

(3.41)

(3.42)

Thus, substituting (3.42) in (3.37) and using Lemma 2.4 with xg instead of I'g, we see that there exists

v > 0 such that

a+To Rge a+To Rge
fdt > .- t - t
o s S [ [ [l - 2o, et - o)

<K (xr(- = 2)us(t), xa(- — 2)v*(t))d

Galph
“R

a+Toy Roe”
W3JT0 / / R? /R3 Wy (Xr(- = 2)u(t), xr(- — 2)v(t))

* (/Ra Xr( = 2)A (xr(- = 2)) (lul® + [v[*)(t, w)dm) dZ%dt.

By the conservation of mass and the fact that [|A(xz)||z~ < R™2, the absolute value of the second term in

the right hand side can be bounded by

/a+T0 /Roe R 2dR < 1 '
UJ3JTO ~ JR%

This implies that

JTy To

a+Ty Roe”’ 1
(3.37) —dt
S JTO / + JR2

a+Top Roe
/ I / W, (xXr(- = 2)u(t), Xr(- = 2)v(t)) K (Xr(- — 2)u* (), xr(- — 2)v°(t))d

dR
O
“R

(3.43)
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Next, as |[M$?(t)| < R, we have

a+To Roe?
(3.38) —dt
JTy / /

By (3.19), the conservation of mass, (2.5), and Sobolev embedding, we have

‘JT0 /a+To /Roe //LV(U,U)(t,y)((PR — Dy p)(z— y)N(U,U)(t,x)dzdy%dt

a+To Roe
fdt
< JTy / / 7

where we have used the fact that

[ 1Lt )t ldy S Mo, ). 0(0),
[ NG lde S 10, o) e S 10,0y

Using (3.19), we see that

a+Ty rRoe’ dR
‘ T / / //Lw(u, 0)(t,y) (g — Pr)(z — y)N(u,v)(t, x)dxdyfdt‘
a+Ty ,Roe’ |z — | R dR
L ) (¢ N t drdy—dt
so [ [ itetmin{ S N iy

a+To Roe’ lz—y| R ) dR
L (u,v)(t i N t, x)|dxdydt
son [ i y</ win {22, 2 ) NG00, 0 ey

1
~J

where we have used the fact that

Roe” lz—y] R Y dR
/ min{ , } — <1
Ro R lz—yl) R

1 a+To Roe
T / / (3.39) fdt
0

As |[VOg(2)|, V(T — Pr)(z)] < %, we see that

a+To Roe’
(3.40) —dt
JTy / /

Finally, as |y — 3| < n and |[VOg(z)| < R, we infer from the conservation of mass, (2.5), and Sobolev

embedding that
a+To Roe
(3.41) —dt
JTy / /

1 [Roe’ dR _ Roe”
< 5= sup  [MB2(t % S 57
0 J Ry t€la,a+To] 0

(3.44)

We thus get

1
—=. A4
ot (3.45)

R

3.46

a+To R()e R €J
</ 4
S - / / ardt < 0" (3.47)
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Combining these estimates (3.43), (3.44), (3.45), (3.46), and (3.47), we obtain

a+To Roe
] e L Wb - e ) (a2 ), Xl — 2o ()=

1 Roe’ 1 1 Rype”’
S + o n ;
~ JRZ T JT, J  JRo J

-2

which shows (3.25) by choosing ¢ = €,J = ¢ 2, Rg = ¢ 1, Ty = ¢ ', and n =
complete. ([l

2
66

The proof is

3.3. Morawetz estimates. Radial setting. We now turn our attention to the proof of the radial version
of the Morawetz estimate which will be essential in the proof of the scattering theorem in the radially
symmetric setting. In this context, we take advantage of the radial Sobolev embedding to get some spatial
decay.

Lemma 3.7. Let u,v > 0, and (¢,v) € G(0,3v,7). Let (ug,vo) € H' x H' be radially symmetric satisfying
(1.13) and (1.14). Then for any T > 0 and R = R(ug, vy, ¢,v) > 0 sufficiently large, the corresponding
global solution to (1.1) satisfies

10

f/ /|<R lat, )5 + ot )] )dmdt,ﬁ%—i—ﬁ (3.48)

Proof. Let pr be as in (3.9) and define M, (t) as in (3.3). By Cauchy-Schwarz inequality, the conservation
of mass, and (2.5), we have

sup | M (8] S R (3.49)
teR
By (3.6), we have
M) == [ Nona) u? + o) t.)de + 4 [ STl + 907 1,2)

—4 / Apr(z)N (u,v)(t, z)dz.

As pr(z) = |x|? for |z| < R, we see that

i = U2 ’1)2 xTr)axr — u, v xI)ax
dthRa)s(/xKRw PV =3 [ N, )d)

7/A2@R(x)(|u|2+ |v|2)(t,:c)d:c+4Re/ szkgoR(x)(ajﬂaku+8j68kv)(t,x)dx

|z|>R
—4/ Apr(z)N (u,v)(t, z)dz.
|z|>R
Since ||A%pr||L~ < R™2, the conservation of mass implies
[ A%er@)(ul +10P)t.2)ds S R
As (u,v) is radially symmetric, we use the fact

;=20 %= (6]’“ - mﬂm’“) O + L3102
T T

j 73

to get

Orpr(@)05u(t, ©)Oult, x) = g (r)|Oru(t,r)[* > 0
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which implies
Re [ Son(o)Osu0nu+ 0,5000) (t.) > 0.
|z|>R

On the other hand, by arguing as in the proof of Lemma 3.4, we have

S R2K (u(t),v(t)) S R72.

/ Apr(z)N (u,v)(t,z)dz
|z|>R

Thus we get

i U2 'U2 xTr)axr —
dtM¢R<t>>8</ﬂ§R<|v P Vo)t o) 3 [

lz|<R

N(u, v)(t,m)dm) +CR™? (3.50)
for all t € R. Now, let pr(z) = o(z/R) with g as in (4.13). We have
[ IV(eru®)Pdo = [ ehiu(t)de ~ [ onSonlu(t)ds

— [ wuoP- [ - @I VuoPds - [ ertenfut)Pds
lz|<R R/2<|x|<R
and

/N(QRu, QRU)(t,x)dx:/

N(u,v)(t,x)dx + / (N(oru, 0rv) — N(u,v)) (t,z)dz.
lz|<R

R/2<|z|<R
It follows that
/ (|Vul? + |Vv|2)(t,x)dm—3/ N(u,v)(t,z)dz
|z|<R

lz|<R

— [ (9 (eru) + 19 (ero))t:2)do — 3 [ Nloru, onv)(t,a)do
b - @)V + Vo)t a)da
R/2<|z|<R

+/QR(x)AQR(x)(|u|2 + [v)?) (¢, z)dx — 3/ (N(oru, orv) — N(u,v)) (t,x)dx.
R/2<|2|<R

As 0 < pr <1 and ||Agg|lz~ < R™2, the conservation of mass, (2.5), and the radial Sobolev embedding,
we have

/ (|Vul? + |Vo?)(t, z)dx — 3/ N(u,v)(t,x)dx
|z|<R |z|<R
> K (oru(t), orv(t)) — 3P(oru(t), orv(t)) + O(R™?).
Thanks to (2.8) with gr in place of T'g and z = & = &£ = 0, there exist R = R(ug, vg, ¢, %) > 0 sufficiently
large and v = v(ug, vy, ¢, 1) > 0 such that

/ (|Vul|* + | Vo *)(t, z)dx — 3/ N(u,v)(t,z)dz > vK (oru(t), orv(t)) + O(R™?)
[z|<R |z|<R

for all ¢ € R. This together with (3.50) yield
d _
VK (oru(t), orv(t)) < = Mgy (t) + CR™?

for all ¢ € R. Integrating on [0,7] and using (3.49), we get

1 [T R 1
- | K STt
/0 (oru(t), ogv(t))dt < B
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In particular, we have

1

*/ IV (pru(t))|[72dt < T TR

which together with the Gagliardo- Nlrenberg mequahty
4
Jul % S IVullZa flull7.
imply
g 1 [T R
e T g A

By the choice of g, we obtain
= u(t, Tdadt < =+ —
/ /z|<R x v ~ T + R2

A similar estimate holds for v. The proof is complete. (I

4. SCATTERING CRITERIA

In this section, we give scattering criteria for solution to (1.1) in the spirit of Dodson and Murphy [11,12]
(see also [32]). Let us start with the scattering criterion for non-radial solutions.

Proposition 4.1. Let u,y > 0. Suppose that (u,v) is a global H'-solution to (1.1) satisfying
sup ||(u(t), v(t) || g1 xmr S E (4.1)
teR
for some constant E > 0. Then there exist ¢ = ¢(E) > 0 small enough and Ty = To(e, E) > 0 sufficiently
large such that if for any a € R, there exists to € (a,a + Ty) such that

|| (u(t)7 U(t)) HL?)T XL?‘m([tof *i 1t0] XRS) 5 67 (4~2)

€

then the solution scatters forward in the time.
Proof. By Lemma 2.1, it suffices to show that there exists 7" > 0 such that
1

[(S1(t = T)u(T), S2(t — T)o(T)) L6 xLiLs (17,00) xR3) S €72 (4.3)
To prove (4.3), we first write

(81 (t — T)u(T), 82<t — T)’U(T)) = (81 (t)U(), Sg(t)vo) + Z/O (Sl (t — S)Fl(S),SQ(t — S)FQ(S))dS

By Sobolev embedding, Strichartz estimates, and the monotone convergence theorem, there exists 73 > 0
sufficiently large such that if 7" > T3, then

[(S1(t)uo, S2(t)vo) | LaLs x L4 L8 (17,00) xR3) S €- (4.4)

We take a = T7 and T = to, where a and ¢; are as in (4.2), we write

Z'/T(Sl(t — 8)F1(s), Sa(t — s)Fa(s))ds =: Hy(t) + Ha(t),
where i
H;(t) :i/I (S1(t — $)F1(s),Sa(t — 8)Fy(s))ds, I, =[0,T —e 3], Iy=[T—e 5T
To estimate Hs, we (;bserve that

[ I P VU (4.5)
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Indeed, by Strichartz estimates, fractional chain rule, (4.1), and (4.2), we have

[[(w, )

1 1 1 )
L2W2 O 12W,2 * ([T—e~ 1, T|xR3)

2
S (A N [C200) [

S E+é|(u,0)]

Bl

O LW ([T % TIxR%)
LW O xL2W2 S (r—e ¥ TIxRS)
By choosing ¢ small enough, we get (4.5). By Sobolev embedding and Strichartz estimates, we see that

[ H2l[ a1 x L8 (17,00) xR3) S (w0, v) [l

L, x LY, ([T 1,T]xR3) 1w, v) ”L,’% 26

.1 1
W2 xL2W.2 ([T - 1, T)xR3)

which together with (4.2) and (4.5) imply

[ Hall£s Lo x 2418 ((7,00) w3y S €- (4.6)

On the other hand, we claim that
1
HHl||L;%Lng;1Lg([T,oo)xR3) S €52, (4.7)
In fact, we notice that
Hy(t) = (S1(t =T+ e )u(T — e 5),8y(t =T+ ¢ (T — € 3)) — (S (t)uo, Sa(t)vg)

which, by Strichartz estimates, implies

_1 _1
[Hllaps xpirs (17,00 xre) S (T — €7 %), (T — € %)) 222 + [[ (w0, vo) | L2x L2 S E-

Moreover, as

I(F2 (), B ()| xzr S N (u®), 0D Es s S (e, o) S B,
we have from the dispersive estimate (A.2) and Young’s inequality that

T—e 1
||H1||L;1L;°xL;1Lgo [T,00) xR3) < / It — 5|_3/2d5 S €.
’ L{([T,00))

By interpolation, we get

1/2

1/2 a
[HL L3128 x L2 28 (1T,00) xR2) < ||H1”L;%Lngng([T,oo)xRS)”Hl||L;%L;°xL;%L;o([T,oo)xR3) Se

32

which proves (4.7). Collecting (4.4), (4.6), and (4.7), we obtain (4.3), and the proof is complete. O
Let us give now an analogous of the previous Criterion in the radial setting.

Proposition 4.2 (Scattering criterion for radial solutions). Let p,y > 0. Suppose that (u,v) is a global
H'-solution to (1.1) satisfying

sup [[(u(t), v(®))|[rrxm < E (4.8)
teR
for some constant E > 0. Then there exist ¢ = ¢(E) > 0 and R = R(E) > 0 such that if

lim inf (Ju(t,z)|* + 3v|v(t, z)[*) dz < €2, (4.9)
t—o0 lz|<R

then the solution scatters forward in time.
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Proof. Let € > 0 be a small constant. By Lemma 2.1, it suffices to show the existence of T'= T'(¢) > 0 such
that

[(S1(t = T)u(T), S2(t — T)v(T))|| Lars x 418 (17,00) xR3) < €. (4.10)

To show this, we follow the argument of [11, Lemma 2.2]. By the Strichartz estimates and the monotone
convergence theorem, there exists T' = T'(¢) > 0 sufficiently large such that

[(S1(t)uo, S2(t)vo)l| L2 L6 x L3 L8 (17,00) xRE) < €- (4.11)
As in the proof of Proposition 4.1, we write
(S1(t = T)u(T), Szt = T)o(T)) = (S1(t)uo, S2(t)vo) + Hi(t) + Ha (1),
where

H;(t) :i/II(Sl(t—s)Fl(s),Sg(t—s)Fz(s))ds, L=[0,T—¢1], L=[T—e1T].

By (4.9) and enlarging 7' if necessary, we have

[ enta) (TP + 3910z ) ) do < €, (412
where or(7) = o(x/R) with o : R® — [0, 1] a smooth cut-off function satisfying
(1 < 1)2,
Q(I){ 0 if |of>1. (4.13)

Using the fact (see Lemma 3.1) that
O ([u]* + 3y[v]?) = =2V - Im(aVu) — 6V - Im(vVv),
(4.8), and ||[Vog||~®s) S %, the integration by parts and Hélder’s inequality yield

01 [ ono)(ult ) + rlo(t, ) )iz

< =.
~R
Taking R sufficient large such that R~ 7 < €2, we infer from (4.12) that

H/QR(I)(“("I)|2 + 3fu(, 2)*)dz

[ V)

Se
Lge(12)
This inequality implies that
||QRU||L§°L§(12xR3) Se and HQRU||Lf°L§(Ig><R3) Se (4.14)
Thanks to the radial Sobolev embedding (3.11), we have from (4.8) and (4.14) that

[ullee L3 (1, xR3) < llorRUl Lo L3 (1 xr3) + [[(1 = 0r)ull Lso L3 (1, xR3)

1/2 1/2
S ||QR||L/;>OL§(12X]R3)||QRUHL/<;°L2(12xR3)

1/3 2/3
11 = 0m)ull 2 e e 11 = 0R)UIITS 12 1y 29,
< €z + R < €2
provided that R > e~3. A similar estimate holds for v. In particular, we get
1
||(U7U)||L$°L?I’XL§°L2(IZ><R3) Sez. (4.15)

Moreover, we have from the local theory that

1 _1
1w 0o sngnge (rascmoy + N0 ppe o de ) gy S AFIBDZ S .
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By Sobolev embedding and Strichartz estimates, we see that that

[ Hall L4 L x L4168 (17,00) xR3)

<er. (4.16)

S 1w, v) || o 8 x 6o 13 (1 x3) || (s V) | 12 L3e w12 Lo (15 3 | (%5 U)HL2W% O L rmy

On the other hand, the same argument developed in the proof of (4.7) shows that

1
I H1ll LaLe x 28 ((7,00) xR) S €32 (4.17)

Collecting (4.11), (4.16), and (4.17), we prove (4.10), and the proof is complete. O

5. PROOFS OF THE MAIN THEOREMS

By exploiting the tools obtained in the previous parts of the paper, we are now able to prove the
scattering for non-radial and radial solutions to (1.1) given in Theorem 1.1. See [25,32,33] for analogous
results for NLS systems of quadratic type.

5.1. Proof of the scattering results.

Proof of Theorem 1.1 for non-radial solutions. It suffices to check the scattering criterion given in Propo-
sition 4.1. To this end, we are inspired to [34]. Fix a € R and let € > 0 be a sufficiently small constant. Let
To = Ty (e) > 0 sufficiently large to be chosen later. We will show that there exists to € (a,a+ Tp) such that

3
G0N g s (ttomet o)xmay S €7 (5.1)

By Proposition 36a there exist TO = T0(€)7 J = J(€)7 RO = RQ(G, Ug, Vo, ¢7 ¢)7 o= 0'(6), and n= 77(6) such
that if |y — 3] < 7, then

a+To ,Roe’
']TO / };3 /]R3 Wy (xr(- = 2)u(t), xr(- — 2)v(t))

dR
X K (xr(- = 2)u (1), xa(- = 2)v*(£)dz—-dt S €.
It follows that there exists R € [Ry, e’ Ro] such that
1 a+To
Ty

In particular,

73 /R3 W, (xr(- — 2)u(t), xg(- — 2)v(t)) K (xr(- — 2)us(t), xr(- — 2)v°(t))dzdt < e.
a+Tp
Tio B / IxXR(- = 2)u®)[321V (xR (- — 2)us (1)) [}2dzdt < €

and similarly for v. By the change of variable z = %(w +6) with w € Z3 and 0 € [0, 1]3, we deduce from
the integral mean value theorem and Fubini’s theorem that there exists 6 € [0, 1]® such that

(- wro)un| v (w (- Fwrn)en)

By spliting the interval [a + Ty /2, a + 3T /4] into Tyei subintervals of the same length e~ %, we infer that
there exists to € [a + To/2, a + 3Ty /4] such that Iy := [to — €7, to] C (a,a + Tp) and

[ wa (- o) un| v (w (- Forn)wn)

2 2
dt <e.

L2

1 a+To

T

weZ3 L2

2 2

dt < €. (5.2)
L2

weZ3 L2
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In particular, by the classical Gagliardo-Nirenberg inequality
£ s S ALV fIIZe,

we obtain \
/ XR(—w+9)) u(t)|| < et (5.3)
To yezs L®
On the other hand, using Hélder’s inequality with Sobolev embedding, we get
R 2
5 [ (- S+ 0))ute
weZ3 L®
R R
S (= Fwro)un| | (-~ Fwro)uo
L2 L6
weZ3
S @2 IVu@)|ze < 1. (5.4)
It follows from (5.3), (5.4), and the almost orthogonality that
3
Il S [ X [ (=G 0))utt)
0 wez3 L?
1
R 4 2
S/ (Z XR(—w+9> ) (Z XR('—4(U)+9)>U(t) )
I L2
0 \wez? weZ3
R 4\ 2
<< XR(' 4w—|—0) ) ( Z XR<—U/+9)> u(t) )
Io 3 Io 3 L2
weZ wEL
< et (5.5)

On the other hand, by Strichartz estimates, Sobolev embedding and standard continuity argument, we
deduce that

1
lullLio (roxre) S (L0)™° -

This inequality, (5.5), and interpolation imply that

||uHL5 (IoxR3) ~5 ||UHL3 (IoxR3) ”uHLlO (IgxR3) ~ <

Similarly, we have

i
L? . (Io NS
flv]l o (IoxR3) S €T

Therefore, (5.1) holds, and the proof is complete. O

Proof of Theorem 1.1 for radial solutions. We fix € > 0 and R as in Proposition 4.2. From (3.48) and the
mean value theorem, we infer that there exist sequences of times t,, — oo and radii R,, — oo such that

lim (|u(t7x)\7o + |o(t,z)| = ) dx = 0. (5.6)

"= Jiz|<Rn

Choosing n sufficiently large so that R, > R, Holder’s inequality yields

u(t,z)|® do ’ o(t, )| % dz
(/z|<Rn| ) ) +</|x<Rn( ) )

which, by (5.6), shows (4.9). By Proposition 4.2, the solution scatters forward in time. O

3
5

wlw

/| (0P + 37120 do 5 B
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5.2. Proof of the blow-up results. It remains to prove the blow-up results as stated in Theorem 1.2.
Let us start with the following observation.

Lemma 5.1. Let i,y > 0, and (¢,¢) € G(0,3v,7). Let (ug,vo) € H' x H' satisfy either E,,(ug,vo) < 0
or if E,(ug,v9) > 0, we assume that (1.13) and (1.16) hold. Let (u,v) be the corresponding solution to
(1.1) with initial data (ug,vo) defined on the mazximal time interval (=T_,Ty). Then for e > 0 sufficiently
small, there exists ¢ = ¢(g) > 0 such that

G(u(t), v(t)) + K (u(t), v(t)) < —c (5.7)
forallt e (-T_,T4).

Proof. If E,(uo,vo) < 0, then the conservation of energy implies that
1 3

G(u(t),v(t)) + iK(u(t),v(t)) =3E,(u(t),v(t)) — iMu(u(t),v(t))

< 3E,(u(t),v(t)) = 3E,(uo, vo).

This shows (5.7) with ¢ = 1 and ¢ = —3E,,(uo,v9) > 0.
We next consider the case E,(ug,vg) > 0. In this case, we assume (1.13) and (1.16). By the same
argument as in the proof of [27, Theorem 4.6] using (1.13) and (1.16), we have

K(u(t), v(t))Msy (u(t), v(t)) > K(¢, ) Msy(p,1p), Vte (=T-,Ty).
Moreover, by taking p = p(ug,vo, ¢,1) > 0 such that

B0, 00) M (o, ) < 5(1 = ) (9 ) M (6, 0), (58)
we can prove (see again the proof of [27, Theorem 4.6]) the existence of 6 = §(ug, vo, ¢, %) > 0 such that
K(u(t)?v(t))Miﬁ’(u(t)’v(t» Z (1 +6)K(¢a w)M37(¢7 w)a vt € <_T77T+)' (59)

Now for £ > 0 small to be chosen later, we have from (5.8), (5.9), and (2.2) that
(Gult), (1)) + <K (u(t), 0(1)) ) M (u(t), ()

= (3B, (u0) 0(1)) — 3 Mu(u(t), 0)) — (5~ ) X Cult), (0))) My (), (1)
1

< 3B, (u(t), o(t) Ma (u(t), v()) = (5 — &) K (u(t), v(t)) M, (u(2), (1))

= 200 ) By (000 Miy (6,0) — (5 = <) (1 + O)K(6,4) M (6,)

- —(%(p +6) —e(1+ 6))K(¢,1/))M37(¢71/J>

for all t € (=T_,T). By choosing 0 < ¢ < L% the conservation of mass yields

2(1+4)
Glult), o(0)) + <K (ult), o(0)) < (5(0+ ) — =1+ 5>)K<¢7¢>m

for all ¢t € (=T—,T4). The proof is complete. O

We are now able to provide a proof of Theorem 1.2. To the best of our knowledge, the strategy of using
an ODE argument — when classical virial estimates based on the second derivative in time of (localized)
variance break down — goes back to the work [3], where fractional radial NLS is investigated. See instead
[10,21] for some blow-up results for quadratic NLS systems.
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Proof of Theorem 1.2. We only consider the case of radial data, the one for ¥3-data is treated in a similar
manner using (3.14). Let (ug,v9) € H' x H' be radially symmetric and satisfy either E,, (ug,vo) < 0 or if
E,(uo,v0) > 0, we assume that (1.13) and (1.16) hold. Let (u,v) be the corresponding solution to (1.1)
defined on the maximal time interval (—7_,T). We only show that Ty < oo since the one for T_ < oo is
similar. Assume by contradiction that 7'y = co. By Lemma 5.1, we have for ¢ > 0 sufficiently small, there
exists ¢ = ¢(g) > 0 such that

G(u(t), u(t)) + eK (u(t),v(t)) < —c (5.10)
for all t € [0,00). On the other hand, by Lemma 3.10, we have for all ¢ € [0, c0),
%M@R(t) < 8G(u(t), v(t) + CR2K (u(t), o(t)) + CR2, (5.11)

where g is as in (3.9) and M, (¢) is as in (3.3). It follows from (5.10) and (5.11) that for all ¢ € [0, 00),
d

ﬁMwR(t) < —8¢ — 8K (u(t),v(t)) + CR2K (u(t),v(t)) + CR™2.

By choosing R > 1 sufficiently large, we get

d
g%ﬂ4¢R

for all ¢ € [0,00). Integrating the above inequality, we see that M, (t) < 0 for all t > ¢, with some to > 0
sufficiently large. We infer from (5.12) that

() < —dc — 4K (u(t), v(t)) (5.12)

t
M, (1) < —de / K (u(s), v(s))ds (5.13)
to
for all ¢ > t5. On the other hand, by the Holder’s inequality and the conservation of mass, we have
|Me ()] < ClIVer|Le (IVu@)llLzllu@)]2 + [[Vo@)llL2llo()]]L2)
< Clpr, M3y (uo, vo)) v/ K (u(t), v(t)). (5.14)
From (5.13) and (5.14), we get
t
M) < =A [ [Myn(s)ds (515)
to
for all t > ¢y, where A = A(e, or, M3+ (uo,v0)) > 0. Set
t
2(t) = | |Myy(s)ds, t>to. (5.16)
to

We see that z(t) is non-decreasing and non-negative. Moreover,
2 (t) = My, (t)]> > A%22(t), Vt>t.

For t; > tg, we integrate over [t1,t] to obtain

Z(tl)
t) > Vt >t
W2 gy e
This shows that z(t) — +o00 as t /' t*, where
1
=t — > 1
VA T

In particular, we have
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as t /' t*, hence K(u(t),v(t)) — 400 as t /' t*. Thus the solution cannot exist for all time ¢ > 0. The
proof is complete. (I

APPENDIX A. PROOFS OF LEMMAS 2.1, 2.2, 2.3, AND 2.4

Let I C R be an interval containing zero. We recall that a pair of functions (u,v) € C(I, H}(R3)) x
C(I, HY(R3)) is called a solution to the problem (1.1) if (u,v) satisfies the Duhamel formula

(u(t),v(t)) = (S1(t)ug, Sa(t)vo) + i/o (S1(t — 8)F1(s), Sa(t — s)Fa(s))ds

for all t € I, where

Fi(s)i= (Gl + 20 ) ute) + 3751 .

1
Fy(s) = (9fo(s)]* + 2[u(s)[*) v(s) + 5u’(s).
The linear operators S; and Ss introduced in (1.9) satisfy the following dispersive estimates: for j = 1,2,
and 2 <r < o0,
_(3_3 T,

18; O Fllr@s) S 107 C DN Al @y, f € L7 (@) (A.2)
for all t # 0, which in turn yield the following Strichartz estimates: for any interval I C R and any Strichartz
L?-admissible pairs (¢q,7) and (m,n), i.e., pairs of real numbers satisfying

2 3 3
-+-==, 2<r<6. (A.3)
q r 2

we have, for j = 1,2,

where (m,m’) and (n,n’) are Holder conjugate pairs. We refer the readers to the boos [7,22,31] for a
general treatment of the Strichartz estimates for NLS equations.

I1S; () fll s rxesy S Ifllceme),  f € L2(R),

t
/O Sj(t — s)F(s)ds S ”FHLT'L;’(IX]N)’ FelLi Ly (Ix Rd),

LILE (IXR3)

We are ready to prove Lemma 2.1.

Proof of Lemma 2.1. From the Duhamel formula, we have
t

(u(t), v(1)) = (S1(t = TYu(T), Sa(t — TYo(T)) +i /T (Si(t— )Fi(s), Sa(t — 5)Fa(s))ds.

By using Sobolev embedding, Strichartz estimates, and interpolation, we get

[ (uy )| a8 x 2418 ([1,00) xr3) < [[(S1(t = T)u(T), S2(t — T)v(T) | L6 x L4L8 ([1,00) xB3)

C||(Fy, F: 6 6
+CUR, Q)Hngj’gfoWj’g([T,oo)xm)

< (St = T)w(T), Sa(t — T)o(T)) | L8 x £3L8 ((7,00) xB3)
+C| (UvU)||%§Lng§Lg([T,oo)xR3)||(U,U)||L§OLngg°Lg([T,oo)xR3)

(
< (St = T)w(T), Sa(t — T)o(T)) | L6 x £3L8 ((7,00) xB3)

2
FE (u, ) L1 16 w1415 ((7,00) x5
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Choosing €;,q = €5q(F) > 0 small enough, the standard continuity argument implies that if (2.1) holds,
then

yUNILALS x LALS (IT,00) xR3) < €sd-
1y )l n <Se

Now, for 0 < 7 < t, we have
[[(S1()ult), S2(t)v(t)) — (S1(T)u(t), S2(T)v(T)) | 1> mt
:’/ (S1(—5)F1(s), Sa(—s) Fa(s))ds

< ||(Uav)||2LngngLg [T,t]st)H(% V)|l Lge Hix Lo (7,1 xR2) — O

HlxH!

as 7, t — oo. Therefore, {(S1(t)u(t), S2(t)v(t))},_,., is a Cauchy sequence in H' x H'. In particular, the

solution (u,v) scatters in the positive time. O
In the following, we provide the proofs for Lemmas 2.2, 2.3, and 2.4.

Proof of Lemma 2.2. By the sharp Gagliardo-Nirenberg inequality (1.15), K(|f],|g]) < K(f,g), and (2.3),
we get

K(f7 g)MS’Y(fvg)
K(¢7 ¢)M3’Y(¢7 1/))

PUrllah < 5 ( )éK(f,g)-

Thus

IN

1
PAfL1gh) < 5, nf | K(¢,9) M3 (¢,)

1. K (e f, e g) M, (f 9))2 : - -
— inf ’ AL x inf K(e®f &2 g),
BT < K(¢7¢)M3w(¢,¢) £1,62€R3 ( ! 9)

which implies (2.4). O

inf ((K<eixfl /, eix.&g)MS’Y(fv 9) ) : K(eix~§1 1. eix~€2g)>

N

Proof of Lemma 2.3. By (1.15) and p > 0, we have

Nlw

%K(U(t)» v(t)) My (u(t), v(t)) = Copt (K (u(t), v(t)) May (u(t), v(t)))
G (K (u(t), v(t)) May (u(t), v(t)))

for all t € (=T, T,), where G()) := 3\ — CoptA2. Using (2.3), we compute

By (u(t), v(t)) May (u(t), v(t)) >

G (K (8,) My (9, ) = £ K (6, 9) My (6,) = 5y (6,) M (6,0).
By the conservation of mass and energy, and (1.13), we have

G (K (u(t), v(t)) Mz, (u(t), v(t))) < Ej(u(t), v(t)) May (u(t), v(t))
EH

(w0, v0) M3 (ug, vo)

< 5 B (6,6) My (6,0) = G (K (6, 9) My (6,))
for all t € (=T_,T). Using this and (1.16), the continuity argument yields
K (u(t),v(t)) Mz (u(t), v(t)) < K(¢, 1) Msy (4, ¢) (A.4)
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for all ¢t € (—T_,T4). The blow-up alternative then implies that T = Ty = oo. Next, by (1.15), (2.3),
and (A.4), we have

1

Pl o0) < 3 (ORI k). o) < JGun.0)
for all t € R. It follows that
B (1), v(8)) = & (K(u(t), o)) + My (u(0), o(0) — Pluft), v(t)) > LE@(®) o) (A5)

which, by the conservation of energy, implies (2.5).
From (A.5) and (2.3), we see that

K (u(t), v(t) My (u(t), v(t)) < 6E,(u(t), v(t)) Mz (u(t), v(t))
_ 6( p(u(t), v(t)) Msy (u(t), v(t))

Esy(6,9) Msy(9,)
_ <E37( u(t), v(t)) Mz, (u(t), v(t))

553(0,0) M3+ (6, )

for all ¢ € R. On the other hand, by (1.13), there exists § = §(ug, vo, ¢, ) > 0 such that

) Esy (¢, 9) M3y (¢, 9) (A.6)

) K(6,9)Ma (6, 9)

E, (uo, vo) Mz (ug,v) < (1 — )%E?)w((ﬁ’sty(fb’ V).
Then from (A.6) and the conservation laws of mass and energy, we obtain
K (u(t), v(8)) M, (u(t),0(8)) < (1 - 8K (6,) Mo (6, )
for all ¢ € R. The proof is complete. O

Proof of Lemma 2.4. 1t follows from straightforward calculations that |[Tgf||2. < | f]|2. and

/ T2, (2)|V f () e = / IV (Ca(e) f(2))Pda + / Pr(2)ATR(2)|f () Pdr, f e H.

As ||ATg| L~ < R™2, we infer from (2.6) and the conservation of mass that there exists R = R(6, ug, vo, ¢, 1)
sufficiently large so that

K (Cal- = 2)ult). Cal- = 2)0(0) May (Tr( = a0, Tl = 000) < (1 § ) K(6. )Moy (0,0

for all ¢ € R. The refined Gagliardo-Nirenberg inequality (2.4) implies that

P(Tr(-—2)|u(t),Tr(- — 2)|v(t)]) < % ( — g) ’ K (FR(. — Z)eiw'flu(t),I‘RC _ Z)eiz~£2v(t))

[N

which implies (2.8) with v:=1— (1 —2)* > 0. O

APPENDIX B. VIRIAL IDENTITIES
This Appendix is devoted to the proof of the virial identities in Section 3.
Proof of Lemma 3.1. Notice that

O (|[u)® + vB[v]?) = 2Re(Tdsu + vBT0v). (B.1)
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Moreover, multiplying the equation (1.1) with (@, 57) and taking the imaginary part, we have

Re(udyu + vp00ww) = — Im(uAu 4+ fvAv) — Im (1u3v + 6u3v>

3 9
) 5 (B.2)
Combining (B.1) and (B.2), we infer that
Or(|ul® +~BJv|?) = —2Im(TAu + BTAV) + % <1 - g) Im(u37)
B N _ 2 B 3
= -2V - Im(uVu) — 28V - Im(vVv) + 3 1- 3 Im(u’v),
which implies (3.1). On the other hand, we rewrite (1.1) as
iOu+Au = H,
o+ Av = G,
where H = Hy + Hy + H3 and G = G1 + G5 + G3 with
1 1
Hi =u, Hy = — (9u|2 + 2v|2) u, Hz = —gﬂ%,
1
G1 = pv, Gy = —(9v|* + 2[u|*)v, Gy = —§u3.
It follows from straightforward computations that
1
O Im(WOpu + y00kv) = iakA(|u|2 + [v]?) — 20; Re(9; @0k u + 0;00xv)
+(2Re(HOku) — Ox Re(Hu)) + (2 Re(GOgv) — Ok Re(Gv)). (B.3)

A simple calculation leads to
(2Re(H10ku) — O Re(Hyu)) + (2Re(G10kv) — O Re(G1v)) = 0.
Moreover, since
O ([u?[v]?) = 2 Re(@dxu)|v|? + 2 Re(To)v)|ul?
On(Jul*) = 4lul* Re(@dru),  9i(lv|*) = 4v]" Re(@drv),
we obtain that
(2 Re(Hahu) — O Re(Hau)) + (2 Re(Gadyv) — O Re(Gav)) = %W + oloft + 2Pl
Finally, as
O Re(@v) = 3Re(u?vdyu) + Re(@®oyv),

it follows that

(2 Re(H3ku) — g Re(Fau)) + (2 Re(Gadyv) — Op Re(Gav)) = gak Re(@0).
Collecting the above identities, we obtain
(2Re(HOu) — O Re(Hu)) + (2Re(GOv) — 9x Re(Gv)) = 20k N (u,v),

which, together with (B.3), shows (3.2). The proof is complete. O
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Proof of Corollary 3.3. The proof of the identity (3.4) is straightforward. The relation (3.5) comes from
the fact that

for

T Ok XXk T xk
8j=—J@T, 8J2k=<]— ]3 )& J 82
r r r

radial function. Hence

Re / Ppl)05(t, 2)Dyult, x)dx
_ /@\W(t,x)ﬁdw/ (“":S") _ “";@) - Vau(t, 2)|2dx,

where r = |z|, which in turn implies (3.6).

whi

(1]
2]
(3]

(4]
(5]

(6]
(7]
(8]
9
[10]
(11]
[12]
[13]

[14]

If o is radial and (u,v) as well,

% /AQ )(Jul® + [v] )(t,w)d$+4/<p”(r)(\WI2 + Vo) (¢, 2)dx

—4/Agp(x)N(u,v)(t,x)dx.

From the choice of the function o(x) = ¥(y) + 22, we have

% /A2 VJul? + o) (¢ 2)dz + 4Re/ V) (0,0 + D;00,0) (¢, 2)d
+8 ([0-u(®) |72 + 10:0(1)]I72) — 8P (u(t), /A;ﬂ/) (u, v)(t, z)dx
ich in turn gives (3.7). O
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