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Università di Pisa

claudio.bonanno@unipi.it

June 25, 2026



2



Contents

Preface 5

1 Introduction and basic concepts 7

1.1 Dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 Basic notions . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

I Topological dynamics 21

2 Continuous-time dynamical systems 23

2.1 Linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3 Integrals of motion and invariant sets . . . . . . . . . . . . . . 38

2.4 Motion in the plane and periodic orbits . . . . . . . . . . . . 46

2.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3 Discrete-time dynamical systems 61

3.1 Stability in one dimension . . . . . . . . . . . . . . . . . . . . 62

3.2 Existence of periodic orbits in one dimension . . . . . . . . . 65

3.3 Topological chaos . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.4 Systems in dimension greater than one . . . . . . . . . . . . . 71

3.5 Smale-Birkhoff theory . . . . . . . . . . . . . . . . . . . . . . 79

4 Circle homeomorphisms 87

4.1 Rotation number . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2 Regularity of the conjugacy . . . . . . . . . . . . . . . . . . . 107

3



4 CONTENTS

5 Twist maps on cylinders 115
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Preface

This manuscript contains the notes of the courses in dynamical systems
which I have given at the University of Pisa in the last years. Maybe, in the
future, it will also contain an organized exposition of (part of) my research
on the subject.

I have included the proofs of many results, classical and not. My main
fonts of inspiration have been [Aa97], [Ba00], [Gl94], [KH95]. When there
is no reference for a proof, either it comes from one of these books or I have
rearranged it. But I claim no authorship on any result, except for those
which are explicitly referenced to a paper of mine.

If you wish to send me a comment, a correction, or ask a question, please
send an email to claudio.bonanno@unipi.it.
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Chapter 1

Introduction and basic
concepts

1.1 Dynamical systems

Definition 1.1. A dynamical system is a triple (X,G,S) defined as the
action S of a semigroup G with identity e on a set X, that is a function

S : G×X → X

such that S(e, x) = x for all x ∈ X, and S(g1,S(g2, x)) = S(g1g2, x) for all
g1, g2 ∈ G and all x ∈ X.

In the following, the set X is assumed to be a locally compact connected
metric space.

Two main examples of dynamical system are given in the following def-
initions.

Definition 1.2. A discrete-time dynamical system is defined by the action
of N0 on a set X defined through the iterations of a map T : X → X by

S(n, x) = Tn(x),

where Tn = T ◦ · · · ◦ T is the composition of T with itself n times. A
discrete-time dynamical system is denoted by the triple (X,N0, T ).

If the map T is invertible, the system can be extended to the action
of the group Z on X. Examples of a discrete-time dynamical system are

7



8 CHAPTER 1. INTRODUCTION AND BASIC CONCEPTS

sequences defined by a recurrence relation. Let {xn} be a sequence of real
numbers defined by

x0 = a ∈ R, xn = f(xn−1) ∀n ≥ 1,

for a real-valued function f . This corresponds to the dynamical system
defined on X = R through the iterations of the map f : R → R, that is
xn = fn(a).

Definition 1.3. A continuous-time dynamical system is defined by the ac-
tion of R on a set X ⊂ Rn defined through the flow ϕt(x) of an autonomous
ordinary differential equation ẋ(t) = F (x), that is

S(t, x) = ϕt(x),

where ϕt(x) is the solution of an ordinary differential equation1 with initial
condition x, and ϕt : X → X is a continuous function. A continuous-time
dynamical system is denoted by the triple (X,R, ϕ).

Definiton 1.3 includes the case of non-autonomous differential equations
by using the standard procedure of “enlarging” the space of variables. Let
F : R × Rn → Rn define a time-dependent vector field F (t, x) on Rn and
consider the Cauchy problem{

ẋ(t) = F (t, x(t))

x(0) = x0

If we let y = (x, t) ∈ Rn+1 and F̃ (y) = (F (t, x), 1) be a vector field on
Rn+1, the previous non-autonomous Cauchy problem is equivalent to the
autonomous problem {

ẏ(t) = F̃ (y(t))

y(0) = (x0, 0)

A similar procedure can be applied to the case of sequences defined by a
recurrence relation depending on n.

Analogously, it is known that ordinary differential equations of order
greater than one can be reduced to systems of ordinary differential equations
of order one, hence again included in Definition 1.3. The same is true for the
discrete-time case. The following example shows how the procedure works.

1All ordinary differential equations we consider are assumed to have the property of
local uniqueness of solutions and time-interval of existence of solutions given by R up to
reparametrization.
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Example 1.1. Let us consider the sequence {xn} defined as follows

x1 = 0, x2 = 1, x3 = 1, xn = xn−1 + 2n−3 xn−2 + xn−3 ∀n ≥ 4.

We define the vector y
n
= (xn, xn−1, xn−2, n) ∈ R4. Then using the previous

recurrence we have

y
n+1

=
(
xn + 2n−2 xn−1 + xn−2 , xn , xn−1 , n+ 1

)
= T (y

n
) ∀n ≥ 3

with initial condition set to be y3 = (1, 1, 0, 3) and T : R4 → R4 defined by

T (a, b, c, d) =
(
a+ 2d−2 b+ c , a , b , d+ 1

)
.

The idea of an action of a semigroup on a set X can be used in more
abstract contexts. Here we show only one example of algebraic nature that
will be studied in more details in part IV of this book.

Example 1.2. Let X be a group, G be R, and consider the action S on X
given by multiplication for a one-parameter subgroup of X. For example, if
X = SL(2,R) the action of R defined by

S(t, x) = x

(
et/2 0

0 e−t/2

)
∈ SL(2,R)

represents the geodesic flow on the hyperbolic Poincaré half-plane.

1.2 Basic notions

Definition 1.4. Given a dynamical system (X,G,S), the orbit of a point
x ∈ X is the set O(x) := {S(g, x) : g ∈ G}.

For a discrete-time dynamical system (X,N0, T ), the orbit of a point
x ∈ X is the set

O(x) = {Tn(x) : n ∈ N0} . (1.1)

If the map T is invertible, then we can consider the action of the group Z
on X and define the forward orbit and backward orbit of a point x ∈ X by

O+(x) := {Tn(x) : n ≥ 0} , O−(x) := {Tn(x) : n ≤ 0} .

The orbit O(x) is then given by O+(x) ∪ O−(x).
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For a continuous-time dynamical system (X,R, ϕ), the forward orbit and
backward orbit of a point x ∈ X are defined by

O+(x) :=
⋃
t≥0

ϕt(x), O−(x) :=
⋃
t≤0

ϕt(x), (1.2)

and the orbit is O(x) = O+(x) ∪ O−(x).

Definition 1.5. Given a dynamical system (X,G,S), the centralizer of a
point x ∈ X is the sub-semigroup

C(x) := {g ∈ G : S(g, x) = x} .

A point x is called fixed if C(x) = G.

For a discrete-time dynamical system (X,N0, T ), a point x ∈ X is fixed
if and only if T (x) = x. If x is not a fixed point but its centralizer is not
trivial, x is called periodic and the minimum positive element in C(x) is the
minimal period of x. For a fixed point O(x) = {x}, and for a periodic point
of minimal period p

O(x) =
{
x, T (x), T 2(x), . . . , T p−1(x)

}
.

For a non-invertible map there might be points which are not periodic but
are pre-images of a periodic point. For such points x, the centralizer con-
tains only the identity of G, but there exists k ≥ 1 such that C(T k(x)) has
a minimum positive element p. These points are called pre-periodic with
minimal period p.

For a continuous-time dynamical system (X,R, ϕ) given by the solutions
to ẋ(t) = F (x), a point x ∈ X is fixed if and only if F (x) = 0. If x is not
a fixed point but its centralizer is not trivial, x is called periodic and the
minimum positive element in C(x) is the minimal period of T . A periodic
point x of minimal period T > 0 satisfies

ϕt+T (x) = ϕt(x), ∀ t ∈ R,

and
ϕt+s(x) ̸= ϕt(x), ∀ s ∈ (0, T ), t ∈ R.

For a fixed point O(x) = {x}. For a periodic point of minimal period T

O(x) =
⋃

0≤t≤T

ϕt(x),

and its orbits is called a periodic orbit of period T .
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Definition 1.6. Given a dynamical system (X,G,S), a set A ⊂ X is called
invariant if for each x ∈ A it holds S(g, x) ∈ A for all g ∈ G.

For a continuous-time dynamical system one can introduce a weaker
notion. We say that a subset A of X is forward invariant if for each x ∈ A
it holds ϕt(x) ∈ A for all t ≥ 0. Analogously A is called backward invariant
if the same relation holds for all t ≤ 0. By definition, A is invariant if the
previous relation holds for all t ∈ R.

For a discrete-time dynamical system (X,N0, T ), we consider more sit-
uations. We say that a subset A of X is forward invariant if T (A) ⊆ A,
A is called fully invariant if T (A) = A, A is called completely invariant if
T−1(A) = A. The different notions are useful in different approaches.

Finally, if the action of the group G on X can be interpreted in terms of
time evolution, we can introduce notions about the forward and backward
evolution of an orbit. In more general situations, one studies the set of all
the possible limit points of an orbit as the sequence of the elements of the
group acting varies.

Definition 1.7. For a discrete-time dynamical system (X,N0, T ), the ω-
limit set of a point x ∈ X is the set

ω(x) := {y ∈ X : ∃nk → +∞ such that Tnk(x) → y as k → ∞} .

Definition 1.8. For a continuous-time dynamical system (X,R, ϕ), the α-
limit set of a point x ∈ X is the set

α(x) :=
{
y ∈ X : ∃ tk → −∞ such that ϕtk(x) → y as k → ∞

}
.

Analogously the ω-limit set of a point x ∈ X is the set

ω(x) :=
{
y ∈ X : ∃ tk → +∞ such that ϕtk(x) → y as k → ∞

}
.

Proposition 1.1. Given a continuous-time dynamical system (X,R, ϕ), let
x ∈ X such that O+(x) is bounded. Then the set ω(x) is non-empty, compact
and invariant. If O−(x) is bounded, the same holds for the set α(x).

Proof. Given a point x with bounded forward orbit, let us consider a strictly
increasing sequence {τj}∞j=0 of times in R+ with τ0 = 0 and τj → +∞, and
let xj := ϕτj (x). We first show that

ω(x) =
∞⋂
j=0

ĞO+(xj). (1.3)
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By the definition of the ω-limit set, it is immediate that ω(x) ⊂ ĞO+(xj) for

all j ≥ 0. Hence it remains to show that if y ∈ ∩∞
j=0

ĞO+(xj) then y ∈ ω(x).

By definition of closure of a set, for all j ≥ 0 there exists a sequence {ξj
n
}n of

points in O+(xj) such that ξj
n
→ y, hence there exists a sequence {tjn}n such

that ϕ
tjn
(xj) → y. In particular we have proved that there exists a strictly

increasing diverging sequence {τj}∞j=0 and sequences {tjn}n such that

ϕ
τj+tjn

(x) −−−→
n→∞

y, ∀ j ≥ 0.

From {τj + tjn}j,n we can then extract a diverging sequence {t̃k}k such that
ϕt̃k(x) → y as k → ∞. Hence y ∈ ω(x), and (1.3) is proved.

The first properties of ω(x) follow from (1.3). The sets { ĞO+(xj)}j define
a decreasing sequence of non-empty closed sets, which are bounded because
O+(x) is bounded. Hence ω(x) is a non-empty compact set. It remains to
prove that it is invariant.

Let y ∈ ω(x), and let {tk}k be a positively diverging sequence such that
ϕtk(x) → y as k → ∞. By the properties of a continuous-time dynamical
system

ϕt+tk(x) = ϕt(ϕtk(x)) −−−→
k→∞

ϕt(y), ∀ t ∈ R.

Hence we have shown that ϕt(y) ∈ ω(x) for all t ∈ R. This concludes the
proof for the ω-limit set.

The proof for the α-limit set follows along the same lines.

Proposition 1.2. Given a discrete-time dynamical system (X,N0, T ), let
x ∈ X such that O(x) is bounded. Then the set ω(x) is non-empty and
compact. If T is continuous then ω(x) is fully invariant.

Proof. We can repeat the proof of Proposition 1.1 to show that the ω-limit
set is non-empty and compact. In particular the proof follows from the
analogue of (1.3).

Let T : X → X be a continuous map with respect to a topological struc-
ture on X. Then given y ∈ ω(x), and being {nk}k the diverging sequence
of naturals for which Tnk → y as k → ∞, we have

Tnk+1(x) = T (Tnk(x)) −−−→
k→∞

T (y).

Hence T (y) ∈ ω(x), and ω(x) is a positively invariant set. On the other
hand, since O(x) is bounded, the sequence {Tnk−1(x)}k admits a convergent
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sub-sequence {Tnkj
−1

(x)}j with limit point z. Hence z ∈ ω(x). Again by
continuity of T we find

T (z) = T
(

lim
j→∞

T
nkj

−1
(x)
)
= lim

j→∞
T
nkj (x) = y

since nkj is a subsequence of nk. Hence y ∈ T (ω(x)), and ω(x) is then fully
invariant.

We remark that the ω-limit set is not completely invariant in general. It
is sufficient to think of the case in which the ω-limit set is a fixed point with
more than one pre-image.

Definition 1.9. For a continuous-time dynamical system (X,R, ϕ), the or-
bit of a point y is called homoclinic if there exists a fixed point x such
that

α(y) = ω(y) = {x}.
If there exist two distinct fixed points x1, x2 such that

α(y) = {x1} and ω(y) = {x2},

then the orbit of the point y is called heteroclinic.

Definition 1.9 can be adapted verbatim to the case of a discrete-time
dynamical system (X,N0, T ) with invertible T .

1.3 Examples

Here we collect the main examples of discrete dynamical systems that will
be used in the following.

Example 1.3 (The roots). Sequences defined by a recurrence are the first very
basic example of a discrete-time dynamical system. Let c > 0, k ∈ [1, 3],
and consider the sequence {an} defined by{

an+1 =
1
2

(
an + c

akn

)
, ∀n ≥ 0

a0 ∈ (0,+∞)

It is an exercise to prove that for all a0 ∈ R+ it holds limn an = c
1

k+1 . This
can be read as a result about the asymptotic behaviour of the orbits of
points in R+ for the dynamical system defined by the map

Tc,k : R+ → R+, Tc,k(x) =
1

2

(
x+

c

xk

)
.

In fact one can prove that ω(x) = c
1

k+1 for all x ∈ R+.
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Example 1.4 (Rotations of the circle). Let us consider the action of Z on S1

given by the rotation of an angle 2πα, for α ∈ R, that is

S(n, z) = z e2πinα ∈ S1, ∀ z ∈ S1, n ∈ Z.

By writing S1 = {z ∈ C : z = e2πix, x ∈ R}, we make the identification
of S1 with [0, 1]/(0 ∼ 1), the unit interval with end points identified. The
rotation of angle 2πα can then be written as a map on S1 as

Rα : S1 → S1, Rα(x) = {x+ α}. (1.4)

Proposition 1.3. If α is rational, all orbits of Rα are periodic of the same
minimal period. If α is irrational, all orbits of Rα are dense.

Proof. If α = p/q ∈ Q with (p, q) = 1, then Rq
α(x) = {x + qα} = x for all

x ∈ [0, 1). In addition, if n ∈ N and n < q, we can write nα = np/q = m+r/q
with m ∈ Z and r/q ∈ Q ∩ (0, 1). Hence Rn

α(x) = {x+ r/q} ≠ x. It follows
that all orbits are periodic of the minimal period q.

Let’s now assume that α is irrational. Since Rα is an isometry, it is
enough to show that one orbit is dense. In fact, we prove that forward
orbits are dense by considering {Rn

α(0)}n≥0.
Let x ∈ S1, then we show that for any ε > 0 there exists n̄ such that

Rn̄
α(0) ∈ (x − ε , x + ε). First, by Proposition A.3, we find p, q ∈ N such

that 0 < qα − p < ε. This means that Rq
α(0) ∈ (−ε, ε). If we now consider

the points {k(qα − p)}k≥0, it follows that there exists K > 0 such that the
points {k(qα − p)}0≤k≤K create a partition of [0, 1] into intervals of length
less than ε. Therefore for all x ∈ S1

min
0≤k≤K

d(x, k(qα− p)) < ε

and the minimum is achieved for some value k̄. Hence choosing n̄ = k̄q the
proof is finished.

A consequence of the proposition is that if α is rational, then all points
have their own periodic orbit as α-limit and ω-limit sets. Instead, if α is
irrational, then α(x) = ω(x) = S1 for all x.

Example 1.5 (The Tent maps). It is a family of maps

Ts : [0, 1] → [0, 1] with s ∈ (0, 2]

defined as

Ts(x) =

{
s x, if x ∈ [0, 12 ];

s (1− x), if x ∈ [12 , 1].
(1.5)
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Example 1.6 (The Logistic maps). It is a family of maps

Tλ : [0, 1] → [0, 1] with λ ∈ (0, 4]

defined as
Tλ(x) = λx (1− x). (1.6)

Example 1.7 (Linear endomorphisms of the circle). It is a family of maps

Tm : S1 → S1 with m ∈ N, m ≥ 2

where again we think of S1 as [0, 1]/(0 ∼ 1), defined as

Tm(x) = {mx}. (1.7)

Special cases are m = 2 which is also called the Bernoulli map and is related
to the binary expansion of real numbers, and m = 10 which is related to the
decimal expansion of real numbers.

Example 1.8 (Symbolic dynamics). We now introduce an abstract system.
Let A be a finite or countable alphabet and denote by N ∈ N ∪ {∞} the
number of symbols. Let ΩA be the set of all infinite strings with symbols
from A, that is

ΩA = AN0 = {ω = (ωi)i∈N0 : ωi ∈ A ∀ i ∈ N0} .

If N <∞, the space X is compact when endowed with the product topology
or with the metric

dθ(ω, ω̃) := θmin{i∈N0 :ωi ̸=ω̃i} , for a fixed θ ∈ (0, 1). (1.8)

The space ΩA is totally disconnected and a basis of the product topology is
given by the cylinders: for k ∈ N, i1, i2, . . . , ik ∈ N0, and a1, a2, . . . , ak ∈ A,
we define

Ci1,i2,...,ik(a1, a2, . . . , ak) :=
{
ω ∈ ΩA : ωij = aj ∀ j = 1, . . . , k

}
.

In particular, we use the notations C(a) = C1(a) and

Ci1,i2,...,ik(ω) = Ci1,i2,...,ik(ωi1 , ωi2 , . . . , ωik)

for a fixed ω ∈ ΩA.



16 CHAPTER 1. INTRODUCTION AND BASIC CONCEPTS

On ΩA we consider the discrete dynamical system given by the action of
the continuous map

σ : ΩA → ΩA, (σ(ω))i = ωi+1 ∀ i ∈ N0.

The system (ΩA,N0, σ) is called the (one-sided) full shift on A.
In some situations it is useful to consider a sub-system of the full shift.

A first easy example is given by considering infinite strings which cannot
contain a given set of words of finite length. For example, let M = (mij) ∈
M(N × N, {0, 1}), a N × N matrix with coefficients in the set {0, 1} and
rows and columns indexed by A. We set

ΩA,M :=
{
ω ∈ AN0 : mωi ωi+1 = 1 ∀ i ∈ N0

}
,

that is, the set ΩA,M contains the infinite strings in AN0 in which the symbol
a ∈ A may be followed by the symbol b ∈ A iff mab = 1. It is immediate
to verify that ΩA,M is forward invariant for the action of σ and it is fully
invariant if for each b ∈ A there exists a ∈ A with mab = 1. Hence we can
restrict the action of σ to ΩA,M , and the dynamical system (ΩA,M ,N0, σ) is
called subshift of finite type on A.

Finally, by considering bi-infinite strings AZ, one can consider the action
of σ onAZ and onAZ

M . In this case the map σ is invertible and the dynamical
systems (AZ,Z, σ) and (AZ

M ,Z, σ) are called two-sided full shift and subshift
of finite type, respectively.

Example 1.9 (Toral translations). Let Td := Rd/Zd be the d-dimensional

torus. Given a vector v ∈ Rd, the affine map Rd ∋ x 7→ x + v may be
projected onto the continuous automorphisms of Td given by

Td ∋ x 7→ Tv(x) := x+ v (mod Zd).

Proposition 1.4 (see [KH95]). Given v = (v1, . . . , vd), all orbits of Tv are
dense if and only if the d+ 1 numbers v1, . . . , vd, 1 are independent on Z.

Example 1.10 (Toral automorphisms). Let T2 := R2/Z2 be the two dimen-
sional torus. Given a matrix A ∈ M(2 × 2,Z) with det(A) = 1, the linear
map R2 ∋ x 7→ Ax may be projected onto a continuous automorphisms of
T2 given by

T2 ∋
(
x
y

)
7→ TA(x, y) := A

(
x
y

)
(mod Z2).
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The most famous example is the so-called Arnold’s Cat map, which is the
toral automorphism given by the matrix

A =

(
2 1
1 1

)

Example 1.11 (The Standard map). Let us consider an electron with charge e
moving horizontally in a cyclotron thanks to the action of a vertical magnetic
field of constant modulus B, and subject to a time-dependent voltage drop
V sin(ωt) across a narrow azimuthal gap. Let E denote the energy of the
electron, then the period of rotation is given by T = 2π E

eBc . We measure
energy and time (E, t) just before every voltage drop, hence after one circuit
we obtain

E′ = E − e V sin(ωt) , t′ = t+
2π

eBc
E′ .

Using the variables x := ω
2π t and y := ω

eBcE, and setting k := 2π ωV
Bc , we

have defined the map

T̃ : R× R → R× R , T̃ (x, y) =
(
x+ y − k

2π
sin(2πx) , y − k

2π
sin(2πx)

)
.

Note that T̃ (x + 1, y) = T̃ (x, y) + (1, 0), hence given the projection π :
R× R → S1 × R defined as π(x, y) = (x− ⌊x⌋, y), the map

T : S1×R → S1×R , T (x, y) =
({
x+y− k

2π
sin(2πx)

}
, y− k

2π
sin(2πx)

)
(1.9)

satisfies π ◦ T̃ = T ◦ π. Hence T̃ is a lift of T . The map T is known as the
(Chirikov) Standard map.

Example 1.12 (Bouncing balls). The Standard map of Example 1.11 is an
example of a “kicked rotor”. Another example of this kind of system is
obtained by considering a ball moving under the action of a conservative
vertical force field and bouncing on a moving racket.

For simplicity, we assume that the ball has unit mass and consider the
case of vertical force field of constant magnitude g pointing downwards.
We let (0, y(t)) denote the position of the ball in R2 at time t, and the
force field be given by F⃗ (x, y) = (0,−g). Let (0, f(t)) be the position of
the racket at time t, with f(t) be a 1-periodic differentiable function. In
addition, we assume that the racket has infinite mass and that the bounces
of the ball on it are elastic. In particular, if z(t) := y(t) − f(t) then the
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momentum conservation law implies ż(t−) = −ż(t+) at a bouncing time t,
with ż(t±) denoting the derivative immediately after and before the bounce,
respectively. Hence,

ẏ(t−)− ḟ(t) = −ẏ(t+) + ḟ(t) ⇔ ẏ(t+) = 2 ḟ(t)− ẏ(t−) .

At this point, using the fact that between two bounces the motion is Hamil-
tonian, we can reconstruct the motion of the ball by the sequence (tk, vk) of
bouncing times tk and velocities vk of the ball immediately after the bounce
at time tk.

We now make a further simplification. We assume that the racket hits
the ball always at the same height, so that ẏ(t−k+1) = −ẏ(t+k ) = −vk because
the motion of the ball is free between two consecutive bounces. In conclusion,
we obtain the following relations{

tk+1 = tk +
2vk
g

vk+1 = vk + 2ḟ(tk+1)

which define a discrete dynamical system (X̃, T̃ ) with X̃ = R× R+ and

T̃ : X̃ → X̃ , T̃ (t, v) =
(
t+

2v

g
, v + 2ḟ

(
t+

2v

g

))
.

Finally, since T̃ (t + 1, v) = T̃ (t, v) + (1, 0) by the periodicity of f , we can
project the system (X̃, T̃ ) to the system (X,T ), with X = S1 × R+ and

T (t, v) =
({
t+

2v

g

}
, v + 2ḟ

(
t+

2v

g

))
.

Example 1.13 (Birkhoff billiards). Let Ω ⊂ R2 be a strictly convex domain
with C3 boundary2. Let us normalize the set to |∂Ω| = 1 and fix the positive
orientation of the boundary.

The mathematical billiard is the continuous dynamical system given by
the frictionless motion of a pointwise ball inside Ω, with elastic specular
reflections at ∂Ω. The phase space is then given by Ω×S1, since the velocity
of the ball is preserved in modulus.

A convenient simpler description of the system is given by the Poincaré
map of the flow on the set ∂Ω × [0, π], described by the evolution of the
couples (position,angle) of the subsequent collisions of the ball with the

2Thanks to [Ha77] this assumption avoid accumulation of collision times.
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boundary of the set. For each collision, its position can be described by the
arc-length coordinate s ∈ S1 and its angle by the angle ϑ ∈ [0, π] between
the trajectory of the ball after the collision and the oriented tangent vector
to ∂Ω at the collision point. We have thus described a map

T : S1 × (0, π) → S1 × (0, π)

which can be continuously extended to S1 × [0, π] by T (s, 0) = (s, 0) and
T (s, π) = (s, π).

This map may be defined with some cautions for more general domains
Ω ⊂ R2 (see [CM06]).

Example 1.14 (Mechanics and Billiards). Let m1 and m2 be two distinct
point masses moving frictionless on the interval [0, 1], subject to perfectly
elastic collisions among them and with two infinite ideal walls at the ex-
tremes of the interval. Let x1, x2 ∈ [0, 1] with x1 ≤ x2, and v1, v2 ∈ R,
denote the positions and velocities of the masses, and introduce the vari-
ables q1 :=

√
m1 x1 and q2 :=

√
m2 x2, and u1 =

√
m1 v1 and u2 :=

√
m2 v2.

The invariances of the kinetic energy K and of the linear momentum P of
the system read in the new variables as

u21 + u22 = 2K ,
√
m1 u1 +

√
m2 u2 = P .

In the new variables, the configuration space is given by the triangle

A =
{
(q1, q2) ∈ R2 : q1 ≥ 0 , q2 ≤

√
m2 ,

√
m2 q1 ≤

√
m1 q2

}
.

A trajectory (q1(t), q2(t)) satisfies the following constraints:

q̇21(t) + q̇22(t) = 2K ∀ t

(hence the motion occurs with constant speed);

√
m1 q̇1 +

√
m2 q̇2 = P ∀ t

(hence the velocity vector of the motion has fixed scalar product with the
vector (

√
m1,

√
m2)).

These properties imply that the motion (q1(t), q2(t)) in A can be de-
scribed by the orbit of a mathematical billiard ball inside A.
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1.4 Exercises

1.1. Let T : [0, 1] → [0, 1] be defined by

T (x) =

{
1
2x, if x ∈ (0, 1];

1, if x = 0.

Show that for all x ∈ [0, 1] the ω-limit set ω(x) is non-empty but not forward
invariant.

1.2. In Example 1.14 let the masses move in [0,+∞), and consider the
motion with initial positions q1(0) < q2(0) and velocities u1(0) = 0 and
u2(0) = −1. If m2 ≥ m1, how many collisions among the two balls and
among mass m1 and the wall at x = 0 will occur? What happens if m2 =
100nm1?



Part I

Topological dynamics
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Chapter 2

Continuous-time dynamical
systems

In this chapter, we consider the continuous-time dynamical systems as de-
fined in Definition 1.3 with phase space X = Rn.

2.1 Linear systems

The simplest case to study is that of an ordinary differential equation with
linear vector field. Let A ∈M(n×n,R) be a real n×n matrix and consider
the ordinary differential equation ẋ = Ax. It is well known that the flow
is given by ϕt(x) = eAtx, and the behaviour of the orbits is determined by
the eigenvalues of A. We state a result in the case that all the eigenvalues
of A are simple, an analogous result holds counting the multiplicities of the
eigenvalues and using the Jordan normal form of A.

Theorem 2.1. Let A ∈M(n× n,R) be a real n× n matrix with k distinct
real eigenvalues λ1, . . . , λk, and m = 1

2(n − k) distinct couples of conjugate
complex eigenvalues aj ± i bj. Then there exists an invertible matrix P ∈
M(n× n,R) such that

P−1AP = Λ := diag
(
λ1, . . . , λk, B1, . . . , Bm

)
where

Bj =

(
aj −bj
bj aj

)
, ∀ j = 1, . . . ,m,

and the flow of the differential equation ẋ = Ax is given by

ϕt(x) = P eΛ t P−1 x

23
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where

eΛ t = diag
(
eλ1t, . . . , eλkt, etB1 , . . . , etBm

)
and

etBj = eajt

(
cos(bjt) − sin(bjt)

sin(bjt) cos(bjt)

)
, ∀ j = 1, . . . ,m.

Remark 2.2. Let us consider the case n = 2, 3, so that the matrix A can
only have multiple real roots. If n = 2 the possible Jordan normal form of
a matrix A with a double real eigenvalue λ are

Λ = diag
(
λ, λ

)
or

(
λ 1

0 λ

)
.

In the non-diagonal case, one writes Λ = λI +N , where N is the nilpotent
matrix

N =

(
0 1

0 0

)

for which N2 = 0. So that1 eΛt = eλt eNt. It follows that

eΛt = diag
(
eλt, eλt

)
or eλt

(
1 t

0 1

)
.

Analogously, in the n = 3 case, if A has eigenvalues with geometric multi-
plicities greater than or equal to 2, we are reduced to the previous case. If
A has an eigenvalue λ with geometric multiplicity 1 its Jordan normal form
is

Λ =


λ 1 0

0 λ 1

0 0 λ

 ,

and as before we write Λ = λI+N , where N is a nilpotent matrix such that
N3 = 0. Then

eΛt = eλt


1 t 1

2 t
2

0 1 t

0 0 1

 .

1Here we use the fact that the matrices I and N commute.
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In the case of linear ordinary differential equations it is also particularly
simple to find fixed points, periodic orbits, and invariant sets. First, using
Definition 1.5 we find

Proposition 2.3. The fixed points of the ordinary differential equation ẋ =
Ax are the points in the kernel of A.

In particular, the origin x0 = 0 is a fixed point for all A, and the other
fixed points come in linear subspaces of Rn. We’ll see that the origin plays
a special role in characterizing the dynamics of all the non-trivial orbits.

Concerning periodic orbits, it is straightforward from Theorem 2.1 that
they can exist only if there is a couple of conjugate complex eigenvalues
with null real part. If this holds, all orbits within the relative eigenspace are
periodic, as they are of the form etBx with a = 0.

In general, the space Rn can be written as the direct sum of generalised
eigenspaces of A, and according to the asymptotic behaviour of the orbits,
it makes sense to consider the following decomposition.

Definition 2.1. Let A ∈ M(n × n,R) be a real n × n matrix and let Eλ

denote the generalised eigenspace of an eigenvalue λ. We call:
Stable eigenspace of 0 the linear space Es(0) defined as

Es(0) := Span {v ∈ Eλ : ℜ(λ) < 0} ;

Central eigenspace of 0 the linear space Ec(0) defined as

Ec(0) := Span {v ∈ Eλ : ℜ(λ) = 0} ;

Unstable eigenspace of 0 the linear space Eu(0) defined as

Eu(0) := Span {v ∈ Eλ : ℜ(λ) > 0} .

Theorem 2.4. Let A ∈ M(n × n,R) be a real n × n matrix and consider
the ordinary differential equation ẋ = Ax. Then:

(i) n = dimEs(0) + dimEc(0) + dimEu(0);

(ii) the eigenspaces Es(0), Ec(0), Eu(0) are invariant;

(iii) the following dynamical characterisation holds:

Es(0) = {x ∈ Rn : ϕt(x) → 0 as t→ +∞} ;

Eu(0) = {x ∈ Rn : ϕt(x) → 0 as t→ −∞} .
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Proof. It is a simple application of Theorem 2.1.

Remark 2.5. It is interesting to notice that we haven’t given a dynami-
cal interpretation for the central eigenspace of 0. The reason is that if
dimEc(0) ̸= 0 we can find different behaviours for the orbits. Let us con-
sider the simple case n = dimEc(0) = 2 with λ = 0 being a double eigen-
value. Then there are two possibilities for the matrix A (up to use of the
Jordan normal form):

A = diag
(
0, 0
)

or

(
0 1

0 0

)
.

In the first case the flow is the identity, that is ϕt(x, y) = (x, y) for all (x, y) ∈
R2, whereas in the second case the flow is given by ϕt(x, y) = (x + ty, y)
for all (x, y) ∈ R2. Using Definition 2.2, in the first case (0, 0) is Lyapunov
stable and in the second case it is unstable.

Theorem 2.4 gives the characterisation of the dynamics with respect to
the fixed point 0. In particular if ker(A) = {0} and dimEc(0) = 0, all orbits
converge to 0, either for t → +∞ or for t → −∞. If instead the kernel of
A consists of a non-trivial linear subspace W with dimW = dimEc(0), it is
easy to see that the dynamics of non-fixed points is determined by that of
the points in the space W⊥.

Linear systems in the plane

In the case of linear systems in R2 it is possible to characterise the dynamical
properties of the system without explicitly computing the eigenvalues of the
matrix A. We also introduce a terminology for fixed points with different
local dynamics.

The nature of the origin 0 = (0, 0) as a fixed point of a system ẋ = Ax,
with x = (x, y) ∈ R2 is determined by the relation between the determinant
and the trace of A. Indeed the characteristic polynomial of A is

pA(λ) = λ2 − tr(A)λ+ det(A) ,

so that the eigenvalues are

λ± =
tr(A)±

√
tr2(A)− 4 det(A)

2
,
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and we distinguish different cases according to the sign of the determinant
of A and of the discriminant ∆ := tr2(A)− 4 det(A).

Case 1. det(A) > 0 and ∆ > 0. The matrix A has two real distinct
eigenvalues satisfying λ+ > λ− > 0 if tr(A) > 0, and λ− < λ+ < 0 if
tr(A) < 0.

In both cases the orbits are generalised parabola through 0, at which they
are tangent to the line generated by the eigenvector relative to eigenvalue
of smallest modulus. If tr(A) > 0, all orbits converge to 0 as t → −∞,
and the origin is called an unstable node. We also notice that in this case
Eu(0) = R2. If tr(A) < 0, all orbits converge to 0 as t → +∞, and the
origin is called a stable node. We also notice that in this case Es(0) = R2.

Note that 0 being a node is an open property since sufficiently small
perturbations of A don’t change the nature of the origin.

Case 2. det(A) > 0 and ∆ < 0. The matrix A has a couple of complex
conjugate eigenvalues λ± with ℜ(λ±) = 1

2 tr(A).

If tr(A) > 0 all orbits are spirals out of 0 and they are either clockwise
or anti-clockwise according for example to the sign of ẋ when y = 0. In this
case the origin is called an unstable focus and Eu(0) = R2. If tr(A) < 0
all orbits are spirals into 0 and as before they are either clockwise or anti-
clockwise. In this case the origin is called a stable focus and Es(0) = R2. If
tr(A) = 0 all orbits are concentric circles about 0 and again they are either
clockwise or anti-clockwise. In this case the origin is called a center and
Ec(0) = R2.

Notice that 0 being a focus is an open property. Instead 0 being a center
is a closed property and arbitrarily small perturbations of A may turn the
origin into an unstable or stable focus.

Case 3. det(A) > 0 and ∆ = 0. The matrix A has one double real eigenvalue
λ = 1

2 tr(A) ̸= 0.

If A is diagonalisable then the orbits lie on straight lines through 0. If
tr(A) > 0, all orbits converge to 0 as t → −∞, and the origin is called an
unstable star. We also notice that in this case Eu(0) = R2. If tr(A) < 0, all
orbits converge to 0 as t → +∞, and the origin is called a stable star. We
also notice that in this case Es(0) = R2.

If A is not diagonalisable then we use its Jordan normal form to under-
stand the behaviour of the orbits. The differential equation in normal form
reads {

ẋ = λx+ y

ẏ = λy
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so that there exists an invariant line, which is generated by the eigenvector
of A, and the behaviour of the orbits can be found by looking at the sign of
the two components of the vector field. If tr(A) > 0, all orbits converge to
0 as t → −∞, and the origin is called an unstable improper node. We also
notice that in this case Eu(0) = R2. If tr(A) < 0, all orbits converge to 0
as t → +∞, and the origin is called a stable improper node. We also notice
that in this case Es(0) = R2.

Both 0 being a star and being an improper node are closed properties.
An arbitrarily small perturbation can turn the origin into a focus or a node,
not changing the stability but the nature of the fixed point.

Case 4. det(A) < 0. The matrix A has a couple of distinct real eigenvalues
λ− < 0 < λ+.

In this case the orbits are generalised hyperbolae, and the origin is called
a saddle. It holds dimEu(0) = dimEs(0) = 1, and none of the orbits outside
the eigenspaces approaches the origin as t→ ±∞. Being a saddle is an open
property.

Case 5. det(A) = 0. The matrix A has two real eigenvalues, λ− = 0 and
λ+ = tr(A).

If tr(A) ̸= 0, then A is diagonalisable and there is a line of fixed points.
All the other orbits lie in straight lines which are parallel to the eigenspace of
λ+. If tr(A) = 0 we are reduced to the case of Remark 2.5 up to a change of
coordinates, hence either all points are fixed or there is a line of fixed points
and all other orbits lie in straight lines which are parallel to the eigenspace
of λ−.

Clearly, the properties of the origin considered in this case are closed
and can be changed by arbitrarily small perturbations.

2.2 Stability

Let ẋ = F (x) be an ordinary differential equation in Rn with flow ϕt(·).

Definition 2.2. A point x is Lyapunov stable if for all ε > 0 there exists
δ > 0 such that d(x, y) < δ implies d(ϕt(x), ϕt(y)) < ε for all t ≥ 0.

Remark 2.6. Show that it is necessary to introduce also the notion of orbital
stability.
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Definition 2.3. A point x is Lyapunov asymptotically stable if it is Lya-
punov stable and there exists δ > 0 such that d(x, y) < δ implies

d(ϕt(x), ϕt(y)) −−−−→
t→+∞

0 .

We call domain of asymptotic stability of x the set D(x) of points y for
which d(ϕt(x), ϕt(y)) → 0 as t → +∞. If D(x) = Rn we say that x is
globally Lyapunov asymptotically stable.

Remark 2.7. If in Definition 2.3 we drop the request that the point x is
Lyapunov stable, then x is called quasi-asymptotically stable. In this case
there exists a neighbourhood Bδ(x) so that d(ϕt(x), ϕt(y)) → 0 as t→ +∞
for all y ∈ Bδ(x), but the orbits of these points may go arbitrarily far from
that of x before convergence.

It is particularly important to study the stability of a fixed point x0 for
which ϕt(x0) = x0 for all t in Definitions 2.2 and 2.3.

Example 2.1. Let us consider the following differential equation in R2


ẋ = x− y − x(x2 + y2) + xy√

x2+y2

ẏ = x+ y − y(x2 + y2)− x2√
x2+y2

Using polar coordinates (ρ, θ) as shown in Section 2.4 (see (2.10)) with
x = ρ cos θ, y = ρ sin θ, we are reduced to the equation{

ρ̇ = ρ(1− ρ2)

θ̇ = 1− cos θ

It is now easy to determine the phase portrait of the equation and deduce
that (x0, y0) = (1, 0) is a quasi-asymptotically fixed point, but it is not
Lyapunov stable.

One first tool to study the stability of a fixed point is to look at the
linearisation of the vector field in the point.

Definition 2.4. A fixed point x0 of a C1 vector field F : Rn → Rn is called
hyperbolic if all the eigenvalues of the Jacobian matrix JF (x0) have real
part different from zero.
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Theorem 2.8 (Hartman-Grobman). Let x0 be a hyperbolic fixed point of
a C1 vector field F : Rn → Rn. Then there exists a neighbourhood U(x0)
and a homeomorphism h : U(x0) → Rn which sends orbits of the differential
equation ẋ = F (x) into orbits of the linear differential equation ẏ = JF (x0)y
without changing their direction of time parametrisation2. In particular the
homeomorphism h leaves invariant the stability properties of the fixed point
y
0
= 0.

Theorem 2.8 implies that we can characterise a hyperbolic fixed point x0
by looking at the linear system ẏ = JF (x0)y. In particular the qualitative
behaviour of the orbits in a neighbourhood of x0 coincides with that of the
orbits in a neighbourhood of y

0
= 0. However, in general, the regularity of

h in Theorem 2.8 does not increase by increasing the regularity of a general
F . Hence, the “shape” of the orbits may change under the action of h.

The situation is easier in dimension two. If x0 ∈ R2 is a hyperbolic fixed
point, then JF (x0) is in one of the cases 1-4 excluding case 2 with vanishing
trace. If we are not in case 3, the fixed point x0 can be characterised like
y
0
= 0 for ẏ = JF (x0)y. Hence we can talk about stable and unstable

nodes, stable and unstable foci, and saddles. See [Gl94, Section 5.2].

We now briefly discuss the problem of the regularity of h for F ∈ Cω.

Poincaré’s Linearisation Theorem

Let us consider a differential equation ẋ = F (x) in Rn for a real analytic
vector field F with a fixed point in 0. We then write

F (x) = JF (0)x+
∑
ℓ≥r

vℓ(x) (2.1)

for some r ≥ 2, where vℓ(x) denotes a homogeneous polynomial of degree ℓ.

Definition 2.5. An n-tuple λ = (λ1, . . . , λn) of complex numbers is reso-
nant if there exists m = (m1, . . . ,mn) ∈ Nn

0 such that

(m,λ) :=

n∑
k=1

mkλk = λs

for some s. The number |m| =
∑n

k=1mk is called the order of the resonance.

2A formal statement is that, if ϕt is the flow of the original system ẋ = F (x) and ψt

is the flow of the linear system ẏ = JF (x0)y, then for all x ∈ U(x0) we have h(ϕt(x)) =
ψt(h(x)) for all t ∈ R such that ϕt(x) ∈ U(x0).
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Definition 2.6. The Jacobian matrix JF (0) is called resonant if its eigen-
values form a resonant n-tuple.

Theorem 2.9 (Poincaré linearisation). If a real analytic vector field F in
Rn satisfies F (0) = 0 and JF (0) is diagonal and not resonant of any order
r ≥ 2, then there exists a formal change of coordinates y = h(x) such that
ẏ = JF (0)y.

Proof. Let the vector field F be written as in (2.1), and with standard
multi-vector notations let for µ = (µ1, . . . , µn) ∈ Nn

0

vr(x) =
∑
|µ|=r

aµ,r x
µ

be the smallest nonlinear term in F . Morevoer, by assumption we have
JF (0) = diag(λ1, . . . , λn).

Let us consider a change of coordinates y = h(x) of the form

h(x) = x+
∑
|µ|=r

βµ x
µ , (2.2)

we show that it is possible to choose {βµ} such that ẏ = JF (0)y+O(|y|r+1).
By repeating the argument for all nonlinear terms we prove the theorem.

Let y = h(x) with h(x) as in (2.2), and let h̃(x) := h(x) − x. Then for
all i = 1, . . . , n we have

ẏi = ẋi +
d

dt
h̃i(x) = ẋi +

∑
|µ|=r

βµ,i

(
n∑

k=1

µk
xµ

xk
ẋk

)
=

=λixi + (vr(x))i +
∑
|µ|=r

βµ,i

[
n∑

k=1

µk
xµ

xk
(λkxk + (vr(x))k)

]
+O(|x|r+1)

Now, using that we can write

xi = yi − h̃i(x) = yi −
∑
|µ|=r

βµ,i y
µ +O(|y|r+1)

for all i = 1, . . . , n, and recalling the expression for the term vr(x), we have

ẏi =λiyi −
∑
|µ|=r

λiβµ,iy
µ +

∑
|µ|=r

aµ,r,iy
µ +

∑
|µ|=r

βµ,i(µ, λ)y
µ +O(|y|r+1) =

=λiyi +
∑
|µ|=r

yµ [−λiβµ,i + aµ,r,i + βµ,i(µ, λ)] +O(|y|r+1)
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It is then clear that by choosing

βµ,i =
aµ,r,i

λi − (µ, λ)
, ∀i = 1, . . . , n , ∀µ ∈ Nn

0 , |µ| = r

the function defined in (2.2) is the change of variable we were looking for.
Note that we can choose the {βµ} as above thanks to the fact that JF (0)
is not resonant of order r.

If in Theorem 2.9 the Jacobian matrix is not diagonalisable the result
holds by more complicated computations.

Definition 2.7. An n-tuple λ = (λ1, . . . , λn) of complex numbers satisfies
the Siegel condition if there exist C, ν > 0 such that for all s = 1, . . . , n

|λs − (m,λ)| > C |m|−ν

for all m ∈ Nn
0 with |m| ≥ 2.

Theorem 2.10 (Poincaré-Siegel). Let F be a real analytic vector field in Rn

such that F (0) = 0 and JF (0) is not resonant of any order r ≥ 2. Let the n-
tuple λ ∈ Cn of eigenvalues of JF (0) satisfy one of the following conditions:
(i) ℜ(λi) < 0 for all i = 1, . . . , n;
(ii) ℜ(λi) > 0 for all i = 1, . . . , n;
(iii) λ satisfies the Siegel condition.
Then the formal change of coordinates y = h(x) obtained in Theorem 2.9 is
real analytic on some neighbourhood of 0.

For the proof we suggest to consult the theory of normal forms in [Ar88].

Example 2.2. We give an easy example to show that assumptions in Theorem
2.10 cannot be relaxed. Consider for (x, y) ∈ R2 the system{

ẋ = x

ẏ = 2y + x2

The origin 0 = (0, 0) is the unique fixed point with JF (0, 0) = diag(1, 2).
Hence the Jacobian matrix is resonant of order 2. The orbits of the system
leave on the line {x = 0} and on the curves {y = x2(log(|x|)+const)}, hence
they are not analytically conjugate to the orbits of the linearised system.
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Lyapunov functions

Given a real C1 function V (x), we introduce the notation V̇ (x) for its deriva-
tive along a vector field F . Namely

V̇ (x) := ⟨∇V (x) , F (x)⟩ (2.3)

Notice that V̇ (x) = d
dtV (ϕt(x))|t=0.

Definition 2.8. Let x0 be a fixed point of a vector field F : Rn → Rn. A
C1 real function V : U → R defined in a neighbourhood U of x0 is called a
Lyapunov function for x0 if:

(i) V (x) > V (x0) for all x ∈ U \ {x0};

(ii) V̇ (x) ≤ 0 for all x ∈ U .

If the function V : U → R satisfies (i) and

(ii)’ V̇ (x) < 0 for all x ∈ U \ {x0},

it is called a strict Lyapunov function for x0.

Theorem 2.11 (First Lyapunov stability theorem). Let x0 ∈ Rn be a fixed
point of a vector field F : Rn → Rn. If there exists a Lyapunov function for
x0, then x0 is Lyapunov stable.

Proof. Let V : U → R be the Lyapunov function for x0. Given ε > 0 such
that Bε(x0) ⊂ U , we let

m := min
∂Bε(x0)

V and Sm := {x ∈ Bε(x0) : V (x) < m}

By definition V (x0) < m, hence x0 ∈ Sm. Moreover by continuity there
exists δ > 0 such that Bδ(x0) ⊂ Sm. We now show that if y ∈ Bδ(x0) then
ϕt(y) ∈ Bε(x0) for all t ≥ 0.

Condition (ii) in Definition 2.8 implies that V (ϕt(y)) ≤ V (y) < m for all
t ≥ 0. We conclude that if there exists t0 > 0 such that ϕt0(y) ̸∈ Bε(x0), then
by continuity of the flow there exists t1 ∈ (0, t0) such that ϕt1(y) ∈ ∂Bε(x0).
This is a contradiction to the definition of m.

Theorem 2.12 (Second Lyapunov stability theorem). Let x0 ∈ Rn be a
fixed point of a vector field F : Rn → Rn. If there exists a strict Lyapunov
function for x0, then x0 is Lyapunov asymptotically stable.
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Proof. Let V : U → R be the strict Lyapunov function for x0. By Theorem
2.11 the fixed point x0 is Lyapunov stable. We now need to show that the
domain of asymptotic stability of x0 contains a ball Bδ(x0).

Let us fix ε > 0, and let δ > 0 be such that d(x0, y) < δ implies
d(x0, ϕt(y)) < ε for all t ≥ 0. Hence O+(y) ⊂ Bε(x0) for all y ∈ Bδ(x0), and
by Proposition 1.1 we have that ω(y) is a non-empty, compact, invariant
subset of Bε(x0) for all y ∈ Bδ(x0).

Let us fix y ∈ Bδ(x0). Condition (ii)’ in Definition 2.8 implies that
V (ϕt(y)) is a decreasing function of t, hence there exists

c := lim
t→+∞

V (ϕt(y))

But V |ω(y) ≡ c by continuity, in fact for all z ∈ ω(y) we have

V (z) = lim
k→∞

V (ϕtk(y)) = c

where {tk}k is the diverging sequence such that ϕtk(y) → z as k → ∞.
Finally, since ω(y) is invariant, we have V (ϕt(z)) = c for all t, which by

(2.3) implies V̇ (z) = 0 for all z ∈ ω(y). Hence ω(y) ⊂ {V̇ ≡ 0}, and by
condition (ii)’ ω(y) = {x0}.

We have thus proved that Bδ(x0) ⊂ D(x0).

Corollary 2.13 (La Salle’s Invariance Principle). Let x0 be a fixed point
of a vector field F : Rn → Rn. If there exists a Lyapunov function for x0
defined on a neighbourhood U of x0, then for all y ∈ U such that O+(y) is

contained in U and is bounded, we have ω(y) ⊆ {V̇ ≡ 0}.

Example 2.3. Let us consider the system in R2 given by{
ẋ = y

ẏ = −y3 − x− x3

The point (0, 0) is the only fixed point and it is not hyperbolic. Looking
for a Lyapunov function of the form V (x, y) = ax2 + bx4 + cy2 one finds
V̇ (x, y) = 2xy(a− c) + 2x3y(2b− c)− 2cy4. Hence

V (x, y) = 2x2 + x4 + 2y2

is a Lyapunov function for (0, 0), with {V̇ ≡ 0} = {y = 0}. Hence V is not a
strict Lyapunov function. By Theorem 2.11 we have that (0, 0) is Lyapunov
stable, and applying Corollary 2.13 we also obtain that there exists δ > 0
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such that for all y ∈ Bδ((0, 0)) it holds ω(y) ⊂ {y = 0}. Moreover, since
ω(y) is an invariant set and the only invariant subset of {y = 0} is {(0, 0)},
we have proved that (0, 0) is asymptotically stable.

Theorem 2.14 (Bounding functions). Let F be a vector field in Rn, and
assume that there exist a C1 real function V : Rn → R, a compact set
G ⊂ Rn and k ∈ R such that: (a) G ⊂ Vk := {V < k}; (b) there exists δ > 0
such that V̇ (x) ≤ −δ for all x ∈ Rn \ G. Then for all x ∈ Rn there exists
t0 ≥ 0 such that ϕt(x) ∈ Vk for all t > t0.

Proof. If x ∈ Vk we are done, since by assumption (b) V̇ |∂Vk
< 0, and we

can choose t0 = 0. If x ̸∈ Vk and ϕt(x) ̸∈ Vk for all t > 0

V (ϕt(x))− V (x) =

∫ t

0

d

ds
V (ϕs(x)) ds =

∫ t

0
V̇ (ϕs(x)) ds ≤ −δt

which implies V (ϕt(x)) < k for t > V (x)−k
δ . Hence we find a contradiction,

and we have thus proved that there exists t0 > 0 such that ϕt0(x) ∈ Vk, and
as before this implies that ϕt(x) ∈ Vk for all t ≥ t0.

Example 2.4 (Lorenz equations). Let us consider the system in R3 given by
ẋ = σ(−x+ y)

ẏ = rx− y − xz

ż = −bz + xy

with σ, r, b positive constants. We can apply Theorem 2.14 with

G =
{
(x, y, z) ∈ R3 : rx2 + y2 + b(z − r)2 < 2br2

}
V (x, y, z) =

1

2

(
rx2 + σy2 + σ(z − 2r)2

)
and δ = σbr2.

Using the theory of Lyapunov functions we now give a proof of the
asymptotic stability of sinks, i.e. hyperbolic fixed points of a C1 vector field
with all eigenvalues of the Jacobian matrix of the field with negative real
part.

Corollary 2.15. Let x0 be a hyperbolic fixed point of a C1 vector field
F : Rn → Rn, and assume that all the eigenvalues of JF (x0) have negative
real part. Then x0 is asymptotically stable.
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Proof. Let’s assume without loss of generality that x0 = 0, then the vector
field F satisfies F (0) = 0 and can be written as

F (x) = JF (0)x+G(x)

where G : Rn → Rn is a C1 function satisfying G(0) = 0 and JG(0) = 0.
Let λ1, . . . , λk be the, not necessarily distinct, negative real eigenvalues

of JF (0), and let aj ± ibj , with j = 1, . . . , 12(n− k), be the, not necessarily
distinct, couples of conjugate complex eigenvalues with aj < 0. For simplic-
ity we also assume that JF (0) is written in Jordan normal form, therefore

JF (0) = diag
(
Λ1, . . . ,Λh, B1, . . . Bm

)
where the Λj ’s are the Jordan blocks relative to the real eigenvalues, and
the Bj ’s are the Jordan blocks relative to the complex eigenvalues.

Let us consider the following change of variables. For ε > 0 let y =
(y1, . . . , yn) be defined as follows:

• if (xm, . . . , xm+s−1) are the components of x corresponding to a Jordan
block Λj , we let ym+ℓ := ε−ℓxm+ℓ for ℓ = 0, . . . , s− 1;

• if (xp, . . . , xp+2s−1) are the components of x corresponding to a Jordan
block Bj , we let yp+2ℓ := ε−ℓxp+2ℓ and yp+2ℓ+1 := ε−ℓxp+2ℓ+1, for
ℓ = 0, . . . , s− 1.

Then it is a standard computation to verify that y satisfies the ODE

ẏ = Aεy + G̃(y),

with G̃(0) = 0 and JG̃(0) = 0 and

Aε = diag
(
Λ̃1, . . . , Λ̃h, B̃1, . . . B̃m

)
,

where

Λ̃j =



λj ε 0 . . . 0 0

0 λj ε 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 λj ε 0

0 . . . . . . 0 λj ε

0 . . . . . . . . . 0 λj


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and

B̃j =



Rj εI2 0 . . . 0 0

0 Rj εI2 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 Rj εI2 0

0 . . . . . . 0 Rj εI2

0 . . . . . . . . . 0 Rj


, with Rj =

(
aj −bj
bj aj

)

and I2 the 2× 2 identity matrix.
We now show that V (y) =

∑n
i=1 y

2
i is a strict Lyapunov function for 0.

It is enough to study the derivative V̇ (y) = 2
∑n

i=1 yiẏi.
If (ym, . . . , ym+s−1) are the components of y corresponding to a Jordan

block Λ̃j we have

s−1∑
ℓ=0

ym+ℓ ẏm+ℓ =

s−2∑
ℓ=0

ym+ℓ(λjym+ℓ + εym+ℓ+1) + λjy
2
m+s−1 +O(|y|3) =

≤ λj

s−1∑
ℓ=0

y2m+ℓ +
ε

2
(y2m + y2m+s−1) + ε

s−2∑
ℓ=1

y2m+ℓ +O(|y|3) ≤

≤ (λj + ε)
s−1∑
ℓ=0

y2m+ℓ +O(|y|3).

With an analogous argument, if (ym, . . . , ym+2s−1) are the components of y

corresponding to a Jordan block B̃j we have

s−1∑
ℓ=0

(ym+2ℓ ẏm+2ℓ + ym+2ℓ+1 ẏm+2ℓ+1) =

=

s−2∑
ℓ=0

ym+2ℓ (ajym+2ℓ − bjym+2ℓ+1 + εym+2ℓ+2)+

+

s−2∑
ℓ=0

ym+2ℓ+1 (bjym+2ℓ + ajym+2ℓ+1 + εym+2ℓ+3)+

+ ym+2s−2 (ajym+2s−2 − bjym+2s−1) + ym+2s−1 (bjym+2s−2 + ajym+2s−1)+

+O(|y|3) =
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= aj

s−1∑
ℓ=0

(y2m+2ℓ + y2m+2ℓ+1) + ε

s−2∑
ℓ=0

(
ym+2ℓ ym+2ℓ+2 + ym+2ℓ+1 ym+2ℓ+3

)
+

+O(|y|3) ≤

≤ (aj + ε)
s−1∑
ℓ=0

(y2m+2ℓ + y2m+2ℓ+1) +O(|y|3).

If we fix ε > 0 such that (λj + ε) < 0 and (aj + ε) < 0 for all eigenvalues
of JF (0), letting µ ∈ R− satisfy (λj + ε) ≤ µ < 0 and (aj + ε) ≤ µ < 0 for
all j, we have proved that

V̇ (y) ≤ 2µ|y|2 +O(|y|3).

We need to show that there exists δ > 0 such that V̇ (y) < 0 for all y ∈ Bδ(0)

and y ̸= 0. By definition of O(·) functions, there exist c > 0 and δ̃ > 0 such
that

O(|y|3) ≤ c|y|3 , ∀ y ∈ Bδ̃(0).

If we choose δ = min{−2µ
c , δ̃} it follows

V̇ (y) ≤ 2µ|y|2 + c|y|3 = |y|2(2µ+ c|y|) < 0, ∀ y ∈ Bδ(0) \ {0},

and the proof is finished.

2.3 Integrals of motion and invariant sets

Conservative systems and first integrals

Definition 2.9. A C1 function I : Rn → R is a first integral for a vector
field F : Rn → Rn if İ(x) = 0 for all x ∈ Rn, with İ(x) defined as in (2.3).

If I : Rn → R is a first integral for a vector field F : Rn → Rn, then
its level sets are invariant for the differential equation ẋ = F (x), so that in
particular orbits of ẋ = F (x) lie in the level sets of I.

An important example of differential equations with a first integral are
Hamiltonian systems with Hamiltonian function independent of time.

Definition 2.10. Let H : R2n → R be a C1 function and use the notation
(x, y) for points in R2n, with x, y ∈ Rn. The Hamiltonian vector field asso-
ciated to H is FH : R2n → R2n given for i = 1, . . . , n, by (FH)i = ∂H/∂yi
and (FH)(n+i) = −∂H/∂xi, and H is called the Hamiltonian function of the
field. The system of differential equations in R2n with field FH is called the
Hamiltonian system of H.
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A particular case are conservative mechanical systems with one degree
of freedom, systems which describe for example the motion in R of a point
of mass m under conservative forces. In this case the Hamiltonian function
has the form

H : R2 → R , H(x, y) =
1

2m
y2 +W (x) (2.4)

where W (x) ∈ C1 is the potential energy of the system. We recall that in
this case the Hamiltonian system associated to H is{

ẋ = ∂H
∂y (x, y) =

1
m y

ẏ = −∂H
∂x (x, y) = −W ′(x)

and corresponds to the second-order differential equation mẍ = −W ′(x).

Proposition 2.16. A C1 function H is a first integral for the Hamiltonian
vector field FH .

Proof. A simple computation gives

Ḣ = ⟨∇H , FH⟩ =
n∑

i=1

(∂H
∂xi

∂H

∂yi
− ∂H

∂yi

∂H

∂xi

)
≡ 0.

Theorem 2.17 (Liouville theorem). A Hamiltonian system in R2n with C2

Hamiltonian function H preserves the 2n-dimensional Lebesgue measure of
the sets.

Proof. For A ⊂ R2n let ϕt(A) be the evolution of the set at time t, and let
m be the 2n-dimensional Lebesgue measure. Then

m(ϕt(A)) =

∫
ϕt(A)

1 dm =

∫
A
| det(Jϕt)| dm.

The variation equation of a differential equation shows that Jϕt satisfies the
Cauchy problem {

d
dt Jϕt(x) = JFH(ϕt(x)) Jϕt(x)

Jϕt(x)|t=0 = I

where I is the identity matrix. The solution to the previous Cauchy problem
is then

Jϕt(x) = exp
(∫ t

0
JFH(ϕs(x)) ds

)
I,
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and using the identity det(exp(M)) = exp(tr(M)), valid for any finite square
matrix M , we obtain

det(Jϕt(x)) = exp
(∫ t

0
tr(JFH(ϕs(x))) ds

)
.

Then

m(ϕt(A)) =

∫
A
exp

(∫ t

0
div(FH)(ϕs(x)) ds

)
dm.

Since

div(FH) =

n∑
i=1

( ∂2H

∂xi∂yi
− ∂2H

∂yi∂xi

)
≡ 0,

it follows that

m(ϕt(A)) = m(A) , ∀ t ∈ R

and the proof is finished.

Corollary 2.18. A Hamiltonian system in R2n with C2 Hamiltonian func-
tion H cannot have fixed points which are sinks or sources.

Let us consider mechanical Hamiltonian systems with one degree of free-
dom with Hamiltonian function H(x, y) as in (2.4). Applying the general
theory of the previous sections and the results in this section, one can easily
prove the following characterisation of the fixed points.

Proposition 2.19. Let H : R2 → R be a C2 function written as in (2.4).
Then the fixed points of the associated Hamiltonian system are of the form
(x0, 0) with W

′(x0) = 0.
If W ′′(x0) < 0 then (x0, 0) is a hyperbolic fixed point of saddle type, if
W ′′(x0) > 0 it is not hyperbolic and it is a center.
If W ′′(x0) = 0 the point (x0, 0) is not hyperbolic and one needs to use the
level sets of H(x, y) to study the dynamics in a neighbourhood of the point.

Example 2.5. The Hamiltonian function of a pendulum of massm and length
ℓ in a vertical gravitational field with potential energy W (h) = mgh is

H(x, y) =
1

2mℓ2
y2 +mgℓ(1− cosx) ,

Consider the motion of this pendulum in presence of a constant friction
given by −µ y, with µ ≥ 0.
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Example 2.6. Study the system

{
ẋ = y

ẏ = x− x3 − µ y

with µ ∈ R.

Invariant sets

It is in general difficult to find explicit expressions for invariant sets. How-
ever, there are particular easy situations. For example, given a vector field
F : Rn → Rn with F = (F1, . . . , Fn), if there exists c ∈ R such that
Fi(x1, . . . , xi−1, c, xi+1, . . . , xn) = 0 for all xj ∈ R with j ̸= i, then the
hyperplane {xi = c} is an invariant set. This can be proved by the following
method.

Proposition 2.20. Let I : Rn → R be a C1 function and for c ∈ R let
Ic := {I(x) = c} be a non-empty level set of I such that ∇I|Ic ̸≡ 0. The
level set Ic is invariant for a vector field F : Rn → Rn if İ|Ic ≡ 0.

Proof. Let x0 ∈ Ic such that ∇I(x0) ̸= 0. Then there exists a local differen-
tiable change of coordinates y = h(x) such that in a neighbourhood U(x0)
we have Ic ∩ U = {yn = 0} and let x0 = (ỹ

0
, 0) with ỹ

0
∈ Rn−1. Hence, in

these new coordinates ∇I ∈ Span{(0, . . . , 0, 1)} in U .

Then, from İ|Ic ≡ 0, we have that Fn|U ≡ 0. Let F̃ : Rn−1 → Rn−1 be
defined as F̃ (y1, . . . , yn−1) = (F1(y1, . . . , yn−1, 0), . . . , Fn−1(y1, . . . , yn−1, 0)).
Then by the local uniqueness of the solutions to the system ẋ = F (x), the
solution with initial condition in x0 coincides in U with (ϕ̃t(ỹ0), 0), where ϕ̃t

is the flow of the system ˙̃y = F̃ (ỹ). Hence, the solution is in Ic. This proves
the invariance of Ic.

Example 2.7. Given the system ẋ = x2 − y − 1

ẏ = (x− 2)y

the lines y = 0, y = x+ 1 and y = 3x− 3 are invariant sets.



42 CHAPTER 2. CONTINUOUS-TIME DYNAMICAL SYSTEMS

Stable and unstable manifolds

An important example of invariant sets is given by the stable and unstable
manifolds of a hyperbolic fixed point.

Definition 2.11. Let x0 be a fixed point of a vector field F : Rn → Rn with
flow ϕt(·), and let U be a neighbourhood of x0. The local stable manifold
W s

loc(x0) of x0 in U is the set

W s
loc(x0) := {x ∈ U : ϕt(x) ∈ U for all t ≥ 0, ϕt(x) → x0 as t→ +∞}

Analogously, the local unstable manifold W u
loc(x0) of x0 in U is the set

W u
loc(x0) := {x ∈ U : ϕt(x) ∈ U for all t ≤ 0, ϕt(x) → x0 as t→ −∞}

Theorem 2.21 (Stable and unstable manifolds). Let x0 be a fixed point of
a Ck, k ≥ 1, vector field F : Rn → Rn with flow ϕt(·). Let’s assume that x0
is hyperbolic and let Es(0) and Eu(0) be the stable and unstable eigenspaces
associated to the linear system ẏ = JF (x0)y. Then there exists ε > 0 such
that there exist local stable and unstable manifolds, W s

loc(x0) and W u
loc(x0),

of x0 in Bε(x0) with the following properties:

(i) W s
loc(x0) and W

u
loc(x0) are unique in Bε(x0);

(ii) W s
loc(x0) is forward invariant, and W u

loc(x0) is backward invariant;

(iii) W s
loc(x0) and W u

loc(x0) are Ck manifolds, dimW s
loc(x0) = dimEs(0)

and dimW u
loc(x0) = dimEu(0);

(iv) W s
loc(x0) is tangential to x0 + Es(0) at x0, and W

u
loc(x0) is tangential

to x0 + Eu(0) at x0.

Proof of Theorem 2.21 in R2 (see [HSD]). Without loss of generality, let’s
assume that the fixed point is (x0, y0) = (0, 0). If dimEs = 2 or dimEu =
2, the proof is trivial since in these cases either W s

loc(0, 0) or W u
loc(0, 0),

respectively, coincide with a ball around (0, 0) and the properties of the
statement follow from the Hartman-Grobman Theorem 2.8.

The interesting case is when dimEs = dimEu = 1 and (0, 0) is a saddle.
Up to a change of variables, we can assume that the system is written as{

ẋ = −λx+ f(x, y)

ẏ = µ y + g(x, y)
(2.5)
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with λ, µ > 0, f, g ∈ Ck with f(0, 0) = g(0, 0) = 0, and f, g = O(x2 + y2)
if k ≥ 2, and f, g, ∂xf, ∂yf, ∂xg, ∂yg = o(

√
x2 + y2) if k = 1. Hence, Es =

Span{(1, 0)} and Eu = Span{(0, 1)}.
We give the proof for the local stable manifold, it follows analogously for

the local unstable one. For any ε > 0 and M > 1, introduce the following
notations:

Dε := {|x| ≤ ε, |y| ≤ ε} , CM := {|x| ≥M |y|} ,

S±
ε := CM ∩ {x = ±ε} , C±

M := CM ∩ {x ≷ 0} .
(2.6)

The proof is divided into different steps.

Step I. There exists ε0 > 0 such that for all M > 1 we have ẋ|Dε∩C±
M

≶ 0.

By assumption, there exists ε > 0 such that

|f(x, y)| ≤ λ

2
√
2

√
x2 + y2 , ∀ (x, y) ∈ Dε.

Then, on Dε ∩ C+
M , we have

ẋ = −λx+ f(x, y) ≤ −λx+
λ

2
√
2

√
x2 + y2 ≤

≤ −λx+
λ

2
√
2

√
x2
(
1 +

1

M2

)
≤ x

(
−λ+

λ

2

)
= −λ

2
x < 0.

Similarly, on Dε ∩ C−
M , we have

ẋ = −λx+ f(x, y) ≥ −λx− λ

2
√
2

√
x2 + y2 ≥

≥ −λx− λ

2
√
2

√
x2
(
1 +

1

M2

)
≥ |x|

(
λ− λ

2

)
=
λ

2
|x| > 0.

Step II. For anyM > 1, there exists ε1 = ε1(M) > 0 such that for ε ∈ (0, ε1)
on the boundary of Dε ∩ CM the field F points towards the outside of CM .
First of all, we consider ε ∈ (0, ε0) with ε0 from Step I. Let us study the
case x, y > 0. We have ẋ|∂(Dε∩C+

M ) < 0. It is then enough to prove that

ẏ|∂(Dε∩C+
M ) > 0. Fixed M > 1, by assumption, there exists ε1 < ε0 such

that for ε ∈ (0, ε1)

|g(x, y)| ≤ µ

2
√
1 +M2

√
x2 + y2 , ∀ (x, y) ∈ Dε.
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Then, on ∂(Dε ∩ C+
M ), we have

ẏ = µ y + g(x, y) ≥ µ y − µ

2
√
1 +M2

√
x2 + y2 =

= µ y − µ

2
√
1 +M2

√
y2(M2 + 1) = y

(
µ− µ

2

)
=
µ

2
y > 0.

The other cases follow analogously.

Step III. For ε ∈ (0, ε1), on S
+
ε there exist non-empty open intervals I+ and

I− such that for all (x0, y0) ∈ I± the orbit ϕt(x0, y0) intersects ∂(Dε∩C+
M )∩

{y ≷ 0}.
The existence and the properties of the intervals I+ and I− follow from Steps
I and II, and from the local uniqueness and the continuity with respect to
the initial conditions of the solutions to (2.5).

Step IV. There exists ε2 < ε1 such that for ε ∈ (0, ε2) The set S+
ε \ (I+∪ I−)

consists of a single point (ε, ȳ+(ε)).
By the properties of the solutions to (2.5), there exist y1, y2 such that

S+
ε \ (I+ ∪ I−) = {(ε, y) : y ∈ [y1, y2]} .

We need to show that y1 = y2 = ȳ+.

Let’s assume that y1 < y2. It is known that multiplying a vector field
F (x, y) by a non-vanishing function h(x, y), the orbits of the system do
not change but only their time-parametrisation is affected. Let h(x, y) =
1/(λ− f(x, y)/x) in Dε ∩ CM . Then the system in Dε ∩ CM becomes

ẋ = −x

ẏ = µ y+g(x,y)

λ− f(x,y)
x

= µ
λ y + g̃(x, y)

(2.7)

with g̃, ∂y g̃ = o(
√
x2 + y2). There exists ε2 < ε1 such that for all M > 1

and all ε ∈ (0, ε2) we have∣∣∣∣∂g̃∂y (x, y)
∣∣∣∣ ≤ µ

2λ
√
2

√
x2 + y2 , ∀ (x, y) ∈ Dε.

Then the solutions to (2.7) with initial condition (ε, y) are of the form
(ε e−t, y(t)). Hence, we can compute the vertical distance between the or-
bits ϕt(ε, y1) and ϕt(ε, y2) by computing the distance y2(t) − y1(t) of the
second components of the solutions to (2.7) with initial conditions (ε, y1)



2.3. INTEGRALS OF MOTION AND INVARIANT SETS 45

and (ε, y2). We have

d

dt
(y2(t)− y1(t)) =

µ

λ
y2(t) + g̃(ε e−t, y2(t))−

µ

λ
y1(t) + g̃(ε e−t, y1(t)) =

=
µ

λ
(y2(t)− y1(t)) +

∂g̃

∂y
(ε e−t, ξ(t)) (y2(t)− y1(t)) ≥

≥ (y2(t)− y1(t))

(
µ

λ
− µ

2λ
√
2
ε e−t

√
1 +

1

M2

)
≥

≥ µ

2λ
(y2(t)− y1(t)).

Hence, (y2(t) − y1(t)) → +∞, which contradicts that the orbits of the set
S+
ε \ (I+ ∪ I−) are forward asymptotic to (0, 0). We have thus proved that
y1 = y2 = ȳ+.

Conclusion part I.
By Steps I-IV, for all M > 1 there exists ε2 = ε2(M) > 0 such that for
all ε ∈ (0, ε2) we obtain the existence of a unique point (ε, ȳ+(ε)) in S+

ε

whose orbit is forward asymptotic to (0, 0). Therefore, fixing a M̄ > 1 the
local stable manifold W s

loc(0, 0) in Dε∩C+
M for all ε ∈ (0, ε2(M̄)) is given by

the forward orbit of the point (ε2(M̄), ȳ+(ε2(M̄))). An analogous argument
shows the existence of the local stable manifold W s

loc(0, 0) in Dε ∩ C−
M for

all ε ∈ (0, ε2(M̄)).
This shows the uniqueness of W s

loc(0, 0), its forward invariance, its reg-
ularity since the orbits of a system inherit the regularity of the vector field,
and that its dimension is 1. It remains to prove that W s

loc(0, 0) is tangent
at (0, 0) to Es = Span{(1, 0)}, that is to the x-axis.

Step V. Fixing a M̄ > 1, for all ε ∈ (0, ε2(M̄)) the orbit ϕt(ε, ȳ+(ε)) has
vanishing angular coefficient as t→ +∞.
Let (xε(t), yε(t)) denote the two components of ϕt(ε, ȳ+(ε)). We need to
show that yε(t)/xε(t) → 0 as t→ +∞.

By the local uniqueness of the solutions to (2.5), for all ε ∈ (0, ε2(M̄))
the point (ε, ȳ+(ε)) is in the orbit of (ε′, ȳ+(ε

′)) for all ε′ ∈ (ε, ε2(M̄)). This
shows that, for all ε ∈ (0, ε2(M̄)), for all t ≥ 0 there exists ε̃(t) < ε such that
(xε(t), yε(t)) = (ε̃(t), ȳ+(ε̃(t))). Hence, as t → +∞ we have ε̃(t) → 0+ so
that (xε(t), yε(t)) is in ∩M̄≤M≤M̃(t)C

+
M for some M̃(t) → +∞. This shows

that yε(t)/xε(t) ≤ 1/M̃(t) → 0+ as t→ +∞.

Conclusion part II.
Step V concludes the proof of the theorem.
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Given a hyperbolic fixed point x0, one can introduce a notion of global
stable and unstable manifolds. However, these sets in general have weaker
properties than the local counterparts.

Definition 2.12. Let x0 be a hyperbolic fixed point of a Ck, k ≥ 1, vector
field F : Rn → Rn with flow ϕt(·). The global stable and unstable manifolds
of x0 are defined as

W s(x0) :=
⋃
t≤0

ϕt(W
s
loc(x0)) , W u(x0) :=

⋃
t≥0

ϕt(W
u
loc(x0)), (2.8)

where W s,u
loc (x0) are the local manifolds in Bε(x0) for some ε > 0.

It is interesting to analyse the possible intersection of the global stable
and unstable manifolds. By the local uniqueness of the solutions to an ODE,
the two global manifolds cannot intersect transversally. In R2 they can
coincide or end up at another saddle fixed point, giving rise to a homoclinic
or two heteroclinic orbits respectively. In Rn with n ≥ 3 more interesting
phenomena occurs, and some imply the existence of “chaotic” phenomena.

2.4 Motion in the plane and periodic orbits

In this section we consider a system of differential equations in R2{
ẋ = f(x, y)

ẏ = g(x, y)
(2.9)

with Ck, k ≥ 1, functions f, g : R2 → R. We discuss methods to study the
phase space of (2.9) which work in two dimensions.

Polar coordinates

In R2, it is sometimes easier to study the phase space of a system when
using polar coordinates. Let

Ω :=
{
(ρ, θ) ∈ R2 : ρ > 0 , 0 ≤ θ ≤ 2π

}
/({θ = 0} = {θ = 2π}),

that is Ω is a strip in the plane with the upper and the lower boundary
identified, hence it is an open cylinder. The map ψ : Ω → R2, (x, y) =
ψ(ρ, θ), with {

x(ρ, θ) = ρ cos θ

y(ρ, θ) = ρ sin θ
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is a diffeomorphism from Ω to R2, with Jacobian det Jψ(ρ, θ) = ρ. We can
then use ψ and its inverse to push a vector field F (x, y) = (f(x, y), g(x, y))
back to a vector field on Ω. An easy computation shows that the system
(2.9) when written in polar coordinates reads{

ρ̇ = f(ρ cos θ, ρ sin θ) cos θ + g(ρ cos θ, ρ sin θ) sin θ

θ̇ = g(ρ cos θ,ρ sin θ) cos θ−f(ρ cos θ,ρ sin θ) sin θ
ρ

(2.10)

for all (ρ, θ) ∈ Ω. In general one should not expect that the vector field in
polar coordinates can be continuously extended to the boundary {ρ = 0} of
Ω. This is true only under particular conditions on the functions f, g.

An important application of the use of polar coordinates is the identi-
fication of circular periodic orbits. Using Proposition 2.20 one can show
that

Proposition 2.22. If there exists ρ0 > 0 such that

f(ρ0 cos θ, ρ0 sin θ) cos θ + g(ρ0 cos θ, ρ0 sin θ) sin θ = 0 , ∀ θ ∈ [0, 2π]

and θ̇ ̸= 0 for all (ρ, θ) ∈ {ρ = ρ0}, then the set

Γ = {ρ = ρ0} =
{
(x, y) ∈ R2 : x2 + y2 = ρ20

}
is a periodic orbit.

Isoclines

Here we introduce a method to find an analytic expression for the orbits of
(2.9) in special situations.

Proposition 2.23. Let (x0, y0) be a non-fixed point for (2.9). Then there
exists a neighbourhood U(x0, y0) such that the set O(x0, y0) ∩ U , that is the
orbit of (x0, y0) in U , is the graph of a function.
In particular, if f(x0, y0) ̸= 0 there exist ε > 0 and a Ck function h :
(x0 − ε, x0 + ε) → R such that

O(x0, y0) ∩
(
(x0 − ε, x0 + ε)× R

)
= {(x, h(x)) : x ∈ (x0 − ε, x0 + ε)} ,

and h(x) satisfies the Cauchy system
dy
dx = g(x,y)

f(x,y)

y(x0) = y0

x ∈ (x0 − ε, x0 + ε)

(2.11)
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Instead, if g(x0, y0) ̸= 0 the analogous statement holds by interchanging the
roles of x and y and of f and g.

Proof. If f(x0, y0) ̸= 0 there exists ε > 0 such that f(x, y) ̸= 0 for all
(x, y) ∈ B2ε(x0, y0). Let h(x) be a solution to system (2.11) and define the
Ck function I(x, y) = y−h(x) on {x ∈ (x0 − ε, x0 + ε)}∩B2ε(x0, y0). Then
with respect to system (2.9)

İ|{I=0} =
(
ẏ − h′(x) ẋ

)
|{I=0} =

(
g(x, y)− h′(x) f(x, y)

)
|y=h(x) =

= g(x, h(x))− h′(x) f(x, h(x)) ≡ 0.

Therefore I0 := {y = h(x)} is an invariant set in a neighbourhood U(x0, y0)
containing (x0, y0). Then I0 = O(x0, y0)∩U , and the proposition is proved.

The analogous argument works if g(x0, y0) ̸= 0.

The solutions to system (2.11) are called isoclines for (2.9).

Example 2.8 (Predator-prey Lotka-Volterra models). We apply the method
of finding isoclines to prove the existence of periodic orbits in a predator-
prey Lotka-Volterra system. Let x, y ∈ R+

0 denote the population of two
species in a predator-prey relationship. The population x predates on the
population y, hence the system of differential equations for x and y is of the
form {

ẋ = x (−A+ b1 y)

ẏ = y (B − b2 x)
(2.12)

with A,B, b1, b2 > 0. The system has two fixed points, P0 = (0, 0) and
P1 = (B/b2 , A/b1). The point P0 is hyperbolic and it is a saddle with stable
and unstable manifolds given by the x and y axis respectively, whereas the
point P1 is not hyperbolic being a center.

Let us find the isoclines of (2.12). When x0 ̸= 0 and y0 ̸= A/b1 we can
write {

dy
dx = y (B−b2 x)

x (−A+b1 y)

y(x0) = y0

which has a local solution given implicitly by the equality∫ y

y0

−A+ b1 s

s
ds =

∫ x

x0

B − b2 t

t
dt ⇔ I(x, y) = I(x0, y0)

where

I(x, y) := A log y +B log x− b1 y − b2 x .
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We have thus found that I(x, y) is a first integral for (2.12), hence the orbits
lie on its level sets. Then, it is immediate to find that I(x, y) has a point
of global minimum at P1, therefore the levels sets {I(x, y) = c} are closed
curves for c bigger than I(P1) but sufficiently close to it. Hence, the orbits
on these level sets are periodic3.

The field and the symmetries of the system

Here we introduce two ideas to draw the phase portrait of a system. Both
ideas work in all dimensions but are particularly simple to apply in the two
dimensional case.

The first idea uses the property of the field to be tangent to the orbits
of a system. Therefore, in principle, one can obtain the orbits of a system
simply by drawing the field in all the points of the phase space. In practice,
it is useful to draw the behaviour of the field on some curves. For example,
it is a good idea to draw the lines on which the single components of the field
vanish (the intersection of these lines give the fixed points) and to obtain
the direction of the field in all the regions of the phase space between these
lines.

A more theoretical idea to apply is to look for symmetries of the system.
Given a vector field F : Rn → Rn, the associated system ẋ = F (x), and a
diffeomorphism S : Rn → Rn, we give the following definition.

Definition 2.13. Given a vector field F : Rn → Rn and a diffeomorphism
S : Rn → Rn, we say that the system ẋ = F (x) is symmetric with respect
to S if

dxS(F (x)) = ±F (S(x)) , ∀x ∈ Rn .

A simple case is the case of systems symmetric with respect to linear
transformations. That is there exists an invertible matrix S ∈M(n× n,R)
such that S F (x) = ±F (S x).

Proposition 2.24. If the system (2.9) in R2 is symmetric with respect to
a diffeomorphism S, given a trajectory (x(t), y(t)) of the system, the curve
(x̃(t), ỹ(t)) defined as

(x̃(t), ỹ(t)) =

{
S(x(t), y(t)) , if dxS(F (x)) = F (S(x)),

S(x(−t), y(−t)) , if dxS(F (x)) = −F (S(x)),

is a solution to (2.9).
3It can be proved that all level sets are closed curves, therefore all orbits different from

the axes and the fixed points are periodic.
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Proof. It is enough to compute ( ˙̃x(t), ˙̃y(t)).

Example 2.9. We show how the proposition works in two easy cases. Let us
consider the system (2.9) with the assumption that f(−x,−y) = −f(x, y)
and g(−x,−y) = −g(x, y). The field F (x, y) = (f(x, y), g(x, y)) satisfies
F (−x,−y) = −F (x, y), hence it is symmetric with respect to the linear
transformation S(x, y) = (−x,−y) and

d(x,y)S(F (x, y)) = −F (x, y) = F (S(x, y)).

Then, given a trajectory (x(t), y(t)) of the system, we show that another
trajectory is given by (x̃(t), ỹ(t)) = (−x(t),−y(t)). Indeed, we have

˙̃x(t) = −ẋ(t) = −f(x(t), y(t)) = f(−x(t),−y(t)) = f(x̃(t), ỹ(t)) ,

˙̃y(t) = −ẏ(t) = −g(x(t), y(t)) = g(−x(t),−y(t)) = g(x̃(t), ỹ(t)) .

The other case considered in the proposition is obtained for Hamiltonian
systems in R2 with Hamiltonian function of the form (2.4). In this case the
field is F (x, y) = (y,−W ′(x)) and the system is symmetric with respect to
the linear transformation S(x, y) = (x,−y) since

d(x,y)S(F (x, y)) = (y,W ′(x)) = −F (x,−y) = −F (S(x, y)) .

Then, given a trajectory (x(t), y(t)) of the system, we show that another
trajectory is given by (x̃(t), ỹ(t)) = (x(−t),−y(−t)). Indeed,

˙̃x(t) = −ẋ(−t) = −y(−t) = ỹ(t) ,

˙̃y(t) = ẏ(−t) = −W ′(x(−t)) = −W ′(x̃(t)) .

Periodic orbits: non-existence

We describe two methods to prove non-existence of periodic orbits in a region
of the phase space. The first is of pure topological nature and the second
uses the analytical nature of the differential equation (2.9).

Definition 2.14. Let Γ ⊂ R2 be a simple closed curve. Given a vector field
F (x, y) = (f(x, y), g(x, y)) without fixed points on Γ, the Poincaré index of
Γ, denoted by IF (Γ), is the number of turns that F makes counterclockwise
as a point goes round Γ. It can be computed as

IF (Γ) :=
1

2π

∫
Γ
d

(
arctan

g

f

)
=

1

2π

∫
Γ

f dg − g df

f2 + g2
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Proposition 2.25. Given a vector field F on R2, the Poincaré index of a
curve has the following properties:

(i) let t 7→ Γt be a continuous family of simple closed curves, then IF (Γt)
is constant as long as no Γt contains a fixed point of F ;

(ii) let Γ be a simple closed curve not containing fixed points of F which
can be written as Γ = Γ1 +Γ2, where Γ1 and Γ2 are two simple closed
curves not containing fixed points of F . Then IF (Γ) = IF (Γ1)+IF (Γ2);

(iii) if Γ is a periodic orbit then IF (Γ) = +1.

Definition 2.15. Let (x0, y0) be an isolated fixed point of a vector field
F . The Poincaré index of (x0, y0), IF (x0, y0), is the Poincaré index of any
simple closed curve Γ encircling (x0, y0) and no other fixed point of F .

Proposition 2.26. Let (x0, y0) be a fixed point of a C1 vector field F on
R2 with det(JF (x0, y0)) ̸= 0. Then:

(i) if (x0, y0) is a node, a star, an improper node, a focus or a centre,
then IF (x0, y0) = +1;

(ii) if (x0, y0) is a saddle, then IF (x0, y0) = −1.

Putting together Propositions 2.25 and 2.26, we obtain information on
regions of a phase space where a periodic orbit may exist or not. For exam-
ple, it may not exist a periodic orbit encircling only a saddle. Each periodic
orbit has to encircle sets of isolated fixed points for which the sum of their
Poincaré indices is +1.

Example 2.10. Let us consider the system ẋ = x

ẏ = y2

then IF (0, 0) = 0.

Example 2.11. Let us consider the system ẋ = x2 − y2

ẏ = 2xy

then IF (0, 0) = 2.
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Proposition 2.27 (Curl method). Let U ⊂ R2 be a simply connected open
set and assume that the vector field F (x, y) = (f(x, y), g(x, y)) satisfies

∂f

∂y
(x, y) =

∂g

∂x
(x, y) , ∀ (x, y) ∈ U

Then in U there exist no periodic orbits for the vector field F .

Proof. Let Γ ⊂ U be a periodic orbit of period T parametrised by the
solution γ(t) of the Cauchy problem

ẋ = f(x, y)

ẏ = g(x, y)

(x(0), y(0)) = γ(0)

Then γ(T ) = γ(0) and γ′(t) = F (γ(t)) for all t ∈ R.
By assumption and Poincaré’s lemma, the vector field F is conservative

in U , that is there exists a C1 function h : U → R such that F = ∇h. Then

0 = h(γ(T ))− h(γ(0)) =

∫ T

0

d

dt
(h ◦ γ)(t) dt =

∫ T

0

〈
∇h(γ(t)), γ′(t)

〉
dt =

=

∫ T

0
⟨F (γ(t)), F (γ(t))⟩ dt =

∫ T

0
∥F (γ(t))∥2 dt

which is a contradiction because ∥F (γ(t))∥ ≠ 0 for all t.

Remark 2.28. The curl method can be easily extended to a differential equa-
tion in Rn with vector field F . By repeating the last part of the proof of
Proposition 2.27 one can show that

Proposition 2.29 (Gradient systems). If there exists h : Rn → R such that
F = ∇h, then there are no periodic orbits for the differential equations
ẋ = F (x).

Proposition 2.30 (Bendixson-Dulac method). Let U ⊂ R2 be a simply
connected open set and assume that there exists a C1 function ρ : U → R
such that for the vector field F (x, y) = (f(x, y), g(x, y)) it holds

∂(ρ · f)
∂x

(x, y) +
∂(ρ · g)
∂y

(x, y) > 0 (or < 0) , ∀ (x, y) ∈ U

Then in U there exist no periodic orbits for the vector field F .
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Proof. Let Γ ⊂ U be a periodic orbit of period T and let A be the region
enclosed by Γ. Then applying Gauss-Green Theorem

0 <

∫∫
A

(
∂(ρ · f)
∂x

(x, y) +
∂(ρ · g)
∂y

(x, y)

)
dxdy =

∫
Γ
(−ρ g dx+ ρ f dy) =

=

∫ T

0
ρ(x(t), y(t)) (−g(x(t), y(t)) ẋ(t) + f(x(t), y(t)) ẏ(t)) = 0

where we have used that Γ = (x(t), y(t)) for t ∈ [0, T ] and (x(t), y(t)) is a
solution of the differential equation associated to the vector field F .

Example 2.12 (Species in competition). In Example 2.8 we have shown that
predator-prey Lotka-Volterra models admit periodic orbits. Now we show
that there are no periodic orbits in a Lotka-Volterra model for species in
competition. Let x, y ∈ R+

0 denote the population of two species in com-
petition for the same resources on a finite environment. The system of
differential equations for x and y is of the form{

ẋ = x (A− a1 x− b1 y) = f(x, y)

ẏ = y (B − b2 x− a2 y) = g(x, y)
(2.13)

with A,B, a1, a2, b1, b2 > 0.
The axes are invariant sets, hence the simply connected set

U =
{
(x, y) ∈ R2 : x > 0, y > 0

}
is also invariant. Consider the C1 function ρ(x, y) = 1/(xy) on U . We have

∂(ρ · f)
∂x

(x, y) +
∂(ρ · g)
∂y

(x, y) = −a1
y

− a2
x
< 0 , ∀ (x, y) ∈ U.

Hence, by Proposition 2.30, there are no periodic orbits in U .

Remark 2.31. The Bendixson-Dulac method uses the divergence of a vector
field. For differential equations in Rn, n ≥ 3, it gives different information.

Proposition 2.32. Let F : Rn → Rn be a C1 vector field such that there exists
a constant k > 0 for which div(F )(x) ≤ −k for all x ∈ Rn. Then the flow
associated to F contracts the volumes.

Proof. For A ⊂ Rn let ϕt(A) be the evolution of the set at time t, and let
m be the n-dimensional Lebesgue measure. By applying the same ideas in
the proof of Liouville Theorem 2.17, we obtain

vol(ϕt(A)) =

∫
A
exp

(∫ t

0
div(F )(ϕs(x)) ds

)
dm.
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If div(F )(x) ≤ −k for all x ∈ Rn then

vol(ϕt(A)) ≤ e−kt vol(A) , ∀ t ≥ 0,

and the proof is finished.

Periodic orbits: existence in general

Theorem 2.33 (Poincaré - Bendixson). Let F be a C1 vector field in R2,
and assume that there exists a non-empty region D ⊂ R2 which is compact
and does not contain fixed points of F . If for some x0 there exists t0 such
that ϕt(x0) ∈ D for all t ≥ t0, then there exists a periodic orbit Γ ⊂ D and
Γ = ω(x0).

For the proof we need some preliminaries. Given the differential equation
ẋ = F (x) in R2 with F ∈ C1 and any non-fixed point y of F , we call
transversal line at y the line ℓ(y) which is the image of the curve γ : R →
R2 with γ(u) = y + uv, where v is a vector applied at y which satisfies〈
v, F (y)

〉
= 0.

Definition 2.16. Given a non-fixed point y of F and a constant k ∈ [0, 1),
we call k-wide local section at y the set Sk(y) obtained by taking the con-
nected component containing y of the set of points z ∈ ℓ(y) for which

| sin(v̂F (z))| > k.

The k-wide local section at y is non-empty since y ∈ Sk(y), and there
exists ε > 0 such that γ(−ε, ε) ⊆ Sk(y).

Proposition 2.34 (Local rectifiability of a vector field). Given a C1 vector
field F in R2, a non-fixed point y of F , and a k-wide local section at y, Sk(y),
there exists a diffeomorphisms ψ : U(0) → V (y) which maps horizontal lines
into the orbits of ẋ = F (x) passing through Sk(y). That is ψ(s, u) = ϕs(γ(u))
for all (s, u) ∈ U(0).

Applying Proposition 2.34, let σ > 0 and Nσ := {(s, u) ∈ U(0) : |s| <
σ}. Then we call σ-rectangle of flux in y the set Nσ := ψ(Nσ). Then for
each z ∈ Nσ there exists a unique s ∈ (−σ, σ) such that ϕs(z) ∈ Sk(y).

Proposition 2.35. Given a C1 vector field F in R2, a non-fixed point y of
F , and a k-wide local section at y, Sk(y), let z be a point such that y = ϕt0(z)
for some t0. Then there exist ε > 0 and a continuous function τ : Bε(z) → R
such that ϕτ(x)(x) ∈ Sk(y) for all x ∈ Bε(z).
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Proof. Let us define the function p : R2 → R by p(x) =
〈
x, F (y)

〉
. We notice

that p(x) = p(y) if and only if x ∈ ℓ(y), in fact if x = y + w then

p(x) = p(y) + p(w) = p(y) ⇔
〈
w,F (y)

〉
= 0

Let then consider the regular function G : R2 × R → R given by G(x, t) =
p(ϕt(x)). Then by definition G(z, t0) = p(ϕt0(z)) = p(y) and

∂G

∂t
(z, t0) = p(ϕ̇t(x))

∣∣∣
x=z,t=t0

= p(F (ϕt0(z))) = p(F (y)) = ∥F (y)∥2 ̸= 0

Hence we can apply the Implicit Function Theorem to G at (z, t0) and prove
the existence of ε > 0 and δ > 0, and of a continuous function τ : Bε(z) →
(t0 − δ, t0 + δ) such that

p(y) = G(x, τ(x)) = p(ϕτ(x)(x)) ∀x ∈ Bε(z)

It follows that ϕτ(x)(x) ∈ Sk(y) for all x ∈ Bε(z).

We are now ready to prove Poincaré-Bendixson Theorem.

Proof of Theorem 2.33. Choose x0 ∈ R2 such that there exists t0 for which
ϕt(x0) ∈ D for all t ≥ t0. By Proposition 1.1, the set ω(x0) ⊂ D is non-
empty, compact, and invariant. For any x ∈ ω(x0) we show that O(x) is a
periodic orbit Γ, and that Γ = ω(x0).

Fix x ∈ ω(x0), and let y ∈ ω(x) ⊂ ω(x0), which is not a fixed point by
assumption. Consider a k-wide local section at y, Sk(y), and a σ-rectangle
of flux Nσ in y.

Lemma 2.36. The forward orbit of x intersects Sk(y) exactly once.

Proof. Since y ∈ ω(x), there exists a point of O+(x) in Nσ, hence O+(x) ∩
Sk(y) ̸= ∅. Let’s assume by contradiction that there exist x1, x2 ∈ O+(x) ∩
Sk(y) with x1 ̸= x2. Since x ∈ ω(x0), also x1, x2 ∈ ω(x0) by invariance
of the omega limit. Hence if Nσ(x1) and Nσ(x2) are disjoint σ-rectangles
of flux, the forward orbit of x0 has countable points both in Nσ(x1) and in
Nσ(x2). By the properties of the rectangles of flux, this implies that O+(x0)
intersects Sk(y) countable many times, alternatively close to x1 and to x2.
We now show that this is not possible.

Let us denote by {z1, z2, . . . } the points in O+(x0)∩Sk(y) cronologically
ordered, that is z1 = ϕt1(x0), z2 = ϕt2(x0), and so on, with t1 < t2 <
. . . . Given three points zn−1, zn, zn+1 and an ordering on Sk(y) it must
hold zn−1 < zn < zn+1 or zn+1 < zn < zn−1. Indeed let Σ denotes the
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Jordan curve given by the segment Ğzn−1zn and the orbit ∪tn−1≤t≤tnϕt(x0),
and let R be the region bounded by Σ. Then ϕt(x0) ∈ R for all t > tn,
because it cannot intersect any part of ∂R. It cannot intersect the orbit
∪tn−1≤t≤tnϕt(x0) by the uniqueness of solutions of a differential equation,
and it cannot intersect the segment Ğzn−1zn which is in Sk(y), because the
vector field points in the same direction in all the points of a local section.
It follows that zn+1 ∈ R and it lies on the other side of zn−1 with respect to
zn. It follows that the countable intersections of O+(x0) with Sk(y) must
be ordered, so cannot be alternatively close to x1 and to x2. This shows
that the forward orbit of x intersects Sk(y) exactly once.

We have thus proved that O+(x) ∩ Sk(y) = {ϕt̄(x)}. Since y ∈ ω(x)
there is a sequence {tm} such that ϕtm(x) → y, hence for m big enough
ϕtm(x) ∈ Nσ. It follows that for m big enough, there exist τm ∈ R such that
ϕtm+τm(x) ∈ Sk(y) for all m, hence ϕtm+τm(x) = ϕt̄(x) for all m. It follows
that there exists T > 0 such that ϕT (x) = x. We have thus proved that
O(x) is a periodic orbit Γ.

It remains to show that Γ = ω(x0). By invariance of the omega limit
Γ ⊂ ω(x0). Let now y ∈ Γ and consider a k-wide local section at y, Sk(y),
and a σ-rectangle of fluxNσ in y. As discussed above, there exists a sequence
{tm} such that ϕtm(x0) → y and ϕtm(x0) ∈ Sk(y), with ϕt(x0) ̸∈ Sk(y) for
t ∈ (tm, tm+1) for allm. Since ϕT (y) = y, we can apply Proposition 2.35 and
find ε > 0, δ > 0, and a continuous function τ : Bε(y) → (T − δ, T + δ) such
that ϕτ(x)(x) ∈ Sk(y) for all x ∈ Bε(y), and τ(y) = T . Hence, choosing ε̃ < ε
if necessary, we have ϕT (x) ∈ Nσ for all x ∈ Bε̃(y). Since for m big enough
ϕtm(x0) ∈ Bε̃(y), it follows that ϕT (ϕtm(x0)) = ϕT+tm(x0) ∈ Nσ, and there
exists sm ∈ (−σ, σ) such that ϕT+tm+sm(x0) ∈ Sk(y). Since ϕt(x0) ̸∈ Sk(y)
for t ∈ (tm, tm+1), it must hold tm+1 = T+tm+sm, hence tm+1−tm ≤ T+σ
for all m big enough.

We now consider a fixed η > 0. By continuity of the flux ϕt, there
exists δ > 0 such that if d(z1, z2) < δ then d(ϕt(z1), ϕt(z2)) < η for all
t ∈ (−T − σ, T + σ). Hence, for m big enough such that d(ϕtm(x0), y) < δ,
we have

d
(
ϕt(ϕtm(x0)), ϕt(y)

)
< η ∀ t ∈ (−T − σ, T + σ)

Since y ∈ Γ, so that O(y) = Γ, and tm+1− tm ≤ T +σ for all m big enough,
we have that

d
(
ϕt(x0),Γ

)
< η ∀ t ∈ (tm, tm+1)
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for m big enough. We can conclude that d(ϕt(x0),Γ) → 0 as t → +∞.
Hence ω(x0) ⊂ Γ. This shows that Γ = ω(x0), and concludes the proof of
the theorem.

Example 2.13. Let us consider the following system in polar coordinates{
ρ̇ = ρ(1− ρ2) + ε f(ρ, θ)

θ̇ = 1 + ε g(ρ, θ)

with f, g ∈ C1(R2). For ε = 0 the system admits the orbitally asymptotically
stable periodic orbit Γ = {ρ = 1}. We now show that there exists ε0 > 0
such that for all ε ∈ (0, ε0) there exists a periodic orbit Γε. Let

L = max
ρ≤5

(|f |+ |g|)

and ε0 =
1
4L . We now prove that if ε < ε0 the set D =

{
1
2 ≤ ρ ≤ 2

}
satisfies

the assumptions of Poincaré-Bendixson Theorem 2.33.
First of all for all (ρ, θ) ∈ D

1 + ε g(ρ, θ) ≥ 1− εL > 1− ε0L =
3

4

so that D contains no fixed points of the system. Moreover

ρ̇|ρ=2 = −6 + ε f(2, θ) < −6 + εL < −6 + ε0 L = −6 +
1

4
< 0

and

ρ̇|ρ= 1
2
=

3

8
+ ε f

(
1

2
, θ

)
>

3

8
− εL >

3

8
− ε0 L =

1

8
> 0

so that on ∂D the vector field is always directed towards the inside of D.
This implies that for all x ∈ ∂D and for all t > 0 it holds ϕt(x) ∈ D, and
completes the proof.

Finally, we state a result which extends Theorem 2.33 to the case of
regions with fixed points.

Theorem 2.37. Let F be a C1 vector field in R2, and let D ⊂ R2 be a non-
empty bounded positively invariant region containing at most a finite number
of fixed points for F . Then, for all x ∈ D, the set ω(x) is non-empty and
one of the following possibilities holds:

• ω(x) is a fixed point;

• ω(x) is a periodic orbit;

• ω(x) consists of a finite number of fixed points and heteroclinic orbits
connecting them.
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2.5 Exercises

2.1. Draw the phase portrait of the linear system ẋ = Ax in R2 and find
the stable, unstable, and central eigenspace of 0, with A given by:

(a) A =

(
5 4

2 7

)
(b) A =

(
−8 0

1 −6

)
(c) A =

(
−8 6

−9 13

)

(d) A =

(
−8 4

−1 −4

)
(e) A =

(
4 1

−1 2

)
(f) A =

(
3 2

−1 1

)

(g) A =

(
−7 −5

1 −5

)
(h) A =

(
1 −2

−1 2

)
(i) A =

(
2 −4

1 −2

)

2.2. For the following systems, find the critical points and study their linear
stability.

(a)

{
ẋ = −2x(x− 1)(2x− 1)

ẏ = −2y
(b)

{
ẋ = x(4− 2x− y)

ẏ = y(3− x− y)

(c)

{
ẋ = −y + x3

ẏ = x+ y3
(d)

{
ẋ = e(x+y) + y

ẏ = y − xy

(e)

{
ẋ = 2xy

ẏ = y2 − x2
(f)

{
ẋ = x(60− 4x− 3y)

ẏ = y(42− 3x− 2y)

2.3. Find a Lyapunov function to study the stability of the fixed point (0, 0)
for the following systems:

(a)

{
ẋ = y − 3x3

ẏ = −x− 7y3
(b)

{
ẋ = −xy4

ẏ = yx4

(c)

{
ẋ = x− xy4

ẏ = y − y3x2
(d)

{
ẋ = x2 − xy − x

ẏ = y2 + 2xy − 7y
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2.4. Determine the stability of the fixed point (0, 0) varying µ ∈ R for the
system 

ẋ = (µx+ 2y)(z + 1)

ẏ = (−x+ µy)(z + 1)

ż = −z3

2.5. Find the fixed points and study their stability varying µ ∈ R, µ ̸= 4,
for the system 

ẋ = µx3 − x5

ẏ = (2µy + z)(x− 2)

ż = (−2y + µz)(x− 2)

2.6. Draw the phase portrait for a mechanical Hamiltonian system with
H(x, y) of the form (2.4) with m = 1 and potential energy W given by:

(a) W (x) = 1
3x

2 + 1
9x

3 − 1
4x

4;

(b) W (x) = x log(1 + x2);

(c) W (x) =

{
e−x2

, x ≤ 0

cos(
√
2x) , x ≥ 0

;

(d) W (x) = − sinx
x .

2.7. Consider the system{
ẋ = 1

2y

ẏ = −(1 + µ)x+ µx2 + x3

varying µ ∈ R. Show that it is a mechanical Hamiltonian system writ-
ing down the Hamiltonian function. Let denote by (xµ(t, 0), yµ(t, y0)) the
solution to the system with initial condition (x(0), y(0)) = (0, y0), then find

y∗(µ) := inf{y0 > 0 : lim
t→+∞

xµ(t) = +∞} .

2.8. Draw the phase portrait for the following systems:

(a)

{
ẋ = y − x2

ẏ = x− 2
(b)

{
ẋ = sinx (−0.1 cosx− cos y)

ẏ = sin y (cosx− 0.1 cos y)
on [0, π]2
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(c)

{
ẋ = x2 − 1

ẏ = −xy + x2 − 1
(d)

{
ẋ = y cosx

ẏ = sinx

(e)

{
ẋ = y

ẏ = x3 − x
(f)

{
ẋ = y

ẏ = x3 − x+ 1
2y

2.9. For the following systems, study the existence of a periodic orbit en-
tirely contained in {x2 + y2 ≥ 2}:

(a)

{
ẋ = x3 − x+ y2

ẏ = −2y
(b)

 ẋ = x3

1+x4+y4

ẏ = y3

1+x4+y4

2.10. Study the existence of a periodic orbit for the system{
ẋ = x

√
x2 + y2 − 3x (x2 + y2) + 1

10y
5

ẏ = y
√
x2 + y2 − 3y (x2 + y2)− 1

10x
5



Chapter 3

Discrete-time dynamical
systems

In this chapter we consider discrete-time dynamical systems as defined in
Definition 1.2. Hence we need to specify a setX and a map T : X → X. The
properties of X and T may vary and give rise to different areas of research.
Here we assume that X is a locally compact connected metric space and T
is a continuous map, and call (X,T ) a discrete-time continuous dynamical
system. Many interesting phenomena already occur for maps on an interval
of the real line, which are studied in the first part of the chapter. In the
second part, we consider higher dimensional systems.

We start with simple definitions.

Definition 3.1. Let (X,T ) and (X̃, T̃ ) be two discrete-time continuous
dynamical systems. We say that (X̃, T̃ ) is a topological factor of (X,T ) if
there exists a continuous map h : X → X̃ that is surjective and satisfies

T̃ ◦ h = h ◦ T . (3.1)

If the map h : X → X̃ is a homeomorphism and satisfies (3.1) then we
say that (X,T ) and (X̃, T̃ ) are topologically conjugate and h is a topological
conjugacy.

Example 3.1. Let’s consider the full shift (ΩA,N0, σ) on two symbols A =
{0, 1} of Example 1.8, and the Bernoulli map T2 on S1 of Example 1.7.
Let J0 = [0, 1/2) and J1 = [1/2, 1) be a partition of S1, and let the map
h : Ω{0,1} → S1 be defined by

ω = (ωi)i∈N0 7→ h(ω) =
⋂
i∈N0

T−i
2 (Jωi) .

61
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The map h is continuous and surjective, and satisfies T2 ◦ h = h ◦ σ. Then
the Bernoulli map is a topological factor of the full shift on two symbols.

Example 3.2. Let’s consider the Tent map Ts with s = 2 of Example 1.5, and
the logistic map Tλ with λ = 4 of Example 1.6. Let the map h : [0, 1] → [0, 1]
be defined by

[0, 1] ∋ x 7→ h(x) = sin2
(π
2
x
)
.

The map h is a homeomorphism, and satisfies T4 ◦ h = h ◦ T2. Hence the
Tent map Ts with s = 2 is topologically conjugate to the logistic map Tλ
with λ = 4.

Remark 3.1. In some situations it is interesting to study the regularity of a
conjugacy. For example, if T and T̃ are Ck maps, with k ∈ N0 ∪ {∞, ω}, a
natural question is whether there exists a conjugacy h between the systems
(X,T ) and (X̃, T̃ ) which is of class Ck. If it exists we say that (X,T ) and
(X̃, T̃ ) are Ck conjugate. This question is studied in Section 4.2 in the
analytic case for homeomorphisms of the circle.

3.1 Stability in one dimension

Let T : X → X be a continuous map of a one-dimensional space X =
[a, b], (a, b), [a,+∞), (a,+∞), (−∞, b], (−∞, b),R, S1.

Definition 3.2. A fixed point x0 ∈ X of T is called attractive if there exists
a neighborhood U of x0 such that, for all x ∈ U , one has Tn(x) ∈ U for all
n ≥ 0, and Tn(x) → x0 as n→ +∞.
A fixed point x0 ∈ X is called repulsive if there exists δ > 0 such that, for
all x ∈ Bδ(x0), x ̸= x0, there exists n̄ ∈ N for which T n̄(x) ̸∈ Bδ(x0).

To study the dynamics in a neighbourhod of a fixed point x0, first it is
useful to try the linearization approach. Let T be differentiable at x0. Then,
there exists ε > 0 such that for all x ∈ Bε(x0)

T (x) = T (x0)+T
′(x0)(x−x0)+o(|x−x0|) = x0+T

′(x0)(x−x0)+o(|x−x0|) .

Hence,

|T (x)− x0| = |T ′(x0)| |x− x0|+ o(|x− x0|) . (3.2)

We deduce that, at the first order, it is the derivative T ′(x0) which may
determine whether the orbit of a point x ∈ Bε(x0) gets closer or further
from the fixed point x0. This justifies the following definition.
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Definition 3.3. Let T be differentiable at a fixed point x0. The fixed point
x0 ∈ X is called hyperbolic if |T ′(x0)| ≠ 1.

Theorem 3.2. Let x0 be a hyperbolic fixed point for a map T with T ∈
C1(Bε(x0)) for some ε > 0. If |T ′(x0)| < 1 then the point is attractive, if
|T ′(x0)| > 1 then the point is repulsive.

Proof. Let |T ′(x0)| < 1 and fix c ∈ (|T ′(x0)|, 1). There exists δ > 0 such
that |T ′(x)| ≤ c for all x ∈ Bδ(x0). We show that for all n ≥ 1

|Tn(x)− x0| ≤ cn |x− x0| , ∀x ∈ Bδ(x0) . (3.3)

From (3.3) and c ∈ (0, 1), it follows that Tn(x) ∈ Bδ(x0) for all n ≥ 0 and
Tn(x) → x0 as n→ +∞.

We now prove (3.3) by induction. For n = 1, for all x ∈ Bδ(x0) there
exists ξ1 between x and x0 such that

|T (x)− x0| = |T (x)− T (x0)| = |T ′(ξ1)| |x− x0| ≤ c |x− x0| ,

where |T ′(ξ1)| ≤ c since ξ1 ∈ Bδ(x0). Then, let’s assume that (3.3) holds for
a given n, and show that it holds for n+ 1. There exists ξn between Tn(x)
and x0 such that

|Tn+1(x)− x0| = |T (Tn(x))− T (x0)| = |T (ξn)| |Tn(x)− x0| ≤

≤ c · cn |x− x0| = cn+1 |x− x0| ,

since ξn ∈ Bδ(x0).

Let now |T ′(x0)| > 1, and first consider the case T ′(x0) > 1. Then we
fix c ∈ (1, T ′(x0)) and choose δ > 0 such that T ′(x) ≥ c for all x ∈ Bδ(x0).
We now argue by contradiction and assume that there exists x ∈ Bδ(x0),
x ̸= x0, such that Tn(x) ∈ Bδ(x0) for all n ≥ 1. Then, we can repeat the
argument above to show that

|Tn(x)− x0| ≥ cn |x− x0| , ∀n ≥ 1 ,

from which we find that |Tn(x)− x0| → +∞ as n→ +∞ since c > 1. This
gives the contradiction with the assumption Tn(x) ∈ Bδ(x0) for all n ≥ 1.

A similar argument works in the case |T ′(x0)| > 1 and T ′(x0) < −1.

When the fixed point is not hyperbolic, the approach in (3.2) suggests
that the higher derivatives of T at x0 may give some information.
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Definition 3.4. A fixed point x0 ∈ X is called semi-attractive from the left
if there exists δ > 0 such that it is attractive for points on (x0 − δ, x0) and
repulsive for points on (x0, x0 + δ). A fixed point x0 ∈ X is called semi-
attractive from the right if there exists δ > 0 such that it is attractive for
points on (x0, x0 + δ) and repulsive for points on (x0 − δ, x0).

Proposition 3.3. Let x0 be a fixed point for a map T which is differentiable
at x0 with |T ′(x0)| = 1. The following possibilities hold:

(i) Let T ′(x0) = 1 and assume that T ∈ C2(Bε(x0)) for some ε > 0, and
T ′′(x0) ̸= 0. Then,

– If T ′′(x0) > 0, then x0 is semi-attractive from the left;

– If T ′′(x0) < 0, then x0 is semi-attractive from the right;

(ii) Let T ′(x0) = 1 and assume that T ∈ C3(Bε(x0)) for some ε > 0, that
T ′′(x0) = 0, and T ′′′(x0) ̸= 0. Then,

– If T ′′′(x0) > 0, then x0 is repulsive;

– If T ′′′(x0) < 0, then x0 is attractive;

(iii) Let T ′(x0) = −1 and assume that T ∈ C3(Bε(x0)) for some ε > 0.
Then, we look at ST (x0), the Schwarzian derivative of T at x0, defined
as

ST (x) :=
T ′′′(x)

T ′(x)
− 3

2

(
T ′′(x)

T ′(x)

)2

. (3.4)

Then,

– If ST (x0) > 0, then x0 is repulsive;

– If ST (x0) < 0, then x0 is attractive.

Proof. (i) and (ii). They follow immediately from the graphical approach.

(iii). Since T ′(x0) = −1, in a neighborhood of x0 the map T is order-
reversing. We look at G := T 2 for which G(x0) = x0, and use that x0 has
the same stability for G and T . We have

G′(x) =T ′(T (x))T ′(x) ⇒ G′(x0) = (T ′(x0))
2 = 1 ,

G′′(x) =T ′′(T (x)) (T ′(x))2 + T ′(T (x))T ′′(x)

⇒ G′′(x0) = T ′′(x0)
(
(T ′(x0))

2 − T ′(x0)
)
= 0 .
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Moreover G ∈ C3(Bε(x0)), hence we can compute G′′′(x0). It holds

G′′′(x) =T ′′′(T (x)) (T ′(x))3 + 3T ′′(T (x))T ′(x)T ′′(x) + T ′(T (x))T ′′′(x)

⇒ G′′′(x0) = T ′′′(x0)
(
(T ′(x0))

3 + T ′(x0)
)
+ 3 (T ′′(x0))

2 T ′(x0)

⇒ G′′′(x0) = 2ST (x0) .

The result follows from (ii).

We conclude this section by studying the stability for periodic orbits.

Definition 3.5. Let x0 be a periodic point for T with minimal period p. The
orbit O(x0) is called attractive (respectively repulsive) if x0 is an attractive
(respectively repulsive) fixed point for T p.

Remark 3.4. Let x0 be a periodic point for T with minimal period p. If
T ∈ C1, it is a straightforward corollary of the chain rule that the derivative
of T p is the same on all the points of the orbit of x0, i.e. (T p)′(T i(x0)) =
(T p)′(x0) for all i = 0, . . . , p− 1, since

(T p)′(x0) =

n−1∏
j=0

T ′(T j(x0)) .

3.2 Existence of periodic orbits in one dimension

In this section [a, b] denotes a compact interval of the real line. Given a
finite number of points {xk}k=0,...,n such that

a = x0 < x1 < x2 < · · · < xn−1 < xn = b ,

we consider the partition J of [a, b] into the closed intervals Jk = [xi−1, xi],
k = 1, . . . , n.

Definition 3.6. Given a partition J = {Jℓ} of [a, b] and two not necessarily
distinct sets Jk and Jh of the partition, we say that Jk T -covers Jh m-times,
with m ∈ N ∪ {∞}, if there exist m open sub-intervals K1, . . . ,Km of Jk
such that Ki ∩Kj = ∅ for i ̸= j, and T (ĎKi) = Jh for all i = 1, . . . ,m.

Definition 3.7. Given a partition J = {Jℓ}ℓ=1,...,n of [a, b], the T -graph
of J is a graph with nodes given by the indices {1, . . . , n}, and such that
there are m-arcs from k to h if Jk T -covers Jh m-times. An admissible path
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of length s ∈ N on the T -graph of J is a sequence Jp(1)Jp(2) . . . Jp(s) with
p(j) ∈ {1, . . . , n} and such that there is at least one arc from p(j) to p(j+1)
for all j = 1, . . . , s − 1. An admissible path of length s ∈ N is called closed
if p(s) = p(1). An admissible closed path is called a loop.

Lemma 3.5. If Jp(1)Jp(2) . . . Jp(s)Jp(s+1) is a loop on the T -graph of a par-
tition J with s ∈ N0, then there exists a point x ∈ Jp(1) which is periodic
for T with period s and such that T j(x) ∈ Jp(j+1) for all j = 0, . . . , s.

Proof. Let us fix Ks+1 = J̊p(s+1). Since the path Jp(1)Jp(2) . . . Jp(s)Jp(s+1) is
admissible, there exists a family Kj ⊂ Jp(j), j = 1, . . . , s, of open intervals
such that T (Kj) = Kj+1. Hence there exists an intervalK1 ⊂ Jp(1) such that
T s(K1) = Ks+1 ⊇ K1. The fixed-point theorem implies that there exists
x ∈ ĎK1 such that T s(x) = x, moreover by construction T j(x) ∈ ĘKj+1 ⊆
Jp(j+1) for all j = 0, . . . , s.

Remark 3.6. It is important to notice that Lemma 3.5 does not prove the
existence of a periodic point with minimal period s. That the period s is
minimal may be obtained by looking at the path used in the proof of the
lemma.

Proposition 3.7. Let T : [a, b] → [a, b] be a continuous map for which there
exists a periodic orbit of odd period m > 1. Then T admits periodic orbits
of minimal period n for all n > m, for all even n < m, and for n = 1.

Proof. Let’s assume that m is the smallest odd number greater than 1 for
which T has a periodic orbit of period m1. In particular, m is the minimal
period of the orbit. Let us denote by p1, p2, . . . , pm the points of the periodic
orbit ordered in [a, b], so that T (p1) > p1 and T (pm) < pm. It follows that
there exists h̄ such that T (ph̄) > ph̄ and T (pk) < pk for all k = h̄+1, . . . ,m.
Finally let J be the partition given by the points a, b and the points of
the periodic orbit p1, p2, . . . , pm, and let J0 := [a, p1], Jm := [pm, b], and
Jk := [pk, pk+1] for k ∈ N := {1, . . . ,m − 1}. By construction and the
fact that m > 2 we have that one of the inequalities T (ph̄+1) ≤ ph̄ and
T (ph̄) ≥ ph̄+1 is strict, hence Jh̄ T -covers itself at least once. By Lemma
3.5, this gives the result for n = 1.

We now proceed by proving intermediate statements.

Step 1. There exists an admissible path on the T -graph of the partition J
from Jh̄ to any set Jk of the partition with k ∈ N .

1If not, we prove the result for such smallest odd number greater than 1 and obtain
the proposition.
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Let us define by recurrence the following subsets of the nodes N of the
T -graph. We put N1 := {h̄},

N2 := {r ∈ N : Jh̄ T -covers Jr} ,

and for i ≥ 3

Ni := {r ∈ N : ∃ s ∈ Ni−1 such that Js T -covers Jr} .

Since m > 2, each Js with s ∈ N , T -covers at least one set Jr with r ̸= s.
Moreover the fact that Jh̄ T -covers itself implies that h̄ ∈ Ni for all i ≥ 1,
hence {Ni} is a non-decreasing sequence of sets. We conclude that there
exists ℓ such that Nℓ = Nℓ+1 = N , since Nℓ ̸= N implies that m is not the
minimal period of the periodic orbit. This finishes the proof of this step.

Step 2. There exists k ∈ N such that Jk T -covers Jh̄.
We argue by contradiction. If the thesis of this step is false, all points pj of
the periodic orbit with j ≤ h̄ have distinct images in the set {ph̄+1, . . . , pm},
and analogously all points pj of the periodic orbit with j ≥ h̄+1 have distinct
images in the set {p1, . . . , ph̄}. Since m is odd we get the contradiction.

Step 3. On the T -graph of the partition J there exists a loop starting from
Jh̄ and passing through all the sets Jk with k ∈ N . This loop contains Jh̄
only at the beginning and at the end.
We first show that the shortest loop from Jh̄ to itself is of length m. Let
Jh̄Jp(2) . . . Jp(s)Jh̄ be such loop of length s + 1 < m, there are two cases.
If s is odd, by Lemma 3.5 there exists x ∈ Jh̄ such that T s(x) = x, but
s < m− 1 and we have a contradiction by the choice of m. If s is even, we
can consider the loop Jh̄Jp(2) . . . Jp(s)Jh̄Jh̄ which is of length s+2 and gives,
by Lemma 3.5, the existence of a periodic point of period s+1 < m. Again
we have a contradiction by the choice of m.

Let Jh̄Jp(2) . . . Jp(m−1)Jh̄ be the shortest loop from Jh̄ to itself. All Jk
appear at most once in this path, indeed if one Jk appears twice, we can con-
struct a shorter loop from Jh̄ to itself. Hence, Jh̄Jp(2) . . . Jp(m−1)Jh̄ contains
all the sets Jk with k ∈ N . The same argument shows that the T -graph of
the partition J contains one single arc from an index k ∈ N to h̄.

Let us now relabel the sets of the partition J by letting I1 := Jh̄ and
I2, . . . , Im−1 be chosen so that there exists an arc from k to k + 1 for all
k ∈ N .

Step 4. The map T admits periodic orbits of minimal period n for all n > m.
This follows by applying Lemma 3.5 to the loop I1I2 . . . Im−1I1 . . . I1 of
length n+ 1.
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Step 5. For each odd k ∈ N there exists an arc from m− 1 to k.
The statement is clearly true for m = 3. If m > 3 we show that the sets
Ik are ordered in [a, b] in a precise way. From step 3 we know that I1 T -
covers itself and I2, and no other set. So T (ph̄) = ph̄+2 and T (ph̄+1) = ph̄,
or T (ph̄) = ph̄+1 and T (ph̄+1) = ph̄−1. In the first case I2 = [ph̄+1, ph̄+2],
and since I2 T -covers only I3 we have I3 = [ph̄−1, ph̄]. We can continue
repeating the argument to conclude that Im−1 = [pm−1, pm], and T (pm−1) =
p1, T (p1) = pm and T (pm) = ph̄. Since Ik with k odd are of the form
[ph, ph+1] with h < h̄, the thesis of the step follows.

Step 6. The map T admits periodic orbits of minimal period n for all even
n < m.
This follows from step 5 by applying Lemma 3.5 to the loop of length n+1
from Im−1 to itself of the form Im−1IjIj+1 . . . Im−1 where j = m − n is
odd.

Theorem 3.8 (Sharkovsky). Let T : [a, b] → [a, b] be a continuous map and
consider the following ordering on N

1 ≺ 2 ≺ 4 ≺ 8 ≺ · · · ≺ 2n ≺ 2n+1 ≺ . . . 2n+15 ≺ 2n+13 ≺ . . .

· · · ≺ 2n5 ≺ 2n3 ≺ · · · ≺ 2 · 5 ≺ 2 · 3 ≺ . . . 7 ≺ 5 ≺ 3
(3.5)

If T admits a periodic orbit of minimal period m then it admits a periodic
orbit of minimal period n for all n ≺ m in the ordering (3.5).

Proof. If m is odd, the thesis follows from Proposition 3.7.
If m = 2 · m̃ with m̃ odd and T admits no periodic orbits with odd period,
then we can repeat the same argument of the proof of Proposition 3.7 up
to step 2. This shows that h̄ = m̃ and, in the T -graph of the partition
including the sets Jk with k ∈ N , there exists an admissible path from the
set [pm̃, pm̃+1] to all the sets Jk with k ∈ N . This implies that T admits
a fixed point. However there is no arc to [pm̃, pm̃+1] from a different set,
since otherwise by Lemma 3.5 we could find a periodic orbit of T with odd
period. It follows that T (pj) ≥ pm̃+1 for all j ≤ m̃ and T (pj) ≤ pm̃ for all
j ≥ m̃+1, so the points p1, . . . , pm̃ give a periodic orbit of period m̃ for T 2.
We can then repeat the argument for T 2 and find periodic orbits of T 2 with
period ñ for all ñ ≺ m̃ in the ordering (3.5). The thesis for T follows.
If m = 2r · m̃ with r > 1, m̃ odd and T admits no periodic orbits with odd
period, then we do one step as in the previous case, and we are reduced to
the case m = 2r−1 ·m̃. So we can repeat the argument and obtain the thesis.
We remark that when m̃ = 1, we only obtain periodic orbits with period
powers of 2.
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3.3 Topological chaos

Definition 3.8. Let T : X → X be a continuous map on a metric space X.
We say that T is chaotic in the sense of Devaney if there exists a compact
forward invariant set Λ ⊂ X such that:

(i) the set of periodic orbits is dense in Λ;

(ii) T is topologically transitive on Λ, that is for all open sets U, V ⊂ X
with non-empty intersection with Λ, there exists n ∈ N such that
Tn(U ∩ Λ) ∩ (V ∩ Λ) ̸= ∅;

(iii) T has sensitive dependence on initial conditions on Λ, that is there
exists c > 0 such that for all x ∈ Λ and all ε > 0 one can find y ∈
Bε(x)∩Λ for which there exists n ∈ N such that d(Tn(x), Tn(y)) > c.

Example 3.3. Show that the Symbolic dynamics of Example 1.8 is chaotic
in the sense of Devaney.

Remark 3.9. Conditions (i) and (ii) in Definition 3.8 imply (iii) if Λ is infinite
(see [Ru17, Theorem 7.4]). For interval maps, condition (ii) with Λ = X
implies (i) and (iii) (see [Ru17, Proposition 7.2]).

Definition 3.9. Let T : X → X be a continuous map on a compact metric
space X. For n ∈ N and ε > 0, a set S ⊂ X is called (n, ε)-separated if for
all x, y ∈ S there exists k = 0, . . . , n such that d(T k(x), T k(y)) > ε. Then
the quantity

htop(T ) := lim
ε→0+

lim sup
n→∞

1

n
log
(
max {#S : S is (n, ε)-separated}

)
is well-defined and is called topological entropy of T .

It’s not difficult to show the following result.

Proposition 3.10. Let (X,T ) and (X̃, T̃ ) be two discrete-time continuous
dynamical systems on compact metric spaces, and assume that (X̃, T̃ ) is a
topological factor of (X,T ). Then htop(T ) ≥ htop(T̃ ). In particular, topolog-
ical entropy is invariant under topological conjugacy.

Example 3.4. Using Definition 3.9 and Proposition 3.10, show that: The
Symbolic dynamics has positive topological entropy; The Tent map of Ex-
ample 1.5 with s = 2, the Bernoulli map of Example 1.7, and the Logistic
map of Example 1.6 with λ = 4 have topological entropy log 2; The rotations
of the circle of Example 1.4 have null topological entropy.
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We now move to the case of maps of the interval. First, we give a simple
criterion to compute the topological entropy in a special case (see [Ru17,
Section 4.4]).

Proposition 3.11. Let T : [a, b] → [a, b] be a piecewise continuous mono-
tone map with respect to a partition J = {J1, . . . , JN} of the compact
interval [a, b] into closed subintervals. Assume that T (Ji) = [a, b] for all
i = 1, . . . , N . Then

htop(T ) = lim
k→∞

1

k
log
(
#Fix(T k)

)
= logN .

We now introduce another notion of chaotic behaviour.

Definition 3.10. Let T : X → X be a continuous map on a compact
interval X = [a, b]. We say that T has a horseshoe if there exists a closed
sub-interval J ⊆ X which T -covers itself 2-times.

Proposition 3.12. Let T : X → X be a continuous map on a compact
interval X = [a, b]. Then:

(i) if T has a horseshoe then has periodic orbits with minimal period n
for all n ≥ 1;

(ii) if T has a periodic point with minimal odd period m > 1, then T 2 has
a horseshoe.

Proof. (i) Let J ⊆ [a, b] be the closed interval which covers itself 2-times,
and let K1 and K2 be the open sub-intervals of J such that K1 ∩ K2 = ∅
and T (ĎK1) = T (ĎK2) = J . We consider the T -graph of K1, K2, which is a
full graph on the indices {1, 2}.

Let K1 = (α, β) and K2 = (β + ε, γ), there are two cases. If ε > 0 or
ε = 0 and β is not a fixed point, we apply Lemma 3.5 to the admissible
path K1K2K2K1 to find a periodic point of period 3 which is not fixed,
so it has minimal period 3 and we can apply Sharkovsky Theorem 3.8. If
ε = 0 and β is a fixed point, then it follows that there exists δ ∈ (β, γ) such
that T ([δ, γ]) = J , so we can repeat the argument with K1 = (α, β) and
K3 = (δ, γ).

(ii) Let m be the smallest odd number for which T has a periodic orbit of
minimal period m, and let {p1, . . . , pm−1, pm} be the points of the periodic
orbit in dynamical order, that is T (pi) = pi+1 for all i = 1, . . . ,m − 1, and
T (pm) = p1. By Step 5 in the proof of Proposition 3.7, the point of the
periodic orbit are ordered in [a, b] as

a ≤ pm < pm−2 < · · · < p5 < p3 < p1 < p2 < p4 < · · · < pm−3 < pm−1 ≤ b
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or specularly. In the first case, we find T (p1, p2) = (p3, p2) so that there
exists δ ∈ (p1, p2) such that T (δ) = p1, and hence T 2(δ) = p2. We now
show that J = [pm, p2] T

2-covers itself 2-times. Let K1 = (pm, pm−2),
then T 2(pm) = p2 and T 2(pm−2) = pm, hence T 2(ĎK1) = J . If we also let
K2 = (pm−2, δ), then as shown before again T 2(ĎK2) = J . Since K1∩K2 = ∅,
we are done.

Definition 3.11. Let T : X → X be a continuous map on a compact
interval X = [a, b]. We say that T is chaotic in the horseshoe sense if there
exists n ∈ N such that Tn has a horseshoe.

For interval maps, all the definitions of topological chaos coincide (the
next result is proved putting together different statements in [Ru17]).

Theorem 3.13. Let T : X → X be a continuous map on a compact interval
X = [a, b]. Then the following are equivalent:

(i) T is chaotic in the sense of Devaney;

(ii) htop(T ) > 0;

(iii) T is chaotic in the horseshoe sense;

(iv) T has a periodic point with minimal period not a power of 2.

Example 3.5. The Tent map Ts of Example 1.5 is chaotic for all s > 1. If s ≥√
2 one shows that T 2

s has a horseshoe by using the interval Js = [ 1
s+1 ,

s
s+1 ],

since 1
2 ∈ Js and T 2(12) ≤ 1

s+1 , whereas T 2( 1
s+1) = T 2( s

s+1) = s
s+1 . If

s ∈ (1,
√
2), the result follows by observing that there exist intervals J1 and

J2 on which T 2
s is equal to Ts2 after rescaling.

Remark 3.14. For a C1,α diffeomorphism of a manifold, positive topological
entropy is equivalent to existence of a Smale horseshoe, defined in Section
3.5 (see [Ka80]).

3.4 Systems in dimension greater than one

In this section, we recall the basic theory for discrete-time dynamical systems
analogously to the approach to continuous-time systems in Chapter 2.
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Linear systems

The simplest case is described by the action of a matrix A on a Euclidean
space. In particular, let X = Rd and TA : X → X be given by TA(x) = Ax
for A ∈ M(d× d,R). For simplicity, we assume that 0 is not an eigenvalue
of A, so that the map TA is invertible and the dynamical system given by
TA is the action of Z on X. We have the analogous result of Theorem 2.1
for matrices with simple eigenvalues.

Theorem 3.15. Let A ∈M(d× d,R) be a real d× d matrix with k distinct
real eigenvalues λ1, . . . , λk, and m = 1

2(d − k) distinct couples of conjugate
complex eigenvalues written in polar form as ρje

±iθj , with ρj > 0 and θj ∈
[0, 2π). Then there exists an invertible matrix P ∈M(d× d,R) such that

P−1AP = Λ := diag
(
λ1, . . . , λk, B1, . . . , Bm

)
where

Bj = ρj

(
cos θj − sin θj

sin θj cos θj

)
, ∀ j = 1, . . . ,m,

and the orbits of the map TA(x) = Ax are given by

Tn
A(x) = P Λn P−1 x

where

Λn = diag
(
λn1 , . . . , λ

n
k , B

n
1 , . . . , B

n
m

)
and

Bn
j = ρnj

(
cos(nθj) − sin(nθj)

sin(nθj) cos(nθj)

)
, ∀ j = 1, . . . ,m.

Remark 3.16. Let us consider the case of matrices with multiple roots in the
simple case d = 2. The matrix A can only have multiple real roots, and the
possible Jordan normal form of a matrix A with a double real eigenvalue λ
are

Λ = diag
(
λ, λ

)
or

(
λ 1

0 λ

)
.

In the non-diagonal case, one writes Λ = λI +N , where N is the nilpotent
matrix

N =

(
0 1

0 0

)
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for which N2 = 0. So that2

Λn = diag
(
λn, λn

)
or λn−1

(
λ n

0 λ

)
.

The analogous of Theorem 3.15 can be stated for a general matrix A,
and the first dynamical properties of the map TA are simple to prove.

First, using Definition 1.5 we find

Proposition 3.17. The fixed points of the map TA are the points in the
kernel of A− I.

In particular, the origin x0 = 0 is a fixed point for all A, and the other
fixed points come in linear subspaces of Rd. We’ll see that the origin plays
a special role in characterizing the dynamics of all the non-trivial orbits.

Concerning periodic orbits, it is straightforward from Theorem 3.15 that
they can exist only if there is a couple of conjugate complex eigenvalues
which are roots of 1. If this holds, all orbits within the relative eigenspace
are periodic.

In general, the space Rd can be written as the direct sum of generalised
eigenspaces of A, and according to the asymptotic behaviour of the orbits,
it makes sense to consider the following decomposition.

Definition 3.12. Let A ∈ M(d × d,R) be a real d × d matrix and let Eλ

denote the generalised eigenspace of an eigenvalue λ. We call:
Stable eigenspace of 0 the linear space Es(0) defined as

Es(0) := Span {v ∈ Eλ : |λ| < 1} ;

Central eigenspace of 0 the linear space Ec(0) defined as

Ec(0) := Span {v ∈ Eλ : |λ| = 1} ;

Unstable eigenspace of 0 the linear space Eu(0) defined as

Eu(0) := Span {v ∈ Eλ : |λ| > 1} .

Theorem 3.18. Let A ∈ M(d × d,R) be a real d × d matrix and consider
the map TA(x) = Ax. Then:

(i) d = dimEs(0) + dimEc(0) + dimEu(0);

2Here we use the fact that the matrices I and N commute.
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(ii) the eigenspaces Es(0), Ec(0), Eu(0) are completely invariant;

(iii) the following dynamical characterisation holds:

Es(0) = {x ∈ Rn : Tn
A(x) → 0 as n→ +∞} ;

Eu(0) = {x ∈ Rn : Tn
A(x) → 0 as n→ −∞} .

Proof. It is a simple application of Theorem 3.15.

As in the continuous case (see Remark 2.5), it’s impossible to give a
dynamical characterization of the central eigenspace Ec(0) (see Exercise
3.1).

Remark 3.19. In the case d = 2, the dynamical properties of the orbits
follow from the dimensions of the eigenspaces in Definition 3.12. As in the
continuous case, we can identify three different main situations.
Case 1. A has two, non-necessarily distinct, eigenvalues λ, µ ∈ R of modulus
not equal to 1. The phase space R2 either coincides with the stable or
unstable eigenspace of 0, or is the direct sum of the one-dimensional stable
and unstable eigenspace. In the first case, the orbits converge towards 0 as
n → +∞ or as n → −∞, and they lie on generalised parabolas through 0.
The fixed point 0 is then a stable or unstable (proper or improper) node (or a
star). In the latter, the orbits outside the stable and unstable eigenspaces do
not converge to 0, neither at +∞ or −∞, and lie on generalised hyperbolas.
The fixed point 0 is then a saddle.
Case 2. A has two complex conjugate eigenvalues λ, λ̄ of modulus 1 with
non-zero imaginary parts. The phase space R2 coincides with the central
eigenspace of 0. All orbits lie on closed curves, and are periodic if the
eigenvalues are a root of unity. The fixed point 0 is then a center.
Case 3. A has one or both eigenvalues equal to ±1. This is a degenerate
case. If both eigenvalues are in {±1}, the fixed point 0 is called parabolic.

Stability of fixed points

We can now adapt the study of the stability properties of a fixed point given
in Section 3.1 to the higher dimensional case.

Let X ⊆ Rd be a Euclidean domain, T : X → X be a differentiable
invertible map, and x0 be a fixed point. Then, there exists ε > 0 such that
for all x ∈ Bε(x0),

T (x)− T (x0) = T (x)− x0 = JT (x0)(x− x0) + o(∥x− x0∥) .
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Hence,

∥T (x)− x0∥ = ∥JT (x0)(x− x0)∥+ o(∥x− x0∥) . (3.6)

We deduce that, at the first order, it is the term JT (x0) which may determine
whether the orbit of a point x ∈ Bε(x0) gets closer or further from the fixed
point x0. This justifies the following definition.

Definition 3.13. Let T be differentiable at a fixed point x0. The fixed
point x0 ∈ X is called hyperbolic if all the eigenvalues of the matrix JT (x0)
have modulus not equal to 1.

Theorem 3.20. Let x0 be a hyperbolic fixed point for a map T such that
T ∈ C1(Bε(x0)) for some ε > 0. If all the eigenvalues of JT (x0) have
modulus less than 1, then the point is attractive. If all the eigenvalues of
JT (x0) have modulus greater than 1, then the point is repulsive.

Proof. Argue as in the proof of Theorem 3.2.

Finally, for hyperbolic fixed points we can state the analogous of two fun-
damental theorems of the qualitative theory of continuous-time dynamical
systems. The first is the Hartman-Grobman Theorem.

Theorem 3.21 (Hartman-Grobman). Let x0 be a hyperbolic fixed point of
a C1 map T : X → X. Then there exists a neighbourhood U(x0) and a
homeomorphism h : U(x0) → Rd which sends orbits {Tn(x)}n into orbits
of the linear map Rd ∋ y 7→ TJF (y) := JF (x0)y ∈ Rd, without changing
their direction of time parametrisation3. In particular the homeomorphism
h leaves invariant the stability properties of the fixed point y

0
= 0.

The second is the result on the local stable and unstable manifolds. We
first recall the definitions.

Definition 3.14. Let x0 be a fixed point of an invertible map T : X → X,
and let U be a neighbourhood of x0. The local stable manifold W s

loc(x0) of
x0 in U is the set

W s
loc(x0) := {x ∈ U : Tn(x) ∈ U for all n ≥ 0, Tn(x) → x0 as nto+∞}

Analogously, the local unstable manifold W u
loc(x0) of x0 in U is the set

W u
loc(x0) := {x ∈ U : Tn(x) ∈ U for all n ≤ 0, Tn(x) → x0 as n→ −∞}

3A formal statement is that for all x ∈ U(x0) we have h(Tn(x)) = Tn
JF (h(x)) for all

n ∈ N such that Tn(x) ∈ U(x0).
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Theorem 3.22 (Stable and unstable manifolds). Let x0 be a fixed point of
a Ck, k ≥ 1, invertible map T : X → X. Let’s assume that x0 is hyperbolic
and let Es(0) and Eu(0) be the stable and unstable eigenspaces associated to
the linear map y 7→ TJF (y) := JF (x0)y. Then there exists ε > 0 such that
there exist local stable and unstable manifolds, W s

loc(x0) and W
u
loc(x0), of x0

in Bε(x0) with the following properties:

(i) W s
loc(x0) and W

u
loc(x0) are unique in Bε(x0);

(ii) W s
loc(x0) is forward invariant, and W u

loc(x0) is backward invariant;

(iii) W s
loc(x0) and W u

loc(x0) are Ck manifolds, dimW s
loc(x0) = dimEs(0)

and dimW u
loc(x0) = dimEu(0);

(iv) W s
loc(x0) is tangential to x0 + Es(0) at x0, and W

u
loc(x0) is tangential

to x0 + Eu(0) at x0.

Finally, we recall the definitions of the global manifolds.

Definition 3.15. Let x0 be a hyperbolic fixed point of a Ck, k ≥ 1, invert-
ible map T : X → X. The global stable and unstable manifolds of x0 are
defined as

W s(x0) :=
⋃
n≤0

Tn(W s
loc(x0)) , W u(x0) :=

⋃
n≥0

Tn(W u
loc(x0)), (3.7)

where W s,u
loc (x0) are the local manifolds in Bε(x0) for some ε > 0.

In Section 3.5, we show that the intersections of the stable and unsta-
ble manifolds of fixed points create chaotic behaviour. First, we study the
chaotic behavior of the Toral automorphisms introduced in Example 1.10.

Hyperbolic toral automorphisms

For this section we refer to [KH95]. This class of dynamical systems shows
that a linear map may produce chaotic behavior when the phase space gets
folded into itself. Let

A =

(
a b
c d

)
∈M(2× 2,Z) , with det(A) = 1,

and consider the map TA : T2 → T2, given by

TA(x, y) = (ax+ by , cx+ dy) (mod Z2).

The properties of A imply that TA is a continuous invertible transformation.
A first simple dynamical property of TA is the following.
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Proposition 3.23. The periodic points of TA are all and only the points in
T2 with rational coordinates.

Proof. If (x, y) ∈ T2 ∩Q2, then we can write x = p/q and y = r/q for some
p, r ∈ N0 and q ∈ N such that (p, q, r) = 1. For all n ∈ N, the matrix An has
integer coefficients, implying that Tn

A(x, y) ∈ T2 ∩Q2 and both coordinates
have q as denominator. Therefore, since there exist at most q2 distinct
rational couples in T2 with q as common denominator, there exists m ∈ N
such that Tm

A (x, y) = (x, y).
In the other direction, if (x, y) ∈ T2 satisfies Tm

A (x, y) = (x, y) for some
m ≥ 1, there exist k1, k2 ∈ Z such that

Am

(
x
y

)
=

(
am bm
cm dm

)(
x
y

)
=

(
x+ k1
y + k2

)
with am, bm, cm, dm ∈ Z. Inverting this relation, we obtain that x, y ∈ Q.

Using what we have seen for linear systems, it is clear that the asymptotic
properties of the non-periodic orbits depend on the spectrum of A. We say
that a matrix A is hyperbolic if it does not have eigenvalues of modulus 1.
If A is hyperbolic, TA is called a hyperbolic toral automorphism.

Proposition 3.24. Let TA be a hyperbolic toral automorphism. Then, there
exist two vectors vs, vu ∈ R2, such that for all (x, y) ∈ T2 the lines

ℓs(x, y) := {(x, y) + tvs : t ∈ R} and ℓu(x, y) := {(x, y) + tvu : t ∈ R}
(3.8)

are both dense when projected into T2, and there exist θ ∈ (0, 1) such that

lim
n→+∞

θ−n d(Tn
A(x, y), T

n
A((x, y) + tvs)) = 0 , ∀ t ∈ R ;

lim
n→−∞

θ−|n| d(Tn
A(x, y), T

n
A((x, y) + tvu)) = 0 , ∀ t ∈ R .

Proof. The existence of the vectors vs, vu ∈ R2 and the density of the lines
ℓs, ℓv follow from the spectral properties of A. If A is hyperbolic, then it
has two irrational distinct eigenvalues λs, λu, both positive or both negative.
Moreover we set |λu| = 1/|λs| > 1. Then, we choose vu to be an eigenvector
of A with eigenvalue λu, and vs to be an eigenvector of A with eigenvalue
λs. It follows immediately that the lines ℓs, ℓv are dense when projected into
T2.

In addition, if θ ∈ (|λs|, 1), then for all fixed t ∈ R

Tn
A((x, y) + tvs) = Tn

A(x, y) + t λns vs (mod Z2) , ∀n ∈ Z .
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Hence, for n big enough,

θ−n d(Tn
A(x, y), T

n
A((x, y) + tvs)) = |t| |vs| θ−n |λs|n

and the result follows for vs. The same computation for vu concludes the
proof.

The lines ℓs(x, y) and ℓu(x, y) defined in (3.8) are the stable and unstable
manifold of the point (x, y). The linearity of TA implies that the vectors
vs, vu do not depend on the point, and the density of the lines shows that, for
all choice of points (x, y), (x′, y′) ∈ T2, the line ℓs(x, y) intersects ℓu(x

′, y′)
countably many times.

Proposition 3.25. Hyperbolic toral automorphisms are topologically tran-
sitive and topologically mixing (that is, for all open sets U, V ⊂ T2 there
exists N = N(U, V ) such that for all n ≥ N we have U ∩ Tn(V ) ̸= ∅).

Proof. First, we show that TA with A hyperbolic is topologically transitive.
Given two open sets U, V ⊂ T2, let P ∈ U and Q ∈ V be periodic points
for TA, which exist because periodic points are dense thanks to Proposition
3.23. Let nP and nQ be the minimal periods of P and Q, respectively, and
let m := LCM(np, nQ). Then, P and Q are fixed points of Tm

A .
We now apply Proposition 3.24 to Tm

A and Am. It follows that the lines
ℓs(P ) and ℓu(Q) intersect at least in a point R, which satisfies

lim
n→+∞

(Tm
A )n(R) = P and lim

n→−∞
(Tm

A )n(R) = Q .

Hence, there exists N0 ∈ N such that (Tm
A )n(R) ∈ U and (Tm

A )−n(R) ∈ V ,
for all n ≥ N0. Therefore, T 2mn

A (T−mn
A (R)) ∈ U ∩ T 2mn

A (V ) ̸= ∅ for all
n ≥ N0.

Topological mixing of TA follows similarly. We use the simple fact that,
given a line ℓ in R which is dense when projected into T2, for all ε > 0 there
exists L = L(ε) > 0 such that any segment of ℓ of length not less than L is
ε-dense when projected into T2 (that is, all points of T2 are at a distance
less than ε from the projected segment). Consider two open sets U, V ⊂ T2

and points P ∈ U and Q ∈ V . Let ε > 0 such that Bε(P ) ⊂ U . Recalling
Proposition 3.24, given L = L(ε) as in the fact above, we define N ∈ N
as the smallest k ∈ N such that T k

A(ℓu(Q) ∩ V ) has length not less than L.
Such N exists because ℓu(Q) ∩ V is a segment of the unstable manifold of
Q, and this segment is stretched by a factor |λu| > 1 after each iteration of
TA, where λu is one of the eigenvalues of A. Hence, for all n ≥ N we have
Bε(P ) ∩ Tn

A(ℓu(Q) ∩ V ) ̸= ∅. Otherwise, P would be at a distance greater
than ε from Tn

A(ℓu(Q)∩V ). In particular, U ∩Tn(V ) ̸= ∅ for all n ≥ N .



3.5. SMALE-BIRKHOFF THEORY 79

We have thus proved that the hyperbolic toral automorphisms are chaotic
in the sense of Devaney (see Definition 3.8) thanks to Remark 3.9. We also
state the result that the topological entropy of these maps is positive. For
a proof we refer to [KH95].

Proposition 3.26. Let TA be a hyperbolic toral automorphism and let λs, λu
be the eigenvalues of A, with |λu| = 1/|λs| > 1. Then,

htop(TA) = log |λu| > 0.

3.5 Smale-Birkhoff theory

In this section, we describe the Smale horseshoe, one of the most famous
example of a chaotic dynamical system, and show how this example has
generated one of the most used methods to prove chaotic behavior in other
systems. For this section we refer to [Wi03].

The Smale horseshoe

Let D = [0, 1] × [0, 1] be the unit square in R2, and a ∈ (0, 1/2) and b > 2
be fixed parameters. Consider the following subsets of D, two horizontal
rectangles

H0 :=

{
(x, y) ∈ D : 0 ≤ y ≤ 1

b

}
, H1 :=

{
(x, y) ∈ D : 1− 1

b
≤ y ≤ 1

}
,

and two vertical rectangles

V0 := {(x, y) ∈ D : 0 ≤ x ≤ a} , V1 := {(x, y) ∈ D : 1− a ≤ x ≤ 1} .

The Smale horseshoe is the map T : D → R2 defined as follows. First,

T (x, y) = (ax, by) , if (x, y) ∈ H0,

T (x, y) = (−ax+ 1,−by + b) , if (x, y) ∈ H1.
(3.9)

That is, T maps Hi into Vi homeomorphically and linearly for i = 0, 1.
Then, T is extended continuously on D \ (H0 ∩ H1) in such a way that
T (D \ (H0 ∩H1)) ∩D = ∅.

In the same way, the inverse T−1 : D → R2 is defined such that T−1|Vi =
(T |Hi)

−1, for i = 0, 1, and is extended continuously on D \ (V0 ∩ V1) with
image outside D.
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By its definition in (3.9), the Smale horseshoe T on the horizontal rect-
angles Hi has a similar behavior to the hyperbolic toral automorphisms. In
particular, orbits are stretched far away by a factor b along the y direc-
tion, and get closer by a factor a along the x direction. Similarly to what
happens along the stable and unstable lines for a hyperbolic toral automor-
phism. However, in this case, there are orbits which are sent outside D.
Let’s describe the fully invariant set

Λ :=
⋂
n∈Z

Tn(D) . (3.10)

We begin with Λ+ := ∩n≥0 T
n(D). First,

Λ1
+ := D ∩ T (D) = V0 ∪ V1

as obtained from (3.9). Then, write

Λ2
+ := D ∩ T (D) ∩ T 2(D) = D ∩ T (D ∩ T (D)) = D ∩ T (V0 ∪ V1) .

Since T (V0 ∪ V1) = T (V0) ∪ T (V1), and the image of T in D is given by
V0 ∪ V1, we can write

Λ2
+ =

⋃
s−1,s−2∈{0,1}

Vs−1 ∩ T (Vs−2) .

In addition, the sets T (Vi)’s are vertical sub-rectangles of Vj of height 1 and
width λ2. Hence, Λ2

+ is the union of four vertical rectangles of height 1 and
width λ2.

Then, we repeat this argument for all k ∈ N. So that

Λk
+ :=

k⋂
n=0

Tn(D) =
⋃

s−1,...,s−k∈{0,1}

Vs−1 ∩ T (Vs−2) ∩ · · · ∩ T k−1(Vs−k
) ,

the union of 2k vertical rectangles of height 1 and width λk.
In the limit,

Λ+ = lim
k→+∞

Λk
+ =

+∞⋂
j=1

⋃
s−j∈{0,1}

T j−1(Vs−j ) =

−1⋂
j=−∞

⋃
sj∈{0,1}

T−j(Hsj ) ,

where in the last equality we have used that Vi = T (Hi), i = 0, 1. Hence, Λ+

is the union of uncountably many vertical lines, each denoted by an infinite
binary string.
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The, we can repeat the argument for Λ− := ∩n≥0 T
−n(D), using the

properties of T−1. It follows as above that

Λ− =
+∞⋂
j=0

⋃
sj∈{0,1}

T−j(Hsj ) ,

the union of uncountably many horizontal lines of length 1, each denoted by
an infinite binary string.

In conclusion,

Λ :=
⋂
n∈Z

Tn(D) = Λ+ ∩ Λ− =
⋂
j∈Z

⋃
sj∈{0,1}

T−j(Hsj ) (3.11)

is the compact set of points in D obtained by the intersections of the vertical
lines of Λ+ with the horizontal lines of Λ−. Each point in Λ is identified
by a bi-infinite binary string, which specifies the two lines associated to the
point. Furthermore, the bi-infinite binary string describes the orbit of the
the point, by specifying in which of the two horizontal rectangles Hi the
iterates of the orbit lie.

The fundamental result on the dynamics of the Smale horseshoe is the
following result. Recall the symbolic dynamics described in Example 1.8.

Theorem 3.27 (Smale). The map T restricted to the compact fully in-
variant set Λ is topologically conjugate to the two-sided full shift σ on the
bi-infinite strings {0, 1}Z.

Proof. The result follows by constructing the conjugacy. Using (3.11), for
any (x, y) ∈ Λ there exists a unique s = (sj) ∈ {0, 1}Z such that T j(x, y) ∈
Hsj for all j ∈ Z. This fact defines a map h : Λ → {0, 1}Z.

The map h is injective. This follows immediately from the fact that
each bi-infinite string determines a vertical and a horizontal line, whose
intersection is unique. Hence, if h(x, y) = h(x′, y′), then (x, y) and (x′, y′)
correspond to one of the unique intersection points, se they coincide.

The map h is surjective. Given s = (sj) ∈ {0, 1}Z, we find a vertical line
in Λ+ specified by (sj)j≤−1 and a horizontal line in Λ− specified by (sj)j≥0.
Here, we are using that all the finite binary words occur in the intermediate
sets {Λk

±}k. Hence, the string s = (sj)j∈Z is h(x, y) where (x, y) is the
intersection point of the correspondent vertical and horizontal lines.

The map h is continuous. We show this property at any (x, y) ∈ Λ. Let’s
fix ε > 0, the aim is to show the existence of δ > 0 such that if (x′, y′) ∈
Bδ(x, y)∩Λ then dθ(h(x, y), h(x

′, y′)) < ε, where we use the distance defined
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in (1.8) (as adapted to the two-sided case). Since dθ(h(x, y), h(x
′, y′)) < ε is

equivalent to h(x, y)j = h(x′, y′)j for all j = −Nε+1, . . . ,−1, 0, 1, . . . , Nε−1
with Nε = ⌊log ε/ log θ⌋, it’s enough to choose δ > 0 such that Bδ(x, y) is
contained in

( −1⋂
j=−Nε+1

T−j(Hsj )
)
∩
(Nε−1⋂

j=0

T−j(Hsj )
)
,

with s = (sj) = h(x, y), that is in the intersection of a vertical rectangle of
height 1 and width 2−Nε+1, and a horizontal rectangle of width 1 and height
2−Nε , respectively.

Finally, we show that σ ◦ h = h ◦ T . This follows from (3.11), shifting
any h(x, y) to the left we obtain a point (x′, y′) satisfying T j(x′, y′) ∈ Hsj+1

for all j ∈ Z. This point is unique by the previous steps, and the same
relations are satisfied by T (x, y). Hence, (x′, y′) = T (x, y). This completes
the proof.

Corollary 3.28. The Smale horseshoe is topologically chaotic.

Proof. An immediate consequence of the topological conjugacy exhibited
in Theorem 3.27 is that the topological entropy of the Smale horseshoe is,
thanks to Proposition 3.10, greater than or equal to log 2. In particular, it
is positive.

Chaos generated by homoclinic points

We now generalize the construction of the Smale horseshoe to obtain suffi-
cient conditions for a map to have positive topological entropy.

Let D = [0, 1] × [0, 1] and T : D → R2. First, we introduce horizontal
and vertical strips in D, which play the role of the horizontal and vertical
rectangles.

Definition 3.16. Given µv ≥ 0, a µv-vertical curve is the graph of a
function [0, 1] ∋ y 7→→ v(y) ∈ [0, 1] with Lipschitz constant µv. Anal-
ogously, given µh ≥ 0, a µh-horizontal curve is the graph of a function
[0, 1] ∋ x 7→→ h(x) ∈ [0, 1] with Lipschitz constant µh.

Given two µv-vertical curves defined by functions v1, v2 such that v1(y) <
v2(y) for all y ∈ [0, 1], we call µv-vertical strip the set

V := {(x, y) ∈ D : v1(y) ≤ x ≤ v2(y)} .



3.5. SMALE-BIRKHOFF THEORY 83

The width of a vertical strip is defined as

d(V ) := max
y∈[0,1]

(
v2(y)− v1(y)

)
.

Analogously, given two µh-horizontal curves defined by functions h1, h2 such
that h1(x) < h2(x) for all x ∈ [0, 1], we call µh-horizontal strip the set

H := {(x, y) ∈ D : h1(x) ≤ y ≤ h2(x)} .

The width of a horizontal strip is defined as

d(H) := max
x∈[0,1]

(
h2(x)− h1(x)

)
.

Lemma 3.29. (i) Let {V k}k∈N be a sequence of nested µv-vertical strips,
that is V k ⊃ V k+1 for k ∈ N, with the property that d(V k) → 0 as
k → +∞. Then, V∞ := ∩k∈NV

k is a µv-vertical curve.

(ii) Let {Hk}k∈N be a sequence of nested µh-horizontal strips, that is H
k ⊃

Hk+1 for k ∈ N, with the property that d(Hk) → 0 as k → +∞. Then,
H∞ := ∩k∈NH

k is a µh-horizontal curve.

(iii) If 0 ≤ µvµh < 1, then a µv-vertical curve and a µh-horizontal curve
intersect in exactly one point.

Proof. (i). Let vk1 and vk2 the Lipschitz functions defining the µv-vertical
strip V k. Since d(V k) → 0 as k → +∞, the sequence {v11, v12, v21, v22, . . . } is
Cauchy in the sup-norm. Since the set of Lipschitz functions with constant
µv on [0, 1] is a complete metric-space with the distance induced by the sup-
norm, it follows that there exists a µv-Lipschitz function v∞ which satisfies
vkj → v∞ as k → ∞ for j = 1, 2 in the sup-norm. Hence, V∞ is the
µv-vertical curve defined by v∞.

(ii). It follows as in (i).

(iii). Let v and h be the µv and µh Lipschitz functions defining a µv-
vertical curve and a µh-horizontal curve, respectively. Then, the composed
function h ◦ v : [0, 1] → [0, 1] is a contraction, since∣∣∣h(v(y2))− h(v(y1))

∣∣∣ ≤ µh

∣∣∣v(y2)− v(y1)
∣∣∣ ≤ µh µv |y2 − y1|,

and µvµh < 1.
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We are now ready to state the generalized version of Theorem 3.27. The
proof is similar.

Theorem 3.30 (Conley-Moser). Let T : D → R2 be a continuous in-
vertible map. Assume that there exist a set of disjoint µv-vertical strips
{V 1, . . . , V N} and a set of disjoint µh-horizontal strips {H1, . . . ,HN} sat-
isfying the following conditions:

(i) It holds 0 ≤ µvµh < 1 and T maps Hj homeomorphically onto V j, for
j = 1, . . . , N , sending the vertical (horizontal) boundaries of Hj onto
the vertical (horizontal) boundaries of V j.

(ii) There exists νh ∈ (0, 1) such that for all µh-horizontal strips H ⊂
∪jH

j, the set H̃ i := T−1(H)∩H i is a µh-horizontal strip and d(H̃ i) ≤
νhd(H). Analogously, there exists νv ∈ (0, 1) such that for all µv-
vertical strips V ⊂ ∪jV

j, the set Ṽ i := T (V )∩V i is a µv-vertical strip
and d(Ṽ i) ≤ νvd(V ).

Then, T has a fully invariant Cantor set Λ on which it is topologically
conjugate to the two-sided full shift σ on the bi-infinite strings {1, . . . , N}Z.

Finally, we show how the assumptions of the Conley-Moser Theorem
might hold in a neighborhood of a saddle point.

Theorem 3.31 (Moser, Smale). Let T : R2 → R2 be a Cr, r ≥ 1, dif-
feomorphism with a saddle fixed point at p, such that the global stable and
unstable manifolds, W s(p) and W u(p), intersect transversally at a point q.
Then, htop(T ) > 0.

The proof follows by showing that we can apply Theorem 3.30 to an
iterate of T . Here, we sketch the main steps of the proof.

First, without loss of generality, we can assume that p = (0, 0) and
there exists a neighborhood U of p such that W s

loc(p) = {y = 0} ∩ U and
W u

loc(p) = {x = 0} ∩ U .

Then, let q be the homoclinic transversal point to p. We let R be a
“rectangle” with a corner at q, sides along the stable and unstable manifolds
of p and parallel to them. There exist k0, k1 ∈ N such thatR0 := T k0(R) ⊂ U
has a side along the x-axis, and R1 := T−k1(R) ⊂ U has a side along the
y-axis.

We now look at the dynamics inside U , which is dominated by the saddle
point. A crucial result is the following.
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Lemma 3.32 (Lambda lemma). Let C be a curve intersecting W s
loc(p)

transversally in a point u ∈ U . Given ε > 0 and U sufficiently small,
there exists N0 ∈ N such that, for all N ≥ N0, the curve CN , which is the
connected component of TN (C)∩U containing TN (u), is ε-close to W u

loc(p)
in the C1 norm.

Lemma 3.32 tells us what happens to the positive iterates of R0. In
particular, we can define the set

R̄0 :=
{
(x, y) ∈ R0 : ∃n(x, y) ∈ N s.t. Tn(x,y)(x, y) ∈ R1

}
.

In addition, the properties of T imply that we can find a set of disjoint µh-
horizontal strips in R̄0 on which it is well defined the return map T r : R̄0 →
R0 given by T r(x, y) = T k0+k1+n(x,y)(x, y), and such that the image of every
horizontal strip is a µv-vertical strip, for µh and µv satisfying 0 ≤ µvµh < 1.
This is assumption (i) in Theorem 3.30. Assumption (ii) is proved by using
the notion of stable and unstable cones, for which we refer to [Wi03].

Exercises

3.1. Show the possible asymptotic behaviour of the orbits on the central
eigenspace Ec(0) of Definition 3.12.
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Chapter 4

Circle homeomorphisms

For the material of this chapter, see [He79, KH95].

Let S1 be represented by [0, 1]/(0 ∼ 1). In this chapter we consider the
discrete-time dynamical systems (S1, T ) where T is an orientation preserving
circle homeomorphism (OPCH). It is clear that a homeomorphism of S1

is either orientation preserving or orientation reversing, and if T reverses
the orientation then it has a fixed point and T 2 preserves the orientation.
Hence, the orientation reversing homeomorphisms are a small sub-class of
the OPCH from the dynamical point of view.

Let π : R → S1 be the standard projection given by π(x) = {x}, then we
say that a homeomorphism L : R → R is a lift of a circle homeomorphism
T if π ◦L = T ◦π. Since both T and L are invertible the dynamical systems
are given by the action of the group Z on S1 and R respectively.

Proposition 4.1. The lift of a circle homeomorphism is uniquely deter-
mined up to an additive constant. For all lifts L it holds

Ln(x+ k) = Ln(x) + k , ∀ k, n ∈ Z , x ∈ R , (4.1)

and ∣∣Ln(x)− Ln(y)
∣∣ < 1 , ∀n ∈ Z , x, y ∈ R s.t. |x− y| < 1 . (4.2)

If L1 and L2 are two different lifts with L1(x) − L2(x) = c for all x ∈ R,
then

Ln
1 (x)− Ln

2 (x) = cn , ∀n ∈ Z , x ∈ R . (4.3)

Proof. By definition of a lift, for all x ∈ [0, 1) it holds π(L(x)) = T (x) and
π(L(x+1)) = T (x). Hence, two different lifts L1, L2 satisfy L1(x)−L2(x) ∈

87
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Z for all x ∈ [0, 1), and all lifts L satisfy L(x + 1) − L(x) ∈ Z for all
x ∈ [0, 1). In addition, being all lifts homeomorphisms, it follows that for
any two different lifts L1, L2 there exists c ∈ Z such that L1(x)−L2(x) = c
for all x ∈ [0, 1), and L(x + 1) = L(x) + 1 for all x ∈ [0, 1) and all lifts L.
We have thus proved that all lifts are defined up to an additive constant.

We now prove (4.1). We have shown that it holds for all x ∈ R with
n = k = 1. For all k ∈ N we have

L(x+ k) = L(x+ k − 1 + 1) = L(x+ k − 1) + 1 = · · · = L(x) + k ,

and

L(x− k) + k = L(x− k + 1) + k − 1 = · · · = L(x) ,

hence (4.1) holds for all x ∈ R and all k ∈ Z with n = 1. Finally, by
induction, let’s assume that it holds for n− 1 ≥ 1, and write

Ln(x+k) = L(Ln−1(x+k)) = L(Ln−1(x)+k) = L(Ln−1(x))+k = Ln(x)+k ,

where we have used the case n = 1. Hence, (4.1) is proved also for all n ∈ N.
The case n < 0 follows in the same way starting with n = −1 for which, for
all k ∈ Z and all x ∈ R, given y = L−1(x), we can write

L−1(x+ k) = L−1(L(y) + k) = L−1(L(y + k)) = y + k = L−1(x) + k .

To prove (4.2), it is enough to observe that Ln is a homeomorphism for
all n ∈ Z and that the image Ln(I) of any interval of length 1 is an interval
of length 1.

We now prove (4.3). Again we have shown that it holds for all x ∈ R
with n = 1. Let n ≥ 2 and argue by induction. We assume that (4.3) holds
for all k = 1, . . . , n− 1, and use (4.1) to write

Ln
1 (x) = L1(L

n−1
1 (x)) = L1(L

n−1
2 (x) + c(n− 1)) = L1(L

n−1
2 (x)) + c(n− 1) =

= L2(L
n−1
2 (x)) + c+ c(n− 1) = Ln

2 (x) + cn .

The case n < 0 follows in the same way, starting from the case n = −1. For
a fixed x ∈ R, let y1 = L−1

1 (x) and y2 = L−1
2 (x), then using (4.1)

L2(y1 + c) = L2(y1) + c = L1(y1)− c+ c = L1(y1) = x ,

hence y2 = y1 + c which can be written as L−1
1 (x)− L−1

2 (x) = −c.
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For a given circle homeomorphism T , we always consider the lift L for
which L(0) = T (0) and refer to it as the principal lift. In particular, let
x̄ ∈ [0, 1) such that T (x̄) = 0, then

L(x) =


T (x) , if x ∈ [0, x̄),

T (x) + 1 , if x ∈ [x̄, 1),

L({x}) + ⌊x⌋ , otherwise.

(4.4)

The typical example of an OPCH is given by the rotations of the circle
Rα of Example 1.4, for which the principal lift is given by Rα(x) = x+α (we
use the same notation for the circle homeomorphism and the lift without
fear of ambiguity).

4.1 Rotation number

An important notion for the OPCHs is the rotation number.

Definition 4.1. Let T : S1 → S1 be an OPCH and let L be a lift of T . Let

τ(L) := lim
n→∞

Ln(x)− x

n
(4.5)

for some x ∈ R. We call rotation number of T the number τ(T ) := {τ(L)}.

Proposition 4.2. The rotation number τ(T ) of an OPCH is well defined.

In the proof, we need the following lemma.

Lemma 4.3. Let (an) be a sequence in R for which there exists c ∈ R such
that

an+m ≤ an + am + c , for all n,m ∈ N. (4.6)

Then the limit of an/n exists and

lim
n→∞

an
n

= inf
n

an
n
.

Proof. Let

ℓ := inf
n

an
n
.

Fix k ∈ N. For n = mk + r with 0 ≤ r ≤ k − 1, repeated use of (4.6) gives

amk+r ≤ amk+ar+c ≤ a(m−1)k+ak+c+ar+c ≤ · · · ≤ mak+ar+(m+1)c.
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Hence,

lim sup
n→∞

an
n

≤ lim sup
m→∞

mak + ar + (m+ 1)c

mk + r
=
ak
k

+
c

k
.

Given ε > 0, there exists k ∈ N such that

ak
k
< ℓ+

ε

2
and

c

k
<
ε

2
.

Then.
ℓ ≤ lim inf

n→∞

an
n

≤ lim sup
n→∞

an
n

≤ ak
k

+
c

k
< ℓ+ ε.

Since ε > 0 is arbitrary, the limn→∞ an/n exists and it is equal to ℓ.

Proof of Proposition 4.2.
We have to prove that in Definition 4.1 the limit exists, it does not

depend on x, and that the number τ(T ) does not depend on the choice of
the lift L.

First, we apply Lemma 4.3 to prove that the limit in (4.5) exists for all
x ∈ [0, 1). Fix x ∈ [0, 1) and set

an := Ln(x)− x.

It follows that
0 ≤ Ln(x)− x− ⌊an⌋ < 1. (4.7)

Then, we write

an+m = Ln+m(x)− x

= Lm(Ln(x))− Ln(x) + Ln(x)− x

=
(
Lm(Ln(x))− Lm(x+ ⌊an⌋)

)
+
(
Lm(x+ ⌊an⌋)− (x+ ⌊an⌋)

)
+
(
x+ ⌊an⌋ − Ln(x)

)
+
(
Ln(x)− x

)
.

Using (4.2) and (4.7), we obtain

Lm(Ln(x))− Lm(x+ ⌊an⌋) < 1 .

Using (4.1), we get

Lm(x+ ⌊an⌋)− (x+ ⌊an⌋) = Lm(x) + ⌊an⌋ − (x+ ⌊an⌋) = Lm(x)− x,

Therefore, using again (4.7) so that x+ ⌊an⌋ − Ln(x) < 0,

an+m ≤ 1 + am + an for all n,m.
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By Lemma 4.3, the limit in (4.5) exists for all x ∈ R.
Now, let’s prove that the limit does not depend on the choice of x ∈ R.

Assuming |x− y| < 1, using (4.2), we obtain∣∣∣∣Ln(x)− x

n
− Ln(y)− y

n

∣∣∣∣ ≤ |Ln(x)− Ln(y)|+ |x− y|
n

≤ 2

n
.

Hence, the limit does not depend on x ∈ [0, 1), and the convergence

Ln(x)− x

n
−→n→∞ τ(L)

is uniform on [0, 1]. Using (4.1), the result follows on R.
Finally, for lifts L1 and L2 differing by translations of a constant c ∈ Z,

using (4.3),
Ln
1 (x)− x

n
− Ln

2 (x)− x

n
=
nc

n
, ∀x ∈ R .

Therefore,

τ(L1)− τ(L2) = c.

Hence, τ(T ) does not depend on the choice of the lift.

It is immediate from Definition 4.1 that for a rotation of the circle Rα

we have τ(Rα) = {α}.
We now show that the rotation number of an OPCH is invariant under

topological conjugacy (see Definition 3.1).

Proposition 4.4. If T1 and T2 are topologically conjugate OPCHs, then
τ(T1) = τ(T2).

Proof. Let L2 be a lift of T2 and T2, let h : S1 → S1 be a homeomorphism
such that

h ◦ T1 = T2 ◦ h.

Then, given a lift H of h, we prove that

L1 = H−1 ◦ L2 ◦H

is a lift of T1. We have

π ◦ L1 = π ◦H−1 ◦ L2 ◦H = h−1 ◦ π ◦ L2 ◦H = h−1 ◦ T2 ◦ π ◦H

= (h−1 ◦ T2 ◦ h) ◦ π = T1 ◦ π.
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Hence,

τ(T1) = π

(
lim

n→+∞

Ln
1 (x)− x

n

)
= π

(
lim

n→+∞

(H−1 ◦ L2 ◦H)n(x)− x

n

)
.

Since

(H−1 ◦ L2 ◦H)n = H−1 ◦ Ln
2 ◦H,

we get

lim
n→+∞

H−1(Ln
2 (H(x)))− x

n
=

= lim
n→+∞

(H−1(Ln
2 (H(x)))− Ln

2 (H(x))

n
+
Ln
2 (H(x))−H(x)

n
+
H(x)− x

n

)
.

Use that there exists c > 0 such that

|H−1(z)− z| < c , ∀z ∈ R.

Hence∣∣H−1(Ln
2 (H(x)))− Ln

2 (H(x))
∣∣ < c , |H(x)− x| < c , ∀x, ∀n.

Therefore

τ(T1) = π

(
lim

n→+∞

Ln
2 (H(x))−H(x)

n

)
= τ(T2).

In the following, we study the dynamics of an OPCH when the rotation
number is rational or irrational.

Rational rotation numbers

Lemma 4.5. Let T : S1 → S1 be an OPCH. Then, for all k ∈ Z,

τ(T k) = {k τ(T )}.

Proof. For a lift L, we have for some c ∈ Z,

τ(T k) = {τ(Lk)} =

{
k lim

n→+∞

Lkn(x)− x

kn

}
= {k (τ(T ) + c)} = {k τ(T )}.
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Proposition 4.6. Let T : S1 → S1 be an OPCH with τ(T ) ∈ Q. Then:

(i) There exists at least one periodic orbit;

(ii) If x is a periodic point of minimal period q ∈ N, then τ(T ) = p/q for
some p ∈ N0;

(iii) If τ(T ) = p/q with p ∈ N0, q ∈ N, and (p, q) = 1, then all periodic
orbits have minimal period q.

Proof. (i). Let τ(T ) = p/q for p ∈ N0, q ∈ N, and (p, q) = 1. Then, by
Lemma 4.5

τ(T q) = 0.

Let L : R → R be a lift of T q, so that τ(L) ∈ Z. We need to prove that
there exists x ∈ R such that

L(x)− x ∈ Z.

If L(x)− x /∈ Z for all x, it means that for some c ∈ Z

c < L(x)− x < c+ 1 , ∀x ∈ R.

Then, by continuity of L and (4.1) with n = 1, there exists δ > 0 such that

c+ δ ≤ L(x)− x ≤ c+ 1− δ, ∀x ∈ R.

Hence
τ(L) ∈ [c+ δ, c+ 1− δ],

by writing

c+ δ ≤ Ln(x)− x

n
=

1

n

n∑
j=1

(
L
(
Lj−1(x)

)
− Lj−1(x)

)
≤ c+ 1− δ.

This is a contradiction.

(ii). Given a lift L of T , if T q(x) = x then there exists p ∈ N0 such that
Lq(x) = x+ p. Then

τ(L) = lim
n→+∞

Lqn(x)− x

qn
= lim

n→+∞

np

nq
=
p

q
,

since

Lqn(x) = Lq
(
Lq(n−1)(x)

)
= Lq(n−1)(x) + p = · · · = x+ np.
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(iii). Let τ(T ) = p/q with (p, q) = 1. Then from (ii), if x is a periodic
point of minimal period s ∈ N, there exist r ∈ N0 such that τ(T ) = r/s. In
particular, it must be

r

s
=
mp

mq
for some m ≥ 1.

If m ≥ 2, then s > q and for the principal lift L

Lq(x) > x+ p or Lq(x) < x+ p.

In the first case, Lq(x)− p > x, and

L2q(x)− 2p = Lq
(
Lq(x)

)
− 2p = Lq

(
Lq(x)− p

)
+ p− 2p

= Lq
(
Lq(x)− p

)
− p > Lq(x)− p > x,

since Lq is strictly increasing. Hence

Lmq(x)−mp > x,

which is a contradiction since s = mq and r = mp, and x is s-periodic.
Analogously, we obtain a similar contradiction if Lq(x) < x+ p. Hence, the
only possibility is m = 1, that is x is periodic of minimal period q.

Remark 4.7. A consequence of Proposition 4.6 is that the orbits of an OPCH
with rational rotation number are only of two types. There are periodic or-
bits of the same period and orbits which are asymptotic at ±∞ to two
(different or coincident) periodic orbits. The second-type orbits exist only
if the OPCH is not topologically conjugate to the rotation Rτ(T ) of Exam-
ple 1.4. Consequently, the only ergodic invariant measures (see Definitions
?? and ??) of an OPCH with rational rotation number are the measures
supported on the periodic orbits.

The orbits of an OPCH with rational rotation number are organized in
the circle similarly to a rational rotation.

Proposition 4.8. Let T : S1 → S1 be an OPCH with τ(T ) = p/q ∈ Q, with
(p, q) = 1. Then, the periodic orbits are ordered in S1 as the orbits of the
rotation Rp/q.

Proof. Let p ∈ N0, q ∈ N, with (p, q) = 1. For Rp/q, there are q points in S1

ordered as {
0,
kp

q
, 2
kp

q
, . . . , k

(q − 1)p

q

}
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with kp ≡ 1 (mod q).

Let T : S1 → S1 be an OPCH with τ(T ) = p/q, and x a periodic point
of T . By Proposition 4.6, the principal lift L : R → R satisfies

Lq(x) = x+ p.

Let

A :=
{
Lk(x) +m

∣∣∣ m, k ∈ Z
}
∩ [x, x+ p] ,

for which #A = qp+1. The lift L sends [Li(x), Li+1(x)] into [Li+1(x), Li+2(x)]
homeomorphically for i = 0, . . . , q − 1, and L(A) ∩ [x, x + p] ⊂ A by (4.1).
Hence, in [Li(x), Li+1(x)] there are p points of A for any i = 0, . . . , q − 1.

Let now y be the point in A which is the closest to x. So, y = Lr(x) + s
for r, s ∈ Z. Next, we show that Lr(y)+ s is the closest point to the right of
y in A. If there exists z ∈ A ∩ (y, Lr(y) + s), write z = Lm(x) + n for some
m,n ∈ Z. Setting L̃(·) := Lr(·) + s, we have

L̃−1(z) = L−r(z)− s ∈ (L̃−1(y), L̃−1(Lr(y) + s)) = (L̃−1(L̃(x)), L̃−1(L̃(y)))

= (x, y).

It follows that L̃−1(z) is in A, but A ∩ (x, y) = ∅. We get a contradiction.

Hence z = Lr(y) + s, and by repeating the same argument we have

L(x) = L̃p(x) = Lrp(x) + ps .

It follows that rp ≡ 1 (mod q).

Thus y = Lr(x) + s is the analogue of Rk
p/q(0) with kp ≡ 1 (mod q).

Irrational rotation numbers

Proposition 4.9. Let T : S1 → S1 be an orientation preserving circle
homeomorphism with rotation number τ(T ) ∈ R \Q. Then:

(i) There are no periodic orbits.

(ii) For all x, y ∈ S1 it holds ω(x) = ω(y).

(iii) Let E be the ω-limit set of points in S1, then either E = S1 or it is a
perfect set (closed with empty interior and no isolated points).
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Proof. (i). This is an immediate consequence of Proposition 4.6-(i).

(ii). First, we show that for all x ∈ S1 and all n,m ∈ N, with n < m,⋃
r≥1

T−r(m−n)
(
[Tn(x), Tm(x)]

)
= S1. (4.8)

Observing that

T−(m−n)
(
[Tn(x), Tm(x)]

)
= [T 2n−m(x), Tn(x)],

and repeating the computation for T−r(m−n), we deduce that the sets

{T−r(m−n)[Tn(x), Tm(x)]}r≥1

are contiguous intervals. Therefore, if (4.8) is false, the length of these
intervals must go to 0 as r → +∞. In particular, there exists ξ ∈ S1 such
that

ξ = lim
r→∞

T−r(m−n)(Tm(x)) = lim
r→∞

T−r(m−n)(Tn(x)).

But then,

ξ = lim
r→∞

T−(r+1)(m−n)(Tm(x)) = T−(m−n)
(
lim
r→∞

T−r(m−n)(Tm(x))
)

= T−(m−n)(ξ).

Thus ξ is periodic, which is a contradiction. This proves (4.8).

Now, let x ∈ S1 and let z ∈ ω(x), hence there exists a sequence {kn}
such that

kn → +∞ and T kn(x) → z.

For y ̸= x, let {k1n} and {k2n} be two subsequences of {kn} satisfying

k1n → +∞, k2n → +∞, k2n − k1n → +∞.

Then, by (4.8),

y ∈
⋃
r≥1

T−r(k2n−k1n)[T k1n(x), T k2n(x)] ∀n.

It follows that for all n there exists rn ≥ 1 for which

T rn(k2n−k1n)(y) ∈ [T k1n(x), T k2n(x)].
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Thus,

T rn(k2n−k1n)(y) → z as n→ ∞,

and rn(k
2
n−k1n) → +∞. Therefore z ∈ ω(y), so ω(x) ⊂ ω(y) for all x, y ∈ S1.

Hence, ω(x) = ω(y) for all x, y ∈ S1.

(iii). Let E be the ω-limit set, E = ω(x) for all x ∈ S1. Then, by Proposition
1.2, E is non-empty, closed and T (E) = T−1(E) = E.

First, we show that E is the minimal set with these properties. If A
is any closed and completely invariant set, then for all x ∈ A, we have
ω(x) ⊆ O+(x) ⊆ A. Hence, E ⊆ A.

Then, if E = S1, we are done. On the contrary, if E ⊊ S1 then ∂E ̸= ∅.
But, ∂E is invariant by continuity of T , hence E ⊆ ∂E. This shows that
E = ∂E, so E has empty interior.

Finally, if x ∈ E = ω(x) there exists {kn} such that

T kn(x) → x and T kn(x) ∈ E ∀n.

Hence E has no isolated points.

We are now ready to prove the classical Poincaré classification of OPCHs
(see Definition 3.1 for the definitions of topological conjugacy and factor).

Theorem 4.10 (Poincaré classification). Let T : S1 → S1 be an orientation
preserving circle homeomorphism with rotation number τ(T ) ∈ R \Q. If the
ω-limit set E satisfies E = S1 then T is topologically conjugate to Rτ(T ), if
on the contrary E ⊊ S1 then Rτ(T ) is a topological factor of T .

Proof. Let L : R → R be a lift of T , and x ∈ R be fixed. Then we consider
the set

Ox := {Ln(x) +m : n,m ∈ Z}

and the function H : Ox → R given by H(Ln(x) +m) = n τ(T ) +m.

We first recall that for any p, q, r, s ∈ Z the function

R ∋ y 7→ dp,rq,s(y) := Lp(y) + q − Lr(y)− s

is a continuous function which never vanishes. Indeed if there exists y0 with
dp,rq,s(y0) = 0, then Lp(y0)−Lr(y0) ∈ Z and this implies that y0 is a periodic
point (which is absurd since τ(T ) ∈ R \Q).

The proof of the theorem is divided into different steps.
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Step 1. The function H is strictly monotone. Let us consider n1, n2,m1,m2 ∈
Z such that Ln1(x)+m1 < Ln2(x)+m2, hence d

n1,n2
m1,m2(y) < 0 for all y. Then

with y = 0 we can write

Ln1−n2(Ln2(0))− Ln2(0) < m2 −m1

which becomes Ln1−n2(z)− z < m2 −m1 for z = Ln2(0). This implies that
dn1−n2,0
m1,m2 (z) < 0 for all z, which for z = 0 and z = Ln1−n2(0) gives

Ln1−n2(0) < m2 −m1 and L2(n1−n2)(0)− Ln1−n2(0) < m2 −m1

respectively. It follows L2(n1−n2)(0) < 2(m2 − m1) and, by repeating the
argument Lk(n1−n2)(0) < k(m2 − m1) for all k ≥ 1. Let n1 > n2, then
we can use the previous inequality in the definition of rotation number to
obtain

τ(L) = lim
k→∞

Lk(n1−n2)(0)

k(n1 − n2)
<
m2 −m1

n1 − n2

where the last inequality is strict since τ(L) ∈ R\Q. It follows n1τ(T )+m1 <
n2τ(T )+m2. Analogously if n1 < n2. The case n1 = n2 follows immediately.

Step 2. The function H can be extended to a continuous monotone function
H̃ : R → R. First we notice that by Proposition 1.3, the set H(Ox) is dense
in R. This implies that H can be first extended to ĎOx. Let x ∈ ĎOx and {yn}
and {zn} sequences in Ox with yn ↗ x and zn ↘ x, if they exist. Then the
limits

H−(x) := lim
n→∞

H(yn) and H+(x) := lim
n→∞

H(zn)

exist and they coincide. In fact, by monotonicity if H−(x) < H+(x) then
(H−(x), H+(x)) ⊂ R \ H(Ox), which is absurd because H(Ox) is dense.
Hence we set H(x) = H−(x) = H+(x). If one of the sequences {yn} and
{zn} does not exist, the definition for H(x) is immediate.

We now let H̃(x) = H(x) for all x ∈ ĎOx. If ĎOx = R we are done. If
ĎOx ⊊ R then for y ∈ R \ ĎOx, let x1, x2 ∈ ĎOx with x1 < y < x2. Then we let
H̃(y) = H(x1) = H(x2), where the last equality follows again by the density
of H(Ox).

Step 3. Rτ(T ) ◦ H̃ = h̃ ◦ L, where Rτ(T ) : R → R is a lift of the rotation of
angle τ(T ). Let y = Ln(x) +m ∈ Ox, then

Rτ(T ) ◦ H̃(y) = Rτ(T )(nτ(T ) +m) = (n+ 1)τ(T ) +m

H̃ ◦ L(y) = H̃(Ln+1(x) +m) = (n+ 1)τ(T ) +m
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The same relation holds for all y ∈ R by continuity.

Step 4. Let h : S1 → S1 be the projection of H̃, then Rτ(T ) ◦h = h◦T . First
we remark that by definition H̃ satisfies H̃(y + 1) = H̃(y) + 1 for all y. We
can then consider the projection h which satisfies h ◦ π = π ◦ H̃. Then we
can write

(Rτ(T ) ◦ h) ◦ π = Rτ(T ) ◦ (h ◦ π) = Rτ(T ) ◦ (π ◦ H̃) = (Rτ(T ) ◦ π) ◦ H̃ =

= (π ◦Rτ(T )) ◦ H̃ = π ◦ (Rτ(T ) ◦ H̃) = π ◦ (H̃ ◦ L) = (π ◦ H̃) ◦ L =

= (h ◦ π) ◦ L = h ◦ (π ◦ L) = h ◦ (T ◦ π) = (h ◦ T ) ◦ π

where we are using the notation Rτ(T ) for both the rotation on S1 and its
lifts.

Final step. We show that E = π(ĎOx). First π(Ox) = O(x), hence E =
ω(x) ⊂ ĘO(x) ⊂ π(ĎOx). On the other way round, we can assume that
the fixed x ∈ R chosen to define B satisfies x ∈ π−1(E). Recall that by
Proposition 1.2 the set E is compact and strongly invariant, since T is
invertible. Hence π(Ox) ⊂ E, and then π(ĎOx) ⊂ sE = E.

At this point, if E = S1 then ĎOx = R, and the function h of Step 4
is a topological conjugacy between Rτ(T ) and T . If instead E ⊊ S1 then
ĎOx ⊊ R, hence h is not injective, but by Step 4, Rτ(T ) is a topological factor
of T .

Remark 4.11. A consequence of Theorem 4.10 is that there are three pos-
sible types of orbits for OPCHs with irrational rotation number. There are
orbits which are dense in S1, orbits which are dense in a Cantor set strictly
contained in S1, and orbits which are homoclinic to a Cantor set. The first-
type orbits exists only if the OPCH is topologically conjugate to the rotation
Rτ(T ), and the other two types of orbits both exists only if the OPCH is
not topologically conjugate to the rotation Rτ(T ). A simple argument, see
[KH95, Section 11.2.c], shows that an OPCH with irrational rotation num-
ber has only one probability invariant measure (see Definition ??) and is
then metrically isomorphic to an irrational rotation with Lebesgue measure
(see Definition ??).

We now prove Denjoy Theorem, which gives a sufficient condition for
an OPCH with irrational rotation number to be conjugate to the irrational
rotation Rτ(T ). The result is sharp, see Denjoy example in [KH95, Section
12.2]. For the proof, we follow [Ma88].
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Theorem 4.12 (Denjoy). Let T : S1 → S1 be an orientation preserving C1

diffeomorphisms of the circle with derivative T ′ with bounded variation, and
τ(T ) ∈ R \Q. Then T is topologically conjugate to Rτ(T ).

Proof. By Theorem 4.10 it is enough to show that the set E, the ω-limit set
of any point, is S1, or equivalently that all orbits are dense. In particular
it is enough to show that all points are positively recurrent, that is for all
x ∈ S1 there exists a sequence kn → +∞ such that T kn(x) → x. Indeed,
if all points are positively recurrent then x ∈ ω(x) for all x ∈ S1. But by
Proposition 4.9 the ω-limit set E does not depend on x, hence if the orbit a
point y is not dense, that is there exists z ̸∈ ĘO(y), then z ̸∈ ω(y) = E = ω(z),
and we have a contradiction.

Let us now prove that all orbits are positively recurrent. We argue by
contradiction assuming that 0 is not positively recurrent. To obtain the
contradiction we first construct a sequence of renormalised maps starting
from T .

Let L : R → R be the principal lift of T for which L(0) ̸∈ Z since
τ(T ) ∈ R \Q. Consider the intervals

S0 := [L(−1), 0] and D0 := [0, L(0)] ,

and the maps
s0 : S0 → S0 ∪D0 , s0 := L|S0

d0 : D0 → S0 ∪D0 , d0 := (L ◦R−1)|D0

so that s0(S0) = [L2(−1), L(0)] and d0(D0) = [L(−1), L2(−1)]. Notice that
we can then write S0 = [d0(0), 0] and D0 = [0, s0(0)]. Moreover s0(d0(0)) =
d0(s0(0)) = L2(−1), and s0 and d0 together define a circle homeomorphism
on S0 ∪D0.

We now make a new step in the procedure, defining intervals S1, D1 and
maps s1, d1. Recall that s0(d0(0)) = L2(−1) ̸= 0 since τ(T ) ∈ R \Q.

If s0(d0(0)) = L2(−1) < 0, we set

S1 := [s0(d0(0)), 0] and D1 := D0 ,

and define the maps

s1 := s0|S1 and d1 := s0 ◦ d0 .

If instead s0(d0(0)) = L2(−1) > 0, we set

S1 := S0 and D1 := [0, s0(d0(0))] ,
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and define the maps

s1 := d0 ◦ s0 and d1 := d0|D1 .

In both cases s1(d1(0)) = d1(s1(0)) = L3(−1), and s1 and d1 together define
a circle homeomorphism on S1 ∪D1. Moreover we can write S1 = [d1(0), 0]
and D1 = [0, s1(0)].

Repeating this procedure, we obtain a sequence (Sn, Dn, sn, dn)n≥0 of
intervals and maps which is monotone in the sense that sn ≤ sn−1 and
dn ≥ dn−1 for all n ≥ 0. The maps sn together with dn define a circle
homeomorphism on Sn ∪ Dn, they satisfy sn(dn(0)) = dn(sn(0)), and the
intervals can be written as Sn = [dn(0), 0] and Dn = [0, sn(0)]. Moreover we
can define a sequence {σn} with σn := ± according to whether sn(dn(0)) =
dn(sn(0)) is positive or negative, since it never vanishes because τ(T ) ∈ R\Q.

Lemma 4.13. Let [an/bn, cn/dn] be a sequence of nested intervals generated
recursively as follows

[
a0
b0
,
c0
d0

]
=

[
0

1
,
1

1

]
,

[
an+1

bn+1
,
cn+1

dn+1

]
=


[
an+cn
bn+dn

, cndn

]
, if σn = +[

an
bn
, an+cn
bn+dn

]
, if σn = −

Then the intervals [an/bn, cn/dn] shrink to τ(T ).

Proof of Lemma 4.13. We first show that for all n ≥ 0

sn = Lbn ◦R−an and dn = Ldn ◦R−cn . (4.9)

We argue by induction. For n = 0, we have s0 = L and d0 = L ◦ R−1,
and a0

b0
= 0

1 ,
c0
d0

= 1
1 . The initial step of the induction is proved. Let’s now

assume (4.9) and consider sn+1 and dn+1. By definition, if σn = +, then

sn+1 = dn ◦ sn =
(
Ldn ◦R−cn

)
◦
(
Lbn ◦R−an

)
= Lbn+dn ◦R−(an+cn)

because L and Rp commute for all p ∈ Z, and dn+1 = dn = Ldn ◦R−cn . The
argument works similarly if σn = −. Hence the induction step is proved,
and (4.9) holds for all n ≥ 0.

Moreover at least one of the denominators bn, dn diverge as n→ ∞, and
by induction it is easy to show that cnbn − andn = 1 for all n ≥ 0 (also see
Chapter A). It follows that the length of the interval [an/bn, cn/dn] vanishes
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as n → ∞. Finally, let bn → ∞, since Lbn(0) = (Ran ◦ sn)(0) = sn(0) + an
again because L and Ran commute, we have

τ(T ) = lim
n→∞

Lbn(0)− 0

bn
= lim

n→∞

sn(0) + an
bn

= lim
n→∞

an
bn

where in the last equality we have used that sn(0) ∈ [−1, 1]. The same holds
if dn → ∞.

We now show how this construction leads to a contradiction if 0 is not
positively recurrent. Indeed if this is the case, we find⋂

n≥0

(Sn ∪Dn) =: [S,D]

with S < 0 < D, since S and D are the accumulation points of the forward
orbit of 0 which are closest to 0. We first show that

dn(D) ≤ S and sn(S) ≥ D , ∀n ≥ 0 . (4.10)

Let’s assume that sN (S) < D for some N . Then sn(S) < D for all n ≥ N
by monotonicity, and sn(dn(0)) < D for all n ≥ N because dn(0) < S, being
the left boundary point of Sn, and the maps sn and rn are increasing in
x. However this implies that in fact sn(dn(0)) ≤ S for all n ≥ N , since
sn(dn(0)) is a boundary point of Sn+1∪Dn+1. Hence for the sequence σn we
have σn = − for all n ≥ N . This is absurd, since by Lemma 4.13 it implies
τ(T ) = aN

bN
∈ Q. In an analogous way we prove that dn(D) ≤ S for all n.

Hence (4.10) is proved.

A consequence of (4.10) together with sn(0) being the right boundary of
Dn, is that D ≤ sn(S) < sn(0) → D. Analogously S ≥ dn(D) > dn(0) → S.
It follows that necessarily

inf
Sn

s′n −−−→
n→∞

0 and inf
Dn

d′n −−−→
n→∞

0 . (4.11)

Moreover, since sn(dn(0)) = dn(sn(0)) we have that

dn(D) < dn(sn(0)) = sn(dn(0)) < sn(S) ,

and since dn(D) and sn(S) are different by (4.10), it follows that

max

{
sup
Sn

s′n , sup
Dn

d′n

}
−−−→
n→∞

+∞ . (4.12)
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Finally, we use that log s′0 and log d′0 have bounded variation since T is a C1

diffeomorphism, and we show that for all n ≥ 1

varSn(log s
′
n)+varDn(log d

′
n) ≤ varSn−1(log s

′
n−1)+varDn−1(log d

′
n−1) (4.13)

where varI(f) denotes the variation of the function f on the interval I.
Let’s consider the case σn−1 = +, that is sn−1(dn−1(0)) > 0. In this case by
construction we have Sn = Sn−1 and sn = dn−1 ◦ sn−1, hence

varSn(log s
′
n) ≤ varsn−1(Sn−1)(log d

′
n−1) + varSn−1(log s

′
n−1) ,

and Dn = [0, sn−1(dn−1(0))] and dn = dn−1|Dn , hence

varDn(log d
′
n) = varDn(log d

′
n−1) .

Since sn−1(Sn−1) = [sn−1(dn−1(0)), sn(0)], it followsDn−1 = Dn∪sn−1(Sn−1)
and

varsn−1(Sn−1)(log d
′
n−1) + varDn(log d

′
n−1) ≤ varDn−1(log d

′
n−1) .

Putting together the previous inequalities (4.13) follows.
To finish the proof, (4.11) and (4.12) imply that

varSn(log s
′
n) + varDn(log d

′
n) −−−→n→∞

+∞

but this in contradiction with (4.13).

Monotone families of OPCHs

We now study the behaviour of the rotation number for continuous families
of OPCHs.

Definition 4.2. Given two OPCHs T1, T2, with principal lifts L1 and L2

respectively, we say that T1 ≺ T2 if L1(x) < L2(x) ∀x ∈ R.

Proposition 4.14. The rotation number of the OPCHs has the following
properties:

(i) τ is continuous as a function from (OPCH, ∥ · ∥∞) to R.

(ii) If T1 ≺ T2 then τ(T1) ≤ τ(T2).

(iii) If τ(T1) ∈ R \ Q then for all T2 ≻ T1, τ(T2) > τ(T1), and for all
T2 ≺ T1, τ(T2) < τ(T1)
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(iv) If τ(T1) ∈ Q and T1 is not topologically conjugate to the rotation
Rτ(T1), then ∃T2 either T2 ≻ T1 or T2 ≺ T1 with τ(T2) = τ(T1).

Proof. (i). We need to show that for all ε > 0 there exists δ > 0 such that
if ∥L1 − L2∥∞ < δ then |τ(L1)− τ(L2)| < ε.

Fix ε > 0 and L1. Let p/q ∈ Q with p ∈ N0, q ∈ N, and p/q ∈
(τ(L1), τ(L1) + ε). First, we prove that

τ(L1) <
p

q
⇒ ∃ x̄ ∈ R s.t. Lq

1(x̄) ≤ x̄+ p . (4.14)

Assume that Lq
1(x) > x+ p for all x ∈ R. Then,

Lqk
1 (x)− x

k
=

1

k

k∑
j=1

[
Lq
1(L

q(j−1)
1 (x))− L

q(j−1)
1 (x)

]
>

1

k

k∑
j=1

p = p

This is a contradiction, since it implies that

τ(L1) = lim
k→+∞

Lqk
1 (x)− x

qk
≥ p

q
.

Then, we strengthen (4.14), by showing that

τ(L1) <
p

q
⇒ Lq

1(x) < x+ p , ∀ x̄ ∈ R . (4.15)

By (4.14) and the continuity of L1, either the claim is true or there exists
x0 such that Lq

1(x0) = x0 + p. If such x0 exists, then

L2q
1 (x0) = Lq

1(L
q
1(x0)) = Lq

1(x0 + p) = Lq
1(x0) + p = x0 + 2p ,

and, in general, Lkq
1 (x0) = x0 + kp. Then,

τ(L1) = lim
k→∞

Lkq
1 (x0)− x0

kq
=
p

q
,

which is again a contradiction.
We now use that L1 is the lift of an OPCH. In particular, (4.15) implies

that there exists δ0 > 0 such that Lq
1(x) ≤ x+p− δ0 for all x ∈ R. Then, let

L2 be a lift for which ∥Lq
2−L

q
1∥∞ < δ0. In particular, Lq

2(x) ≤ Lq
1(x)+ δ0 ≤

x+ p for all x ∈ R. Arguing as above, we find that

Lqk
2 (x)− x

qk
=

1

kq

k∑
j=1

[
Lq
2(L

q(j−1)
2 (x))− L

q(j−1)
2 (x)

]
≤ p

q
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from which τ(L2) ≤ p/q < τ(L1) + ε.
Now we choose p′/q′ ∈ (τ(L1)−ε, τ(L1)) and, analogously, we prove that

there exists δ1 > 0 such that if a lift L2 satisfies ∥Lq′

1 − Lq′

2 ∥∞ < δ1, then
τ(L2) ≥ p′/q′ > τ(L1)− ε.

In conclusion, fixed ε > 0, we choose δ > 0 such that ∥L1 − L2∥∞ < δ

implies ∥Lq
2 − Lq

1∥∞ < δ0 and ∥Lq′

1 − Lq′

2 ∥∞ < δ1. Then,

τ(L2) ∈ (τ(L1)− ε, τ(L1) + ε) .

(ii). If T1 ≺ T2, consider the principal lifts L1 and L2, for which L1(x) <
L2(x) for all x ∈ R. Then,

Ln
1 (x)− x

n
≤ Ln

2 (x)− x

n

for all x ∈ R and all n ∈ N. Taking the limits as n → +∞, we obtain
τ(L1) ≤ τ(L2).

(iii). Let T1 be an OPCH with τ(T1) ∈ R \ Q, and consider any OPCH T2
with T2 ≻ T1.

Given the principal lifts for which L2 > L1, let δ := min(L2(x)−L1(x)) >
0. Then, since τ(L1) ∈ R \Q, we prove that

∃ p ∈ N0, q ∈ N s.t. (p, q) = 1 and
p− δ

q
< τ(L1) <

p

q
. (4.16)

This follows choosing p/q as one of the convergents to τ(L1) defined in
Proposition A.2 which approximates τ(L1) from above, and applying Propo-
sition A.3 for q > 1/δ.

Arguing as in (4.14), we obtain that there exists x̄ ∈ R such that Lq
1(x̄) ≥

x̄+ p− δ. It follows that

Lq
2(x̄) =L2(L

q−1
2 (x̄)) ≥ L1(L

q−1
2 (x̄)) + δ

>L1(L
q−1
1 (x̄)) + δ = Lq

1(x̄) + δ ≥ x̄+ p ,

where we have used that L1 is strictly increasing. From this, either Lq
2(x) >

x+p for all x ∈ R or there exists x0 ∈ R such that Lq
2(x0) = x0+p. In both

cases, arguing as in the proofs of (4.14)-(4.15), we obtain τ(L2) ≥ p/q >
τ(L1).

(iv). Let τ(T1) = p/q with (p, q) = 1. Then, by Lemma 4.5, τ(T q
1 ) = 0 and

we prove the statement for T q
1 .
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Since T1 is not conjugate to Rp/q, there exists x̄ ∈ S1 such that T q
1 (x̄) = x̄

and for all ε > 0 we can find x ∈ (x̄ − ε, x̄ + ε) such that T q
1 (x) ̸= x. This

implies that we can find a small enough perturbation T2 of T1, with either
T2 ≻ T1 or T2 ≺ T1, for which T

q
2 has a fixed point close to x̄. In particular,

by Proposition 4.6-(ii), it follows that τ(T q
2 ) = 0. The same is true for all T

between T1 and T2.
Finally, Lemma 4.5 implies that τ(T2) is of the form p′/q for some p′ ∈ N.

The continuity of τ gives that p′ = p.

Proposition 4.15. Let a, b ∈ R, a < b, and let [a, b] ∋ λ 7→ Tλ ∈ (OPCH, ∥·
∥∞) be a continuous family of OPCH which is strictly increasing (λ1 < λ2 ⇒
Tλ1 ≺ Tλ2). Then, λ 7→ τ(Tλ) is an increasing continuous function.

Moreover, if τ(Ta) ̸= τ(Tb) and there exists S ⊆ Q which is dense in
[0, 1] and such that ∀s ∈ S there exists λ(s) ∈ [a, b] for which τ(Tλ(s)) = s
and Tλ(s) is not conjugate to Rs, then λ 7→ τ(Tλ) is a “devil staircase”.

Proof. The first part of the statement is a consequence of Proposition 4.14-
(ii). Let now assume that λ 7→ τ(Tλ) is not constant and that a set S ⊆ Q
exists with the properties above. We show that there exists a family of open
intervals {Js}s∈S which are disjoint and with dense union, such that τ(Tλ)
is constant on each Js.

Let Js ⊂ [a, b] be the set of λ’s such that Tλ has rotation number s ∈ S.
By assumption, there exists λ(s) ∈ Js such that Tλ(s) is not conjugate to Rs.
Hence, by Proposition 4.14-(iv), Js is an open interval of positive length.

It remains to show that

Ğ

⋃
s∈S

Js = [a, b] .

Let’s assume that there exists λ ∈ [a, b] \ Ę∪sJs, and let ε > 0 such that (λ−
ε, λ+ε) ⊂ [a, b]\Ę∪sJs. Then, (τ(Tλ−ε), τ(Tλ+ε))∩S = ∅, and by Proposition
4.14-(iii), it is continuos and strictly increasing when taking irrational values.
Hence, (τ(Tλ−ε), τ(Tλ+ε)) is an interval of positive length and, by density of
S, must contain at least one s̄ ∈ S. This is a contradiction.

Example 4.1 (Arnold tongues). A famous example of a family of OPCHs to
which Proposition 4.15 applies is given by

Tα,β(x) = {x+ α− β sin(2πx)}

for α ∈ [0, 1] and 0 ≤ |β| < 1
2π . In particular, we fix β and consider the

continuous family α 7→ Tα,β.
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For β = 0, the family reduces to the rotations of the circle. For 0 < |β| <
1
2π instead, the family α 7→ Tα,β is clearly continuous on (OPCH, ∥·∥∞) and
strictly increasing. Moreover, τ(T0,β) = 0, and there exists α ∈ (0, 1) for
which Tα,β(x) − x /∈ Z for all x ∈ S1. Hence, α 7→ τ(Tα,β) is not constant.
Finally, to apply Proposition 4.15, we need to show the existence of a set
S ⊆ Q with the right properties.

In particular, we have that for all p/q ∈ Q, if α ∈ [0, 1] is such that
τ(Tα,β) = p/q, then Tα,β is not conjugate to Rp/q. On the contrary, the
principal lift Lα,β satisfies

(R−p ◦ Lq
α,β)(x) = x , ∀x ∈ R

which implies that R−p◦Lq−1
α,β is a left inverse of the entire function Lα,β(z) =

z + α− β sin(2πz), which is the extension to C of the lift of Tα,β. However,
a corollary of Picard’s Theorem implies that Lα,β(z) must be a polynomial
of degree 1. This is a contradiction.

It follows that, for all β with 0 ≤ |β| < 1
2π , the function [0, 1] ∋ α 7→

τ(Tα,β) is a devil staircase. As a consequence, for all p/q ∈ Q, the set{
(α, β) ∈ [0, 1]×

(
− 1

2π
,
1

2π

)
: τ(Tα,β) =

p

q

}
has positive area. These sets are called Arnold tongues, since for β = 0 they
are given by one point, α = p/q, but are an interval of positive length for
all β ̸= 0.

4.2 Regularity of the conjugacy

In this section, we consider OPCHs T with an irrational rotation number
τ(T ) which are conjugate to the rotation Rτ(T ). As observed in Remark
4.11, these OPCHs admit only one probability invariant measure µ. But
this measure may be equivalent to the Lebesgue measure m or not. Since
µ = h∗m, where h is the conjugacy between T and Rτ(T ), the regularity
of µ follows from that of h. In particular, if h is Lipschitz continuous then
µ ∼ m. Hence, we study the regularity of the conjugacy h. It follows
that a sufficient condition to obtain regularity of h depends on the number
theoretic properties of the irrational τ(T ).

First, we consider the case of analytic regularity, proving Arnol’d theo-
rem, see [Ar61].
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Theorem 4.16 (Local analytic case - Arnol’d). Let T : S1 → S1 be the
projection of the map L : R → R defined as L(x) = x+α+η(x), where η(x)
is the restriction to the real axis of a complex function η with the following
properties: η is analytic on a strip Sσ := {|ℑ(z)| < σ} for some σ > 0;
η(x + 1) = η(x) for all x ∈ R; ∥η∥σ := supSσ

|η(z)| < +∞. Moreover
we assume that τ(T ) = α and α ∈ D(c, ν) (see Definition A.1). Then there
exists ε = ε(c, ν, σ) > 0 such that if ∥η∥σ < ε then T is analytically conjugate
to Rα.

Proof. Idea: iterative construction of the conjugacy H : R → R for L and
the lift Rα via successive approximation.

LetH(x) = x+G(x) with G small and 1-periodic. Then if L◦H = H◦Rα

we find
x+G(x) + α+ η(x+G(x)) = x+ α+G(x+ α) ,

from which
G(x+ α)−G(x) = η(x+G(x)) . (4.17)

Step 1. Let us solve (4.17) with η(x) on the right hand side instead of
η(x + G(x)). However if G(x) is 1-periodic, then G(x + α) − G(x) has
vanishing integral on (0, 1), hence we look for a solution G0 of

G(x+ α)−G(x) = η(x)−
∫ 1

0
η(s) ds . (4.18)

Using Fourier series expansion for G0 and η, equation (4.18) becomes∑
n∈Z

ĝne
2πinx

(
e2πinα − 1

)
=
∑
n∈Z

η̂ne
2πinx − η̂0

from which it follows

ĝn =
η̂n

e2πinα − 1
∀n ∈ Z, n ̸= 0 . (4.19)

Lemma 4.17. α ∈ D(c, ν) implies |e2πinα − 1| ≥ 4c|n|−(ν+1) for all n ∈ Z,
n ̸= 0.

proof. For all m ∈ Z

|e2πinα − 1| = |e2πim(e2πi(nα−m) − 1)| = 2| sin(π(nα−m))| .

Now for all n ∈ Z there exists m ∈ Z such that |nα − m| ≤ 1/2, and
| sin(πx)| ≥ 2|x| if |x| ≤ 1/2. Then for all n ∈ Z there exists m ∈ Z such
that

|e2πinα − 1| ≥ 4|nα−m| ≥ 4c|n|−(ν+1)

because α ∈ D(c, ν).
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Lemma 4.18. |η̂n| ≤ ∥η∥σ e−2πσ|n| for all n ∈ Z.

proof. Let us consider the analytic function ξ(w) defined on the domain
D := {e−2πσ < |w| < e2πσ} by the relation η(z) = ξ(e2πiz). Then ∥ξ∥D =
∥η∥σ and ξ(e2πiz) =

∑
n∈Z η̂n e

2πinz. Hence by the Cauchy integral formula,
for any σ′ ∈ (0, σ) and n > 0

η̂n =
1

2πi

∮
|w|=e2πσ′

ξ(w)

wn+1
dw ≤ ∥ξ∥D e−2πnσ′

,

and for n < 0

η̂n =
1

2πi

∮
|w|=e−2πσ′

ξ(w)

wn+1
dw ≤ ∥ξ∥D e2πnσ

′
.

Lemma 4.19. We assume here that σ < (log 2)/(2π). Let δ0 ∈ (0, σ/6) be
such that

2πΓ(ν + 2) ∥η∥σ < c(2πδ0)
ν+3 < 2πδ0 Γ(ν + 2) .

Then G0 with Fourier coefficients given as in (4.19) is analytic on Sσ−δ0,
satisfies

∥G0∥σ−δ0
≤ Γ(ν + 2)

c(2πδ0)ν+2
∥η∥σ < δ0 ,

and its derivative G′
0 is analytic on Sσ−2δ0 with

∥∥G′
0

∥∥
σ−2δ0

≤ 2πΓ(ν + 2)

c(2πδ0)ν+3
∥η∥σ < 1 .

proof. For z ∈ Sσ−δ0 using Lemmas 4.17 and 4.18 we find

|G0(z)| =

∣∣∣∣∣∑
n∈Z

η̂n e
2πinz

e2πinα − 1

∣∣∣∣∣ ≤∑
n̸=0

|n|ν+1

4c
∥η∥σ e

−2πσ|n| e2π|n|(σ−δ0) =

=
∥η∥σ
2c

∑
n≥1

nν+1 e−2πnδ0 =
∥η∥σ
2c

∑
n≥1

(2πnδ0)
ν+1 e−2πnδ0

(2πδ0)ν+1
≤

≤
∥η∥σ
2c

2

(2πδ0)ν+2

∑
n≥1

∫ 2π(n+1)δ0

2πnδ0

tν+1e−t dt ≤

≤
∥η∥σ

c(2πδ0)ν+2

∫ +∞

0
tν+1e−t dt =

Γ(ν + 2)

c(2πδ0)ν+2
∥η∥σ ,
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where in the third line we have used that σ < (log 2)/(2π) to have

(2πnδ0)
ν+1 e−2πnδ0 <

2

2πδ0

∫ 2π(n+1)δ0

2πnδ0

tν+1e−t dt .

Using again Cauchy integral formula we write for all z ∈ Sσ−2δ0 and any
r < δ0

|G′
0(z)| =

∣∣∣∣∣ 1

2πi

∮
|w−z|=r

G0(w)

(w − z)2
dw

∣∣∣∣∣ ≤ ∥G0∥σ−δ0

r
.

Proposition 4.20. Let H0(x) := x+G0(x), then H0 has an analytic inverse
function on H0(Sσ−2δ0) and Sσ−3δ0 ⊂ H0(Sσ−2δ0). Moreover we can write
H−1

0 (z) = z −G0(z) + F0(z) with

∥F0∥σ−4δ0
≤ 2π(Γ(ν + 2))2

c2(2πδ0)2ν+5
∥η∥2σ

proof. Since ∥G′
0∥σ−2δ0

< 1 by Lemma 4.19, the function H0 is invertible
on H0(Sσ−2δ0). Moreover, again by Lemma 4.19 we have ℑ(z + G0(z)) ≥
σ − 2δ0 − δ0 = σ − 3δ0 for all z ∈ Sσ−2δ0 , hence Sσ−3δ0 ⊂ H0(Sσ−2δ0).

Finally

z = H−1
0 (H0(z)) = H−1

0 (z+G0(z)) = z+G0(z)−G0(z+G0(z))+F0(z+G0(z))

implies

F0(z +G0(z)) = G0(z +G0(z))−G0(z) =

∫ 1

0
G′

0(z + sG0(z))G0(z) ds ,

from which, using that H−1
0 (w) ∈ Sσ−3δ0 and H−1

0 (w) + sG0(H
−1
0 (w)) ∈

Sσ−2δ0 for all w ∈ Sσ−4δ0 ,

∥F0∥σ−4δ0
≤
∥∥G′

0

∥∥
σ−2δ0

∥G0∥σ−δ0
.

Step 2. Let L1 : R → R be defined as L1 = H−1
0 ◦L ◦H0, where H0 is given

in Proposition 4.20, and write

L1(x) = x+ α+ η1(x)
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Proposition 4.21. L1 satisfies τ(L1) = α and η1 is the restriction to the
real axis of a complex function η1 with the following properties: η1 is analytic
on a strip Sσ−6δ0; η1(x+ 1) = η1(x) for all x ∈ R;

∥η1∥σ−6δ0
≤ 16π(Γ(ν + 2))2

c2(2πδ0)2ν+5
∥η∥2σ

proof. By definition and Proposition 4.20 we write

L1(x) = H−1
0

(
H0(x)+α+η(H0(x))

)
= H−1

0

(
x+G0(x)+α+η(x+G0(x))

)
=

= x+G0(x) + α+ η(x+G0(x))−G0

(
x+G0(x) + α+ η(x+G0(x))

)
+

+F0

(
x+G0(x) + α+ η(x+G0(x))

)
=

= x+ α+ η̂0 + I(x) + II(x) + III(x) =: x+ α+ η1(x) ,

where we have used that

η̂0 = G0(x)−G0(x+ α) + η(x)

by definition of G0 in (4.18), and we have denoted

I(x) := η(x+G0(x))− η(x) ,

II(x) := G0(x+ α)−G0

(
x+G0(x) + α+ η(x+G0(x))

)
,

III(x) := F0

(
x+G0(x) + α+ η(x+G0(x))

)
.

Now, since L1 is topologically conjugate to L it holds τ(L1) = α, hence
there exists x0 ∈ R such that η1(x0) = 0. In particular,

η̂0 = −I(x0)− II(x0)− III(x0) ,

so that we can estimate η̂0 by uniform estimates on the other terms.
Let us start with I(x). We can write

|I(x)| =
∣∣∣∣∫ 1

0
η′(x+ sG0(x))G0(x) ds

∣∣∣∣ ≤ ∥∥η′∥∥σ−δ0
∥G0∥σ−δ0

,

hence by Lemma 4.19 and the conditions on δ0,

∥I∥σ−6δ0
≤ 2πΓ(ν + 2)

c(2πδ0)ν+3
∥η∥2σ ≤ 2π(Γ(ν + 2))2

c2(2πδ0)2ν+5
∥η∥2σ .
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Then, since z +G0(z) + α+ η(z +G0(z)) ∈ Sσ−4δ0 if z ∈ Sσ−6δ0 ,

II(x) = −
∫ 1

0
G′

0

(
x+α+s(G0(x)+η(x+G0(x)))

)
(G0(x)+η(x+G0(x))) ds ,

and using Lemma 4.19 and the conditions on δ0 again

∥II∥σ−6δ0
≤
∥∥G′

0

∥∥
σ−2δ0

(
∥G0∥σ−δ0

+ ∥η∥σ
)
≤ 4π(Γ(ν + 2))2

c2(2πδ0)2ν+5
∥η∥2σ .

Finally by Proposition 4.20

∥III∥σ−6δ0
≤ 2π(Γ(ν + 2))2

c2(2πδ0)2ν+5
∥η∥2σ .

Step 3.

Proposition 4.22. For n ≥ 0 we can define sequences of transformations
Hn(x) := x+Gn(x) and Ln(x) = x+α+ηn(x), with L0 = L, and sequences
of constants δn = δ0/(1+n

2), with c(2πδ0)
ν+3 < 2πδ0 Γ(ν+2) and δ0 < σ/6,

σn+1 = σn − 6δn, with σ0 = σ, εn = ∥η∥(3/2)
n

σ , such that if

∥η∥σ <
(

c2 (2πδ0)
2ν+5

16π (Γ(ν + 2))2

)2

then

(i) Gn(x+ α)−Gn(x) = ηn(x)−
∫ 1
0 ηn(s) ds;

(ii) Gn is analytic on Sσn−δn and ∥Gn∥σn−δn
≤ Γ(ν+2)

c(2πδn)ν+2 εn;

(iii) H−1
n (x) = x−Gn(x) + Fn(x) with ∥Fn∥σn−4δn

≤ 2π(Γ(ν+2))2

c2(2πδn)2ν+5 ε
2
n;

(iv) Ln+1 = H−1
n ◦ Ln ◦Hn and ∥ηn+1∥σn+1

≤ εn+1;

(v) limn→+∞ σn = σ∗ > σ
2 .

Step 4. We can now conclude the proof of the theorem. Let HN := H1 ◦
H2 ◦ · · · ◦HN , where the Hi are defined as in Proposition 4.22. Then we can
write

HN (x) = x+GN (x) +GN−1(x+GN (x)) + . . .

· · ·+G0

(
x+GN (x)+GN−1(x+GN (x))+GN−2(x+GN (x)+GN−1(x+GN (x)))+. . .

)
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with HN analytic on SσN−δN . Hence by Proposition 4.22-(ii) for all z ∈
SσN−δN

|HN (z)− z| ≤
N∑

n=0

∥Gn∥σN−δN
≤

+∞∑
n=0

Γ(ν + 2)

c(2πδn)ν+2
εn =: △ .

If we now write

HN+1(z)−HN (z) = HN (HN+1(z))−HN (z) =

∫ 1

0
H′

N (z+sGN+1(z))GN+1(z) ds ,

it follows

∥HN+1 −HN∥σ∗ ≤
(
1 +

△
δN+1

)
Γ(ν + 2)

c(2πδN+1)ν+2
εN+1 ,

and then
+∞∑
k=0

∥Hk+1 −Hk∥σ∗ < +∞ .

We can then conclude that the sequence {HN} converges uniformly to a
function H∗ which is analytic on Sσ∗ and is invertible on a strip Sσ∗∗ ⊂ Sσ∗ .

Finally for all N it holds L(HN (x)) = HN (LN (x)) = HN (x+α+ηN (x)),
hence passing to the limit N → +∞ one finds L ◦ H∗ = H∗ ◦ Rα since ηN
vanishes.

Arnol’d Theorem 4.16 is a local result because it holds for OPCHs with
Diophantine rotation number which are sufficiently close to the associate
irrational rotation. On the contrary, a result is global if it holds without any
closeness assumption. We conclude the section with a schematic account
of regularity results in the local and global case. We assume T to be an
OPCH with irrational rotation number α which is conjugate to Rα by the
conjugacy h.

Local results (T = Rα + η, with η “small enough”).

• If T is analytic and α is Diophantine with parameters c, ν > 0, then h
is analytic (Arnol’d Theorem 4.16).

• If T is analytic and α is Brjuno, (see Definition A.2 for Brjuno numbers
B), then h is analytic. If α is not Brjuno, there exists T analytic for
which h is not analytic (Yoccoz).
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• There exists T ∈ Ck, with k ≥ 3, and α Liouville for which h is not
absolutely continuous (Herman).

Global results.

• There exists a space H with ∪c,νD(c, ν) ⊊ H ⊊ B, such that if T is
analytic and α ∈ H, then h is analytic. If α ̸∈ H, there exists T
analytic for which h is not analytic (Yoccoz).

• If T ∈ C∞ and α is Diophantine with parameters c, ν > 0, then
h ∈ C∞ (Herman-Yoccoz).

• Let β, ν such that 0 ≤ ν < β ≤ 1 and β − ν ̸= 1 , if T ∈ C2,β and
α ∈ D(c, ν) for some c > 0, then h ∈ C1,β−ν (Khanin-Teplinsky).



Chapter 5

Twist maps on cylinders

For the material of this chapter, see [Ba88, Go01, He83, KH95, Si04].
We consider homeomorphisms of a finite or infinite cylinder with a twist

property, as defined below. The class of maps we study include Examples
1.11, 1.12, 1.13. In the first part, we give results about the existence of
periodic orbits. In the second part, we consider the problem of existence
and non-existence of rotationally invariant circles. In both parts, we give
an exposition of the classical results by Poincaré and Birkhoff and of the
more recent variational approach by the Aubry-Mather theory.

Let S1 be represented by [0, 1]/(0 ∼ 1). Given a, b ∈ R ∪ {±∞} with
a < b, we consider homeomorphisms on a cylinder

T : S1 × (a, b) → S1 × (a, b) ,

and their lifts on a strip

L : R× (a, b) → R× (a, b) ,

satisfying T ◦ π = π ◦ L, where π : R × (a, b) → S1 × (a, b) is defined by
π(x, y) = ({x} , y).

In the opposite direction, we may consider maps L on a strip which are
homeomorphisms and commute with integer translations in the x-direction,
that is L(x+k, y) = L(x, y)+(k, 0), for all k ∈ Z, and their projections on a
cylinder given by T = π◦L◦π−1, which are well defined since π(L(x+n, y)) =
π(L(x, y) + (n, 0)) = π(L(x, y)) for all x ∈ S1 and n ∈ Z.

5.1 The Poincaré-Birkhoff Theorem

We begin with the classical result on the existence of fixed points for maps
of the annulus with twist on the boundary.

115
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Theorem 5.1 (Poincaré-Birkhoff). Let L be an order-preserving homeo-
morphism of the closed finite strip R × [a, b], with a, b ∈ R, and use the
notation L(x, y) = (L1(x, y), L2(x, y)). Assume that:

(i) L(x+ 1, y) = L(x, y) + (1, 0) for all (x, y) ∈ R× [a, b];

(ii) L preserves the area;

(iii) L2(x, a) = a, L2(x, b) = b, for all x ∈ R;

(iv) (L1(x, a)− x)(L1(x, b)− x) < 0, for all x ∈ R.

Then L admits at least two fixed points P,Q which are not equivalent, i.e.

∀k ∈ Z, P + (k, 0) ̸= Q.

As discussed above, assumption (i) means that L may be projected to
a homeomorphism of the cylinder, or of the annulus, S1 × [a, b] by π. As-
sumption (iii) means that L preserves the boundaries of the strip. Finally,
assumption (iv) is the twist on the boundary condition. Looking at the pro-
jected map on the cylinder, it means that the boundaries are rotated in
opposite directions, hence the cylinder is twisted on the boundary.

Remark 5.2. We show that assumptions (ii) and (iv) are necessary. First,
consider the map

L(x, y) =

(
x+ y − 1

2
, y2

)
on R× [0, 1] .

It satisfies (i), (iii), (iv) of Theorem 5.1, but not (ii). It is immediate to
verify that L has no fixed points.

The second example is the map

L(x, y) = (x+ c, y), on R× [0, 1] .

for any c > 0. It satisfies (i), (ii), (iii) of Theorem 5.1, but not (iv). Again,
it is clear that L has no fixed points.

Proof of Theorem 5.1. Assumption (iv) has two possible cases, depending
on the choice of the signs. We denote by (iv+) the choice

L1(x, a)− x > 0 , L1(x, b)− x < 0 , ∀x ∈ R . (iv+)

Equivalently, (iv-) will indicate assumption (iv) with the opposite choice for
the signs.
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First, we prove the existence of at least one fixed point. By contradiction,
let us assume that L satisfies (i)-(ii)-(iii)-(iv+) but has no fixed points. Since
P ̸= L(P ) for all P ∈ R× [a, b], we may consider the function

αL : R× [a, b] → R, αL(P ) = angle
(−−−−→
P L(P ), x-axis

)
in the anti-clockwise direction. We initialize αL by setting αL(x, a) = 0 for
all x ∈ R, and introduce the index

ȷ(L) := αL

∣∣
{y=b}. (5.1)

By (iv+), we have ȷ(L) = π (mod 2π). We now show that ȷ(L) can be
computed by a line integral.

Lemma 5.3. Given a simple curve C from {y = a} to {y = b}, the integral∫
C
dαL

is well defined and does not depend on the choice of C.

Proof. Let C1, C2 be two such curves, and let U be the region bounded by
them and by the two horizontal arcs I and II on the boundaries of R× [a, b].
Since on the arcs I and II the angle αL is constant, we obtain∫

C1
dαL −

∫
C2
dαL =

∫
C1
dαL −

∫
C2
dαL −

∫
I
dαL −

∫
II
dαL

= −
∫
∂U
dαL = −

∫∫
U
d2αL = 0,

by Stokes’ theorem.

By Lemma 5.3, we can compute the index ȷ(L) using

ȷ(L) =

∫
C
dαL (5.2)

where C is any simple curve from {y = a} to {y = b}.
We now use (5.2) to prove the following properties for ȷ(L).

Lemma 5.4. Let L be a homeomorphism of the strip R × [a, b] satisfying
assumptions (i)-(ii)-(iii)-(iv). Then:

(a) L−1 satisfies (i)-(ii)-(iii), and (iv-) if L satisfies (iv+) and (iv+) if L
satisfies (iv-). Morevoer, ȷ(L−1) = ȷ(L).
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(b) Let ρ : X → X, ρ(x, y) = (−x, y). Then ρ−1Lρ satisfies (i)-(ii)-(iii),
and (iv-) if L satisfies (iv+) and (iv+) if L satisfies (iv-). Morevoer,
ρ−1Lρ has no fixed points, and ȷ(ρ−1Lρ) = −ȷ(L).

(c) If L satisfies (iv+) then ȷ(L) = π.

Before proving Lemma 5.4, we use it to conclude the proof of the ex-
istence of at least one fixed point. We are assuming that L satisfies (i)-
(ii)-(iii)-(iv+) but has no fixed points. Then, using Lemma 5.4, the map
ρ−1L−1ρ satisfies (i)-(ii)-(iii)-(iv+) and has no fixed points. Hence,

π
L.5.4−(c)

= ȷ(ρ−1L−1ρ)
L.5.4−(b)

= −ȷ(L−1)
L.5.4−(a)

= −ȷ(L) L.5.4−(c)
= −π,

a contradiction. Therefore L has at least one fixed point.

Proof of Lemma 5.4. (a). Properties (i)-(ii)-(iii) for L−1 follow immediately.
We now show that if L satisfies (iv+) then L−1 satisfies (iv-). Let (L−1)1
denote the first component of L−1. First, for all x ∈ R there exists x̃ ∈ R
such that L(x̃, a) = (x, a), hence

(L−1)1(x, a)− x = (L−1)1(L1(x̃, a), a)− L1(x̃, a) = x̃− L1(x̃, a) < 0

since L satisfies (iv+). Analogously, (L−1)1(x, a) − x > 0 for all x ∈ R.
Hence, L−1 satisfies (iv-). In the same way, one can show that if L satisfies
(iv-) then L−1 satisfies (iv+).

Let now P and Q be points in the strip such that L−1(Q) = P . Then
L(P ) = Q and

αL−1(Q) = αL(P ) + π.

Hence, given any simple curve C from {y = a} to {y = b},

ȷ(L−1) =

∫
C
dαL−1 =

∫
L−1(C)

dαL = ȷ(L).

(b). Again, we leave to the reader to check (i)-(ii)-(iii) for ρ−1Lρ. Let L
satisfy (iv+), then for all x ∈ R

(ρ−1Lρ)1(x, a)− x =(ρ−1L)1(−x, a)− x = ρ1(L1(−x, a), a)− x

= − L1(−x, a) + (−x) < 0 ,

where again the subscripts denote the first component of the maps. More-
over, if ρ−1Lρ has a fixed point P , then

(ρ−1Lρ)(P ) = P ⇔ L(ρ(P )) = ρ(P ) .
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Hence, ρ(P ) is a fixed point for L. It follows that ρ−1Lρ has no fixed points.
Finally, let us compute ȷ(ρ−1Lρ) by using Lemma 5.3 along the curve

C̃ = {x = 0}. Since C̃ is fixed by the function ρ, it follows that

αρ−1Lρ(P ) = π − αL(P ), ∀P ∈ C̃.

Hence,

ȷ(ρ−1Lρ) =

∫
C̃
dαρ−1Lρ =

∫
C̃
d(π − αL) = −

∫
C̃
dαL = −ȷ(L).

(c). Let us extend L to a homeomorphism on R2 by letting

L(x, y) = (L1(x, a), y) ∀y ≤ a , L(x, y) = (L1(x, b), y) ∀y ≥ b .

Since L has no fixed points and using (i), there exists ε > 0 such that

ε <
1

2
min

R×[a,b]
d(P,L(P )).

We use ε to define the pertubation Lε : R2 → R2 by

Lε(x, y) = L(x, y) + (0, ε).

Then Lε has no fixed points and the function αε, a shortcut for αLε , is well
defined.

We now consider the sets

D0 := {(x, y) ∈ R2 : a ≤ y < a+ ε}, Dj := L j
ε (D0).

We have

L−1
ε (D0) = {a−ε ≤ y < a}, L j

ε (D0) = {a+jε ≤ y < a+(j+1)ε} ∀j < 0.

Thus the sets {Dj}j≤0 are disjoint. In particular, it follows that the sets
{Dj}j∈Z are disjoint, and since Lε is area preserving, there exists N > 0
such that

D0, D1, D2, . . . , DN−1 ⊂ R× [a, b],

and DN is not contained in R× [a, b]. Let

Q ∈ DN , Q /∈ R× [a, b],

be the point with largest y-component in DN . Let P0 ∈ {y = a} be the
point for which

Pj = L j
ε (P0) ∈ Dj , j = 1, . . . , N, Q = LN+1

ε (P0).
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Let γ : [0, ε] → R2 be the parametrization of the segment P0 P1, hence

γ(t) =

(
1− t

ε

)
P0 +

t

ε
P1,

and let

γ(t+ εj) = L j
ε (γ(t)), t ∈ [0, ε], j = 1, . . . , N,

so that

γ : [0, ε(N + 1)] → R2

is a curve joining P0 to Q, with γ(0) = P and γ(ε(N + 1)) = Q. We
now consider the variation of αε along the support of γ. For small ε, this
variation is close to ȷ(L), hence the thesis follows by the following estimates.

To estimate ∫
γ([0,εN ])

dαε

consider

β : [0, ε(N + 1)]× [0, ε(N + 1)] → R

to be the angle between the vector joining two points on the support of γ
and the positive x-axis, namely

β(u, v) := angle
(−−−−−−→
γ(u) γ(v), x-axis

)
,

so that

αε(γ(t)) = angle
(−−−−−−−−−→
γ(t)Lε(γ(t)), x-axis

)
= β(t, t+ ε)

for all t ∈ [0, εN ]. Hence∫
γ([0,εN ])

dαε =

∫ ε(N+1)

0
dβ(t, t+ ε).

Since dβ is closed, we can move the line of integration in the plane (u, v) to
the union of two segments,

I = {(u, v) : u = 0 , ε ≤ v ≤ ε(N + 1)}

and

II = {(u, v) : 0 ≤ u ≤ εN , v = ε(N + 1)} .

So that ∫
γ([0,εN ])

dαε =

∫
I
dβ +

∫
II
dβ.
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Now
β|I = β(0, v) = angle

(−−−−→
P0 γ(v), x-axis

)
,

and therefore, for ε small enough,∫
I
dβ ∈ (0, π).

Similarly

β|II = β(u, ε(N + 1)) = angle
(−−−−→
γ(u)Q, x-axis

)
,

and therefore, for ε small enough,∫
II
dβ ∈ (0, π).

Thus, for ε small enough, ∫
γ([0,εN ])

dαε ∈ (0, 2π).

This implies that ȷ(L) ∈ (0, 2π), hence ȷ(L) = π.

This concludes the proof of the existence of at least one fixed point for
L satisfying (i)-(ii)-(iii)-(iv+). The argument is the same if L satisfies (iv-).

We now sketch the proof of the existence of a second non-equivalent
fixed point. Without loss of generality, let the first fixed point be on the
line {x = 1/2}. If there are no fixed points for L in (−1/2, 1/2) × [a, b],
we can define ȷ(L) as in Lemma 5.3 by using a simple curve contained in
(−1/2, 1/2)× [a, b]. Hence, we can repeat the same argument as above, with
the exception that in the proof of the analogous statement of Lemma 5.4-(c),
we need to set

Lε(x, y) = L(x, y) + (0, εχ(x)),

where χ is a continuous 1-periodic function satisfying∫ 1

0
χ(x) dx > 0, χ(x) ∈ [0, 1],

and
χ(x) = 0 for x ∈ [−1/8, 1/8].

Then, we consider

D0 = {−1/2 ≤ x ≤ 1/2, a ≤ y < a+ εχ(x)}

and the rest of the proof follows along the same lines. This gives the existence
of the second non-equivalent fixed point.
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Corollary 5.5. Let L be an order-preserving homeomorphism of the closed
finite strip R × [a, b], with a, b ∈ R, satisfying assumptions (i)-(ii)-(iii) of
the Poincaré-Birkhoff Theorem 5.1. Moreover, we assume the following twist
condition on the boundaries: Let ω−, ω+ ∈ R with ω− < ω+ and such that

L1(x, b)− x ≤ ω− < ω+ ≤ L1(x, a)− x ∀x ∈ R,

or equivalenty,

L1(x, a)− x ≤ ω− < ω+ ≤ L1(x, b)− x ∀x ∈ R.

Then for every p ∈ Z, q ∈ N, with (p, q) = 1 and such that p/q ∈ (ω−, ω+),
L has at least two periodic points of type (p, q) which are not equivalent,
where P is a periodic point of type (p, q) if

Lq(P ) = P + (p, 0).

Proof. Let Rk : R × [a, b] → R × [a, b], k ∈ Z, be the integer translation in
the x-direction, namely

Rk(x, y) = (x+ k, y).

Assume the first condition on the twist on the boundaries. Then, for every
p ∈ Z, q ∈ N, with (p, q) = 1 and such that p/q ∈ (ω−, ω+),

L̃ := R−p ◦ Lq

satisfies (i)-(iv) of Poincaré-Birkhoff Theorem 5.1. Indeed, using that L and
R1 commute by (i),

L̃(x+ 1, y) = (R−p ◦ Lq)(x+ 1, y) = Lq(x+ 1, y) + (−p, 0)
=Lq(x, y) + (−p+ 1, 0) = (R−p ◦ Lq)(x, y) + (1, 0)

= L̃(x, y) + (1, 0).

Conditions (ii) and (iii) are immediate. Moreover, for all x ∈ R,(
L̃(x, a)

)
1
− x =

(
R−p ◦ Lq(x, a)

)
1
− x =

(
Lq(x, a)

)
1
− x− p

=

q∑
j=1

[
L1

(
Lj−1(x, a)

)
−
(
Lj−1(x, a)

)
1

]
− p ≥ qω+ − p > 0,

since by assumption ω+ ≤ L1(Q)−Q1 with Q = (Q1, a). In the same way,(
L̃(x, b)

)
1
− x < 0, ∀x ∈ R.
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Hence, we can apply Poincaré-Birkhoff Theorem 5.1 to L̃, to find two non-
equivalent fixed points for L̃. If P is such a point, then

R−p ◦ Lq(P ) = P ⇔ Lq(P ) = P + (p, 0).

Finally, we show that given p, p′ ∈ Z, q, q′ ∈ N, with (p, q) = (p′, q′) = 1 and
such that p/q ̸= p′/q′ ∈ (ω−, ω+), the periodic points P and P ′ of type (p, q)
and (p′, q′) are non-equivalent. We have

Lq(P ) = Rp(P ), Lq′(P ′) = Rp′(P
′).

If there exists k ∈ Z such that P = Rk(P
′), then

Lq(P ′) = Lq(R−k(P )) = R−k(L
q(P )) = R−k(Rp(P )) = Rp(P

′),

Lq′(P ′) = Rp′(P
′).

This implies that

Lqq′(P ′) =

{
(Lq)q

′
(P ′) = Rq′

p (P ′) = Rpq′(P
′),

(Lq′)q(P ′) = Rq
p′(P

′) = Rp′q(P
′),

so pq′ = p′q, which is false.

Example 5.1. Let us consider the map T of the Birkhoff billiards as defined
in Example 1.13 in a domain Ω. The map T defines a homeomorphism of
the closed finite cylinder S1× [0, π], with coordinates (s, ϑ) denoting the arc-
length coordinate of the collision of the ball with ∂Ω and the angle between
the trajectory of the ball after the collision and the oriented tangent vector to
∂Ω at the collision point. Here we show that, after a change of coordinates,
T has a lift L which is a homeomorphism on a closed finite strip satisfying
the assumptions of Corollary 5.5.

Let γ : [0, 1] → R2 be the arc-length parameterization of ∂Ω with compo-
nents γ(s) = (X(s), Y (s)) ∈ R2, then γ ∈ C3, γ(0) = γ(1), and |γ′(s)| = 1
for all s ∈ [0, 1]. Using the Euclidean distance d in R2, we consider the
function

h : [0, 1]× [0, 1] → [0,+∞), h(s0, s1) := d(γ(s0), γ(s1)). (5.3)

Let now s0 ̸= s1, introduce the notation Pi = γ(si), i = 0, 1, and consider

the segment
−−−→
P0 P1. Clearly |

−−−→
P0 P1| = h(s0, s1) and it represents the ball

trajectory from the collision at P0 to a collision at P1. The function h
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is differentiable at points not on the diagonal of the square [0, 1] × [0, 1],
therefore we can compute

∂h

∂s0
(s0, s1) =

1

h(s0, s1)

[
− (X(s1)−X(s0))X

′(s0)− (Y (s1)− Y (s0))Y
′(s0)

]
= −

〈 −−−→
P0 P1

h(s0, s1)
, γ′(s0)

〉
= − cosϑ0,

where ϑ0 is the angle between γ′(s0) and
−−−→
P0 P1. Similarly,

∂h

∂s1
(s0, s1) =

〈 −−−→
P0 P1

h(s0, s1)
, γ′(s1)

〉
= cosϑ1,

where ϑ1 is the angle between −γ′(s1) and
−−−→
P1 P0. It follows that

dh(s0, s1) = − cosϑ0 ds0 + cosϑ1 ds1 .

Since T (s0, ϑ0) = (s1, ϑ1), we have proved that the measure µ on S1 × [0, π]
with density g(s, ϑ) = sinϑ is T -invariant.

We now introduce the Birkhoff coordinates. Let x := s ∈ S1 and y :=
− cosϑ ∈ [−1, 1], then T becomes a map on S1 × [−1, 1] with a lift L on
the strip R × [−1, 1]. It is now elementary to check that L satisfies the
assumptions of Corollary 5.5 with

L1(x,−1)− x = 0 = ω− < ω+ = 1 = L1(x, 1)− x.

As a result, the billiard map has at least two periodic points of type (p, q)
for every p/q ∈ (0, 1).

5.2 The variational approach

We now restrict the class of cylinder homeomorphisms by specifying more
assumptions on their lifts. First, now we consider smooth diffeomorphisms.

Definition 5.1 (Exact symplectic twist maps). Let a, b ∈ R ∪ {±∞} with
a < b, and L be an order-preserving C1 diffeomorphism of the strip R×(a, b),
and use the notation L(x, y) = (L1(x, y), L2(x, y)). We say that L is an exact
symplectic twist map if:

(i) L(x+ 1, y) = L(x, y) + (1, 0) for all (x, y) ∈ R× (a, b);

(ii) limy→a+ L2(x, y) = a, limy→b− L2(x, y) = b, for all x ∈ R;
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(iii) There exist ω−, ω+ ∈ R ∪ {±∞}, with ω− < ω+, such that

lim
y→a+

(
L1(x, y)− x

)
= ω− , lim

y→b−

(
L1(x, y)− x

)
= ω+ , ∀x ∈ R;

(iv) There exists K > 0 such that

∂L1

∂y
(x, y) ≥ K , ∀(x, y) ∈ R× (a, b);

(v) There exists a C2 function

h :
{
(u, v) ∈ R2 : ω− < v − u < ω+

}
→ R

called the generating function, such that h(u + 1, v + 1) = h(u, v) for
all (u, v) in its domain and1

∂1h(x0, x1) = −y0 , ∂2h(x0, x1) = y1

for all (x0, y0)R× (a, b) with (x1, y1) = L(x0, y0).

If L is defined on the closed strip R × [a, b], we assume that conditions (ii)
and (iii) hold on the boundaries R× {a} and R× {b}.

A cylinder map T on S1× (a, b) is called exact symplectic twist if its lift
L satisfies the conditions in Definition 5.1.

Remark 5.6. Let’s make some remarks on the conditions in Definition 5.1.

(i) This is the standard assumption which guarantees that L may be pro-
jected to a continuous cylinder map.

(ii) This condition implies that L preserves the boundaries of the strip.

(iii) This is the twist on the boundaries condition. The interval (ω−, ω+) is
called the interval of twist.

(iv) This is the first new important condition with respect to the maps of the
previous section. We assume that the twist occurs on the entire strip and it
is strong, since the derivative is bounded away from 02. This condition may
be stated by saying that the image of a vertical segment is a curve tilted to
the right.

1The notation ∂ih indicates the partial derivative of h with respect to its i-th variable.
2Clearly, an analogous situation occurs when K < 0 and ∂L1/∂y ≤ K (in this case, we

need ω− > ω+ in (iii)).
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The twist condition has the following consequences. Let x0 < x1 ∈ R
with ω− < x1 − x0 < ω+. Then, by (iii) and the twist, there exists a
unique y0 ∈ (a, b) such that L1(x0, y0) = x1. Therefore, we can write y0 =
ỹ0(x0, x1). In addition, y1 := L2(x0, y0) also may be written as a function
y1 = ỹ1(x0, x1).

(v) Using the previous remarks, the condition on h may be written as

ỹ0(x0, x1) = −∂1h(x0, x1) , ỹ1(x0, x1) = ∂2h(x0, x1) .

Hence, h is a C2 function with

dh(x0, x1) = −ỹ0 dx0 + ỹ1 dx1 .

In particular,

0 = d2h(x0, x1) = −dỹ0 ∧ dx0 + dỹ1 ∧ dx1 .

This implies that L preserves the area on R× (a, b). Also note that

∂12h(x0, x1) = −∂x1 ỹ0(x0, x1) = −
(
∂y0x1(x0, y0)

)−1
(5.4)

which is negative by the twist condition.
Finally, we comment on the periodicity assumption on h, namely h(u+

1, v + 1) = h(u, v). Let (x0, y0) be a point in R × (a, b), and (x1, y1) =
L(x0, y0) = (L1(x0, y0), L2(x0, y0)). As explained above, y0 and y1 may
be written as functions of x0 and x1, denoted as ỹ0 and ỹ1. Consider the
following identities

ỹ0(x0, L1(x0, y0)) = y0, (5.5)

ỹ1(x0, x1) = L2(x0, ỹ0(x0, x1)). (5.6)

Then, differentiate (5.5) with respect to x0 and y0 to get

∂ỹ0
∂x0

(x0, x1) +
∂ỹ0
∂x1

(x0, x1)
∂L1

∂x0
(x0, x1) = 0

∂ỹ0
∂x1

(x0, x1)
∂L1

∂y0
(x0, x1) = 1.

And differentiate (5.6) with respect to x0 to get

∂ỹ1
∂x0

(x0, x1) =
∂L2

∂x0
(x0, x1) +

∂L2

∂y0
(x0, ỹ0)

∂ỹ0
∂x0

(x0, x1).
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Putting together the three identities and condition (iv), straightforward ma-
nipulations give

∂ỹ0
∂x1

(x0, x1) +
∂ỹ1
∂x0

(x0, x1) =
(∂L1

∂y0
(x0, x1)

)−1[
1− det JL(x0, x1)

]
,

with JL being the Jacobian matrix of L. If, we assume that L is area-
preserving, hence detJL ≡ 1, then the 1-form

ω(x0, x1) = −ỹ0 dx0 + ỹ1 dx1

is closed, hence locally exact. Since x1 = L1(x0, y0), we can look at ω as
a 1-form on the strip R × (a, b). This means that L is locally exact sym-
plectic. The form ω is then exact on simply connected domains. However,
we wish to have exactness when projecting the map and the form on the
cylinder. Therefore, we need to check what happens along closed curves on
the cylinder, in particular along the non-contractible ones.

Let C be one of these curves, in particular, we write it as the points of
the form (x, y(x)) with x ∈ [x0, x0 + 1], and y(x) a smooth function with
y(x0 + 1) = y(x0). Then,∫

C
ω(x0, y0) =

∫
C̃
ω(x0, x1)

where C̃ is the curve in the plane x0, x1 obtained by letting y0 = ỹ0(x0, x1).
The initial and final point of C̃ are (x0, L1(x0, y0)) and

(x0 + 1, L1(x0 + 1, y0)) = (x0 + 1, L1(x0, y0)) + (0, 1).

Since ω(x0, x1) = dh(x0, x1), the condition

0 =

∫
C̃
ω(x0, x1),

which is necessary for ω to be exact, is h(x0 + 1, x1 + 1) = h(x0, x1).

In the following, we are interested on the existence of invariant curves
for the map T which are not contractible on the cylinder S1 × (a, b).

Definition 5.2. A curve C in S1 × (a, b) is called rotational if it is closed,
simple, and not contractible.
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Definition 5.3. Let T be an area-preserving homeomorphism of the cylin-
der S1 × (a, b). We call net flux of T , denoted by ΦT , the quantity

ΦT :=

∫
T (C)

y dx−
∫
C
y dx ,

with C a rotational curve.

For two rotational curves C1 and C2, we have∫
C2
y dx−

∫
C1
y dx =

∫∫
U
dy ∧ dx,

where U is the domain bounded by C1, C2, and the vertical line connect-
ing the initial points of the two curves. Hence, the difference between ΦT

computed using C1 or C2 is equal to the difference between the areas of U
and T (U). Since T is area-preserving, the difference vanishes. Hence, the
definition of the net flux of T does not depend on the choice of the rotational
curve chosen.

Proposition 5.7. Let T be an exact symplectic twist map of the cylinder
S1 × (a, b). Then, ΦT = 0.

Proof. Let C be a rotational curve, then∫
T (C)

y dx =

∫
C
T ∗(y dx),

where T ∗(ydx) denotes the push-forward of the one form ydx. Denoting by
(x0, y0) the coordinates on C, and by (x1, y1) = T (x0, y0) the coordinates on
T (C), we obtain

ΦT =

∫
C

[
T ∗(y0 dx0)− y0 dx0

]
=

∫
C

[
y1 dx1 − y0 dx0

]
=

∫
C̃

[
ỹ1 dx1 − ỹ0 dx0

]
=

∫
C̃
dh(x0, x1) = 0,

where, as above, C̃ is the curve in the plane x0, x1 obtained by letting y0 =
ỹ0(x0, x1), and we have used the periodicity assumption on the generating
function h.

Corollary 5.8. Let T be an exact symplectic twist map of the cylinder S1×
(a, b). Then, for any rotational curve C, we have C ∩ T (C) ̸= ∅. Moreover,
if C is a rotational T -invariant curve (RIC), then the sets below and above
C are invariant.
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Proof. The first statement follows by Proposition 5.7, since
∫
C ydx can be

interpreted as the area between C and the circle {y = a}3. Hence, being the
net flux zero, the area of the cylinder below C and that below T (C) coincide.
Therefore, if C ∩ T (C) = ∅ we obtain a contradiction.

The second statement follows using also that T is order-preserving.

Example 5.2. Let L : R2 → R2 be the order-preserving C∞ diffeomorphism
given by

L(x, y) = (x+ y, y + 1) .

It is immediate that it verifies the conditions from (i) to (iv) of Definition 5.1,
with ω± = ±∞ andK = 1. One can also verify that h(u, v) = 1/2(v−u)2+v
satisfies ∂1h(x0, x1) = −y0 and ∂2h(x0, x1) = y1. However, h(u + 1, v +
1) = h(u, v) + 1, hence the periodicity condition in (v) is violated. This
corresponds to the intuitive property of L of having net flux equal to 1.

Example 5.3. Let g : S1 → R be any C1 function, and consider the map T
on S1 × R defined as the projection of the map L : R2 → R2 given by

L(x, y) = (x+ y + g(x), y + g(x)) .

When g(x) = −k/(2π) sin(2πx) we obtain the Standard map of Example
1.11. It is an exercise to verify that L is an exact symplectic twist map with
generating function

h(u, v) =
1

2
(v − u)2 +G(u),

with G′(u) = g(u).

It is immediate to verify that also the Bouncing ball map of Example
1.12 is an exact symplectic twist map.

Example 5.4. We now continue Example 5.1. We have proved that the
billiard map T on S1× [−1, 1], using Birkhoff coordinates, has a lift L which
satisfies conditions (i), (ii), and (iii), of Definition 5.1, with ω− = 0 and
ω+ = 1. Moreover, condition (v) is satisfied with h(u, v) = −d(γ(u), γ(v)),
that is minus the Euclidean distance between two points on the boundary
∂Ω. The periodicity condition is trivial, and the relations with y0 and y1
follows from the computations in Example 5.1 and the choice of the Birkhoff
coordinates. Finally, we claim that also condition (iv) holds. Hence, the
Birkhoff billiard map is an exact symplectic twist map.

3If a = −∞, use {y = ã} for any ã ∈ R such that C lies above it.
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Dynamics near the fixed points

Before discussing the existence of fixed and periodic points for exact sym-
plectic twist maps via the variational approach, we apply the classification
of the fixed points introduced in Section 3.4 to this case.

In particular, we can apply Theorem 3.15 for d = 2 to JT under the
assumption that det(JT ) = 1, since T is area-preserving. It follows that a
fixed point (x0, y0) is of one of the following three categories.

Hyperbolic: If the eigenvalues of JT (x0, y0) are λ, λ
−1 with λ ∈ (−∞,−1)∪(1,∞).

Parabolic: If the eigenvalues of JT (x0, y0) are λ = λ−1 = ±1.

Elliptic: If the eigenvalues of JT (x0, y0) are λ, λ̄ ∈ S1 \ {±1}.

Note that a hyperbolic point (x0, y0) satisfies Definition 3.13. In par-
ticular, the Hartman-Grobman Theorem 3.21 and Theorem 3.22 apply, and
there exist one-dimensional local stable and unstable manifolds for (x0, y0).
Hence, it is a saddle point.

For elliptic fixed points, we cannot apply the results of Section 3.4, but
since the map T is area-preserving, the fixed point is stable but not asymp-
totically stable. Hence, there is a neighborhood, called island, on which the
dynamics is close to a rotation. The precise dynamics for an exact symplectic
twist map is characterized by the result below.

First, we give the simple observation that the nature of a fixed point
may be identified just by looking at the trace of JT .

Proposition 5.9. Assume T is an area-preserving differentiable map of the
cylinder S1 × (a, b). Then:

• A fixed point (x0, y0) is hyperbolic if and only if |tr(JT (x0, y0))| > 2;

• A fixed point (x0, y0) is parabolic if and only if |tr(JT (x0, y0))| = 2;

• A fixed point (x0, y0) is elliptic if and only if |tr(JT (x0, y0))| < 2.

Remark 5.10. The same characterization holds for periodic points. If (x0, y0)
is periodic of period q, then it is a fixed point of T q. Hence it is hyperbolic,
parabolic, or elliptic if the conditions above are satisfied by JT q(x0, y0).

The next result is really important to understand the phenomenon of
“islands around islands” in symplectic maps with mixed phase space.
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Theorem 5.11 (Birkhoff normal form). Let L : R2 → R2 be a diffeomor-
phism such that L(0) = 0, and suppose det(JL)(0) = 1 with eigenvalues
λ = e2πiα, with α ∈ R, and λ̄. If there exists ℓ ∈ N, ℓ ≥ 2, such that nα ̸∈ Q
for all n = 1, . . . , ℓ− 1, then there exist neighborhoods U(0), V (0) ⊂ R2, and
a symplectic diffeomorphism ϕ : U(0) → V (0) such that T̃ := ϕ◦T ◦ϕ−1 can
be written in polar coordinates (θ, r) ∈ S1 × R+ as

T̃ (θ, r) =
(
θ + α+ p(r2) +O(r2m), r +O(r2m)

)
,

with 2m+ 2 ≤ ℓ− 1, and

p(t) = a1t+ a2t
2 + · · ·+ amt

m.

In addition, if some aj ̸= 0,

∂T̃1
∂r

= 2r p′(r2) ̸= 0

for r = r0 sufficiently small. Hence, T̃ has a twist in an annulus around
{r = r0}.

An immediate application of Theorem 5.11 tells us that, generically, in
a neighborhood of an elliptic periodic point of an exact symplectic twist
map, the dynamics is generated by a twist map. Therefore, all the results
giving existence of periodic orbits and RICs hold, giving birth to structure
of “second order” living around the periodic point inside its island. In
particular, we expect other islands to exists, and so on for smaller and
smaller scales.

Periodic points of twist maps as critical points

We now give another proof of the existence of periodic points for an exact
symplectic twist map by introducing the variational approach.

Definition 5.4. Let L be an exact symplectic twist map on R× (a, b) with
generating function h. We call the action of a finite sequence {xm, . . . , xn}
of real values the function

W (xm, . . . , xn) :=
n−1∑
k=m

h(xk, xk+1).
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Proposition 5.12. Let {xm, . . . , xn} be the projections on R of points of
an orbit of an exact symplectic twist map L. Then, the action

(ξm+1, . . . , ξn−1) 7→W (xm, ξm+1, . . . , ξn−1, xn)

has a critical point at (xm+1, . . . , xn−1). Conversely, fixed xm and xn, every
such critical point determines an orbit segment.

Proof. Write

W (xm, ξm+1, . . . , ξn−1, xn) = h(xm, ξm+1)+
n−2∑

k=m+1

h(ξk, ξk+1)+h(ξn−1, xn).

Then,

∂W

∂ξk
= ∂2h(ξk−1, ξk) + ∂1h(ξk, ξk+1), ∀ k = m+ 1, . . . , n− 1

where ξm = xm and ξn = xn. Hence,

∂W

∂ξk
(xm+1, . . . , xn−1) = 0, ∀ k = m+ 1, . . . , n− 1

if and only if

∂2h(xk−1, xk) + ∂1h(xk, xk+1) = 0, ∀ k = m+ 1, . . . , n− 1. (5.7)

It follows that, if {(xk, yk)} for k = m, . . . , n are the points of an orbit of L,
then the conditions on the generating function imply that

yk = ∂2h(xk−1, xk) = −∂1h(xk, xk+1) ∀ k = m+ 1, . . . , n− 1,

so (5.7) holds. Conversely, if (5.7) holds, we have an orbit by letting ym =
−∂1h(xm, xm+1), yk = ∂2h(xk−1, xk) for k = m + 1, . . . , n − 1, and yn =
∂2h(xn−1, xn).

Theorem 5.13 (General Poincaré–Birkhoff). Let L be an exact symplectic
twist map on R × (a, b) with interval of twist (ω−, ω+). Then, for every
p ∈ Z, q ∈ N, with (p, q) = 1 and p/q ∈ (ω−, ω+), there exist at least two
periodic orbits for the projected map T of type (p, q), i.e. points (x0, y0) such
that Lq(x0, y0) = (x0 + p, y0).
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Proof. Fix p ∈ Z, q ∈ N, with (p, q) = 1 and p/q ∈ (ω−, ω+), and consider
the action

(x0, ξ1, . . . , ξq−1) 7→W (x0, ξ1, . . . , ξq−1, x0 + p),

which is given by

W (x0, ξ1, . . . , ξq−1, x0 + p) = h(x0, ξ1) +

q−2∑
k=1

h(ξk, ξk+1) + h(ξq−1, x0 + p).

First, we show that critical points of this action produce periodic orbits of
type (p, q). Let (x0, x1, . . . , xq−1) be such a critical point, then we obtain an
orbit

(x0, y0), (x1, y1), . . . , (xq−1, yq−1), (x0 + p, yq),

by defining y0 = −∂1h(x0, x1),

yk = −∂1h(xk, xk+1) = ∂2h(xk−1, xk), ∀k = 1, . . . , q − 1,

using the computations in Proposition 5.12, and yq = ∂2h(xq−1, x0 + p).
Use now the periodicity of h to write the identity

W (x0, ξ1, . . . , ξq−1, x0 + p) =W (ξ1, . . . , ξq−1, x0 + p, ξ1 + p).

Since (x1, . . . , xq−1, x0) is a critical point of the right-hand side, differenti-
ating with respect to x0 we obtain

∂2h(xq−1, x0 + p) + ∂1h(x0 + p, x1 + p) = 0.

Hence, yq = −∂1h(x0 + p, x1 + p) = −∂1h(x0, x1) = y0. Thus, Lq(x0, y0) =
(x0 + p, y0). Moreover, the period of (x0, y0) is minimal because (p, q) = 1.

We now need to show that the action

(x0, ξ1, . . . , ξq−1) 7→W (x0, ξ1, . . . , ξq−1, x0 + p),

has at least one critical point. Restrict the domain to the set

D := {(x0, ξ1, . . . , ξq−1) ∈ Rq : 0 ≤ x0 ≤ ξ1 ≤ ξ2 ≤ · · · ≤ ξq−1 ≤ x0 + p ≤ 1 + p} .

This set is compact, therefore W attains a minimum. We need to show that
the minimum is attained in the interior of D.

Let (x0, x1, . . . , xq−1) be a point of minimum such that for some k,
xk−2 < xk = xk+1 < xk+2. Since the point is critical,

yk = ∂2h(xk−1, xk) = −∂1h(xk, xk+1),
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and

yk+1 = ∂2h(xk, xk+1) = −∂1h(xk+1, xk+2).

Subtracting gives

0 = ∂2h(xk−1, xk)− ∂2h(xk, xk+1) + ∂1h(xk, xk+1)− ∂1h(xk+1, xk+2).

Applying the mean value theorem, using xk = xk+1, gives

0 = ∂12h(η1, xk)(xk−1 − xk) + ∂21h(xk+1, η2)(xk+1 − xk+2),

for suitable intermediate points η1, η2. Since ∂12h < 0 by (5.4), and

xk−1 − xk < 0, xk+1 − xk+2 < 0,

we obtain a contradiction. Hence

x0 < x1 < · · · < xq−1 < x0 + p.

Finally, we prove the existence of at least a second critical point. If
(x0, x1, . . . , xq−1) is a point of minimum for

W (ξ0, ξ1, . . . , ξq−1, ξ0 + p)

in D, then for every k ∈ {0, . . . , q − 1} there exists jk ∈ Z such that

xk + jk ∈ [0, 1]

and the point

Pk = (xk+ jk, xk+1+ jk, . . . , xq−1+ jk, x0+p+ jk, . . . , xk−1+p+ jk) ∈ D.

By periodicity of h, we have

W (Pk, xk + p) =W (x0, x1, . . . , xq−1, x0 + p),

hence W possesses at least one min-max critical point.

Remark 5.14. The proof of Theorem 5.13 gives that the periodic orbits may
be points of minimum or of min-max for the action functional. It is remarked
in [Me92], that the minima give rise to hyperbolic periodic orbits, whereas
the min-max are hyperbolic or elliptic orbits.
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Example 5.5. Consider the map T of the Birkhoff billiards as described in
Examples 5.1 and 5.4 with generating function given by minus the Euclidean
distance between two points on the boundary of the domain of the billiard.
Proposition 5.12 implies that if we want to send the billiard ball from the
point P in the boundary to a point Q with one intermediate bounce, we
should make the ball to hit the boundary in the point for which the length of
the entire trajectory is a critical point. Also, by Theorem 5.13, the periodic
orbits of the billiard map give rise to closed paths in the domain which are
critical points for the length. An example is given by regular polygons inside
the circular billiard.

5.3 Birkhoff theory and Mather sets

We now consider the rotational invariant curves (RIC) for a twist map. We
have seen in Corollary 5.8 that the existence of a RIC for an exact symplectic
twist map implies that the orbits with initial conditions below the curve
remain below. However, the existence of RICs is a difficult problem. We
begin with classical results about the properties of these curves, assuming
that they exist.

Theorem 5.15 (Birkhoff). Let T : S1 × (a, b) → S1 × (a, b) be an area-
preserving diffeomorphism with the twist condition4 and zero net flux, and
let U be an open invariant set satisfying the following

(i) there exist r0, r1 ∈ (a, b) with r0 < r1 such that S1 × {a < y < r0} ⊂
U ⊂ S1 × {a < y < r1};

(ii) U is homeomorphic to S1 × R;

(iii) ∂U is homeomorphic to S1.

Then ∂U is the graph of a continuous function ψ : S1 → R.

Proof. Let’s assume that T has the positive twist condition, the negative
case is proved analogously.

Given a simple regular curve γ : [0, 1] → U with ẏ(0) > 0 and γ(0)
sufficiently below ∂U (for example γ(0) ∈ {y = a + ε} for ε > 0 if a ∈ R),
let δ(t) be the angle measured in the counter-clockwise direction from the
positive y-axis to the tangent vector γ′(t), with the choice that δ(0) ∈ [−π

2 ,
π
2 ]

4If T = (T1, T2) we assume that there exists K > 0 (or K < 0) such that ∂T1/∂y ≥ K
(or ∂T1/∂y ≤ K) everywhere on the cylinder.
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and t 7→ δ(t) is a continuous function. We say that a curve γ is tilted to the
right if δ(t) ≤ 0 for all t. Since T has the positive twist property, if γ is
tilted to the right, then T (γ) is tilted to the right (let v = (0, 1) be a vector
applied to γ(t), then dT (v) = (∂T1/∂y(γ(t)), ∂T2/∂y(γ(t))) is to the right of
the vertical; moreover since T preserves the orientation dT (γ′(t)) makes a
negative angle with dT (v)). Then we define the set of right-accessible points

WR := {P ∈ U : ∃ a curve γ tilted to the right such that γ(1) = P}

and by the previous argument T (WR) ⊂WR. Analogously we define curves
which are tilted to the left and the set of left-accessible points WL. Then
T−1(WL) ⊂WL.

If WR ⊊ U , then ∂WR is made of vertical segments and parts of ∂U .
In particular, this means that U has lobes to the left. Moreover, we obtain
that T−1(WR) ∩ (WR)c is non-empty and close to ∂U . We now want to
obtain a contradiction. By considering a segment {y = y0} far enough from
∂WR, we can use that T is area-preserving and has zero net flux to show
that

Area
(
WR ∩ {y ≥ y0}

)
= Area

(
T−1(WR ∩ {y ≥ y0})

)
=

= Area
(
T−1(WR) ∩ {y ≥ y0}

)
.

However, this is a contradiction with T (WR) ⊊ WR. Hence WR = U , and
U has no lobes to the left.

The same argument shows that WL = U . Hence, U has no lobes and
∂U is the graph of a function.

Theorem 5.16. Let T : S1 × (a, b) → S1 × (a, b) be an area-preserving
diffeomorphism with the positive twist condition with constant K and zero
net flux. Then:

(i) all RICs are graphs of continuous functions;

(ii) all RICs are graphs of Lipschitz functions;

(iii) given two RICs C1 and C2 which are graphs of the functions φ1 and φ2

respectively, if φ1 < φ2 then for the rotation numbers τ(C1) < τ(C2);

(iv) the set of RICs contained in a bounded subset S1× [c, d] is compact (in
the C0 topology for the functions φ);

(v) the set of rotation numbers τ(C) of a compact set of RICs is compact;
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(vi) if there exist c, d ∈ R such that Tn({y < c}) ⊆ {y < d} for all n ∈ Z,
then there exists a RIC in the set {c ≤ y ≤ d};

(vii) let C1 and C2 be two RICs with τ(C1) < τ(C2), and such that there exist
no RIC with rotation number τ ∈ (τ(C1), τ(C2)), and let us denote by
U the annulus bounded by C1 and C2 (a Birkhoff region of instability).
Then for all ε > 0 there exists P ∈ U such that d(P, C1) < ε and such
that there exists n(P ) ∈ Z for which d(Tn(P )(P ), C2) < ε.

Proof. (i) It follows directly from Theorem 5.15.

(ii) Given a RIC C and a point P ∈ C, if v = (0, 1) is a vector applied to P ,
it holds dT (v) = (∂T1/∂y(P ), ∂T2/∂y(P )), so that the slope of the vector
dT (v), which is applied to T (P ), is

∂T2
∂y

(P )

(
∂T1
∂y

(P )

)−1

≤ K−1 max

∣∣∣∣∂T2∂y

∣∣∣∣ =: S+ .

At the same time, let Q = T 2(P ), then if w = (0,−1) is a vector applied to
Q, it holds dT−1(w) = (∂T1/∂y(T (P )),−∂T1/∂x(T (P ))), so that the slope
of the vector dT−1(w), which is applied to T (P ), is

−∂T1
∂x

(T (P ))

(
∂T1
∂y

(T (P ))

)−1

≥ −K−1 max

∣∣∣∣∂T1∂x

∣∣∣∣ =: S− .

Since T preserves the orientation, it follows that C is contained in the cone
of vectors with slopes between S− and S+, hence the function φ describing
C is Lipschitz.

(iii) Given RIC C, which is the graph of the function φ : S1 → R, for each
x ∈ S1 one writes

T (x, φ(x)) = (g(x), φ(g(x))),

where g : S1 → S1 is a diffeomorphism of the circle. We define τ(C) := τ(g).
Let then g1, g2 : S

1 → S1 be the diffeomorphisms of the circle associated to
the RICs C1 and C2 respectively. By definition, if φ1 < φ2

g2(x)− g1(x) =

∫ 1

0

d

dt
T1

(
x, φ1(x) + t(φ2(x)− φ1(x))

)
dt =

=

∫ 1

0

∂T1
∂y

(
x, φ1(x) + t(φ2(x)− φ1(x))

)
(φ2(x)− φ1(x)) dt ≥

≥ K (φ2(x)− φ1(x)) > 0 .
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By Proposition 4.14-(ii), it follows τ(C1) ≤ τ(C2). By Proposition 4.14-(iii),
the inequality is strict if one of the rotation numbers is irrational. Let us
consider the case τ(C1), τ(C2) ∈ Q, and suppose that τ(C1) = τ(C2) = p/q,
with (p, q) = 1.

We now consider the lift L : R×(a, b) → R×(a, b) of T . Let P1 = (x1, y1)
be a fixed point for R−p◦Lq on C1, and P2 = (x2, y2) a fixed point for R−p◦Lq

on C2 with x2 ≥ x1. The segment P1P2 is tilted to the right by the action of
L, hence the same is true for R−p ◦Lq(P1P2), and this implies that x2 > x1.
Let now consider the points Q1 and Q2 defined as follows. The point Q1 is
on C2 and is of the form (x1, φ2(x1)), whereas the point Q2 is on C1 and is
of the form (x2, φ1(x2)). We can then consider the region U delimited by
the segment P1Q1, the segment P2Q2, and the rotational invariant circles
C1 and C2. The segment P1Q1 is tilted to the right by L, hence the same
is true for R−p ◦Lq(P1Q1), and moreover the end points of R−p ◦Lq(P1Q1)
are P1 and a point (x̃, φ2(x̃)) with x̃ ∈ (x1, x2), otherwise L would not be
order preserving. Analogously, the curve R−p ◦ Lq(P2Q2) has end points in
P2 and a point (x̄, φ1(x̄)) with x̄ ∈ (x1, x2). Since the other parts of the
boundary are invariant, it follows that R−p ◦ Lq(U) ⊂ U , which is absurd
since T is area-preserving.

(iv) Immediate from continuity of the functions φ and of the map T .

(v) Immediate from Proposition 4.14-(i) and point (iv) of this theorem.

(vi) Let V be defined as

V :=
⋃
n∈Z

Tn({y < c})

Then V is invariant and contained in {y < d}, but V is not necessarily
homeomorphic to S1×R because of the possible existence of elliptic islands
in the strip {c ≤ y ≤ d}. However if W denotes the connected component of
V c which contains {y > d}, then the set U := W c satisfies the assumptions
of Theorem 5.15, whence ∂U is a RIC.

(vii) It follows from point (vi) by contradiction.

Before considering the variational approach to the RICs, we recall two
results on the existence of RICs for twist maps which are small perturbations
of integrable maps. These results are the discrete versions of the famous
Kolmogorov-Arnold-Moser Theorems for Hamiltonian systems.

We begin with a result for analytic maps, whose proof is similar to that
of Theorem 4.16 and can be found in [SM71]. To simplify notations, consider
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the map

T0 : S
1 × [0, 1] → S1 × [0, 1] , T0(x, y) = (x+ y, y) .

This is the standard form of an integrable twist map of the cylinder. It’s
immediate to verify that it satisfies the conditions of Definition 5.1, and
it is integrable since the horizontal circles {y = y0} are invariant for all
y0 ∈ [0, 1]. We remark that a map of the form (x, y) 7→ (x + α(y), y) with
α(0) = 0, α(1) = 1, and α′(y) > 0, can be reduced to T0 by a change of
variables. We now state the result on the existence of RICs for analytic
perturbations of T0.

Theorem 5.17 (Analytic KAM). Let T : S1 × [0, 1] → S1 × [0, 1] be an
area-preserving diffeomorphism with the positive twist condition and zero
net flux, given by

T (x, y) = (x+ y + f(x, y), y + g(x, y)) .

Assume that f, g are real-analytic functions and 1-periodic in x, and that
there exist a constant r0 ∈ (0, 1) and a neighborhood I ⊂ C of the interval
[0, 1], such that f, g can be extended to holomorphic functions in the domain

Dr0 :=
{
(x, y) ∈ C2 : |ℑ(x)| < r0 , y ∈ I

}
,

and denote by ∥ · ∥∞,r0 the sup-norm of a function restricted to Dr0.
Given ω ∈ D(c, ν) for some c, ν > 0 (see Definition A.1), for all ε > 0

there exists δ > 0 such that if ∥f∥∞,r0 + ∥g∥∞,r0 < δ, then there exist
functions u, v holomorphic in the strip

Sr0/2 :=
{
ξ ∈ C : |ℑ(ξ)| < r0

2

}
,

which are real-valued when restricted to ℑ(ξ) = 0 and are 1-periodic in ℜ(ξ),
such that ∥u∥∞,r0/2+ ∥v−ω∥∞,r0/2 < ε (∥ · ∥∞,r0/2 denotes the sup-norm of
a function restricted to Sr0/2), the curve

C = {(ξ + u(ξ), v(ξ)) : ℑ(ξ) = 0 , ℜ(ξ) ∈ [0, 1]}

is a RIC, and T |C satisfies T (ξ + u(ξ), v(ξ)) = (ξ + ω + u(ξ + ω), v(ξ + ω)).

This formulation shows that, for any fixed Diophantine number ω, small
enough analytic perturbations of the integrable map T0 have a RIC with
rotation number ω.

The next result deals with differentiable perturbations of T0 and shows
the existence of a positive area set of RICs.
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Theorem 5.18 (Differentiable KAM). Let T : S1× [0, 1] → S1× [0, 1] be an
area-preserving Ck, k > 3, diffeomorphism with the positive twist condition
and zero net flux, given by

T (x, y) = (x+ y + f(x, y), y + g(x, y)) .

Then, for all ω ∈ D(c, ν) with 0 < ν < (k−3)/2, there exists ε > 0 such that
if ∥f∥Ck + ∥g∥Ck < c2ε, there exists a RIC Cω with the following properties:

(i) Cω is the graph of a Lipschitz function ϕ : S1 → R.

(ii) There exists Fω : S1 → S1, an order-preserving homeomorphism of
the circle with τ(Fω) = ω, such that

Cω ∋ (x, ϕ(x)) 7−→ T (x, ϕ(x)) =
(
Fω(x), ϕ(Fω(x))

)
∈ Cω,

and Fω is conjugated to the rotation Rω.

It is interesting to remark that the condition k > 3 in Theorem 5.18
is sharp, there are counterexamples for C3 maps in [He83]. Moreover, the
required smallness of the perturbation depends only on the constant c for
numbers in D(c, ν). Hence, the existence of a RIC with rotation number ω
holds for all ω ∈ D(c, ν) and c sufficiently small. Since m(D(c, ν)) → 1 as
c→ 0+ for all ν > 0, fixed ε > 0, we obtain the existence of a RIC Cω for a
positive measure set of numbers ω. This implies the existence of a positive
measure set of RICs in the cylinder.

Example 5.6. It is interesting to recall from [La73] the following application
of Theorem 5.18 to the Birkhoff billiards. Let T : S1× [−1, 1] → S1× [−1, 1]
be the billiard map inside a domain Ω from Example 5.1. Then, Lazutkin
has introduced in [La73] coordinates (X,Y ), with Y vanishing close to the
boundaries {y = ±1}, such that if Ω is strictly convex and ∂Ω is of class C6

with strictly positive curvature, then the map T becomes

T̃ (X,Y ) = (X + Y +O(Y 3), Y +O(Y 4)) .

Hence, for Y ≈ 0, the map T̃ is a small perturbation of the integrable map
T0. In particular, there exists a positive measure set of RICs in S1× [−1, 1].

If Ω is a circle, these RICs give a foliation of the phase space S1× [−1, 1],
and if Ω is an ellipse the foliation is restricted to a neighborhood of the
boundaries {y = ±1}. The well-known Birkhoff conjecture states that this
is the case if and only if Ω is an ellipse.
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Finally, we now assume that T is an exact symplectic twist map and
ask what we obtain about the existence of RICs by the variational approach
introduced in Section 5.2. Unfortunately not much more than the previous
results. But it follows that RICs are a special case of a more general kind
of invariant sets, the Mather sets. Here, we sketch the basic definitions and
results. The reader may consult [Ba88, Go01, Si04] for more details.

Given an exact symplectic twist map T with generating function h, re-
call Definition 5.4 for the action W of a finite sequence. It has been used
in Section 5.2 to characterize periodic orbits as critical points of W . To
study the RICs, we need to extend the approach to non-periodic orbits. We
introduce the useful notion and collect some of the results of the theory in
a single statement.

In the variational approach, we look at the projection of the orbits on
the x-axis. Let {(xk, yk}k∈Z be an orbit for L, the lift of T to the strip
R × (a, b). Then, we look at the sequence {xk}k∈Z ⊂ R, from which it is
possible to reconstruct the orbit using the generating function h.

Definition 5.5. A sequence {xk}k∈Z ⊂ R is called minimal if each finite
segment {xm, . . . , xn} is a minimizing point of the action W , that is

W (xm, xm+1, . . . , xn) ≤W (ξm, . . . , ξn)

for every {ξm, . . . , ξn} with ξm = xm and ξn = xn.

Definition 5.6. For a sequence {xk}k∈Z ⊂ R, we call rotation number the
quantity

ω := lim
n→+∞

xn − x0
n

,

if it exists.

Theorem 5.19 (Mather). Let T be an exact symplectic twist map of a
cylinder, then:

(i) A minimal sequence {xk}k∈Z is monotone, that is if for some i, j ∈ Z
there exists p ∈ Z such that xi < xj + p, then xi+1 < xj+1 + p.

(ii) For a monotone sequence {xk}k∈Z, the rotation number exists and it
is continuous with respect to pointwise convergence of sequences.

(iii) The sequences {xk}k∈Z associated to the periodic orbits of type (p, q)
which have minimizing segments are minimal, and their rotation num-
ber is p/q ∈ Q.
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(iv) For ω ∈ R \Q in the interval of twist (ω−, ω+) of T , let {pn/qn} ⊂ Q
be a sequence converging to ω. Then, the minimal periodic orbits of
type (pn, qn) converge to a minimal orbit with rotation number ω.

(v) A minimal orbit of T lives on the graph of a Lipschitz function.

Thus, for all ω ∈ (ω−, ω+), the set Mω of minimal sequences {xk}k∈Z
with rotation number ω is non-empty. If:

• ω ∈ Q, the set Mω is given by periodic orbits and orbits heteroclinic
or homoclinic to periodic orbits;

• ω ∈ R \ Q, the set Mω is given by orbits whose closure in S1 × (a, b)
is a RIC or a Cantor set.

In particular, Theorem 5.19 shows that if there exists ω ∈ (ω−, ω+) for
which there is no RIC with rotation number ω, nonetheless we can find an
invariant closed Cantor set of orbits with rotation number ω. Contrarily to
the case of the RICs, these Cantor sets do not bound the orbits with initial
conditions below them, hence transport through them is admitted.

5.4 Converse KAM

We conclude our analysis of the twist maps on cylinders, by considering
methods of converse KAM. These are methods to prove the non-existence
of a RIC for a given rotation number or for all of them. The importance
of these methods lies in the following result, whose proof can be found in
[An90, An92].

Theorem 5.20 (Angenent). Let T be an exact symplectic twist map of a
cylinder with interval of twist (ω−, ω+). If the topological entropy htop(T )
of T vanishes (see Definition 3.9), then T must have a RIC with rotation
number ω, for any ω ∈ (ω−, ω+).

In particular, showing the non-existence of a single RIC implies the exis-
tence of a Birkhoff region of instability, see Theorem 5.16-(vii). Restricting
T to this region we find that the map is chaotic, in the sense that its topo-
logical entropy is positive.

In this section, T is an exact symplectic twist map of the cylinder S1 ×
(a, b) or a specific map introduced before.
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Wandering orbits

This first set of methods uses the idea of producing orbits which move along
the cylinder.

For example, if one can show the existence of an orbit in the cylinder
S1×(a, b) which goes arbitrarily close to the boundaries {y = a} and {y = b},
then there is no RIC. This follows directly from Theorem 5.16.

In the same way, if one can show that two hyperbolic fixed points have
stable and unstable manifolds intersecting, thus creating a heteroclinic point,
then there is no RIC passing between the two fixed points. Hence, we have
a Birkhoff region of instability.

Residues criterion

This method was introduced by Greene in [Gr79] and is based on the charac-
terization of periodic orbits into hyperbolic and elliptic orbits as described in
Section 5.2. In particular, we have seen in Proposition 5.9 that this charac-
terization is obtained by looking at the trace of JT . Greene has introduced
a reformulation of the trace.

Let P ∈ S1 × (a, b) be a periodic point of type (p, q), its residue is the
quantity

R(P ) :=
1

4

(
2− trace(JT q(P ))

)
. (5.8)

Then:

• P is hyperbolic if and only if R(P ) ∈ (−∞, 0) ∪ (1,+∞).

• P is parabolic if and only if R(P ) ∈ {0, 1}.

• P is elliptic if and only if R(P ) ∈ (0, 1).

Greene has formulated the following conjecture:

Conjecture [Gr79]. Let ω ∈ R \ Q and {pn/qn} ⊂ Q, with (pn, qn) = 1,
converging to ω. Let {Pn} be a sequence of periodic points of type (pn, qn).
Then,

µ(ω) := lim
n→∞

1

qn
logR(Pn)

exists, and:

• If µ(ω) ≤ 0, there exists a RIC Cω with rotation number ω.

• If µ(ω) > 0, there exists no RIC Cω with rotation number ω.
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The conjecture has not been proved completely. There are only partial
results.

Theorem 5.21 (MacKay). Using the notations in the conjecture, let Iω
denote the union of all invariant sets with rotation number ω ∈ R \ Q.
Then,

lim sup
n→∞

1

qn
log |R(Pn)|

is bounded from above by the supremum of the Lyapunov exponents of the
orbits in Iω. Therefore, if Iω is a RIC with rotation number ω, then µ(ω) ≤
0, if the limit exixts.

Theorem 5.22 (Arnaud-Berger). In the conjecture, choose periodic points
{Pn} which are minimizing points of the action. Then, if

lim sup
n→∞

|R(Pn)|1/qn > 1,

there is no RIC Cω with rotation number ω.

Lipschitz condition

This method uses the Lipschitz property for RICs proved in Theorem 5.16-
(ii). The idea is the following. Assume that there exists an orbit along which
the tangent vector v = (0, 1) gets tilted to the right such that, after a finite
number of iterations, it points to the left. Then, this orbit does not lie on a
RIC.

We now apply this method to the Standard map of Example 1.11.

Proposition 5.23. The Standard map

T : S1×R → S1×R , T (x, y) =
({
x+y− k

2π
sin(2πx)

}
, y− k

2π
sin(2πx)

)
has no RICs for |k| ≥ 2.

Proof. Without loss of generality consider k positive. Then, given v ∈ (0, 1),
the vector applied to a point P ∈ S1 × R, we have

w = JT (P )v =


∂T1
∂x

(P )
∂T1
∂y

(P )

∂T2
∂x

(P )
∂T2
∂y

(P )

(01
)

=


∂T1
∂y

(P )

∂T2
∂y

(P )

 .
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Analogously,

u = JT (T (P ))w = JT 2(P )v =


∂T1
∂x

(T (P ))
∂T1
∂y

(T (P ))

∂T2
∂x

(T (P ))
∂T2
∂y

(T (P ))



∂T1
∂y

(P )

∂T2
∂y

(P )

 .

The condition we want to check is whether

∂T1
∂x

(T (P ))
∂T1
∂y

(P ) +
∂T2
∂x

(T (P ))
∂T2
∂y

(P ) > 0.

This is equivalent to u being a vector pointing to the right.

Let now P = (x0, y0), T (P ) = (x1, y1). By using the definition of the
Standard map, the condition becomes

(1− k cos(2πx1)) · (1) + (1) · (1) = 2− k cos(2πx1) > 0 .

However, if k ≥ 2, there exists x̄1 such that 2 − k cos(2πx̄1) ≤ 0. Hence,
there is no RIC passing through the vertical line {x = x̄1}. Therefore, there
is no RIC.

In the proposition above, we have considered only two iterates of the
map. One can try to get sharper conditions on k by considering more iter-
ates. This has been done in [MP85] obtaining that the Standard map has
no RICs for |k| > 63/64.

Generating function

Finally, we consider a method which uses the generating function. First, we
show two results, for the Standard map and for the Birkhoff billiards.

Proposition 5.24 (Mather). The Standard map

T : S1×R → S1×R , T (x, y) =
({
x+y− k

2π
sin(2πx)

}
, y− k

2π
sin(2πx)

)
has no RICs for |k| > 4/3.

Proof. First, using Proposition 5.23, we assume k ∈ (0, 2). Recall that the
Standard map has generating function

h(x0, x1) =
1

2
(x1 − x0)

2 +
k

4π2
cos(2πx0).
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Assume that a RIC Cω exists and let (x0, y0), (x1, y1), and (x2, y2) be
consecutive points of an orbit on Cω. Then, y1 = ∂2h(x0, x1) = −∂1h(x1, x2),
which implies

x1 − x0 = (x2 − x1) +
k

2π
sin(2πx1),

or equivalently,

2x1 − x0 − x2 −
k

2π
sin(2πx1) = 0.

Since T |Cω is a Lipschitz order-preserving circle homeomorphism F , we have
x2 = F (x1) and x0 = F−1(x1). Hence,

2x1 − F−1(x1)− F (x1)−
k

2π
sin(2πx1) = 0.

Differentiating with respect to x1,

2− k cos(2πx1) = (F−1)′(x1) + F ′(x1) = F ′(x1) +
1

F ′(F−1(x1))
> 0, (5.9)

where we have used that F is almost everywhere differentiable.
Let

C := max

{
sup
S1

F ′, sup
S1

1

F ′

}
,

and write L := supS1 F ′ and ℓ := infS1 F ′, so that

C = max

{
L,

1

ℓ

}
.

From (5.9) we get

2 + k = sup
S1

(2− k cos(2πx1)) ≥ max

{
supF ′ + inf

1

F ′ , inf F
′ + sup

1

F ′

}
,

that is,

2 + k ≥ max

{
L+

1

L
, ℓ+

1

ℓ

}
≥ C +

1

C
.

Similarly,

2− k = inf
S1

(2− k cos(2πx1)) ≥ inf F ′ + inf
1

F ′ = ℓ+
1

L
≥ 2

C
.

Since k ∈ (0, 2), from the second inequality, we get

C ≥ 2

2− k
> 1.
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Hence, in the first, we can write

2 + k ≥ g(C) ≥ g

(
2

2− k

)
=

2

2− k
+

2− k

2
,

using that the function

g(t) = t+
1

t

is increasing on [1,∞). Therefore,

4− k2 ≥ 2 +
(2− k)2

2
= 2 + 2 +

k2

2
− 2k,

which gives
3

2
k2 − 2k ≤ 0 ⇔ k

(
3

2
k − 2

)
≤ 0.

Thus, assuming that k ∈ (0, 2) and that a RIC exists, we obtain k ≤ 4/3.

Theorem 5.25 (Mather [Ma82]). Let Ω be a C3-smooth strictly convex set
in R2, such that the curvature of the boundary vanishes at one point. Then
the Billiard map T : S1 × [−1, 1] → S1 × [−1, 1]. has no Rics.

Proof. Let γ : [0, 1] → R2 be the arc length parameterisation of ∂Ω with
components γ(s) = (x(s), y(s)), and d(·, ·) denote the Euclidean distance in
R2. If we consider the function

G(t, u, w) := d(γ(t), γ(u)) + d(γ(u), γ(w)),

then a straightforward computation gives

∂G

∂u
(t, u, w) =

ẋ(u)(x(u)− x(t)) + ẏ(u)(y(u)− y(t))

d(γ(t), γ(u))
+

+
ẋ(u)(x(u)− x(w)) + ẏ(u)(y(u)− y(w))

d(γ(u), γ(w))
.

Let now s−1, s0, s1 be the length-arc coordinates of three consecutive points
of a billiard trajectory. As shown in Example 5.5, the Euclidean distance is
minus the generating function of the billiard map T , hence by the properties
of the generating functions we have

∂G

∂u
(s−1, s0, s1) = 0 .
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Moreover, if the curvature of ∂Ω vanishes at γ(s0), so that γ̈(s0) = 0, we
again obtain by a straightforward computation that

∂2G

∂u2
(s−1, s0, s1) =

1−
〈
γ̇(s0), Pγ(s−1)γ(s0)

〉2
d(γ(s−1), γ(s0))

+
1−

〈
γ̇(s0), Pγ(s0)γ(s1)

〉2
d(γ(s0), γ(s1))

> 0

since ∥γ̇(s0)∥ = 1, where Pγ(u)γ(w) denotes the unitary vector from γ(u) to
γ(w).

It follows that we can apply the Implicit Function Theorem to the func-
tion ∂G/∂u in (s−1, s0, s1) to get the existence of a function

η : U(s−1, s1) → V (s0)

defined in a neighbourhood U of (s−1, s1) with values in a neighbourhood
V of s0, such that η(s−1, s1) = s0 and

∂G

∂u
(t, η(t, w), w) = 0, ∀ (t, w) ∈ U .

Hence t, η(t, w), w are the length-arc coordinates of three consecutive points
of a billiard trajectory.

Let now assume by contradiction that s−1, s0, s1 are on a RIC C, then
by Theorem 5.16-(ii) C is the graph of a Lipschitz function ϕ : S1 → R,
and consequently the billiard map restricted on C is of the form (s, ϕ(s)) 7→
(F (s), ϕ(F (s))) where F : S1 → S1 is an order-preserving Lipschitz homeo-
morphism. It follows that s0 = F (s−1) and s0 = F−1(s1). Moreover by the
Implicit Function Theorem we can write

∂η

∂t
(s−1, s1) = −

∂2G
∂t ∂u(s−1, s0, s1)
∂2G
∂u2 (s−1, s0, s1)

(5.10)

∂η

∂w
(s−1, s1) = −

∂2G
∂w ∂u(s−1, s0, s1)
∂2G
∂u2 (s−1, s0, s1)

(5.11)

As a final ingredient, we use that as observed in Example 5.1,

∂2G

∂t ∂u
(s−1, s0, s1) =

∂

∂u

∂d(γ(t), γ(u))

∂t

∣∣∣
t=s−1,u=s0

=

= − ∂

∂s0
cos θ−1 = sin θ−1

∂θ−1

∂s0
,

where θi denotes the angle of incidence of the billiard trajectory in the point
γ(si), and we are using that θ−1 can be written as a function of (s−1, s0).
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Moreover, sin θ−1 > 0 and the twist property of the billiard ball map implies
that

∂s0
∂θ−1

=

(
∂θ−1

∂s0

)−1

> 0 .

Hence in (5.10) we find ∂η/∂t(s−1, s1) < 0. Analogously

∂2G

∂w ∂u
(s−1, s0, s1) =

∂

∂w

∂d(γ(u), γ(w))

∂u

∣∣∣
u=s0,w=s1

=

= − ∂

∂s1
cos θ0 = sin θ0

∂θ0
∂s1

,

whence in (5.11) we find ∂η/∂w(s−1, s1) < 0. Using the homeomorphism F
we can write

∂η

∂t
(s−1, s1) = F ′(s−1) < 0 ,

∂η

∂w
(s−1, s1) = (F−1)′(s1) < 0,

which gives the contradiction because F is order-preserving.

Remark 5.26. The two previous results are a particular formulation of a more
general principle. Let h be the generating function of an exact symplectic
twist map, then if (x0, y0), (x1, y1), and (x2, y2), are consecutive points of
an orbit on a RIC C, then

∂22h(x0, x1) + ∂11h(x1, x2) > 0 .

Hence, converse KAM results may be obtained by violating the previous
condition at some point x1, writing x0 and x2 as functions of x1 via an
order-preserving Lipschitz circle homeomorphism.
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Part II

Ergodic Theory (to appear)
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Part III

Thermodynamic Formalism
for maps (to appear)
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Part IV

Flows on hyperbolic surfaces
(to appear)
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Part V

Hyperbolic flows on surfaces
with non-constant negative

curvature (to appear)
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Appendix A

Continued fractions

A.1 The algorithm

For α ∈ R let’s consider the following algorithm. First we define a0 = ⌊α⌋ ∈
Z and let α0 := α− a0 ∈ [0, 1). Then we let

a1 :=

⌊
1

α0

⌋
∈ N , α1 :=

1

α0
− a1 ∈ [0, 1)

an+1 :=

⌊
1

αn

⌋
∈ N , αn+1 :=

1

αn
− an+1 ∈ [0, 1) ∀n ≥ 1

(A.1)

The algorithm stops if αn̄ = 0 for some n̄. Notice that we may write

α = a0 +
1

a1 + α1
= a0 +

1

a1 +
1

a2+α2

= a0 +
1

a1 +
1

a2+
1

...+ 1
an+αn

(A.2)

for all n ≥ 1 until the algorithm stops.

Proposition A.1. The algorithm (A.1) stops if and only if α ∈ Q.

Proof. If the algorithm stops and αn̄ = 0, from (A.2) it follows that

α = a0 +
1

a1 +
1

a2+
1

...+ 1
an̄

∈ Q

Conversely, if α ∈ Q, let α = a0+
p
q with 0 ≤ p < q, and apply the algorithm.

If p = 0, α0 = 0 and we are done. Otherwise, working out the first steps we
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get

α1 =
q − a1p

p
, α2 =

p− a2(q − a1p)

q − a1p
, . . .

If α1 = 0 we are done, otherwise 0 < q − a1p < p. Again if α2 = 0 we are
done, otherwise for the numerator we can write 0 < p − a2(q − a1p) < p.
It follows that the algorithm produces rational numbers αn with decreasing
positive numerators and denominators. Hence the algorithm necessarily
stops.

Given a real number α, its continued fraction expansion is then denoted
by

α = [a0; a1, a2, a3, . . . ] (A.3)

and the coefficients {ak} are obtained as in (A.1) and are called partial
quotients.

Without loss of generality we now consider the case α ∈ [0, 1), so that
a0 = 0 and α0 = α. In this case we drop a0 from notation (A.3).

Proposition A.2. Let α ∈ [0, 1) and α = [a1, a2, . . . ]. Define by recurrence
the following sequences of natural numbers

p−1 = 1, p0 = 0, pn = anpn−1 + pn−2 , ∀n ≥ 1

q−1 = 0, q0 = 1, qn = anqn−1 + qn−2 , ∀n ≥ 1
(A.4)

Then

(i) pn and qn are divergent sequences;

(ii) qnpn−1 − qn−1pn = (−1)n for all n ≥ 1 and (pn, qn) = 1;

(iii) pn
qn

= [a1, a2, . . . , an] for n ≥ 1 (and n ≤ n̄ if the continued fraction
expansion of α is finite with αn̄ = 0).

Proof. (i) It is immediate from the definition.
(ii) The statement is true n = 1 since q1 = a1 and p1 = 1. Assume that it is
true up to n− 1, then

qnpn−1 − qn−1pn = (anqn−1 + qn−2)pn−1 − qn−1(anpn−1 + pn−2) =

= −(qn−1pn−2 − qn−2pn−1) = −(−1)n−1 = (−1)n
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Moreover, if c := (pn, qn) > 1 we have an absurd from c|(−1)n.
(iii) Let us now look at the terms of the form pn

qn
. By definition we have

p1
q1

=
1

a1
,

p2
q2

=
a2

a2 a1 + 1
=

1

a1 +
1
a2

, . . .

By induction, we assume that from representation (A.4) we obtain pk
qk

=
[a1, a2, . . . , ak] for any sequence {a1, a2, . . . , ak} of natural numbers with
k ≤ n terms.

We now wnat to show that given α = [a1, a2, . . . ] and pn+1, qn+1 defined
as in (A.4) we have pn+1

qn+1
= [a1, a2, . . . , an, an+1]. Let us consider the number

α1 = 1
α − a1. Then by the algorithm (A.1), α1 = [a2, a3, . . . ], and we

introduce the notation [a2, a3, . . . , ak, ak+1] =
p̃k
q̃k

for all k ≤ n. Moreover

[a1, a2, . . . , ak, ak+1] =
1

a1 + [a2, a3, . . . , ak, ak+1]
=

1

a1 +
p̃k
q̃k

=
q̃k

a1q̃k + p̃k

for all k ≤ n. By the inductive hypothesis

pk+1 = q̃k , qk+1 = a1q̃k + p̃k ∀k ≤ n− 1

since (p̃k, q̃k) = 1, and

p̃k = ak+1p̃k−1 + p̃k−2 , q̃k = ak+1q̃k−1 + q̃k−2 ∀k ≤ n

Hence we can now write

[a1, a2, . . . , an, an+1] =
q̃n

a1q̃n + p̃n

with
q̃n = an+1q̃n−1 + q̃n−2 = an+1pn + pn−1

and
a1q̃n + p̃n = a1(an+1q̃n−1 + q̃n−2) + an+1p̃n−1 + p̃n−2 =

= an+1(a1q̃n−1 + p̃n−1) + a1q̃n−2 + p̃n−2 =

= an+1qn + qn−1

It follows that

[a1, a2, . . . , an, an+1] =
q̃n

a1q̃n + p̃n
=
an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1

and the proof is finished.
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The fractions pn/qn = [a1, a2, . . . , an] defined in terms of the coefficients
of the continued fraction expansion of a real number α ∈ [0, 1) are called
convergents of α. The following result explains why.

Proposition A.3. Let α ∈ [0, 1) be an irrational number with α = [a1, a2, . . . ],
and let pn/qn the fractions defined in Proposition A.2. Then for all n ≥ 1

1

qn(qn + qn+1)
<

∣∣∣∣α− pn
qn

∣∣∣∣ < 1

qn qn+1

Proof. We first notice that from (A.2) and αn ∈ [0, 1) for all n ≥ 1, it follows
that pn

qn
> α if n is odd, and pn

qn
< α if n is even. Moreover from Proposition

A.2-(ii) one obtains

pn−1

qn−1
− pn
qn

=
(−1)n

qn qn−1
and

pn−2

qn−2
− pn
qn

=
(−1)n−1 an
qn qn−2

In particular one obtains that the subsequence p2k
q2k

is increasing, and the

subsequence
p2k−1

q2k−1
is decreasing. Hence the two subsequences admit lim-

its, and the limits coincide since qn is a divergent sequence. Hence pn
qn

is
a convergent sequence. Since α is a separating element between the two
subsequences, it follows that pn

qn
→ α as n→ ∞.

To obtain the estimates in the thesis, first we argue that∣∣∣∣α− pn
qn

∣∣∣∣ < ∣∣∣∣pn+1

qn+1
− pn
qn

∣∣∣∣
since pn+1

qn+1
and pn

qn
are on different sides with respect to α. Hence∣∣∣∣α− pn
qn

∣∣∣∣ < ∣∣∣∣pn+1

qn+1
− pn
qn

∣∣∣∣ = ∣∣∣∣ (−1)n

qn+1 qn

∣∣∣∣ = 1

qn+1 qn

Let us now fix n odd, and consider pn−1

qn−1
, pn

qn
, and the following rationals

pn + pn−1

qn + qn−1
,

2pn + pn−1

2qn + qn−1
,

3pn + pn−1

3qn + qn−1
, . . . ,

an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1

For all k = 1, . . . , an+1 we have

kpn + pn−1

kqn + qn−1
− (k − 1)pn + pn−1

(k − 1)qn + qn−1
=

−(qnpn−1 − qn−1pn)

(kqn + qn−1)((k − 1)qn + qn−1)
> 0

since qnpn−1 − qn−1pn = (−1)n < 0, and

kpn + pn−1

kqn + qn−1
− pn
qn

=
qnpn−1 − qn−1pn
qn(kqn + qn−1)

< 0
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hence the rationals kpn+pn−1

kqn+qn−1
with k = 1, . . . , an+1 are an increasing sequence

in the interval (pn−1

qn−1
, pnqn ). Since

pn
qn

− kpn + pn−1

kqn + qn−1
=

1

qn(kqn + qn−1)
≥ 1

qn qn+1
>
pn
qn

− α

where we used that n is odd, it follows that kpn+pn−1

kqn+qn−1
with k = 1, . . . , an+1

are actually contained in the interval (pn−1

qn−1
, α). For k = an+1 we find that

pn+1

qn+1
is smaller than α, as expected.

Repeating the same argument, we find that for all n ≥ 1 the rationals pn
qn

and kpn+1+pn
kqn+1+qn

with k = 1, . . . , an+2 are on the same side with respect to α,

and the rationals kpn+1+pn
kqn+1+qn

are closer to α than pn
qn
. If n is odd {kpn+1+pn

kqn+1+qn
}
k

define a decreasing sequence, which is increasing if n is even.
We can now use the previous results to write∣∣∣∣α− pn

qn

∣∣∣∣ > ∣∣∣∣pn+1 + pn
qn+1 + qn

− pn
qn

∣∣∣∣ = 1

qn (qn+1 + qn)

and the proof is finished.

Definition A.1. Given two constants c, ν > 0, we say that α is Diophantine
with parameters c and ν, and we write α ∈ D(c, ν), if∣∣∣∣α− p

q

∣∣∣∣ > c

q2+ν
∀ p ∈ Z, q ∈ N .

We say that α is Liouville if it’s not Diophantine with any c, ν > 0.

Definition A.2. We say that α is Brjuno, and we write α ∈ B, if the
denominators {qn} of its convergents satisfy

∞∑
n=1

log qn+1

qn
< +∞ .
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Boston, MA, 1997.

[BH98] H. Bruin, J. Hawkins, Examples of expanding C1 maps having no
σ-finite invariant measure equivalent to Lebesgue. Israel J. Math.
108 (1998), 83–107.

[CM06] N. Chernov, R. Markarian, “Chaotic billiards”. Mathematical Sur-
veys and Monographs 127, American Mathematical Society, Provi-
dence, RI, 2006.

[CLP] V. Climenhaga, S. Luzzatto, Y. Pesin, SRB measures and Young
towers for surface diffeomorphisms. arXiv:1904.00034 [math.DS].

[CFS] I. P. Cornfeld, S. V. Fomin, Ya. G. Sinai, “Ergodic theory”. Funda-
mental Principles of Mathematical Sciences 245, Springer-Verlag,
New York, 1982.

[De89] R. L. Devaney, “An introduction to chaotic dynamical systems”.
Addison-Wesley Publishing Company, Advanced Book Program,
Redwood City, CA, 1989.

[Fe78] M. J. Feingenbaum, Quantitative universality for a class of nonlin-
ear transformation. J. Stat. Phys. 19 (1978), no. 1, 25–52.

[Ga82] G. Gallavotti, “Aspetti della teoria ergodica, qualitativa e statistica
del moto”. Quaderni UMI 21, Pitagora editrice, 1982.

[Gl94] P. Glendinning, “Stability, instability and chaos: an introduction
to the theory of nonlinear differential equations”. Cambridge Texts
Appl. Math., Cambridge University Press, Cambridge, 1994.
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List of symbols

• N0 := N ∪ {0}.

• R+ := (0,+∞) and R+
0 := [0,+∞).

• ⌊x⌋ the integer part of a real number.

• {x} = x− ⌊x⌋ the fractional part of a real number.

• x points of a Euclidean space Rn with n > 1.

• d : Rn × Rn → R+
0 the Euclidean distance.

• ⟨·, ·⟩ : Rn × Rn → R the Euclidean scalar product.

• Bε(x) :=
{
y ∈ Rn : d(x, y) < ε

}
.

• X is a locally compact connected metric space.

• M(n ×m,F ) is the set of n ×m matrices with coefficients in the set
F .

• Ac := X \A for a set A ⊂ X.

• Å is the interior of A ⊂ X.

• sA is the closure of A ⊂ X.

• ∂A is the boundary of A ⊂ X.

• f+ := max {f, 0} is the positive part of a real-valued function f .

• f− := max {−f, 0} is the negative part of a real-valued function f .

• C0(X) is the set of continuous functions on X.

• C0
b (X) is the set of continuous and bounded functions on X.
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• C0
c (X) is the set of continuous functions on X with compact support.

• C0,α(X) with α ∈ (0, 1] is the set of α-Hölder (Lipschitz if α = 1)
functions on X.

• Ck(X) with k ∈ N ∪ {∞} is the set of functions of class Ck on X.

• Ck,α(X) with k ∈ N ∪ {∞} and α ∈ (0, 1] is the set of functions of
class Ck on X for which the k-th derivative is in C0,α(X).

• Cω(X) is the set of real analytic functions on X.

• BV (a, b) is the set of functions with bounded variation on the interval
(a, b).

• M(X) is the set of positive Radon measures on X.

• M1(X) is the set of positive Radon probability measures on X.

• µ(f) :=
∫
X f dµ for µ ∈ M and f ∈ L1(X,µ).

• µg(f) :=
∫
X f g dµ for µ ∈ M, g measurable and f ∈ L1(X, gµ).

• F∗ is the dual of a space F .

• L∗ : G∗ → F∗ is the dual of a linear operator L : F → G.


