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Preface

This manuscript contains the notes of the courses in dynamical systems
which I have given at the University of Pisa in the last years. Maybe, in the
future, it will also contain an organized exposition of (part of) my research
on the subject.

I have included the proofs of many results, classical and not. My main
fonts of inspiration have been [Aa97], [Ba00], [G194], [KH95]. When there
is no reference for a proof, either it comes from one of these books or I have
rearranged it. But I claim no authorship on any result, except for those
which are explicitly referenced to a paper of mine.

If you wish to send me a comment, a correction, or ask a question, please
send an email to claudio.bonanno@unipi.it.
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Chapter 1

Introduction and basic
concepts

1.1 Dynamical systems

Definition 1.1. A dynamical system is a triple (X, G,S) defined as the
action S of a semigroup G with identity e on a set X, that is a function

S:GxX—=-X

such that S(e,z) = z for all z € X, and S(g1,S(g2,2)) = S(g192, x) for all
91,92 € G and all x € X.

In the following, the set X is assumed to be a locally compact connected
metric space.

Two main examples of dynamical system are given in the following def-
initions.

Definition 1.2. A discrete-time dynamical system is defined by the action
of Ny on a set X defined through the iterations of a map T : X — X by

S(n,x) =T"(z),

where T™ = T o --- o T is the composition of T' with itself n times. A
discrete-time dynamical system is denoted by the triple (X, Ng, T').

If the map T is invertible, the system can be extended to the action
of the group Z on X. Examples of a discrete-time dynamical system are

7
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sequences defined by a recurrence relation. Let {x,} be a sequence of real
numbers defined by

rg=a € R, Tn = f(xp—1) Vn>1,

for a real-valued function f. This corresponds to the dynamical system
defined on X = R through the iterations of the map f : R — R, that is

xn = f™(a).

Definition 1.3. A continuous-time dynamical system is defined by the ac-
tion of R on a set X C R™ defined through the flow ¢;(x) of an autonomous
ordinary differential equation &(t) = F(z), that is

S(t,z) = ¢i(z),

where ¢;(x) is the solution of an ordinary differential equation! with initial
condition z, and ¢; : X — X is a continuous function. A continuous-time
dynamical system is denoted by the triple (X, R, ¢).

Definiton 1.3 includes the case of non-autonomous differential equations
by using the standard procedure of “enlarging” the space of variables. Let
F : R x R"™ — R™ define a time-dependent vector field F(t,z) on R™ and
consider the Cauchy problem

(t) = F(t,z(t))

{ (0) = z

If we let y = (z,t) € R™™! and F(g) = (F(t,z),1) be a vector field on
R"™*! the previous non-autonomous Cauchy problem is equivalent to the
autonomous problem

|-

18

{MﬂZF@@)

Q(O) = (207 0)

A similar procedure can be applied to the case of sequences defined by a
recurrence relation depending on n.

Analogously, it is known that ordinary differential equations of order
greater than one can be reduced to systems of ordinary differential equations
of order one, hence again included in Definition 1.3. The same is true for the
discrete-time case. The following example shows how the procedure works.

LAll ordinary differential equations we consider are assumed to have the property of
local uniqueness of solutions and time-interval of existence of solutions given by R up to
reparametrization.
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Ezample 1.1. Let us consider the sequence {x,} defined as follows
21=0, ma=1, x3=1, zp=an1+2"2p o0+ an_3 Yn>4.

We define the vector y, = (T, Tn_1,Tn_2,n) € R* Then using the previous
recurrence we have

ynJrl = (ﬁn + on—2 Tpn—1+ Tp—2, Tn, Tn-1, N+ 1) = T(yn) Vn>3

with initial condition set to be y3 = (1,1,0,3) and T : R* — R* defined by

T(a,b,c,d) = (a+2d_26+c, a,b, d+1>.

The idea of an action of a semigroup on a set X can be used in more
abstract contexts. Here we show only one example of algebraic nature that
will be studied in more details in part IV of this book.

Ezxample 1.2. Let X be a group, G be R, and consider the action S on X
given by multiplication for a one-parameter subgroup of X. For example, if
X = SL(2,R) the action of R defined by

20
S(t,z) =x 0 2] € SL(2,R)

represents the geodesic flow on the hyperbolic Poincaré half-plane.

1.2 Basic notions

Definition 1.4. Given a dynamical system (X,G,S), the orbit of a point
x € X is the set O(z) := {S(g,x) : g € G}.

For a discrete-time dynamical system (X,Np,7"), the orbit of a point
x € X is the set
O(z) ={T"(z) : n € Np}. (1.1)

If the map T is invertible, then we can consider the action of the group 7Z
on X and define the forward orbit and backward orbit of a point x € X by

Ot (x):={T"(z) : n>0}, O (x):={T"(z) : n <0}.

The orbit O(z) is then given by O (z) U O~ (z).
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For a continuous-time dynamical system (X, R, ¢), the forward orbit and
backward orbit of a point x € X are defined by

0t (@) =] dul@), O (2)={J dilw), (1.2)

>0 £<0
and the orbit is O(z) = O (z) U O~ (z).

Definition 1.5. Given a dynamical system (X, G,S), the centralizer of a
point z € X is the sub-semigroup

Clz)={9geG: S(g,z)=z}.
A point z is called fized if C(x) = G.

For a discrete-time dynamical system (X, Ny, T'), a point x € X is fixed
if and only if T'(x) = z. If x is not a fixed point but its centralizer is not
trivial, z is called periodic and the minimum positive element in C(x) is the
minimal period of x. For a fixed point O(x) = {z}, and for a periodic point
of minimal period p

O(z) = {z, T(z), T*(2), ..., T"'(x)}.

For a non-invertible map there might be points which are not periodic but
are pre-images of a periodic point. For such points x, the centralizer con-
tains only the identity of G, but there exists k > 1 such that C(T%(x)) has
a minimum positive element p. These points are called pre-periodic with
minimal period p.

For a continuous-time dynamical system (X, R, ¢) given by the solutions
to &(t) = F(z), a point z € X is fixed if and only if Fi(z) = 0. If z is not
a fixed point but its centralizer is not trivial, x is called periodic and the
minimum positive element in C(z) is the minimal period of T. A periodic
point z of minimal period T > 0 satisfies

brir(z) = Pi(2), VtER,

and
birs(x) # de(x), Vse€(0,T),teR.
For a fixed point O(z) = {z}. For a periodic point of minimal period T’

O(z) = U Pr(z),

0<t<T

and its orbits is called a periodic orbit of period T
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Definition 1.6. Given a dynamical system (X, G,S), aset A C X is called
invariant if for each x € A it holds S(g,z) € A for all g € G.

For a continuous-time dynamical system one can introduce a weaker
notion. We say that a subset A of X is forward invariant if for each z € A
it holds ¢.(z) € A for all ¢ > 0. Analogously A is called backward invariant
if the same relation holds for all ¢ < 0. By definition, A is invariant if the
previous relation holds for all ¢ € R.

For a discrete-time dynamical system (X, Ny, 7"), we consider more sit-
uations. We say that a subset A of X is forward invariant if T(A) C A,
A is called fully invariant if T(A) = A, A is called completely invariant if
T~1(A) = A. The different notions are useful in different approaches.

Finally, if the action of the group G on X can be interpreted in terms of
time evolution, we can introduce notions about the forward and backward
evolution of an orbit. In more general situations, one studies the set of all
the possible limit points of an orbit as the sequence of the elements of the
group acting varies.

Definition 1.7. For a discrete-time dynamical system (X,Ny,T), the w-
limit set of a point x € X is the set

w(z) :={y € X : Ingp — 400 such that T"*(z) -y as k — oo} .

Definition 1.8. For a continuous-time dynamical system (X, R, ¢), the a-
limit set of a point x € X is the set

az) = {y € X : It} — —oo such that ¢, (z) >y as k — oo} .
Analogously the w-limit set of a point £ € X is the set
w(z) :={y € X : It — +oo such that ¢, (z) »y as k — oo} .

Proposition 1.1. Given a continuous-time dynamical system (X, R, ¢), let
z € X such that OF (x) is bounded. Then the set w(z) is non-empty, compact
and invariant. If O~ (x) is bounded, the same holds for the set a(zx).

Proof. Given a point x with bounded forward orbit, let us consider a strictly
increasing sequence {7;}3%, of times in Rt with 79 = 0 and 7; — 400, and
let z; := ¢, (). We first show that

w(z) =) OF(z): (1.3)
j=0
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By the definition of the w-limit set, it is immediate that w(z) C O*(z;) for
all j > 0. Hence it remains to show that if y € N2, O*(z;) then y € w(z).
By definition of closure of a set, for all j > 0 there exists a sequence {gl }n of

points in O (z;) such that gL — y, hence there exists a sequence {t}}, such
that ¢, (@]) — y. In particular we have proved that there exists a strictly

increasing diverging sequence {7;}72, and sequences {t%}n such that

From {r; + t%}j,n we can then extract a diverging sequence {#;}x such that
o7, (x) =y as k — oo. Hence y € w(z), and (1.3) is proved.

The first properties of w(z) follow from (1.3). The sets {O*(x,)}; define
a decreasing sequence of non-empty closed sets, which are bounded because
O*(z) is bounded. Hence w(z) is a non-empty compact set. It remains to
prove that it is invariant.

Let y € w(x), and let {t;} be a positively diverging sequence such that
o1, () — y as k — oo. By the properties of a continuous-time dynamical
system a

D11, (2) = 1(Pr, (2)) PR Pi(y), VteR.

Hence we have shown that ¢;(y) € w(z) for all ¢ € R. This concludes the
proof for the w-limit set.
The proof for the a-limit set follows along the same lines. O

Proposition 1.2. Given a discrete-time dynamical system (X,No,T'), let
x € X such that O(x) is bounded. Then the set w(x) is non-empty and
compact. If T is continuous then w(z) is fully invariant.

Proof. We can repeat the proof of Proposition 1.1 to show that the w-limit
set is non-empty and compact. In particular the proof follows from the
analogue of (1.3).

Let T : X — X be a continuous map with respect to a topological struc-
ture on X. Then given y € w(z), and being {ng}; the diverging sequence
of naturals for which T™ — y as k — oo, we have

T (2) = T(T" (2)) —— T(y).

k—o0

Hence T'(y) € w(z), and w(z) is a positively invariant set. On the other
hand, since O(z) is bounded, the sequence {T™~!(x)}; admits a convergent
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sub-sequence {T”"J_l(m)}j with limit point z. Hence z € w(z). Again by
continuity of 7" we find
T(z) = T( lim T"’“i_l(:v)) = lim T (z) =y
J—00 J—00
since ny; is a subsequence of ny. Hence y € T'(w(z)), and w(z) is then fully
invariant. U

We remark that the w-limit set is not completely invariant in general. It
is sufficient to think of the case in which the w-limit set is a fixed point with
more than one pre-image.

Definition 1.9. For a continuous-time dynamical system (X, R, ¢), the or-
bit of a point y is called homoclinic if there exists a fixed point z such
that

a(y) = w(y) = {z}.

If there exist two distinct fixed points x,, z, such that

a(y) ={z;} and w(y) = {z,},

then the orbit of the point y is called heteroclinic.

Definition 1.9 can be adapted verbatim to the case of a discrete-time
dynamical system (X, Np,T") with invertible 7.

1.3 Examples

Here we collect the main examples of discrete dynamical systems that will
be used in the following.

Ezample 1.3 (The roots). Sequences defined by a recurrence are the first very
basic example of a discrete-time dynamical system. Let ¢ > 0, k € [1,3],
and consider the sequence {a,} defined by

an+1:%(an+£)y Vn>0
ag € (0,400)

1
It is an exercise to prove that for all ag € R it holds lim,, a, = c*1. This
can be read as a result about the asymptotic behaviour of the orbits of

points in R for the dynamical system defined by the map
1

C
Tc,k RT — R+, Tak(m') = 5 (:L' + ﬁ) .

1
In fact one can prove that w(z) = c*+1 for all x € RT.
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Ezample 1.4 (Rotations of the circle). Let us consider the action of Z on S!
given by the rotation of an angle 27, for o € R, that is

S(n,z) =z c Sl Vze S neZ.

By writing S' = {z € C : z = €2™% 2 € R}, we make the identification
of St with [0,1]/(0 ~ 1), the unit interval with end points identified. The
rotation of angle 2ra can then be written as a map on S! as

Ry :S' = SY, Ru(z)={z+a}. (1.4)

Proposition 1.3. If o is rational, all orbits of R, are periodic of the same
manimal period. If o is irrational, all orbits of R, are dense.

Proof. If @ = p/q € Q with (p,q) = 1, then R&(z) = {z + qa} = z for all
x € [0,1). In addition, if » € Nand n < g, we can write naw = np/q = m+r/q
with m € Z and r/q € QN (0,1). Hence R2(x) = {x +r/q} # x. It follows
that all orbits are periodic of the minimal period q.

Let’s now assume that « is irrational. Since R, is an isometry, it is
enough to show that one orbit is dense. In fact, we prove that forward
orbits are dense by considering {R[(0)},>0-

Let € S, then we show that for any € > 0 there exists 7 such that
RY(0) € (x — e, x +¢). First, by Proposition A.3, we find p,q € N such
that 0 < qa — p < . This means that RE(0) € (—e,¢). If we now consider
the points {k(qov — p) }r>0, it follows that there exists K > 0 such that the
points {k(gor — p) to<k<k create a partition of [0,1] into intervals of length
less than €. Therefore for all z € S*

og/lclgan(m’ k(g —p)) < e
and the minimum is achieved for some value k. Hence choosing 7 = kq the
proof is finished. O

A consequence of the proposition is that if « is rational, then all points
have their own periodic orbit as a-limit and w-limit sets. Instead, if « is
irrational, then a(z) = w(z) = S for all x.

Ezample 1.5 (The Tent maps). It is a family of maps
T, :[0,1] — [0,1] with s € (0,2]
defined as

N[

(1.5)

T(a) = { s, if x €10, 5];

s(1—z), ifze 1]
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Ezample 1.6 (The Logistic maps). It is a family of maps
Ty:[0,1] = [0,1] with A\ € (0,4]
defined as
Th(x) = Az (1 —x). (1.6)

Ezample 1.7 (Linear endomorphisms of the circle). It is a family of maps
T : St — SY withm e N, m > 2
where again we think of St as [0,1]/(0 ~ 1), defined as
Tin(x) = {mzx}. (1.7)

Special cases are m = 2 which is also called the Bernoulli map and is related
to the binary expansion of real numbers, and m = 10 which is related to the
decimal expansion of real numbers.

Ezample 1.8 (Symbolic dynamics). We now introduce an abstract system.
Let A be a finite or countable alphabet and denote by N € N U {oco} the
number of symbols. Let €4 be the set of all infinite strings with symbols
from A, that is

Qq = AN = {w = (w;)ien, : wi € AVieNg}.

If N < o0, the space X is compact when endowed with the product topology
or with the metric

dg(w, @) := gminliNo:wiZ@l — for 4 fixed 6 € (0,1). (1.8)
The space €24 is totally disconnected and a basis of the product topology is
given by the cylinders: for k € N, i1,49,...,i; € No, and a1, as,...,a; € A,
we define

Civig,ig (a1, a2, ... ag) == {w €Oy : wi; = aj Vi=1,..., k} .
In particular, we use the notations C'(a) = Cj(a) and
12y ik ((U) - Cil,ig ..... ik (wi17wi27 o 7wik)

for a fixed w € Q4.
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On 2 4 we consider the discrete dynamical system given by the action of
the continuous map

o: Q4 — Qy, (a(w))i:le Vi € Np.

The system (24, Ny, o) is called the (one-sided) full shift on A.

In some situations it is useful to consider a sub-system of the full shift.
A first easy example is given by considering infinite strings which cannot
contain a given set of words of finite length. For example, let M = (m;;) €
M(N x N,{0,1}), a N x N matrix with coefficients in the set {0,1} and
rows and columns indexed by A. We set

Qam = {w e ANo . My wiy = 1 Vi € Ng},

that is, the set {24 ys contains the infinite strings in ANo in which the symbol
a € A may be followed by the symbol b € A iff my, = 1. It is immediate
to verify that €4 )/ is forward invariant for the action of o and it is fully
invariant if for each b € A there exists a € A with my, = 1. Hence we can
restrict the action of o to €4 a7, and the dynamical system (€4 a7, No, o) is
called subshift of finite type on A.

Finally, by considering bi-infinite strings A%, one can consider the action
of o on A% and on A]ZV[. In this case the map o is invertible and the dynamical
systems (A%, Z,0) and (A%, 7Z, o) are called two-sided full shift and subshift
of finite type, respectively.

Ezample 1.9 (Toral translations). Let T¢ := R?/Z? be the d-dimensional
torus. Given a vector v € R? the affine map R 5 z — z 4+ v may be
projected onto the continuous automorphisms of T¢ given by

T > 2 Ty(z) =z + v (mod Zd).

Proposition 1.4 (see [KH95]). Given v = (vi,...,vq), all orbits of T, are
dense if and only if the d + 1 numbers vy, ...,vq,1 are independent on Z.

Ezample 1.10 (Toral automorphisms). Let T? := R?/Z? be the two dimen-
sional torus. Given a matrix A € M (2 x 2,Z) with det(A) = 1, the linear
map R? 3 x — Az may be projected onto a continuous automorphisms of
T? given by

T2 5 <§> s Ta(z,y) = A (i) (mod Z2).



1.3. EXAMPLES 17

The most famous example is the so-called Arnold’s Cat map, which is the
toral automorphism given by the matrix

()

Ezample 1.11 (The Standard map). Let us consider an electron with charge e
moving horizontally in a cyclotron thanks to the action of a vertical magnetic
field of constant modulus B, and subject to a time-dependent voltage drop
V sin(wt) across a narrow azimuthal gap. Let E denote the energy of the
electron, then the period of rotation is given by T' = 27 %. We measure
energy and time (F,t) just before every voltage drop, hence after one circuit

we obtain

27
E' = FE — eVsin(wt), ' =t+—F.
(wt) + eBc
Using the variables z := 5t and y := _5_F, and setting k := 2%%, we

have defined the map

- - k. k.

T:RxR—-RxR, T(z,y)= (:c—i—y— o sin(2rz) , y — o sm(27rx)> .
T T

Note that T(z + 1,y) = T(z,y) + (1,0), hence given the projection 7 :
R x R — S x R defined as 7(z,y) = (z — |z],y), the map

T:S'xR— S'xR, T(z,y)= ({x-i—y—% sin(27m;)} ) y—% sin(27r:c))
(1.9)

satisfies mo T = T o . Hence T is a lift of T. The map T is known as the
(Chirikov) Standard map.

Ezample 1.12 (Bouncing balls). The Standard map of Example 1.11 is an
example of a “kicked rotor”. Another example of this kind of system is
obtained by considering a ball moving under the action of a conservative
vertical force field and bouncing on a moving racket.

For simplicity, we assume that the ball has unit mass and consider the
case of vertical force field of constant magnitude g pointing downwards.
We let (0,y(t)) denote the position of the ball in R? at time ¢, and the
force field be given by F(z,y) = (0,—g). Let (0, f(¢)) be the position of
the racket at time t, with f(¢) be a l-periodic differentiable function. In
addition, we assume that the racket has infinite mass and that the bounces
of the ball on it are elastic. In particular, if z(¢) := y(¢) — f(t) then the
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momentum conservation law implies 2(t~) = —Z(¢") at a bouncing time ¢,
with 2(t*) denoting the derivative immediately after and before the bounce,
respectively. Hence,

g(t7) = f) = =gt + f() & gt =2f() —gt).

At this point, using the fact that between two bounces the motion is Hamil-
tonian, we can reconstruct the motion of the ball by the sequence (tx, vy) of
bouncing times t; and velocities v of the ball immediately after the bounce
at time tg.

We now make a further simplification. We assume that the racket hits
the ball always at the same height, so that (¢, ;) = —y(t;) = —uy, because
the motion of the ball is free between two consecutive bounces. In conclusion,
we obtain the following relations

{ let1 =tk + szk
Vg1 = vk + 2f (tes1)

which define a discrete dynamical system (X,T) with X = R x RT and

. - 9 ) 9
T:X X, T(v)= (t—l——v, v—|—2f(t—|——v>).
g g
Finally, since T(t + L,v) = T(t,v) + (1,0) by the periodicity of f, we can
project the system (X, T) to the system (X, T), with X = S' x R* and

T(t,v) = ({t+2;},v+2f'(t+ 2”)).

g

Ezample 1.13 (Birkhoff billiards). Let 2 C R? be a strictly convex domain
with C3 boundary?. Let us normalize the set to |02 = 1 and fix the positive
orientation of the boundary.

The mathematical billiard is the continuous dynamical system given by
the frictionless motion of a pointwise ball inside €2, with elastic specular
reflections at 9. The phase space is then given by € x S!, since the velocity
of the ball is preserved in modulus.

A convenient simpler description of the system is given by the Poincaré
map of the flow on the set 9Q x [0, 7], described by the evolution of the
couples (position,angle) of the subsequent collisions of the ball with the

*Thanks to [Ha77] this assumption avoid accumulation of collision times.
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boundary of the set. For each collision, its position can be described by the
arc-length coordinate s € S' and its angle by the angle ¥ € [0, 7] between
the trajectory of the ball after the collision and the oriented tangent vector
to 0 at the collision point. We have thus described a map

T:8"x (0,7) — S' x (0, )

which can be continuously extended to S! x [0, 7] by T'(s,0) = (s,0) and
T(s,m) = (s,m).

This map may be defined with some cautions for more general domains
Q C R? (see [CMOG]).

Ezample 1.14 (Mechanics and Billiards). Let my and mso be two distinct
point masses moving frictionless on the interval [0, 1], subject to perfectly
elastic collisions among them and with two infinite ideal walls at the ex-
tremes of the interval. Let x1,z9 € [0,1] with 21 < z9, and vy,v2 € R,
denote the positions and velocities of the masses, and introduce the vari-

ables q; := /m1 x1 and ¢ := /ms x2, and u; = /mq v1 and ug = /Mg Vs.
The invariances of the kinetic energy K and of the linear momentum P of
the system read in the new variables as

u%—i—u%:QK, My ug 4+ /moug = P

In the new variables, the configuration space is given by the triangle

A={(q, ) ER* : 1 >0, ¢2 < /mz, Vmzq1 < Vi gz} .

A trajectory (qi(t), q2(t)) satisfies the following constraints:
-2 2
GQt) +q¢(t) =2K Vi

(hence the motion occurs with constant speed);

Vmidgr ++v/maga =P Vit

(hence the velocity vector of the motion has fixed scalar product with the

vector (/mi, /m2)).
These properties imply that the motion (qi1(t),¢2(t)) in A can be de-
scribed by the orbit of a mathematical billiard ball inside A.
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1.4 Exercises

1.1. Let T': [0,1] — [0, 1] be defined by

{ %1‘, if z € (0,1];

T(x) =
(=) 1, ifx=0.
Show that for all x € [0, 1] the w-limit set w(x) is non-empty but not forward
invariant.

1.2. In Example 1.14 let the masses move in [0,+00), and consider the
motion with initial positions ¢1(0) < g2(0) and velocities u1(0) = 0 and
uz(0) = —1. If mg > my, how many collisions among the two balls and
among mass mp and the wall at x = 0 will occur? What happens if my =
100"my ?
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Chapter 2

Continuous-time dynamical
systems

In this chapter, we consider the continuous-time dynamical systems as de-
fined in Definition 1.3 with phase space X = R"™.

2.1 Linear systems

The simplest case to study is that of an ordinary differential equation with
linear vector field. Let A € M (n x n,R) be a real n x n matrix and consider
the ordinary differential equation £ = Ax. It is well known that the flow
is given by ¢¢(z) = ez, and the behaviour of the orbits is determined by
the eigenvalues of A. We state a result in the case that all the eigenvalues
of A are simple, an analogous result holds counting the multiplicities of the
eigenvalues and using the Jordan normal form of A.

Theorem 2.1. Let A € M(n x n,R) be a real n X n matrix with k distinct
real eigenvalues Ai,..., g, and m = %(n — k) distinct couples of conjugate
complex eigenvalues a; £ ibj. Then there exists an invertible matriz P €
M(n x n,R) such that

PlAP=A = dz'ag()\l,...,)\k,Bl,...,Bm)

a:  —bs
Bi=(" 7], vi=1,....m,
bj aj

and the flow of the differential equation & = Ax is given by
¢r(z) = Pl P

where

23
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where
M= diag(e/\lt, et etB eth)

cos(b;t) —sin(b;t
etBi — cat (bt) (b51) . Vi=1,...,m.
sin(bjt)  cos(b;t)

and

Remark 2.2. Let us consider the case n = 2,3, so that the matrix A can
only have multiple real roots. If n = 2 the possible Jordan normal form of
a matrix A with a double real eigenvalue A are

Azdiag(A,A) or <;\ /1\>

In the non-diagonal case, one writes A = Al + N, where N is the nilpotent

matrix
0 1
N =
0 O

for which N2 = 0. So that! e = e eNt, Tt follows that

1t
M= diag (e’\t, e)‘t> or e .
0 1

Analogously, in the n = 3 case, if A has eigenvalues with geometric multi-
plicities greater than or equal to 2, we are reduced to the previous case. If
A has an eigenvalue A with geometric multiplicity 1 its Jordan normal form
is

A10
A=]o0 x 1],
00 A

and as before we write A = A\ + N, where NN is a nilpotent matrix such that
N3 =0. Then

1,2
1t st
M=eM|lo 1 ¢
0 0 1

'Here we use the fact that the matrices I and N commute.
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In the case of linear ordinary differential equations it is also particularly
simple to find fixed points, periodic orbits, and invariant sets. First, using
Definition 1.5 we find

Proposition 2.3. The fized points of the ordinary differential equation & =
Ax are the points in the kernel of A.

In particular, the origin z, = 0 is a fixed point for all A, and the other
fixed points come in linear subspaces of R™. We’ll see that the origin plays
a special role in characterizing the dynamics of all the non-trivial orbits.

Concerning periodic orbits, it is straightforward from Theorem 2.1 that
they can exist only if there is a couple of conjugate complex eigenvalues
with null real part. If this holds, all orbits within the relative eigenspace are
periodic, as they are of the form e'®z with a = 0.

In general, the space R™ can be written as the direct sum of generalised
eigenspaces of A, and according to the asymptotic behaviour of the orbits,
it makes sense to consider the following decomposition.

Definition 2.1. Let A € M(n x n,R) be a real n x n matrix and let E)
denote the generalised eigenspace of an eigenvalue A\. We call:
Stable eigenspace of O the linear space E*(0) defined as

E?(0) := Span{v € E) : R(\) <0} ;
Central eigenspace of O the linear space E¢(0) defined as

E°(0) := Span{v € E) : ®(\) =0} ;
Unstable eigenspace of 0 the linear space E*(0) defined as

E“(0) := Span{v € E) : R(\) >0} .

Theorem 2.4. Let A € M(n x n,R) be a real n X n matriz and consider
the ordinary differential equation & = Ax. Then:

(i) n = dim E5(0) + dim E°(0) + dim E%(0);
(ii) the eigenspaces E5(0), E¢(0), E*(0) are invariant;
(iii) the following dynamical characterisation holds:
E*(0) ={z € R" : ¢4(z) >0 ast— +oo};

E“0)={zeR": ¢(z) >0 ast — —o0}.
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Proof. Tt is a simple application of Theorem 2.1. ]

Remark 2.5. It is interesting to notice that we haven’t given a dynami-
cal interpretation for the central eigenspace of 0. The reason is that if
dim £¢(0) # 0 we can find different behaviours for the orbits. Let us con-
sider the simple case n = dim F¢(0) = 2 with A = 0 being a double eigen-
value. Then there are two possibilities for the matrix A (up to use of the
Jordan normal form):

Azdiag(0,0) or (3 ;)

In the first case the flow is the identity, that is ¢¢(z,y) = (z,y) for all (z,y) €
R?, whereas in the second case the flow is given by ¢:(z,y) = (x + ty,y)
for all (x,y) € R2. Using Definition 2.2, in the first case (0,0) is Lyapunov
stable and in the second case it is unstable.

Theorem 2.4 gives the characterisation of the dynamics with respect to
the fixed point 0. In particular if ker(A4) = {0} and dim E¢(0) = 0, all orbits
converge to 0, either for ¢ — +o0 or for t — —oo. If instead the kernel of
A consists of a non-trivial linear subspace W with dim W = dim E¢(0), it is
easy to see that the dynamics of non-fixed points is determined by that of
the points in the space W+.

Linear systems in the plane

In the case of linear systems in R? it is possible to characterise the dynamical
properties of the system without explicitly computing the eigenvalues of the
matrix A. We also introduce a terminology for fixed points with different
local dynamics.

The nature of the origin 0 = (0,0) as a fixed point of a system & = Az,
with z = (z,y) € R? is determined by the relation between the determinant
and the trace of A. Indeed the characteristic polynomial of A is

pa(N) = A2 — tr(A) A + det(A),

so that the eigenvalues are

tr(A) + /tr2(A) — 4 det(A)
Ay = 5

9



2.1. LINEAR SYSTEMS 27

and we distinguish different cases according to the sign of the determinant
of A and of the discriminant A := tr?(A) — 4det(A).

Case 1. det(A) > 0 and A > 0. The matrix A has two real distinct
eigenvalues satisfying Ay > A_ > 0 if tr(A) > 0, and A\_ < Ay < O if
tr(A) < 0.

In both cases the orbits are generalised parabola through 0, at which they
are tangent to the line generated by the eigenvector relative to eigenvalue
of smallest modulus. If tr(A) > 0, all orbits converge to 0 as t — —o0,
and the origin is called an unstable node. We also notice that in this case
E*(0) = R2. If tr(A) < 0, all orbits converge to 0 as t — +o0, and the
origin is called a stable node. We also notice that in this case E*(0) = R2.

Note that 0 being a node is an open property since sufficiently small
perturbations of A don’t change the nature of the origin.

Case 2. det(A) > 0 and A < 0. The matrix A has a couple of complex
conjugate eigenvalues Ay with R(Ay) = 3 tr(A).

If tr(A) > 0 all orbits are spirals out of 0 and they are either clockwise
or anti-clockwise according for example to the sign of & when y = 0. In this
case the origin is called an unstable focus and E*(0) = R2. If tr(A) < 0
all orbits are spirals into 0 and as before they are either clockwise or anti-
clockwise. In this case the origin is called a stable focus and E*(0) = R?. If
tr(A) = 0 all orbits are concentric circles about 0 and again they are either
clockwise or anti-clockwise. In this case the origin is called a center and
E°(0) = R2.

Notice that 0 being a focus is an open property. Instead 0 being a center
is a closed property and arbitrarily small perturbations of A may turn the
origin into an unstable or stable focus.

Case 3. det(A) > 0 and A = 0. The matrix A has one double real eigenvalue
A= gtr(A) #0.

If A is diagonalisable then the orbits lie on straight lines through 0. If
tr(A) > 0, all orbits converge to 0 as ¢ — —oo, and the origin is called an
unstable star. We also notice that in this case E%(0) = R2. If tr(4) < 0, all
orbits converge to 0 as t — 400, and the origin is called a stable star. We
also notice that in this case E*(0) = R2,

If A is not diagonalisable then we use its Jordan normal form to under-
stand the behaviour of the orbits. The differential equation in normal form
reads

{ T=Ax+y
y=Ay
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so that there exists an invariant line, which is generated by the eigenvector
of A, and the behaviour of the orbits can be found by looking at the sign of
the two components of the vector field. If tr(A) > 0, all orbits converge to
0 as t — —oo, and the origin is called an unstable improper node. We also
notice that in this case E%(0) = R2. If tr(A) < 0, all orbits converge to 0
as t — +o00, and the origin is called a stable improper node. We also notice
that in this case E4(0) = R.

Both 0 being a star and being an improper node are closed properties.
An arbitrarily small perturbation can turn the origin into a focus or a node,
not changing the stability but the nature of the fixed point.

Case 4. det(A) < 0. The matrix A has a couple of distinct real eigenvalues
Ao <0< A

In this case the orbits are generalised hyperbolae, and the origin is called
a saddle. It holds dim E*(0) = dim £*(0) = 1, and none of the orbits outside
the eigenspaces approaches the origin as t — +oo. Being a saddle is an open

property.

Case 5. det(A) = 0. The matrix A has two real eigenvalues, A_ = 0 and
Ay = tr(A).

If tr(A) # 0, then A is diagonalisable and there is a line of fixed points.
All the other orbits lie in straight lines which are parallel to the eigenspace of
Ay. If tr(A) = 0 we are reduced to the case of Remark 2.5 up to a change of
coordinates, hence either all points are fixed or there is a line of fixed points
and all other orbits lie in straight lines which are parallel to the eigenspace
of A_.

Clearly, the properties of the origin considered in this case are closed
and can be changed by arbitrarily small perturbations.

2.2 Stability
Let & = F(x) be an ordinary differential equation in R™ with flow ¢(-).

Definition 2.2. A point z is Lyapunov stable if for all € > 0 there exists
§ > 0 such that d(z,y) < d implies d(¢¢(z), ¢(y)) < e for all £ > 0.

Remark 2.6. Show that it is necessary to introduce also the notion of orbital
stability.
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Definition 2.3. A point z is Lyapunov asymptotically stable if it is Lya-
punov stable and there exists § > 0 such that d(z,y) < ¢ implies

d(¢i(z), o (y)) P 0.
We call domain of asymptotic stability of x the set D(x) of points y for
which d(¢¢(z),¢:(y)) — 0 as t — +4oo. If D(z) = R" we say that z is
globally Lyapunov asymptotically stable.

Remark 2.7. If in Definition 2.3 we drop the request that the point z is
Lyapunov stable, then z is called quasi-asymptotically stable. In this case
there exists a neighbourhood Bs(z) so that d(¢¢(x), ¢¢(y)) — 0 as t — 400
for all y € Bs(z), but the orbits of these points may go arbitrarily far from
that of  before convergence.

It is particularly important to study the stability of a fixed point z for
which ¢¢(z,) = z, for all ¢ in Definitions 2.2 and 2.3.

Example 2.1. Let us consider the following differential equation in R?

t=x—y—z(x®+y?) + 2

/$2+y2
< _ 2 2\ 2?2
y=z+y y(x "‘y) \/W

Using polar coordinates (p,6) as shown in Section 2.4 (see (2.10)) with
x = pcosb, y= psinf, we are reduced to the equation

p=p(l—p°
6=1-cosd
It is now easy to determine the phase portrait of the equation and deduce

that (xzo,y0) = (1,0) is a quasi-asymptotically fixed point, but it is not
Lyapunov stable.

One first tool to study the stability of a fixed point is to look at the
linearisation of the vector field in the point.

Definition 2.4. A fixed point z; of a C! vector field F : R — R" is called
hyperbolic if all the eigenvalues of the Jacobian matrix JF(z,) have real
part different from zero.
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Theorem 2.8 (Hartman-Grobman). Let z, be a hyperbolic fixed point of
a C! wvector field F : R™ — R™. Then there exists a neighbourhood U (z)
and a homeomorphism h : U(zy) — R™ which sends orbits of the differential
equation & = F(z) into orbits of the linear differential equation y = JF (zq)y
without changing their direction of time parametrisation®. In particular the
homeomorphism h leaves invariant the stability properties of the fixed point

Yo =0.

Theorem 2.8 implies that we can characterise a hyperbolic fixed point z,
by looking at the linear system ¢ = JF(z,)y. In particular the qualitative
behaviour of the orbits in a neighbourhood of z, coincides with that of the
orbits in a neighbourhood of Yy, = 0. However, in general, the regularity of
h in Theorem 2.8 does not increase by increasing the regularity of a general
F'. Hence, the “shape” of the orbits may change under the action of h.

The situation is easier in dimension two. If z, € R? is a hyperbolic fixed
point, then JF'(z) is in one of the cases 1-4 excluding case 2 with vanishing
trace. If we are not in case 3, the fixed point x, can be characterised like
y, = 0 for § = JF(zy)y. Hence we can talk about stable and unstable
nodes, stable and unstable foci, and saddles. See [G194, Section 5.2].

We now briefly discuss the problem of the regularity of h for F' € C¥.

Poincaré’s Linearisation Theorem

Let us consider a differential equation £ = F'(z) in R™ for a real analytic
vector field F' with a fixed point in 0. We then write

F(z)=JF0)z+ Y viz) (2.1)

>r
for some r > 2, where vy(z) denotes a homogeneous polynomial of degree .

Definition 2.5. An n-tuple A = (A1,...,A,) of complex numbers is reso-
nant if there exists m = (my,...,my) € Njj such that

(m, A) := Z MEAE = As
k=1

for some s. The number |m| = Y} _; my is called the order of the resonance.

2A formal statement is that, if ¢; is the flow of the original system & = F(z) and
is the flow of the linear system y = JF'(z,)y, then for all z € U(z,) we have h(¢:(z)) =
¢ (h(z)) for all ¢t € R such that ¢¢(z) € U(z,).
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Definition 2.6. The Jacobian matrix JF(0) is called resonant if its eigen-
values form a resonant n-tuple.

Theorem 2.9 (Poincaré linearisation). If a real analytic vector field F' in
R™ satisfies F(0) =0 and JF(0) is diagonal and not resonant of any order
r > 2, then there exists a formal change of coordinates y = h(z) such that
Y= JF(Q)Q.

Proof. Let the vector field F' be written as in (2.1), and with standard

multi-vector notations let for g = (p1,..., pn) € Nj
Ur(@) = Z Ay x
lpl=r

be the smallest nonlinear term in F. Morevoer, by assumption we have
JF(0) = diag(A1, ..., A\n)-
Let us consider a change of coordinates y = h(x) of the form

hiz)=z+ > Bua", (2.2)

|ul=r

we show that it is possible to choose {$,} such that § = JF(0)y+O(|y|"*1).
By repeating the argument for all nonlinear terms we prove the theorem.

Let y = h(z) with h(z) as in (2.2), and let h(z) := h(z) — 2. Then for
alli =1,...,n we have

yz—xz+5h —$z+ Z Buz (Z,U/kxk> =

|pl=r

i+ @)+ Y s [Z e O+ (or ) | + Ol )
|l =r
Now, using that we can write
zi =y — hi(z) = yi — Z Bui v+ O(ly["t)
|lul=r
for all i =1,...,n, and recalling the expression for the term v,(x), we have
Ui = Nili — Z )\zﬁuzy + Z a/ﬂ"zy + Z 5,uz s A y +O(’y|r+1)
lul=r |p|=r |p|=r

=Niyi+ ) Y = NiBui + i+ B M)+ Oy ™)

lu|=r
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It is then clear that by choosing

sz%v Vi=1,...,n,Vp e Ny, |yl =r
X2 9

the function defined in (2.2) is the change of variable we were looking for.
Note that we can choose the {f,} as above thanks to the fact that JF'(0)
is not resonant of order 7. O

If in Theorem 2.9 the Jacobian matrix is not diagonalisable the result
holds by more complicated computations.

Definition 2.7. An n-tuple A = (A1,..., \,) of complex numbers satisfies
the Siegel condition if there exist C,v > 0 such that for all s=1,...,n

[As = (m, A)| > C'[m|™
for all m € Nj with |m| > 2.

Theorem 2.10 (Poincaré-Siegel). Let F' be a real analytic vector field in R™
such that F'(0) = 0 and JF(0) is not resonant of any order r > 2. Let the n-
tuple A € C™ of eigenvalues of JF(0) satisfy one of the following conditions:
(i) R(Ni) <0 foralli=1,...,n;

(i) R(A;) >0 foralli=1,...,n;

(iii) X satisfies the Siegel condition.

Then the formal change of coordinates y = h(x) obtained in Theorem 2.9 is
real analytic on some neighbourhood of 0.

For the proof we suggest to consult the theory of normal forms in [Ar88].

Ezxample 2.2. We give an easy example to show that assumptions in Theorem
2.10 cannot be relaxed. Consider for (x,7) € R? the system

T=x

y=2y+a’
The origin 0 = (0,0) is the unique fixed point with JF(0,0) = diag(1,2).
Hence the Jacobian matrix is resonant of order 2. The orbits of the system

leave on the line {x = 0} and on the curves {y = 2?(log(|z|) +const)}, hence
they are not analytically conjugate to the orbits of the linearised system.
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Lyapunov functions

Given a real C! function V(z), we introduce the notation V() for its deriva-
tive along a vector field F'. Namely

V(z) = (VV(z), F(z)) (2.3)
Notice that V(z) = LV (¢1(2))]i=o0-

Definition 2.8. Let z, be a fixed point of a vector field F' : R® — R"™. A
C! real function V : U — R defined in a neighbourhood U of z is called a
Lyapunov function for x, if:

(i) V(z) > V(zy) for all z € U\ {zy};
(i) V(z) <0 forall z € U.
If the function V : U — R satisfies (i) and
(i) V(z) <O0forallz € U\ {z,},
it is called a strict Lyapunov function for x.

Theorem 2.11 (First Lyapunov stability theorem). Let z, € R™ be a fized
point of a vector field F' : R™ — R™. If there exists a Lyapunov function for
Zg, then zq s Lyapunov stable.

Proof. Let V : U — R be the Lyapunov function for z,. Given € > 0 such
that B:(zy) C U, we let

m:= min V and S, :={z¢€ B:(zy) : V(z) <m}
OBc(z)

By definition V(zy) < m, hence z, € Sy,,. Moreover by continuity there
exists 0 > 0 such that Bs(zy) C Sp,. We now show that if y € Bs(z,) then
ot(y) € Be(zg) for all t > 0. -

“Condition (i) in Definition 2.8 implies that V(oi(y)) < V(y) <m for all
¢ > 0. We conclude that if there exists to > 0 such that ¢y, (y) & B ( ) then
by continuity of the flow there exists ¢; € (0,%p) such that ¢, (y) € 0B:(xg).

This is a contradiction to the definition of m. O

Theorem 2.12 (Second Lyapunov stability theorem). Let z, € R™ be a
fized point of a vector field F' : R™ — R™. If there exists a strict Lyapunov
function for xy, then z is Lyapunov asymptotically stable.
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Proof. Let V : U — R be the strict Lyapunov function for z;. By Theorem
2.11 the fixed point z; is Lyapunov stable. We now need to show that the
domain of asymptotic stability of x, contains a ball Bs(x).

Let us fix ¢ > 0, and let § > 0 be such that d(zy,y) < J implies
d(zg, p(y)) < e for all t > 0. Hence O (y) C B.(z,) for all y € Bs(x,), and
by Proposition 1.1 we have that w(y) is a non-empty, compact, invariant
subset of B.(z,) for all y € Bs(z,).

Let us fix y € Bs(z,). Condition (i)’ in Definition 2.8 implies that
Vi(ge(y)) is a decreasing function of ¢, hence there exists

c:= lim V(¢(y))

t——+o0

But V) = ¢ by continuity, in fact for all z € w(y) we have
V(z) = lim V(dy(y) = c
—00

where {{1}) is the diverging sequence such that ¢, (y) — 2z as k — oo.
Finally, since w(y) is invariant, we have V(¢:(z)) = ¢ for all ¢, which by

(2.3) implies V(2) = 0 for all z € w(y). Hence w(y) C {V = 0}, and by
condition (ii)" w(y) = {zo}.
We have thus proved that Bs(zg) C D(zg). O

Corollary 2.13 (La Salle’s Invariance Principle). Let z, be a fized point
of a vector field F' : R™ — R". If there exists a Lyapunov function for z
defined on a neighbourhood U of x,, then for all y € U such that (9‘*‘@) 18

contained in U and is bounded, we have w(y) C {V = 0}.

Example 2.3. Let us consider the system in R? given by

T =1y
j=—y’ -z -2

The point (0,0) is the only fixed point and it is not hyperbolic. Looking
for a Lyapunov function of the form V(z,y) = ax?® + bx* + cy? one finds
V(z,y) = 2zy(a — c) + 223y(2b — ¢) — 2cy*. Hence

V(x,y) = 202 + z* + 2y

is a Lyapunov function for (0,0), with {V = 0} = {y = 0}. Hence V is not a
strict Lyapunov function. By Theorem 2.11 we have that (0,0) is Lyapunov
stable, and applying Corollary 2.13 we also obtain that there exists § > 0
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such that for all y € Bs((0,0)) it holds w(y) C {y = 0}. Moreover, since
w(y) is an invariant set and the only invariant subset of {y = 0} is {(0,0)},
we have proved that (0,0) is asymptotically stable.

Theorem 2.14 (Bounding functions). Let F' be a vector field in R™, and
assume that there exist a C' real function V : R® — R, a compact set
G C R" and k € R such that: (a) G C Vi, :={V < k}; (b) there exists § > 0
such that V(g) < =4 for all x € R"\ G. Then for all x € R™ there exists
to > 0 such that ¢(z) € Vi, for all t > 1.

Proof. If x € Vj we are done, since by assumption (b) V|ay, < 0, and we
can choose tg = 0. If x ¢ V}, and ¢y(z) € Vi, for all t > 0

d

Vi(ge(z)) = V(z) = /0 £V(¢s@)) ds :/0 V(ps(z))ds < —t

which implies V(¢4 (x)) < k for t > W. Hence we find a contradiction,
and we have thus proved that there exists ¢y > 0 such that ¢, (x) € Vi, and
as before this implies that ¢(x) € Vi for all ¢ > tg. O

Example 2.4 (Lorenz equations). Let us consider the system in R? given by
T=o0(—z+y)
Yy=rr—1y—xz
z2=—-bz+uxy
with o, r, b positive constants. We can apply Theorem 2.14 with
G={(z,y,2) €R® : ra® + y* + b(z — 1) < 2br%}

1
V(z,y,2) = 5 <m:2 +oy? +o(z— 27")2)

and 6 = obr2.

Using the theory of Lyapunov functions we now give a proof of the
asymptotic stability of sinks, i.e. hyperbolic fixed points of a C! vector field
with all eigenvalues of the Jacobian matrix of the field with negative real
part.

Corollary 2.15. Let z, be a hyperbolic fized point of a C* wector field
F :R" - R", and assume that all the eigenvalues of JF(zy) have negative
real part. Then x is asymptotically stable.
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Proof. Let’s assume without loss of generality that z; = 0, then the vector
field F satisfies F'(0) = 0 and can be written as

F(z) = JF(0)z + G(z)

where G : R — R" is a C'! function satisfying G(0) = 0 and JG(0) = 0.
Let A1, ..., A be the, not necessarily distinct, negative real eigenvalues
of JF(0), and let a; £ib;, with j =1,..., %(n — k), be the, not necessarily
distinct, couples of conjugate complex eigenvalues with a; < 0. For simplic-
ity we also assume that JF'(0) is written in Jordan normal form, therefore

JF(0) = diag(Al, .. Ay, By, ..Bm>

where the A;’s are the Jordan blocks relative to the real eigenvalues, and
the Bj’s are the Jordan blocks relative to the complex eigenvalues.

Let us consider the following change of variables. For ¢ > 0 let y =
(Y1, .- .,Yn) be defined as follows: -

o if (T, ..., Tmys—1) are the components of z corresponding to a Jordan
block Aj, we let yp,4¢ 1= etapygfor £=0,...,5—1;

o if (x,...,%pt2s—1) are the components of x corresponding to a Jordan
block Bj, we let y,i00 = E_prJrgg and ypy2041 = 5_€$p+25+1, for
(=0,...,s—1.

Then it is a standard computation to verify that y satisfies the ODE
y=Ay+ G (),
with G(0) = 0 and JG(0) = 0 and

Ag = diag([\l,...,Ah,Bl,...Bm),

where
Aj € 0 0 0
0 A € 0 0
A, =
0 0 A € 0
0 0 )\j 13
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and
Rj ¢, 0 0 0
0 R; ely O 0
Bj: 7 WithRj:<a‘7: —b]>
0 ... 0 Rj ely 0 bj aj
0 0 R; el
0O ... ... ... 0 Ry

and Iy the 2 x 2 identity matrix.

We now show that V(y) = Y7, 47 is a strict Lyapunov function for 0.
It is enough to study the derivative V(g) =230 Yili.

If (Ym,--->Ymys—1) are the components of y corresponding to a Jordan
block /N\j we have

s—1 s—2
Z Ym+t Y+t = Z Ymte\jYmte + Ymyerr) + Ajymps—1 + O(|y)*) =
=0 =0
s—1 c s—2
<N D Yot 5 Wi Yimas—) H€ D Ui+ O(yl) <
£=0 =1
s—1
<A +8) D Ymee + Oy
£=0
With an analogous argument, if (4, ..., Ym+2s—1) are the components of y

corresponding to a Jordan block Bj we have
s—1

> W2t G2t + Ymy2er1 Gmraes1) =
=0

s—2

= Ym0 (AYm42e — bjYmaes1 + EYmyesa) +
=0

s—2
+ D Ymoert (bjYmiar + QYmiari1 + Ymporss)+
=0

+ Ymt2s—2 (ajym+2572 - bjym+2571) + Ymi2s—1 (bjym+2572 + ajym+2sfl)+

+O0(|yl*) =
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s—1 s—2

=aj Z(ygz—&-Qé + Ymrorr1) T€ Z (ym+2€ Ym+20+2 T Ym+20+1 ym+2e+3) +
=0 =0

+O0(lyP) <

s—1
< (a; +e) Z(y?wr% + yzn+2£+1) + O(@S)-
£=0
If we fix ¢ > 0 such that (A\j +¢) < 0 and (a; +¢) < 0 for all eigenvalues
of JF(0), letting p € R~ satisfy (A\j +¢) < p <0 and (aj +¢) < p <0 for
all j, we have proved that

V(y) < 2ulyl” + O(ly*).

We need to show that there exists § > 0 such that V(g) < Oforally € B5(0)

and y # 0. By definition of O(-) functions, there exist ¢ > 0 and 6 > 0 such
that
O(lyP) <elyf’, vy e B;0).

If we choose 6 = min{—%", &} it follows

V(y) < 2ulyl® + elyl® = |y*(2u + ¢ly|) <0, Vy € B5(0)\ {0},
and the proof is finished. ]

2.3 Integrals of motion and invariant sets

Conservative systems and first integrals

Definition 2.9. A C_’1 function [ : R" — R is a first integral for a vector
field F': R” — R™ if I(z) = 0 for all z € R"™, with I(z) defined as in (2.3).

If I:R" — R is a first integral for a vector field F' : R® — R", then
its level sets are invariant for the differential equation £ = F'(x), so that in
particular orbits of & = F'(x) lie in the level sets of 1.

An important example of differential equations with a first integral are
Hamiltonian systems with Hamiltonian function independent of time.

Definition 2.10. Let H : R>® — R be a C! function and use the notation
(z,y) for points in R?", with z,y € R™. The Hamiltonian vector field asso-
ciated to H is F : R?" — R?" given for i = 1,...,n, by (Fy); = 0H/dy;
and (Fy)(ns) = —0H/Ox;, and H is called the Hamiltonian function of the
field. The system of differential equations in R?” with field Fp is called the
Hamiltonian system of H.
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A particular case are conservative mechanical systems with one degree
of freedom, systems which describe for example the motion in R of a point
of mass m under conservative forces. In this case the Hamiltonian function
has the form

1
H:R* >R, H(zy) = o y? + W(x) (2.4)

where W (z) € C! is the potential energy of the system. We recall that in
this case the Hamiltonian system associated to H is

and corresponds to the second-order differential equation mi = —W'(x).

Proposition 2.16. A C! function H is a first integral for the Hamiltonian
vector field Fi.

Proof. A simple computation gives

OH OH OH 0H

H=<VH,FH>:;(%%—6%M)EO.

O]

Theorem 2.17 (Liouville theorem). A Hamiltonian system in R®™ with C?
Hamiltonian function H preserves the 2n-dimensional Lebesgue measure of
the sets.

Proof. For A C R?" let ¢;(A) be the evolution of the set at time ¢, and let
m be the 2n-dimensional Lebesgue measure. Then

mien(a) = |

1dm:/ | det(J )| dm.
ot (A) A

The variation equation of a differential equation shows that J¢; satisfies the
Cauchy problem

{ 4 Joy(x) = JFu(du(x)) Ty ()
Jou(2)|t=0 =1

where [ is the identity matrix. The solution to the previous Cauchy problem
is then

souta) =exo ([ IFu(6.() ds) 1
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and using the identity det(exp(M)) = exp(tr(M)), valid for any finite square
matrix M, we obtain

dettsi) = exp ([t Fu(ou(w)) ds).

Then .
(o) = [ oo ([ aiv(ruonteas) dm.

Since
n

: 0*H 0’°H N\
div(Fp) = ; (895,-8% B (93/1*(9:1:1-) =0,

it follows that
m(é(4) = m(4), VteR

and the proof is finished. O

Corollary 2.18. A Hamiltonian system in R®" with C? Hamiltonian func-
tion H cannot have fixed points which are sinks or sources.

Let us consider mechanical Hamiltonian systems with one degree of free-
dom with Hamiltonian function H(z,y) as in (2.4). Applying the general
theory of the previous sections and the results in this section, one can easily
prove the following characterisation of the fixed points.

Proposition 2.19. Let H : R? — R be a C? function written as in (2.4).
Then the fixed points of the associated Hamiltonian system are of the form
(x0,0) with W'(xzg) = 0.

If W"(z9) < 0 then (x0,0) is a hyperbolic fized point of saddle type, if
W"(xg) > 0 it is not hyperbolic and it is a center.

If W"(x9) = 0 the point (x¢,0) is not hyperbolic and one needs to use the
level sets of H(x,y) to study the dynamics in a neighbourhood of the point.

Example 2.5. The Hamiltonian function of a pendulum of mass m and length
¢ in a vertical gravitational field with potential energy W (h) = mgh is

H(z,y) = y? +mgl(1 — cosz),

1
2mi?
Consider the motion of this pendulum in presence of a constant friction
given by —upy, with p > 0.



2.3. INTEGRALS OF MOTION AND INVARIANT SETS 41

Ezample 2.6. Study the system

y=z—2*—py

with 1 € R.

Invariant sets

It is in general difficult to find explicit expressions for invariant sets. How-
ever, there are particular easy situations. For example, given a vector field
F : R" - R" with F = (F,...,F,), if there exists ¢ € R such that
Fi(z1,...,2i-1,¢,Tig1,...,xy) = 0 for all ; € R with j # 4, then the
hyperplane {z; = c} is an invariant set. This can be proved by the following
method.

Proposition 2.20. Let I : R® — R be a C' function and for ¢ € R let
I := {I(z) = c} be a non-empty level set of I such that V1|1, # 0. The
level set I. is invariant for a vector field F : R™ — R™ if I|;, = 0.

Proof. Let x, € I. such that VI(z,) # 0. Then there exists a local differen-
tiable change of coordinates y = h(z) such that in a neighbourhood U/(z)
we have I, VU = {y, = 0} and let z, = (9,,0) with g, € R"~!. Hence, in
these new coordinates VI € Span{(0,...,0,1)} in U.

Then, from I|;, = 0, we have that F,,|y = 0. Let F : R*~' — R"~! be
defined as F(y1,...,yn—1) = (F1(y1,- -+, Yn—-1,0), ..., Fn1(y1, .. ., Yn—1,0)).
Then by the local uniqueness of the solutions to the system & = F'(z), the
solution with initial condition in z coincides in U with (qgt(go), 0), where ¢;
is the flow of the system § = F(@) Hence, the solution is in I.. This proves
the invariance of I.. B B ]

Ezample 2.7. Given the system

t=a—-y—1

y=(z—-2)y

the lines y =0, y = x + 1 and y = 3x — 3 are invariant sets.
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Stable and unstable manifolds

An important example of invariant sets is given by the stable and unstable
manifolds of a hyperbolic fixed point.

Definition 2.11. Let z be a fixed point of a vector field F': R" — R" with
flow ¢¢(-), and let U be a neighbourhood of z,. The local stable manifold
W (xg) of 2y in U is the set

Wi (zg) :={z €U : ¢(x) €U forall t >0, ¢(x) > 25 ast— +oo}
Analogously, the local unstable manifold W} (zq) of xq in U is the set
Weo(zg) :={z €U : ¢(z) €U for all t <0, ¢(x) = x5 ast — —oo}

Theorem 2.21 (Stable and unstable manifolds). Let z, be a fized point of
a CF, k> 1, vector field F : R™ — R™ with flow ¢4(-). Let’s assume that z,
is hyperbolic and let E*(0) and E"(0) be the stable and unstable eigenspaces
associated to the linear system §y = JF(xy)y. Then there exists € > 0 such
that there exist local stable and unstable manifolds, Wi, (zo) and Wi (z),
of xy in Be(xy) with the following properties:

(i) Wi, (p) and Wi, (zy) are unigue in B (z);
(i) WE (xq) is forward invariant, and W} (xq) is backward invariant;

(iii) WE (zy) and W (zo) are C* manifolds, dim W} (z,) = dim E%(0)
and dim W} _(zq) = dim E*(0);

() Wi (zq) is tangential to xq+ E°(0) at x4, and W}k (zg) is tangential
to o+ E*(0) at .

Proof of Theorem 2.21 in R? (see [HSD]). Without loss of generality, let’s
assume that the fixed point is (zg,yo) = (0,0). If dim E* = 2 or dim E* =
2, the proof is trivial since in these cases either W (0,0) or W} (0,0),
respectively, coincide with a ball around (0,0) and the properties of the
statement follow from the Hartman-Grobman Theorem 2.8.

The interesting case is when dim E® = dim E* = 1 and (0, 0) is a saddle.
Up to a change of variables, we can assume that the system is written as

{ T=- x+ f(z,y)

2.5
U =py+g(r,y) 25
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with A\, > 0, f,g € C*¥ with £(0,0) = g(0,0) = 0, and f,g = O(z? + 3?)
if £ > 2, and f,g,0.f,0yf,029,0y9 = o(\/2? +y?) if k = 1. Hence, E® =
Span{(1,0)} and E* = Span{(0,1)}.

We give the proof for the local stable manifold, it follows analogously for
the local unstable one. For any ¢ > 0 and M > 1, introduce the following
notations:

De:=A{lz|<e, |yl <e}, COum:={lz] = Mlyl}, 26
2.6
SE:=Cyni{z=+e}, Ci :=Cyniz=0}.

The proof is divided into different steps.

Step 1. There exists eg > 0 such that for all M > 1 we have i’Deme{ < 0.
By assumption, there exists € > 0 such that

A
|f(x,y)\ Sﬁ x2+y2a V(J/‘,?/)EDE-

Then, on D, N C]J(/[, we have

A
T=-dAz+ flr,y) < Az + —= Va2 +1y2 <
f(z,y) o y
A 1 A A
< =\ —_— 2(1+—= ) < A+ =) =—= 0.
< x+2\/§ x < —I—M2>_x< —|—2> 2m<

Similarly, on D. N C},, we have

T=-=-Az+ f(x,y) Z—ACU—Q\)\E\/QUQ—HUZZ

A 1 A A
> -z W x (1—|—M2> > |z (A 2> 2|:n|>0

Step II. For any M > 1, there exists e1 = e1(M) > 0 such that fore € (0,e1)
on the boundary of D. N Cyy the field F' points towards the outside of Cyy.
First of all, we consider £ € (0,g9) with g9 from Step I. Let us study the
case x,y > 0. We have S'U‘B(DEQC;I) < 0. It is then enough to prove that
y’a(DEmCL) > 0. Fixed M > 1, by assumption, there exists €1 < ¢g such
that for € € (0,¢1)

W
x, < ——— V22 +y?, V(z,y) € D..
lg(x,y)] 2\/1+W\/ Y (z,y) € De
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Then, on d(D. N C;;), we have

- I
y=py+g(z,y) > py — ———=s Va2 +y? =

21 + M?2
_ M 202 _ ( “)_“
— L — +1) = _ )y =Ey>o0.
W e e y*( )=y (p 5 5 Y

The other cases follow analogously.

Step III. Fore € (0,e1), on ST there exist non-empty open intervals I, and
I_ such that for all (xg,y0) € I+ the orbit ¢i(xo,yo) intersects 8(DEHC]T/I) N
{y = 0}.

The existence and the properties of the intervals I, and I_ follow from Steps
I and II, and from the local uniqueness and the continuity with respect to
the initial conditions of the solutions to (2.5).

Step IV. There exists o < &1 such that for e € (0,e2) The set ST\ (I UI-)
consists of a single point (¢,y4(g)).
By the properties of the solutions to (2.5), there exist y;, y2 such that

SINULUI) ={(e,y) 1y € [yr, 2]}

We need to show that y; = yo = ¥

Let’s assume that y; < yo. It is known that multiplying a vector field
F(x,y) by a non-vanishing function h(z,y), the orbits of the system do
not change but only their time-parametrisation is affected. Let h(z,y) =
1/(A— f(z,y)/x) in Do N Chr. Then the system in D, N Cpy becomes

Tr=-—x

| ) (2.7)
Y= % =5y+g(y)

with §,09,g = o(y/2? +y?). There exists €2 < &1 such that for all M > 1
and all € € (0,e2) we have

dg p
i) < L /a2 1?2, V(x,y) <€ D..
8y(xy)‘_2A\/§ 2 +y (z,y)

Then the solutions to (2.7) with initial condition (e,y) are of the form
(ee”t,y(t)). Hence, we can compute the vertical distance between the or-
bits ¢¢(e,y1) and ¢y(e,y2) by computing the distance y2(t) — y1(t) of the
second components of the solutions to (2.7) with initial conditions (e, 1)
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and (e,y2). We have

L) 9 (0) = 2 a(0) + ale (1) — K (1) + sl (1) =
= £ () — 1 (8) + G €00) ()~ 1a(0) >

> (y2(t) — w1 (t)) (l)f - 2A/i/§se_t 1+ ]\;2> >

> 55 (1) = (1)

Hence, (y2(t) — y1(t)) — +oo, which contradicts that the orbits of the set
S+ \ (I+ U ) are forward asymptotic to (0,0). We have thus proved that
Y1 =y2 = Yy
Conclusion part 1.
By Steps I-IV, for all M > 1 there exists g2 = e2(M) > 0 such that for
all ¢ € (0,e2) we obtain the existence of a unique point (e,74(g)) in ST
whose orbit is forward asymptotic to (0,0). Therefore, fixing a M > 1 the
local stable manifold W (0,0) in D. NC}; for all € € (0,e2(M)) is given by
the forward orbit of the point (e2(M), i+ (e2(M))). An analogous argument
shows the existence of the local stable manifold W} _(0,0) in D, N C,; for
all e € (0,e2(M)).

This shows the uniqueness of W} (0,0), its forward invariance, its reg-
ularity since the orbits of a system inherit the regularity of the vector field,
and that its dimension is 1. It remains to prove that W} (0,0) is tangent

at (0,0) to E® = Span{(1,0)}, that is to the z-axis.

Step V. Fizing a M > 1, for all ¢ € (0,e9(M)) the orbit ¢u(c, 7+ (g)) has
vanishing angular coefficient as t — +00.
Let (xe(t),ye(t)) denote the two components of ¢:(e,y4+(c)). We need to
show that y.(t)/z:(t) — 0 as t — +o0.

By the local uniqueness of the solutions to (2.5), for all € € (0,e2(M))

the point (g,7+(g)) is in the orbit of (¢/, 74 (¢")) for all €’ € (e,e2(M)). This
shows that, for all & € (0,e2(M)), for all t > 0 there exists () < e such that
(xe(t),ye(t)) = (£(t),y+(£(t))). Hence, as t — 400 we have &(t) — 0T so
that (zz(t),y:(t)) is in mMgMgM(t)CJJ\Q for some M(t) — +oc. This shows

that y.(t)/z.(t) < 1/M(t) — 0T as t — +oo.

Conclusion part II.
Step V concludes the proof of the theorem. O
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Given a hyperbolic fixed point z,, one can introduce a notion of global
stable and unstable manifolds. However, these sets in general have weaker
properties than the local counterparts.

Definition 2.12. Let z, be a hyperbolic fixed point of a C*, k > 1, vector
field F': R® — R™ with flow ¢¢(-). The global stable and unstable manifolds
of zy are defined as

W*(zg) = U ot (Wine(o)) , W (zg) = U Ot(Wige(20)), (2.8)

t<0 t>0

where W;"(z,) are the local manifolds in B.(z,) for some & > 0.

It is interesting to analyse the possible intersection of the global stable
and unstable manifolds. By the local uniqueness of the solutions to an ODE,
the two global manifolds cannot intersect transversally. In R? they can
coincide or end up at another saddle fixed point, giving rise to a homoclinic
or two heteroclinic orbits respectively. In R™ with n > 3 more interesting
phenomena occurs, and some imply the existence of “chaotic” phenomena.

2.4 Motion in the plane and periodic orbits

In this section we consider a system of differential equations in R?

2.9
{ y=g(z,y) 29

with C*, k > 1, functions f, ¢ : R? — R. We discuss methods to study the
phase space of (2.9) which work in two dimensions.

Polar coordinates

In R?, it is sometimes easier to study the phase space of a system when
using polar coordinates. Let

Q:={(p0) €R?: p>0,0<0<2r}/({0 =0} ={0=2r}),

that is € is a strip in the plane with the upper and the lower boundary
identified, hence it is an open cylinder. The map 1 : Q — R2, (z,y) =

¥(p,0), with
{ x(p,0) = p cos b

y(p,0) = p sind
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is a diffeomorphism from 2 to R?, with Jacobian det Ji(p, #) = p. We can
then use ¢ and its inverse to push a vector field F(z,y) = (f(x,y), g9(z,y))
back to a vector field on €. An easy computation shows that the system
(2.9) when written in polar coordinates reads

(2.10)

{ p= f(pcosb,psinf) cosh + g(pcos b, psinf) sin 6

9‘ _ g(pcosB,psin @) cos—f(pcosh,psinf) sin 6
o p

for all (p,6) € Q. In general one should not expect that the vector field in
polar coordinates can be continuously extended to the boundary {p = 0} of
Q). This is true only under particular conditions on the functions f,g.

An important application of the use of polar coordinates is the identi-
fication of circular periodic orbits. Using Proposition 2.20 one can show
that

Proposition 2.22. If there exists pg > 0 such that
f(pocosB, posinf) cos@ + g(ppcosb, ppsind) sinf =0, Vo€ l0,2n]
and 6 # 0 for all (p,0) € {p = po}, then the set
I'={p=po}={(z,y) eR? : 2* +¢* = pj}

is a periodic orbit.

Isoclines

Here we introduce a method to find an analytic expression for the orbits of
(2.9) in special situations.

Proposition 2.23. Let (xg,y0) be a non-fized point for (2.9). Then there
exists a neighbourhood U(xg,yo) such that the set O(zo,yo) N U, that is the
orbit of (xo,yo) in U, is the graph of a function.

In particular, if f(xo,y0) # 0 there exist ¢ > 0 and a C* function h :
(xog —e,20 +€) = R such that

O(zo,y0) N ((aco —e,m0 + €) X R) ={(z,h(x)) : z € (xg —e,20+¢)},

and h(x) satisfies the Cauchy system

dy _ g(z,y)
dr = f(z,y)
y(zo0) = vo (2.11)

x € (xg—e,20 + €)
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Instead, if g(xo,y0) # 0 the analogous statement holds by interchanging the
roles of x and y and of f and g.

Proof. If f(xo,y0) # 0 there exists ¢ > 0 such that f(x,y) # 0 for all
(x,y) € Bac(x0,90). Let h(z) be a solution to system (2.11) and define the
C* function I(z,y) = y— h(z) on {x € (zo — &, 20 + )} N Bac (w0, y0). Then
with respect to system (2.9)

Ir—oy = (4 — 1'(2) &) [{r=0y = (9(z,y) = W' (@) F(2,9)) lymh(z) =
= g(z, h(z)) — W' (z) f(z,h(z)) =0

Therefore Iy := {y = h(x)} is an invariant set in a neighbourhood U (o, yo)
containing (g, yo). Then Iy = O(xg,yo) NU, and the proposition is proved.
The analogous argument works if g(zg,yo) # 0. O

The solutions to system (2.11) are called isoclines for (2.9).

Ezample 2.8 (Predator-prey Lotka-Volterra models). We apply the method
of finding isoclines to prove the existence of periodic orbits in a predator-
prey Lotka-Volterra system. Let x,y € Ra“ denote the population of two
species in a predator-prey relationship. The population x predates on the
population y, hence the system of differential equations for z and ¥ is of the

form
t=x(-A+bry)
y=y(B—bx)

with A, B,b1,bo > 0. The system has two fixed points, Py = (0,0) and
P, = (B/by, A/by1). The point Py is hyperbolic and it is a saddle with stable
and unstable manifolds given by the x and y axis respectively, whereas the
point P; is not hyperbolic being a center.

Let us find the isoclines of (2.12). When xo # 0 and yo # A/b; we can

write
{ dy _ y(B-byz)
de = z(—A+bi1y)
y(zo) = Yo
which has a local solution given implicitly by the equality

Y _A4+0b T B—byt
/Jrlsds_/ dt e I(z,y) = I(z0,y0)
Yo s o t

(2.12)

where
I(z,y):=Alogy + Blogx — by —bax.
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We have thus found that I(z,y) is a first integral for (2.12), hence the orbits
lie on its level sets. Then, it is immediate to find that I(x,y) has a point
of global minimum at Pj, therefore the levels sets {I(z,y) = ¢} are closed
curves for ¢ bigger than I(P;) but sufficiently close to it. Hence, the orbits
on these level sets are periodic?.

The field and the symmetries of the system

Here we introduce two ideas to draw the phase portrait of a system. Both
ideas work in all dimensions but are particularly simple to apply in the two
dimensional case.

The first idea uses the property of the field to be tangent to the orbits
of a system. Therefore, in principle, one can obtain the orbits of a system
simply by drawing the field in all the points of the phase space. In practice,
it is useful to draw the behaviour of the field on some curves. For example,
it is a good idea to draw the lines on which the single components of the field
vanish (the intersection of these lines give the fixed points) and to obtain
the direction of the field in all the regions of the phase space between these
lines.

A more theoretical idea to apply is to look for symmetries of the system.
Given a vector field F' : R® — R", the associated system & = F(z), and a
diffeomorphism S : R™ — R™, we give the following definition.

Definition 2.13. Given a vector field F' : R® — R" and a diffeomorphism
S :R™ — R", we say that the system & = F(z) is symmetric with respect
to S if

dgS(F(z)) =+F(S(z)), VYzeR".

A simple case is the case of systems symmetric with respect to linear
transformations. That is there exists an invertible matrix S € M (n x n,R)
such that S F(z) = £F(Sx).

Proposition 2.24. If the system (2.9) in R? is symmetric with respect to
a diffeomorphism S, given a trajectory (z(t),y(t)) of the system, the curve

(Z(t),y(t)) defined as
S(x(t), , if d,S(F(z)) = F(S(x)),
(i(t),g(t)):{ (z(t), (1)) f 2S(F(z)) = F(5(z))
S(x(=t),y(=1)), i dS(F(z)) = —F(5(2)),

is a solution to (2.9).

3Tt can be proved that all level sets are closed curves, therefore all orbits different from
the axes and the fixed points are periodic.
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Proof. Tt is enough to compute (z(t), §(t)). O

Ezample 2.9. We show how the proposition works in two easy cases. Let us
consider the system (2.9) with the assumption that f(—z,—y) = —f(z,y)

and g(—z,—y) = —g(z,y). The field F(z,y) = (f(z,y),g9(z,y)) satisfies
F(—xz,—y) = —F(x,y), hence it is symmetric with respect to the linear

transformation S(z,y) = (—z, —y) and
Then, given a trajectory (z(t),
trajectory is given by (Z(t), g(t)

z(t) = —i(t) = —f(z(t),y(t) = f(~a(t), ~y(t) = f(2(1),5(1),
y(t) = —y(t) = —g(x(1), y(1)) = g(~a(t), ~y(t)) = g(&(t), §(t)) -

The other case considered in the proposition is obtained for Hamiltonian
systems in R? with Hamiltonian function of the form (2.4). In this case the
field is F(z,y) = (y, —W'(x)) and the system is symmetric with respect to
the linear transformation S(x,y) = (x, —y) since

@) S(F(2,y)) = (y, W'(x)) = —F(z, —y) = —F(S(z,y)).
)
t

y(t)) of the system, we show that another
) = (—z(t), —y(t)). Indeed, we have

Then, given a trajectory (z(

t),y(t)) of the system, we show that another
trajectory is given by (Z(t),y(t)) =

) = ((~t), —y(~1)). Indeed,
2(t) = —#(—t) = —y(—t) = 4(1) ,

y(t) = g(—t) = =W'(z(~t)) = -W'(z(t)).

Periodic orbits: non-existence

We describe two methods to prove non-existence of periodic orbits in a region
of the phase space. The first is of pure topological nature and the second
uses the analytical nature of the differential equation (2.9).

Definition 2.14. Let I' C R? be a simple closed curve. Given a vector field
F(z,y) = (f(z,y), g(z,y)) without fixed points on I', the Poincaré indezx of
', denoted by Ir(I'), is the number of turns that F' makes counterclockwise
as a point goes round I'. It can be computed as

1 g 1 fdg—gdf
Ip(D) = — 9y~ [ 199799
r(T) o /F d(arctan f) orl M
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Proposition 2.25. Given a vector field F on R?, the Poincaré index of a
curve has the following properties:

(i) let t — T’y be a continuous family of simple closed curves, then Ir(T';)
s constant as long as no I'y contains a fized point of F';

(ii) let T' be a simple closed curve not containing fized points of F which
can be written as I' ="'y + 'y, where I'y and 'y are two simple closed
curves not containing fized points of F'. Then Ip(T') = Ip(T')+1p(T2);

(iii) if ' is a periodic orbit then Ip(I") = +1.

Definition 2.15. Let (z9,yp) be an isolated fixed point of a vector field
F. The Poincaré index of (xo,v0), Ir(zo,yo), is the Poincaré index of any
simple closed curve I' encircling (xg, yo) and no other fixed point of F.

Proposition 2.26. Let (xq,y0) be a fived point of a C' vector field F' on
R? with det(JF (z0,90)) # 0. Then:

(i) if (zo,y0) is a node, a star, an improper node, a focus or a centre,
then Ip(xzo,y0) = +1;

(11) if (xo,v0) s a saddle, then Ir(zg,yo) = —1.

Putting together Propositions 2.25 and 2.26, we obtain information on
regions of a phase space where a periodic orbit may exist or not. For exam-
ple, it may not exist a periodic orbit encircling only a saddle. Each periodic
orbit has to encircle sets of isolated fixed points for which the sum of their
Poincaré indices is +1.

Ezample 2.10. Let us consider the system

then Ix(0,0) = 0.

Ezample 2.11. Let us consider the system

i =x2 —y?

y = 2xy

then Ir(0,0) = 2.
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Proposition 2.27 (Curl method). Let U C R? be a simply connected open

set and assume that the vector field F(x,y) = (f(x,y),9(z,y)) satisfies

of
Jy

)= 52 w), Vi) €U

Then in U there exist no periodic orbits for the vector field F'.

Proof. Let I' C U be a periodic orbit of period T' parametrised by the
solution v(t) of the Cauchy problem

&= f(z,y)

y=9(,y)

(x(0),y(0)) = ~(0)
Then v(T') = v(0) and ~/(t) = F(y(t)) for all t € R.

By assumption and Poincaré’s lemma, the vector field F' is conservative
in U, that is there exists a C! function h : U — R such that F = Vh. Then

T
0

T
0= (D) = hx(0) = [ G homiedt= [ (Thta().7'(0) de =

T T
— [ Fow.Fa@) di= [ PO
0 0
which is a contradiction because || F(v(t))|| # 0 for all ¢. O

Remark 2.28. The curl method can be easily extended to a differential equa-
tion in R™ with vector field F'. By repeating the last part of the proof of
Proposition 2.27 one can show that

Proposition 2.29 (Gradient systems). If there exists h : R™ — R such that
F = Vh, then there are no periodic orbits for the differential equations
&= F(z).

Proposition 2.30 (Bendixson-Dulac method). Let U C R? be a simply
connected open set and assume that there exists a C' function p : U — R
such that for the vector field F(x,y) = (f(x,y),9(x,y)) it holds

Ap-f)
ox

Ap-g)
dy

(x,y) + (x,y) >0 (or<0), VY(z,y) €U

Then in U there exist no periodic orbits for the vector field F'.
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Proof. Let I' C U be a periodic orbit of period T and let A be the region
enclosed by I'. Then applying Gauss-Green Theorem

0<//A <a(g;vf>(m’y)+a(’gz:/g)(w,y)> dwdy:/F (—pgdz +p fdy) =

T
:/0 (), y(t)) (=g(x(t), y(t)) &(t) + f(2(1), (1) (1)) = O

where we have used that I' = (x(¢),y(t)) for t € [0,T] and (x(t),y(t)) is a
solution of the differential equation associated to the vector field F'. O

Ezample 2.12 (Species in competition). In Example 2.8 we have shown that
predator-prey Lotka-Volterra models admit periodic orbits. Now we show
that there are no periodic orbits in a Lotka-Volterra model for species in
competition. Let x,y € Rar denote the population of two species in com-
petition for the same resources on a finite environment. The system of
differential equations for x and y is of the form

{ t=x(A—arx—bry) = f(z,y)
y=y(B—brx—axy) =g(z,y)

with A, B,ay,as,b1,bs > 0.
The axes are invariant sets, hence the simply connected set

(2.13)

U:{(x,y)€R2 cx>0,y>0}
is also invariant. Consider the C! function p(z,y) = 1/(zy) on U. We have

(p - d(p-
D o)+ D 0y = -2 -2 0, V(e

Hence, by Proposition 2.30, there are no periodic orbits in U.

Remark 2.31. The Bendixson-Dulac method uses the divergence of a vector
field. For differential equations in R", n > 3, it gives different information.

Proposition 2.32. Let F : R™ — R"™ be a O vector field such that there exists
a constant k > 0 for which div(F)(z) < —k for all x € R™. Then the flow
associated to F' contracts the volumes.

Proof. For A C R™ let ¢1(A) be the evolution of the set at time ¢, and let
m be the n-dimensional Lebesgue measure. By applying the same ideas in
the proof of Liouville Theorem 2.17, we obtain

voltou(a)) = [ oo ([ " div(F)(s(2)) is) am.
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If div(F)(z) < —k for all z € R™ then
vol(¢s(A)) < e ¥ vol(A), Vt>0,

and the proof is finished. O

Periodic orbits: existence in general

Theorem 2.33 (Poincaré - Bendixson). Let F' be a C' vector field in R?,
and assume that there exists a non-empty region D C R? which is compact
and does not contain fized points of F'. If for some x there exists ty such
that ¢¢(xg) € D for all t > ty, then there exists a periodic orbit I' C D and
I' = w(z).

For the proof we need some preliminaries. Given the differential equation
# = F(z) in R? with F € C! and any non-fixed point y of F, we call
transversal line at y the line £(y) which is the image of the curve v : R —
R? with v(u) = gil— uv, where v is a vector applied at y which satisfies

(v, Fy)) = 0.

Definition 2.16. Given a non-fixed point y of " and a constant k € [0, 1),

we call k-wide local section at y the set Si(y) obtained by taking the con-
nected component containing y of the set of points z € /(y) for which

—

|sin(vF(z))| > k.

The k-wide local section at y is non-empty since y € S(y), and there
exists € > 0 such that y(—¢,¢) C Si(y).

Proposition 2.34 (Local rectifiability of a vector field). Given a C! vector
field F in R?, a non-fized point y of F, and a k-wide local section aty, Sk(y),
there exists a diffeomorphisms v : U(0) — V (y) which maps horizontal lines
into the orbits of & = F(z) passing through Sk(y). That is (s, u) = ds(y(u))
for all (s,u) € U(0). B

Applying Proposition 2.34, let 0 > 0 and N, := {(s,u) € U(Q) : |s| <
o}. Then we call o-rectangle of flur in y the set N, := ¥(Ny). Then for
each z € N, there exists a unique s € (—o, o) such that ¢s(z) € Sk(y).

Proposition 2.35. Given a C' vector field F in R?, a non-fized point y of
F, and a k-wide local section aty, Sk(y), let z be a point such that y = ¢4,(2)
for some ty. Then there exist e > 0 and a continuous function T : B:(z) — R

such that ¢, (x) € Sk(y) for all z € Be(z).
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Proof. Let us define the function p : R? — R by p(z <:c F(y > We notice
that p(z) = p(y) if and only if z € £(y), in fact if g =y+w then

pz) =p(y) +pw) =ply) & (w, Fy)=0

Let then consider the regular function G : R? x R — R given by G(z,t) =
p(¢¢(z)). Then by definition G(z,t0) = p(¢t,(2)) = p(y) and

%9 2. t0) = pdule)) = p(F(é1,(2))) = p(F (@) = I F@)I* #0

z=z,t=to
Hence we can apply the Implicit Function Theorem to G at (z,to) and prove
the existence of € > 0 and ¢ > 0, and of a continuous function 7 : B.(z) —
(to — d,to + 9) such that

p(y) = G(z,7(z)) = p(¢r@)(z) Ve B(2)

It follows that ¢, (x) € Sk(y) for all z € B.(z). O

We are now ready to prove Poincaré-Bendixson Theorem.

Proof of Theorem 2.33. Choose z, € R? such that there exists to for which
de(zg) € D for all t > ty. By Proposition 1.1, the set w(zy) C D is non-
empty, compact, and invariant. For any z € w(z,) we show that O(z) is a
periodic orbit I', and that I' = w(z).

Fix z € w(zg), and let y € w(z) C w(zg), which is not a fixed point by
assumption. Consider a k-wide local section at y, Sk(y), and a o-rectangle
of flux N, in y. B B

Lemma 2.36. The forward orbit of x intersects Si(y) evactly once.

Proof. Since y € w(z), there exists a point of O (z) in Ny, hence OF(z) N
Sk(y) # 0. Let’s assume by contradiction that there exist z;,2, € OT(z) N
Sk(y) with z; # z,. Since z € w(z), also z;,29 € w(zy) by invariance
of the omega limit. Hence if N (z;) and N, (z,) are disjoint o-rectangles
of flux, the forward orbit of x, has countable points both in N,(z;) and in
N, (z,). By the properties of the rectangles of flux, this implies that O (z)
intersects Sk (y) countable many times, alternatively close to x; and to z,.
We now show that this is not possible.
Let us denote by {z1, zo, . .. } the points in O (z9) NSk (y) cronologically
ordered, that is z; = ¢, (zg), 2o = ¢1,(2y), and so on, with t; < to <
Given three points z,,_1, 2,,2,41 and an ordering on Sjy(y) it must
hold z, | < z, < z,41 Or 2,11 < 2, < 2,1 Indeed let X denotes the
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Jordan curve given by the segment z,, 1z, and the orbit U, ,<i<t,¢+(xg),
and let R be the region bounded by ¥. Then ¢:(zy) € R for all ¢t > t,,
because it cannot intersect any part of OR. It cannot intersect the orbit
Ut <t<t, ®t(zy) by the uniqueness of solutions of a differential equation,
and it cannot intersect the segment z,_;z, which is in Sk(y), because the
vector field points in the same direction in all the points of a local section.
It follows that 2,,,; € R and it lies on the other side of z, ; with respect to
z,. It follows that the countable intersections of OF () with S(y) must
be ordered, so cannot be alternatively close to z; and to z,. This shows
that the forward orbit of z intersects Sy (y) exactly once. O

We have thus proved that OT(x) N Sk(y) = {dz(x)}. Since y € w(z)
there is a sequence {t;,} such that ¢, (z) — y, hence for m big enough
o1, () € Ny. It follows that for m big enough, there exist 7, € R such that
Ot ytrm (X ) E Sk(y) for all m, hence ¢y,, 4, (z) = ¢z(z) for all m. It follows
that there exists 7' > 0 such that ¢p(z) = z. We have thus proved that
O(z) is a periodic orbit T'.

It remains to show that I' = w(z,). By invariance of the omega limit
I' C w(zg). Let now y € I" and consider a k-wide local section at y, S(y),
and a o-rectangle of flux N in y. As discussed above, there exists a sequence
{tm} such that ¢y, (z9) — y and ¢y, (2¢) € Sk(y), with ¢¢(zq) & Sk(y) for
t € (tm, tms1) for all m. Since ¢7(y) = y, we can apply Proposition 2.35 and
find e > 0, 6 > 0, and a continuous function 7 : B.(y) — (T — 6, T 4 0) such
that ¢,,)(z) € Sk(y) forallz € B:(y), and 7(y) = T. Hence, choosing & < &
if necessary, we have ¢r(z) € N, for all z € Bz(y). Since for m big enough
b1 () € Be(y), it follows that ¢r (o, (2g)) = dr4t,,(2g) € N, and there
exists sy, € (—o,0) such that ¢rie,, 4, (2g) € Sk(y). Since ¢r(zg) & Sk(y)
for t € (tm, tma1), it must hold ty,41 = T+t + Sm, hence ty 1 —tm < THo
for all m big enough.

We now consider a fixed n > 0. By continuity of the flux ¢;, there
exists 6 > 0 such that if d(z;,29) < 9 then d(¢:(z1),¢Pe(z5)) < n for all
t € (=T — o0,T + o). Hence, for m big enough such that d(¢,,(zg),y) < 0,
we have

d<¢t(¢tm(zo))7¢t(g)> <n Vte(-T—-0,T+0)

Since y € T', so that O(y) =T, and ty, 11—ty < T + 0o for all m big enough,
we have that

d(@@o),r) <0 Ve (b tmil)
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for m big enough. We can conclude that d(¢:(z;),I') — 0 as t — +o0.
Hence w(z,) C I'. This shows that I' = w(z,), and concludes the proof of
the theorem. O

Ezample 2.13. Let us consider the following system in polar coordinates

{ p=p(1—p*)+cf(p,0)
0=1+eg(p,0)

with f, g € C'(R?). For ¢ = 0 the system admits the orbitally asymptotically
stable periodic orbit I' = {p = 1}. We now show that there exists g > 0
such that for all € € (0,¢p) there exists a periodic orbit I'.. Let

L = max (|f] +lgD)

and g9 = ﬁ. We now prove that if ¢ < g9 the set D = {% <p< 2} satisfies
the assumptions of Poincaré-Bendixson Theorem 2.33.
First of all for all (p,0) € D

3
1+eg(p,0)>1—eL>1—¢eoL = 1
so that D contains no fixed points of the system. Moreover
1
Plp=2 =—6+¢cf(2,0) < —6+cL <—-6+¢cL= _6+Z <0

and
3

p|p:% zz—ksf(;ﬁ) >§—5L>%—50L:%>0
so that on 0D the vector field is always directed towards the inside of D.
This implies that for all z € 9D and for all ¢ > 0 it holds ¢(z) € D, and
completes the proof.

Finally, we state a result which extends Theorem 2.33 to the case of
regions with fixed points.

Theorem 2.37. Let F be a C' vector field in R?, and let D C R? be a non-
empty bounded positively invariant region containing at most a finite number
of fized points for F. Then, for all z € D, the set w(z) is non-empty and
one of the following possibilities holds:

e w(x) is a fixed point;
e w(z) is a periodic orbit;

e w(x) consists of a finite number of fixed points and heteroclinic orbits
connecting them.
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2.5 Exercises

2.1. Draw the phase portrait of the linear system # = Az in R? and find
the stable, unstable, and central eigenspace of 0, with A given by:

5 4 8 0 -8 6
(a)A:<2 7) (b)A:<1 —6) (C)A:<—9 13)

8 4 41 3 2
(d)A:(—1 —4) (e)A:<—1 2) (f)A:<—1 1)

7 -5 1 -2 . 2 4
i (7Y (4 7) wae ()

2.2. For the following systems, find the critical points and study their linear

stability.

z=-2x(x—1)2z—1) T=ux(4—-2x—y)
a b
(){92—29 (){y'zy(ii—w—y)

T=— x> i = el@ty)
(©) { v (a) { Y

j=a+y° y=y—ay
(6){j::2xy 2 ) {j;:x(60—4w—3y)

y=y*—ux ¥ =y(42 — 3z — 2y)

2.3. Find a Lyapunov function to study the stability of the fixed point (0, 0)
for the following systems:

i =y — 3z i = —xy
<a>{ ! <b>{ ’

y=—x— Ty g =ya!

. 4 3 2

x:x—my r=T —ITYy—x
(C){ . 3 9 (d){ o

y=y—y’z Y=y +2xy—Ty
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2.4. Determine the stability of the fixed point (0,0) varying © € R for the
system
&= (pz +2y)(2 +1)

y=(-z+um)(z+1)

z=—z

2.5. Find the fixed points and study their stability varying p € R, u # 4,

for the system
3 5

T=px’ —x
y=Q2uy+z)(x-2)
2= (-2y+pz)(r—2)
2.6. Draw the phase portrait for a mechanical Hamiltonian system with
H(z,y) of the form (2.4) with m = 1 and potential energy W given by:
(a) W(z) = 12? + §a3 — Ja¥;

(b) W(z) = log(1 + 2?);

Y

2.7. Consider the system

=3y
U =—(1+p)x+ pr? + 23

N[ =

varying p© € R. Show that it is a mechanical Hamiltonian system writ-
ing down the Hamiltonian function. Let denote by (,(,0),y,.(t,y0)) the
solution to the system with initial condition (z(0),y(0)) = (0,yp), then find

y* () = inf{yo >0 : tli-s-moox“(t) = 400} .
2.8. Draw the phase portrait for the following systems:

. 2 . .
T=y—x T =sinx (—0.1cosx — cosy
(a) { (b { ( ) on [0, 7|2

y=x—2 y =siny (cosx — 0.1 cosy)
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T=y T=y
(e){yzx?)_x (f){y:xg_er%y

2.9. For the following systems, study the existence of a periodic orbit en-
tirely contained in {22 + y? > 2}:

& =a3— x4 y> &= %

(a) ®) ¢ . 3

y=-2 Y= Trrgs

2.10. Study the existence of a periodic orbit for the system

{ i =x\/2?+y? -3z (2? + y?) + 15y°
g =yva?+y? =3y (a® +y?) - 52°



Chapter 3

Discrete-time dynamical
systems

In this chapter we consider discrete-time dynamical systems as defined in
Definition 1.2. Hence we need to specify a set X and amap T : X — X. The
properties of X and 7" may vary and give rise to different areas of research.
Here we assume that X is a locally compact connected metric space and T’
is a continuous map, and call (X,T) a discrete-time continuous dynamical
system. Many interesting phenomena already occur for maps on an interval
of the real line, which are studied in the first part of the chapter. In the
second part, we consider higher dimensional systems.
We start with simple definitions.

Definition 3.1. Let (X,T) and (X ,j“) be two discrete-time continuous
dynamical systems. We say that (X,T) is a topological factor of (X,T) if
there exists a continuous map h : X — X that is surjective and satisfies

Toh=hoT. (3.1)

If the map h : X %~)~( _is a homeomorphism and satisfies (3.1) then we
say that (X,T) and (X,T) are topologically conjugate and h is a topological
conjugacy.

Ezample 3.1. Let’s consider the full shift (Q4,Ng, o) on two symbols A =
{0,1} of Example 1.8, and the Bernoulli map T on S! of Example 1.7.
Let Jy = [0,1/2) and J; = [1/2,1) be a partition of S!, and let the map
h: Q1) — S! be defined by

W= (wi)iENo = h(w) = ﬂ TQ_Z(JM) :
i€Np

61
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The map h is continuous and surjective, and satisfies 7o o h = h o o. Then
the Bernoulli map is a topological factor of the full shift on two symbols.

Ezample 3.2. Let’s consider the Tent map Ts with s = 2 of Example 1.5, and
the logistic map T with A = 4 of Example 1.6. Let the map A : [0,1] — [0, 1]
be defined by

0,1] 3  + h(z) = sin® (gac> .

The map h is a homeomorphism, and satisfies Ty o h = h o T5. Hence the
Tent map T with s = 2 is topologically conjugate to the logistic map T’
with A = 4.

Remark 3.1. In some situations it is interesting to study the regularity of a
conjugacy. For example, if T" and T are C* maps, with £ € Ny U {oo,w}, a
natural question is whether there exists a conjugacy h between the systems
(X,T) and (X, T) which is of class C*. If it exists we say that (X,T) and
(X,T) are C* conjugate. This question is studied in Section 4.2 in the
analytic case for homeomorphisms of the circle.

3.1 Stability in one dimension

Let T : X — X be a continuous map of a one-dimensional space X =
[a7 b]’ (a7 b)7 [a7 +OO)7 (a7 +OO)7 (_007 b]? (_OOJ b)? R? Sl

Definition 3.2. A fixed point xg € X of T is called attractive if there exists
a neighborhood U of x( such that, for all x € U, one has T"(x) € U for all
n >0, and T"(x) — o as n — +o0.

A fixed point xy € X is called repulsive if there exists § > 0 such that, for
all x € Bs(xg), x # w0, there exists n € N for which T™(x) € Bs(xo).

To study the dynamics in a neighbourhod of a fixed point xzg, first it is
useful to try the linearization approach. Let T be differentiable at xg. Then,
there exists € > 0 such that for all z € B.(zo)

T(x) = T(x0)+T" (x0)(x—20)+0(lr—x0|) = T0+T" (20)(x—20)+0(|—20]) .
Hence,
T () — xo| = |T"(20)] |z — xo| + o]z — 20]) - (3.2)

We deduce that, at the first order, it is the derivative T"(xg) which may
determine whether the orbit of a point x € B(xg) gets closer or further
from the fixed point zg. This justifies the following definition.
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Definition 3.3. Let T be differentiable at a fixed point xy. The fixed point
xg € X is called hyperbolic if |T'(xo)| # 1.

Theorem 3.2. Let xg be a hyperbolic fized point for a map T with T €
CY(B.(xg)) for some e > 0. If |[T'(xq)| < 1 then the point is attractive, if
|T'(x0)| > 1 then the point is repulsive.

Proof. Let |T'(z9)] < 1 and fix ¢ € (|[T'(x0)],1). There exists 6 > 0 such
that |T"(x)| < ¢ for all x € Bs(xg). We show that for all n > 1

|T"(x) — zo| < " |z —x0|, Ve Bs(xo). (3.3)

From (3.3) and ¢ € (0,1), it follows that T"(x) € Bs(x¢) for all n > 0 and
T (x) — xo as n — +00.

We now prove (3.3) by induction. For n = 1, for all x € Bs(x) there
exists &1 between x and x( such that

IT(2) - ol = |T(x) — Tao)| = [T'(€1)] |2 — x| < e — o],

where |T"(&1)| < ¢ since &1 € Bj(p). Then, let’s assume that (3.3) holds for
a given n, and show that it holds for n + 1. There exists &, between T"(z)
and x( such that

T () — 20| = [T(T"(x)) — T(x0)| = |T(&x)| 1T () — w0l <

<c- |z —xo| =" o — x|,

since &, € Bs(xp).

Let now |T"(zp)| > 1, and first consider the case T"(z¢) > 1. Then we
fix ¢ € (1,7"(x0)) and choose 6 > 0 such that T"(x) > ¢ for all € Bs(zo).
We now argue by contradiction and assume that there exists z € Bs(zo),
x # xg, such that T"(z) € Bs(xo) for all n > 1. Then, we can repeat the
argument above to show that

|T™(z) — x| > " |x —x0], Yn>1,

from which we find that |7"(x) — xg| — +00 as n — +o0 since ¢ > 1. This
gives the contradiction with the assumption 77" (z) € Bs(xo) for all n > 1.
A similar argument works in the case |T"(xo)| > 1 and T'(z) < —1. O

When the fixed point is not hyperbolic, the approach in (3.2) suggests
that the higher derivatives of T" at x¢ may give some information.
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Definition 3.4. A fixed point x¢ € X is called semi-attractive from the left
if there exists § > 0 such that it is attractive for points on (z¢ — d,z¢) and
repulsive for points on (xg,z¢ + ¢). A fixed point zy € X is called semi-
attractive from the right if there exists § > 0 such that it is attractive for
points on (zg, o + d) and repulsive for points on (xg — J, z9).

Proposition 3.3. Let zg be a fized point for a map T which is differentiable
at xo with |T'(x9)| = 1. The following possibilities hold:

(i) Let T'(x¢) = 1 and assume that T € C?(B.(x0)) for some ¢ > 0, and
T"(zo) # 0. Then,

— If T"(xq) > 0, then g is semi-attractive from the left;
— If T"(xg) < 0, then xg is semi-attractive from the right;

(ii) Let T'(x9) = 1 and assume that T € C3(B.(xq)) for some € > 0, that
T"(x9) =0, and T" (x0) # 0. Then,

— If T"(x0) > 0, then g is repulsive;
— If T"(x¢) < 0, then x is attractive;

(iii) Let T'(zo) = —1 and assume that T € C3(B.(x¢)) for some ¢ > 0.
Then, we look at ST (x¢), the Schwarzian derivative of T at o, defined

s - T”’(x) 3 T”(x) 2
ST@) = s =3 <T, ($)> . (3.4)

Then,

— If ST(xzg) > 0, then xzq is repulsive;
— If ST (z0) < 0, then xg is attractive.

Proof. (i) and (ii). They follow immediately from the graphical approach.

(iii). Since T'(xp) = —1, in a neighborhood of zy the map T is order-
reversing. We look at G := T? for which G(z¢) = 70, and use that zo has
the same stability for G and T'. We have

G'(2) =T'(T(x))T'(x) = G'(z0) = (T"(w0))* =1,
G"(z) =T"(T(x)) (T'(2))* + T'(T(x)) T" (x)

= G"(x0) = T" (x0) ((T'(;L«O))2 - T’(mo)) —0.
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Moreover G € C3(B:(x)), hence we can compute G"(xg). It holds

G ) = T (T(2)) (T'(2))* + BT (T(2)) T'(2) T" () + T(T()) T (a)
= G (w0) = T"(wo) ((T'(20))* + T'(w0) ) + 3 (T" (20))* T (o)
= G"(z0) =25T ().

The result follows from (ii). O

We conclude this section by studying the stability for periodic orbits.

Definition 3.5. Let zg be a periodic point for 7" with minimal period p. The
orbit O(zo) is called attractive (respectively repulsive) if x¢ is an attractive
(respectively repulsive) fixed point for T7.

Remark 3.4. Let xg be a periodic point for T" with minimal period p. If
T € C, it is a straightforward corollary of the chain rule that the derivative
of TP is the same on all the points of the orbit of zg, i.e. (TP)(T%(zg)) =
(TP) (xg) for alli =0,...,p— 1, since

n—1
(T?) (wo) = [ [ T'(T7 (o))
j=0

3.2 Existence of periodic orbits in one dimension

In this section [a,b] denotes a compact interval of the real line. Given a
finite number of points {zj }r=o, . » such that

a=20<x1<To <+ < Ip_1<Tp=">0,

we consider the partition J of [a, b] into the closed intervals Jy = [z;_1, =],
k=1,...,n.

Definition 3.6. Given a partition J = {Jy} of [a, b] and two not necessarily
distinct sets Ji and Jp, of the partition, we say that Ji T-covers J, m-times,
with m € N U {oc}, if there exist m open sub-intervals Ki,..., K,, of Jj
such that K; N K; =0 for i # j, and T(K;) = Jy, for alli =1,...,m.

Definition 3.7. Given a partition J = {Ji},_, _, of [a,b], the T-graph
of J is a graph with nodes given by the indices {1,...,n}, and such that
there are m-arcs from k to h if Jp T-covers Jy, m-times. An admissible path
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of length s € N on the T-graph of J is a sequence Jy1)Jp(2) - - Jp(s) with
p(j) € {1,...,n} and such that there is at least one arc from p(j) to p(j+1)
forall j =1,...,8 — 1. An admissible path of length s € N is called closed
if p(s) = p(1). An admissible closed path is called a loop.

Lemma 3.5. If Jy1)Jp2) - - - Ip(s) Ip(s+1) @8 a loop on the T-graph of a par-
tition J with s € Ny, then there exists a point x € Jy,q) which is periodic
for T with period s and such that T’ (x) € o1y for all j=0,...,s.

o

Proof. Let us fix Kg41 = Jp(s+1)' Since the path Jp(l)Jp(Z) N Jp(s)Jp(s+1) is
admissible, there exists a family K; C Jy;), j = 1,...,s, of open intervals
such that T'(K;) = Kj 1. Hence there exists an interval K1 C Jp1) such that
T°(K1) = Kqy1 2 Ki. The fixed-point theorem implies that there exists
r € K, such that T*(z) = x, moreover by construction T7(x) € K;+1 C

Jpijy1) forall j =0,...,s. O

Remark 3.6. It is important to notice that Lemma 3.5 does not prove the
existence of a periodic point with minimal period s. That the period s is
minimal may be obtained by looking at the path used in the proof of the
lemma.

Proposition 3.7. Let T : [a,b] — [a, b] be a continuous map for which there
exists a periodic orbit of odd period m > 1. Then T admits periodic orbits
of minimal period n for all n > m, for all even n < m, and for n = 1.

Proof. Let’s assume that m is the smallest odd number greater than 1 for
which T has a periodic orbit of period m!. In particular, m is the minimal
period of the orbit. Let us denote by p1,pa, . .., pm the points of the periodic
orbit ordered in [a, b], so that T'(p1) > p1 and T'(pm) < pm. It follows that
there exists h such that T'(p;) > pj, and T'(px) < pi, forall k = h+1,...,m.
Finally let J be the partition given by the points a,b and the points of
the periodic orbit p1,p2,...,pm, and let Jy = [a,p1], Jm = [pm,d], and
Jg = [prspr41] for k € N := {1,...,m — 1}. By construction and the
fact that m > 2 we have that one of the inequalities T'(p;,,) < pj and
T(py) = ppyy is strict, hence J; T-covers itself at least once. By Lemma
3.5, this gives the result for n = 1.
We now proceed by proving intermediate statements.

Step 1. There exists an admissible path on the T-graph of the partition J
from J; to any set Ji of the partition with k € N.

LIf not, we prove the result for such smallest odd number greater than 1 and obtain
the proposition.
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Let us define by recurrence the following subsets of the nodes N of the
T-graph. We put Ny := {h},

Ny :={reN : J; T-covers J,} ,
and for ¢ > 3
N; :={r €N : 3s € N;_ysuch that Js T-covers J,.} .

Since m > 2, each Jg with s € N/, T-covers at least one set J, with r # s.
Moreover the fact that .J; T-covers itself implies that A € N; for all i > 1,
hence {N;} is a non-decreasing sequence of sets. We conclude that there
exists £ such that N, = Nyyq = N, since Ny # N implies that m is not the
minimal period of the periodic orbit. This finishes the proof of this step.

Step 2. There exists k € N such that Jy, T-covers Jj,.

We argue by contradiction. If the thesis of this step is false, all points p; of
the periodic orbit with j < h have distinct images in the set {p;, 1 Pm)s
and analogously all points p; of the periodic orbit with j > h+1 have distinct
images in the set {p1,...,ps}. Since m is odd we get the contradiction.

Step 3. On the T-graph of the partition J there exists a loop starting from
J; and passing through all the sets J with k € N. This loop contains Jj,
only at the beginning and at the end.

We first show that the shortest loop from Jj to itself is of length m. Let
Jrdp@) - - - Jp(s)J, be such loop of length s +1 < m, there are two cases.
If s is odd, by Lemma 3.5 there exists € J; such that T%(z) = z, but
s < m — 1 and we have a contradiction by the choice of m. If s is even, we
can consider the loop J;Jy) - . . Jp(5)JpJ; which is of length s+2 and gives,
by Lemma 3.5, the existence of a periodic point of period s +1 < m. Again
we have a contradiction by the choice of m.

Let J;Jdp2) - - - Jpem—1)J5 be the shortest loop from J; to itself. All J
appear at most once in this path, indeed if one J; appears twice, we can con-
struct a shorter loop from J;, to itself. Hence, J; Jy) - - . Jp(m—1)J;, contains
all the sets Ji with k € N'. The same argument shows that the T-graph of
the partition J contains one single arc from an index k € A to h.

Let us now relabel the sets of the partition J by letting I; := J; and
Iy, ..., 1,1 be chosen so that there exists an arc from k to k + 1 for all

kEeN.

Step 4. The map T admits periodic orbits of minimal period n for alln > m.
This follows by applying Lemma 3.5 to the loop Iils... I, _111...1; of
length n + 1.
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Step 5. For each odd k € N there exists an arc from m — 1 to k.

The statement is clearly true for m = 3. If m > 3 we show that the sets
Ij, are ordered in [a,b] in a precise way. From step 3 we know that I; T-
covers itself and Iz, and no other set. So T'(py) = pj1o and T'(ps, 1) = pp,
or T(py) = ppyq and T(ppyq) = pr_1- In the first case In = [pj 41, Phyals
and since Iy T-covers only I3 we have I3 = [p;_;,pp]. We can continue
repeating the argument to conclude that Ip,—1 = [pm—1,Pm], and T(ppm—1) =
p1, T(p1) = pm and T'(pm) = pj. Since I with k odd are of the form
[P, Prhe1] With h < h, the thesis of the step follows.

Step 6. The map T admits periodic orbits of minimal period n for all even
n <m.

This follows from step 5 by applying Lemma 3.5 to the loop of length n + 1
from I,,—1 to itself of the form I,,_1Ijl;41...I—1 where j = m —n is
odd. O

Theorem 3.8 (Sharkovsky). Let T : [a,b] — [a,b] be a continuous map and
consider the following ordering on N

1<2<4=<8<-..<9"<ontl o ontly 4 ontly o

3.5
=< 2M5 <23 <0 <2:-5<2-3<...7<5=<3 (3:5)

If T admits a periodic orbit of minimal period m then it admits a periodic
orbit of minimal period n for all n < m in the ordering (3.5).

Proof. If m is odd, the thesis follows from Proposition 3.7.

If m = 2-m with m odd and T admits no periodic orbits with odd period,
then we can repeat the same argument of the proof of Proposition 3.7 up
to step 2. This shows that h = /m and, in the T-graph of the partition
including the sets Jj with & € N, there exists an admissible path from the
set [pm, pm+1] to all the sets Ji with k € N. This implies that 7' admits
a fixed point. However there is no arc to [pm, pm+1] from a different set,
since otherwise by Lemma 3.5 we could find a periodic orbit of 7" with odd
period. It follows that T'(p;) > pm+1 for all j < m and T'(p;) < pp, for all
j > 1+ 1, so the points p1, ..., ps give a periodic orbit of period m for T2
We can then repeat the argument for 72 and find periodic orbits of T2 with
period 7 for all 7 < 7 in the ordering (3.5). The thesis for T follows.

If m=2"-m with r > 1, m odd and T" admits no periodic orbits with odd
period, then we do one step as in the previous case, and we are reduced to
the case m = 2"~ ./. So we can repeat the argument and obtain the thesis.
We remark that when m = 1, we only obtain periodic orbits with period
powers of 2. O
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3.3 Topological chaos

Definition 3.8. Let T : X — X be a continuous map on a metric space X.
We say that T is chaotic in the sense of Devaney if there exists a compact
forward invariant set A C X such that:

(i) the set of periodic orbits is dense in A;

(ii) T is topologically transitive on A, that is for all open sets U,V C X
with non-empty intersection with A, there exists n € N such that
T UNA)N(VNA)#0;

(iii) T has sensitive dependence on initial conditions on A, that is there
exists ¢ > 0 such that for all x € A and all € > 0 one can find y €
B:(x) N A for which there exists n € N such that d(T"(z), T"(y)) > c.

Ezample 3.3. Show that the Symbolic dynamics of Example 1.8 is chaotic
in the sense of Devaney.

Remark 3.9. Conditions (i) and (ii) in Definition 3.8 imply (iii) if A is infinite
(see [Rul?7, Theorem 7.4]). For interval maps, condition (ii) with A = X
implies (i) and (iii) (see [Rul7, Proposition 7.2]).

Definition 3.9. Let T': X — X be a continuous map on a compact metric
space X. For n € Nand ¢ > 0, a set S C X is called (n,¢)-separated if for
all z,y € S there exists k = 0,...,n such that d(T%(x),T*(y)) > . Then
the quantity

1
hiop(T') := lim limsup - log (max {#S : Sis (n,a)—separated})

e=0t nooo
is well-defined and is called topological entropy of T.
It’s not difficult to show the following result.

Proposition 3.10. Let (X,T) and (X,T) be two discrete-time continuous
dynamical systems on compact metric spaces, and assume that (X,T) is a

topological factor of (X, T). Then hiop(T) > hiop(T'). In particular, topolog-
ical entropy is invariant under topological conjugacy.

Ezxample 3.4. Using Definition 3.9 and Proposition 3.10, show that: The
Symbolic dynamics has positive topological entropy; The Tent map of Ex-
ample 1.5 with s = 2, the Bernoulli map of Example 1.7, and the Logistic
map of Example 1.6 with A = 4 have topological entropy log 2; The rotations
of the circle of Example 1.4 have null topological entropy.
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We now move to the case of maps of the interval. First, we give a simple
criterion to compute the topological entropy in a special case (see [Rul?7,
Section 4.4]).

Proposition 3.11. Let T : [a,b] — [a,b] be a piecewise continuous mono-
tone map with respect to a partition J = {J1,...,Jn} of the compact
interval [a,b] into closed subintervals. Assume that T'(J;) = |a,b] for all
i=1,...,N. Then

1
hiop(T) = lim — log <#Fix(Tk)> =logN.
k—oo k
We now introduce another notion of chaotic behaviour.

Definition 3.10. Let 7' : X — X be a continuous map on a compact
interval X = [a,b]. We say that T has a horseshoe if there exists a closed
sub-interval J C X which T-covers itself 2-times.

Proposition 3.12. Let T : X — X be a continuous map on a compact
interval X = [a,b]. Then:

(i) if T has a horseshoe then has periodic orbits with minimal period n
foralln > 1;

(ii) if T has a periodic point with minimal odd period m > 1, then T? has
a horseshoe.

Proof. (i) Let J C [a,b] be the closed interval which covers itself 2-times,
and let K7 and K5 be the open sub-intervals of J such that K1 N Koy = ()
and T(K;) = T(K3) = J. We consider the T-graph of K, K, which is a
full graph on the indices {1,2}.

Let K1 = (o, 8) and Ko = (8 + €,7), there are two cases. If € > 0 or
e = 0 and S is not a fixed point, we apply Lemma 3.5 to the admissible
path K1 KyKyK; to find a periodic point of period 3 which is not fixed,
so it has minimal period 3 and we can apply Sharkovsky Theorem 3.8. If
e =0 and f is a fixed point, then it follows that there exists § € (3,) such
that T'([0,~]) = J, so we can repeat the argument with K; = («, 3) and
K3 = (57 ’7)

(ii) Let m be the smallest odd number for which 7" has a periodic orbit of
minimal period m, and let {p1,...,pm—1,pm} be the points of the periodic
orbit in dynamical order, that is T'(p;) = p;+1 for all i = 1,...,m — 1, and
T(pm) = p1. By Step 5 in the proof of Proposition 3.7, the point of the
periodic orbit are ordered in [a, b] as

a<pm<pm2<--<ps<p3<p1<pP2<ps<--<pm-3<pm-1<b
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or specularly. In the first case, we find T'(p1,p2) = (p3,p2) so that there
exists § € (p1,p2) such that T(§) = p;, and hence T2(5) = pz. We now
show that J = [pm,ps] T?-covers itself 2-times. Let K1 = (pm,DPm—2),
then T2(py,) = p2 and T?(pm—2) = pm, hence T?(K7) = J. If we also let
Ko = (pm—2,0), then as shown before again T?(K3) = J. Since K1NKy = 0,
we are done. O

Definition 3.11. Let T : X — X be a continuous map on a compact
interval X = [a,b]. We say that T is chaotic in the horseshoe sense if there
exists n € N such that T™ has a horseshoe.

For interval maps, all the definitions of topological chaos coincide (the
next result is proved putting together different statements in [Rul7]).

Theorem 3.13. LetT : X — X be a continuous map on a compact interval
X = [a,b]. Then the following are equivalent:

(i) T is chaotic in the sense of Devaney;
(ZZ) htop(T) > 0;
(iii) T is chaotic in the horseshoe sense;
(iv) T has a periodic point with minimal period not a power of 2.

Ezample 3.5. The Tent map T of Example 1.5 is chaotic for all s > 1. If s >

/2 one shows that T2 has a horseshoe by using the interval J; = [H%, Sj—l],
since 5 € J, and T%(3) < 7, whereas T?(y) = T%(3%) = 333 If

s € (1,4/2), the result follows by observing that there exist intervals .J; and
Jo on which T2 is equal to T} after rescaling.

Remark 3.14. For a C1® diffeomorphism of a manifold, positive topological
entropy is equivalent to existence of a Smale horseshoe, defined in Section
3.5 (see [Ka80]).

3.4 Systems in dimension greater than one

In this section, we recall the basic theory for discrete-time dynamical systems
analogously to the approach to continuous-time systems in Chapter 2.



72 CHAPTER 3. DISCRETE-TIME DYNAMICAL SYSTEMS

Linear systems

The simplest case is described by the action of a matrix A on a Euclidean
space. In particular, let X = R% and T4 : X — X be given by Ty(z) = Az
for A € M(d x d,R). For simplicity, we assume that 0 is not an eigenvalue
of A, so that the map T4 is invertible and the dynamical system given by
Ty is the action of Z on X. We have the analogous result of Theorem 2.1
for matrices with simple eigenvalues.

Theorem 3.15. Let A € M(d x d,R) be a real d x d matriz with k distinct
real eigenvalues Ai,..., g, and m = %(d — k) distinct couples of conjugate
complez eigenvalues written in polar form as pjeiwj, with p; >0 and 0; €
[0,27). Then there ezists an invertible matriz P € M(d x d,R) such that

PlAP=A = diag</\1,...,/\k,Bl,...,Bm)

where

cosfl; —sind;
Bj:Pj . , ijl,...,m,
sinf);  cosf;

and the orbits of the map Ta(z) = Az are given by
Ti(z) = PA"P'x

where
A" = diag()\?,...,)\}g, {‘,...,B,’}J

cos(nb;) —sin(nb;
Bn:p?< (nf3) ( ])), Vi=1,...,m.

! sin(nf;)  cos(nb;)

and

Remark 3.16. Let us consider the case of matrices with multiple roots in the
simple case d = 2. The matrix A can only have multiple real roots, and the
possible Jordan normal form of a matrix A with a double real eigenvalue A

are
Azdiag(A,A) or <;\ i)

In the non-diagonal case, one writes A = Al + N, where N is the nilpotent

(o)

matrix
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for which N2 = 0. So that?
A n
A" = diag( A", \") or AP .
() ot (0]

The analogous of Theorem 3.15 can be stated for a general matrix A,
and the first dynamical properties of the map T4 are simple to prove.
First, using Definition 1.5 we find

Proposition 3.17. The fixed points of the map T4 are the points in the
kernel of A — 1.

In particular, the origin z, = 0 is a fixed point for all A, and the other
fixed points come in linear subspaces of R%. We'll see that the origin plays
a special role in characterizing the dynamics of all the non-trivial orbits.

Concerning periodic orbits, it is straightforward from Theorem 3.15 that
they can exist only if there is a couple of conjugate complex eigenvalues
which are roots of 1. If this holds, all orbits within the relative eigenspace
are periodic.

In general, the space R? can be written as the direct sum of generalised
eigenspaces of A, and according to the asymptotic behaviour of the orbits,
it makes sense to consider the following decomposition.

Definition 3.12. Let A € M(d x d,R) be a real d x d matrix and let E)
denote the generalised eigenspace of an eigenvalue A\. We call:
Stable eigenspace of O the linear space E*(0) defined as

E*(0) := Span{v € E) : |\ <1} ;
Central eigenspace of O the linear space E°(0) defined as

EX(0) = Span {v € By : [\ =1} ;
Unstable eigenspace of 0 the linear space E“(0) defined as

E“(0) :=Span{v € E) : |\| > 1} .

Theorem 3.18. Let A € M(d x d,R) be a real d x d matriz and consider
the map Ta(z) = Az. Then:

(i) d = dim E*(0) + dim E<(0) 4 dim E*(0);

2Here we use the fact that the matrices I and N commute.
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(ii) the eigenspaces E°(0), E¢(0), E*(0) are completely invariant;
(iii) the following dynamical characterisation holds:
E*(0)={zeR" : Th(z) >0 asn — +o0};
E“(0) ={z eR" : Th(z) >0 as n - —o0}.
Proof. 1t is a simple application of Theorem 3.15. O

As in the continuous case (see Remark 2.5), it’s impossible to give a
dynamical characterization of the central eigenspace E¢(0) (see Exercise
3.1).

Remark 3.19. In the case d = 2, the dynamical properties of the orbits
follow from the dimensions of the eigenspaces in Definition 3.12. As in the
continuous case, we can identify three different main situations.

Case 1. A has two, non-necessarily distinct, eigenvalues A, p € R of modulus
not equal to 1. The phase space R? either coincides with the stable or
unstable eigenspace of 0, or is the direct sum of the one-dimensional stable
and unstable eigenspace. In the first case, the orbits converge towards 0 as
n — +o0o or as n — —oo, and they lie on generalised parabolas through 0.
The fixed point 0 is then a stable or unstable (proper or improper) node (or a
star). In the latter, the orbits outside the stable and unstable eigenspaces do
not converge to 0, neither at 400 or —oo, and lie on generalised hyperbolas.
The fixed point 0 is then a saddle.

Case 2. A has two complex conjugate eigenvalues X\, \ of modulus 1 with
non-zero imaginary parts. The phase space R? coincides with the central
eigenspace of 0. All orbits lie on closed curves, and are periodic if the
eigenvalues are a root of unity. The fixed point 0 is then a center.

Case 3. A has one or both eigenvalues equal to +1. This is a degenerate
case. If both eigenvalues are in {£1}, the fixed point 0 is called parabolic.

Stability of fixed points

We can now adapt the study of the stability properties of a fixed point given
in Section 3.1 to the higher dimensional case.

Let X C R? be a Euclidean domain, T : X — X be a differentiable
invertible map, and z, be a fixed point. Then, there exists ¢ > 0 such that
for all € B(z),

T(z) —T(zg) =T(z) — 29 = JT(20) (T — Zo) + o([|z — Zo[) -
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Hence,
1T (2) — 2ol = [IJT' (o) (2 — 20)|| + o[z — zol]) - (3.6)

We deduce that, at the first order, it is the term J7'(z;) which may determine
whether the orbit of a point z € B.(z,) gets closer or further from the fixed
point z. This justifies the following definition.

Definition 3.13. Let T be differentiable at a fixed point z,. The fixed
point x5 € X is called hyperbolic if all the eigenvalues of the matrix J7T'(z)
have modulus not equal to 1.

Theorem 3.20. Let zy be a hyperbolic fixed point for a map T such that
T € CYB:(zy)) for some ¢ > 0. If all the eigenvalues of JT(z,) have
modulus less than 1, then the point is attractive. If all the eigenvalues of
JT(zy) have modulus greater than 1, then the point is repulsive.

Proof. Argue as in the proof of Theorem 3.2. O

Finally, for hyperbolic fixed points we can state the analogous of two fun-
damental theorems of the qualitative theory of continuous-time dynamical
systems. The first is the Hartman-Grobman Theorem.

Theorem 3.21 (Hartman-Grobman). Let x, be a hyperbolic fized point of
a Cl map T : X — X. Then there exists a neighbourhood U(z,) and a
homeomorphism h : U(zy) — R which sends orbits {T™(z)}, into orbits
of the linear map R? > y v Typ(y) := JF(x0)y € R?, without changing
their direction of time parametrisation. In particular the homeomorphism

h leaves invariant the stability properties of the fixed point Yy =0.

The second is the result on the local stable and unstable manifolds. We
first recall the definitions.

Definition 3.14. Let z, be a fixed point of an invertible map 7": X — X,
and let U be a neighbourhood of x,. The local stable manifold W (z4) of
zq in U is the set

Wi (zg) :={ze€U:T"(z) €U for all n >0, T"(z) — z, as nto + oo}
Analogously, the local unstable manifold W} (zq) of zy in U is the set

VVZZC(EO) = {& ceU: T"(g) € U for all n <0, Tn(g) — xy as n — —OO}

3A formal statement is that for all 2 € U(z,) we have h(T™(z)) = T7p(h(z)) for all
n € N such that T"(z) € U(z,).
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Theorem 3.22 (Stable and unstable manifolds). Let xy be a fized point of
a Ck, k> 1, invertible map T : X — X. Let’s assume that x 15 hyperbolic
and let £%(0) and E"(0) be the stable and unstable eigenspaces associated to
the linear map y — Tyr(y) := JF(zy)y. Then there exists € > 0 such that
there exist local stable and unstable manifolds, W (zg) and W (xq), of zg
in Be(zg) with the following properties:

(i) Wito(izo) and Wit,(zo) are unique in B. (z,);
(1) W (xq) is forward invariant, and W} (xq) is backward invariant;

(iii) W (zo) and W (z¢) are C* manifolds, dim W} (z,) = dim E*(0)
and dim W} _(zq) = dim E*(0);

(iv) W (xg) is tangential to xy + E°(0) at zy, and W} (xq) is tangential
to o+ E*(0) at .

Finally, we recall the definitions of the global manifolds.

Definition 3.15. Let z, be a hyperbolic fixed point of a C*, k > 1, invert-
ible map 7" : X — X. The global stable and unstable manifolds of x, are
defined as

W*(zo) = J T"(Wikelzo)),  Wh(zo) = |J T"(Wikelzo)),  (3.7)
n<0 n>0

where W, (z,) are the local manifolds in B.(z,) for some & > 0.

In Section 3.5, we show that the intersections of the stable and unsta-
ble manifolds of fixed points create chaotic behaviour. First, we study the
chaotic behavior of the Toral automorphisms introduced in Example 1.10.

Hyperbolic toral automorphisms

For this section we refer to [KH95]. This class of dynamical systems shows
that a linear map may produce chaotic behavior when the phase space gets
folded into itself. Let

A= (‘Z 2) € M(2x2,Z), with det(4) =1,

and consider the map Ty : T2 — T2, given by
Ta(z,y) = (az + by, cx + dy) (mod Z?).

The properties of A imply that T'4 is a continuous invertible transformation.
A first simple dynamical property of T} is the following.
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Proposition 3.23. The periodic points of Ta are all and only the points in
T? with rational coordinates.

Proof. If (x,y) € T? N Q?, then we can write = p/q and y = r/q for some
p,r € Ny and ¢ € N such that (p,q,r) = 1. For all n € N, the matrix A™ has
integer coefficients, implying that T%(z,y) € T? N Q? and both coordinates
have ¢ as denominator. Therefore, since there exist at most ¢ distinct
rational couples in T? with ¢ as common denominator, there exists m € N
such that T} (x,y) = (z,y).

In the other direction, if (z,y) € T? satisfies T7"(x,y) = (x,y) for some
m > 1, there exist ki, ko € Z such that

qm (T — (om b T\ _ [(x+k
Y B Cm  dpy Yy B Y+ ko
with @y, b, Cm, i € Z. Inverting this relation, we obtain that x,y € Q. [

Using what we have seen for linear systems, it is clear that the asymptotic
properties of the non-periodic orbits depend on the spectrum of A. We say
that a matrix A is hyperbolic if it does not have eigenvalues of modulus 1.
If A is hyperbolic, T4 is called a hyperbolic toral automorphism.

Proposition 3.24. Let T'y be a hyperbolic toral automorphism. Then, there
exist two vectors vs, v, € R?, such that for all (x,y) € T? the lines

ls(z,y) = {(z,y) +tvs : t eR} and Ly(z,y) = {(z,y) + tv, : t € R}
(3.8)
are both dense when projected into T2, and there exist 6 € (0,1) such that
lim 07"d(TH(z,y), Th((x,y) +tvs)) =0, VteR;

n——+00
lim 07" d(T(x,y), TH((z,y) + tvy)) =0, VteR.

n——oo
Proof. The existence of the vectors v, v, € R? and the density of the lines
ls, £, follow from the spectral properties of A. If A is hyperbolic, then it
has two irrational distinct eigenvalues Ag, A\, both positive or both negative.
Moreover we set |Ay| = 1/|As| > 1. Then, we choose v, to be an eigenvector
of A with eigenvalue \,, and vs; to be an eigenvector of A with eigenvalue
As. It follows immediately that the lines ¢, ¢, are dense when projected into
T?2.

In addition, if 8 € (|]As|, 1), then for all fixed ¢t € R

Th((2,y) + tvs) = TH(z,y) + L Alvs (mod Z2), Vn € Z.
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Hence, for n big enough,
07" d(T4(2,y), TA((z, y) + tvs)) = [t] [vs| 67 [As]"

and the result follows for v;. The same computation for v, concludes the
proof. O

The lines ls(x, y) and £, (z,y) defined in (3.8) are the stable and unstable
manifold of the point (z,y). The linearity of T4 implies that the vectors
Vs, Uy, do not depend on the point, and the density of the lines shows that, for
all choice of points (z,y), (z/,y’) € T?, the line {s(z,y) intersects £, (2, y’)
countably many times.

Proposition 3.25. Hyperbolic toral automorphisms are topologically tran-
sitive and topologically mizing (that is, for all open sets U,V C T? there
exists N = N(U, V) such that for alln > N we have UNT™(V) #0).

Proof. First, we show that T4 with A hyperbolic is topologically transitive.
Given two open sets U,V C T?, let P € U and Q € V be periodic points
for T4, which exist because periodic points are dense thanks to Proposition
3.23. Let np and ng be the minimal periods of P and @, respectively, and
let m := LCM (ny,ng). Then, P and @ are fixed points of T7}".

We now apply Proposition 3.24 to T* and A™. It follows that the lines
ls(P) and ¢,(Q) intersect at least in a point R, which satisfies

Jim (TR)(R)=P and I (T7)"(R)=Q.
Hence, there exists Ny € N such that (T)")"(R) € U and (T")""(R) € V,
for all n > Ny. Therefore, T3 (T,™"(R)) € UNT3™(V) #  for all
n > N().

Topological mixing of T4 follows similarly. We use the simple fact that,
given a line ¢ in R which is dense when projected into T2, for all € > 0 there
exists L = L(e) > 0 such that any segment of ¢ of length not less than L is
e-dense when projected into T? (that is, all points of T? are at a distance
less than ¢ from the projected segment). Consider two open sets U,V C T2
and points P € U and @ € V. Let € > 0 such that B.(P) C U. Recalling
Proposition 3.24, given L = L(¢) as in the fact above, we define N € N
as the smallest k € N such that T%(¢,(Q) N'V) has length not less than L.
Such N exists because £,(Q) NV is a segment of the unstable manifold of
@, and this segment is stretched by a factor |\,| > 1 after each iteration of
T4, where )\, is one of the eigenvalues of A. Hence, for all n > N we have
B.(P)NT3(4y(Q) NV) # (0. Otherwise, P would be at a distance greater
than e from 7% (¢,,(Q)NV). In particular, UNT"(V) # @ for alln > N. [
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We have thus proved that the hyperbolic toral automorphisms are chaotic
in the sense of Devaney (see Definition 3.8) thanks to Remark 3.9. We also
state the result that the topological entropy of these maps is positive. For
a proof we refer to [KH95].

Proposition 3.26. Let T4 be a hyperbolic toral automorphism and let Ag, Ay
be the eigenvalues of A, with |\,| = 1/|Xs| > 1. Then,

hiop(Ta) = log |Ay| > 0.

3.5 Smale-Birkhoff theory

In this section, we describe the Smale horseshoe, one of the most famous
example of a chaotic dynamical system, and show how this example has
generated one of the most used methods to prove chaotic behavior in other
systems. For this section we refer to [Wi03].

The Smale horseshoe

Let D = [0,1] x [0,1] be the unit square in R?, and a € (0,1/2) and b > 2
be fixed parameters. Consider the following subsets of D, two horizontal
rectangles

1 1
HO::{(x,y)ED:OSySb}, Hl::{(:r,y)ED:l—bgySl},
and two vertical rectangles

Vo={(z,y)eD : 0<zx<a}, Vii={(r,y)eD :1—-a<z<1}.
The Smale horseshoe is the map T : D — R? defined as follows. First,

T(‘T7y) = (ax,by), if («T,y) eHO;

3.9
T(2,y) = (—az+1,—by +b), if (z,9) € Hy. (3.9)

That is, T maps H; into V; homeomorphically and linearly for ¢ = 0, 1.
Then, T is extended continuously on D \ (Hp N Hi) in such a way that
T(D\ (HoﬂHl)) ND=40.

In the same way, the inverse 7! : D — R? is defined such that T~ |y, =
(T|y,)~t, for i = 0,1, and is extended continuously on D \ (Vo N Vi) with
image outside D.
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By its definition in (3.9), the Smale horseshoe 7" on the horizontal rect-
angles H; has a similar behavior to the hyperbolic toral automorphisms. In
particular, orbits are stretched far away by a factor b along the y direc-
tion, and get closer by a factor a along the = direction. Similarly to what
happens along the stable and unstable lines for a hyperbolic toral automor-
phism. However, in this case, there are orbits which are sent outside D.
Let’s describe the fully invariant set

A= ﬂZ (D). (3.10)

We begin with Ay :=Ny,>0 7™ (D). First,
AL :=DNT(D)=VUW
as obtained from (3.9). Then, write
A2 :=DNT(D)NT*(D)=DNT(DNT(D))=DNT(VoUW).

Since T'(Vo U Vi) = T'(Vp) U T(V1), and the image of T in D is given by
Vo U Vi, we can write

A= U Ve nT(i).
5_175_26{0,1}
In addition, the sets T'(V;)’s are vertical sub-rectangles of V; of height 1 and
width A?. Hence, A% is the union of four vertical rectangles of height 1 and
width A\2.
Then, we repeat this argument for all £ € N. So that

k
Aﬁ = ﬂ Tn(D) = U Vs_lﬂT(V;_Q)ﬂ'-‘ﬂkal(Vs_k),
n=0 871,...,5_]@6{0,1}

the union of 2¥ vertical rectangles of height 1 and width \*.
In the limit,

+o0 -1
o Eo i—1 _ —J
e =) U mrv = U ),
7=1 S,jE{O,l} Jj=—00 Sje{ovl}

where in the last equality we have used that V; = T'(H;), i = 0,1. Hence, Ay
is the union of uncountably many vertical lines, each denoted by an infinite
binary string.
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The, we can repeat the argument for A_ := N,>0 7~ "(D), using the
properties of T~!. It follows as above that
+o0 A
A= ﬂ U T79(Hs,),
J=0 s;€{0,1}

the union of uncountably many horizontal lines of length 1, each denoted by
an infinite binary string.
In conclusion,

A=(T'D)=AnA- =) | T7(H,) (3.11)

nez JEZ s;€{0,1}

is the compact set of points in D obtained by the intersections of the vertical
lines of A with the horizontal lines of A_. Each point in A is identified
by a bi-infinite binary string, which specifies the two lines associated to the
point. Furthermore, the bi-infinite binary string describes the orbit of the
the point, by specifying in which of the two horizontal rectangles H; the
iterates of the orbit lie.

The fundamental result on the dynamics of the Smale horseshoe is the
following result. Recall the symbolic dynamics described in Example 1.8.

Theorem 3.27 (Smale). The map T restricted to the compact fully in-
variant set A is topologically conjugate to the two-sided full shift o on the
bi-infinite strings {0,1}%.

Proof. The result follows by constructing the conjugacy. Using (3.11), for
any (7,y) € A there exists a unique s = (s;) € {0,1}Z such that TY(z,y) €
Hy, for all j € Z. This fact defines a map h: A — {0,1}7.

The map h is injective. This follows immediately from the fact that
each bi-infinite string determines a vertical and a horizontal line, whose
intersection is unique. Hence, if h(z,y) = h(2',y'), then (x,y) and (2/,y’)
correspond to one of the unique intersection points, se they coincide.

The map h is surjective. Given s = (s;) € {0,1}%, we find a vertical line
in A4 specified by (s;);<—1 and a horizontal line in A_ specified by (s;);>0.
Here, we are using that all the finite binary words occur in the intermediate
sets {A%},. Hence, the string s = (s;)jez is h(z,y) where (z,y) is the
intersection point of the correspondent vertical and horizontal lines.

The map h is continuous. We show this property at any (z,y) € A. Let’s
fix e > 0, the aim is to show the existence of 6 > 0 such that if (z/,y) €
Bs(z,y)NA then dg(h(z,y), h(z',y")) < &, where we use the distance defined
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in (1.8) (as adapted to the two-sided case). Since dgp(h(x,y), h(z',y)) < e is
equivalent to h(z,y); = h(z',y/); forall j = —N.+1,...,-1,0,1,...,N.—1
with N, = [loge/log8], it’s enough to choose ¢ > 0 such that Bs(z,y) is
contained in

Ne—1

N TH)) N () TI(H)).
§=0

Jj=—Ne+1

with s = (s;) = h(x,y), that is in the intersection of a vertical rectangle of
height 1 and width 27"=*1  and a horizontal rectangle of width 1 and height
27Ne | respectively.

Finally, we show that 0 o h = h o T. This follows from (3.11), shifting
any h(z,y) to the left we obtain a point (2/,y’) satisfying T7(z’,y') € H,,,
for all 5 € Z. This point is unique by the previous steps, and the same
relations are satisfied by T'(z,y). Hence, (2/,y') = T'(x,y). This completes

the proof. O

Corollary 3.28. The Smale horseshoe is topologically chaotic.

Proof. An immediate consequence of the topological conjugacy exhibited
in Theorem 3.27 is that the topological entropy of the Smale horseshoe is,
thanks to Proposition 3.10, greater than or equal to log2. In particular, it
is positive. O

Chaos generated by homoclinic points

We now generalize the construction of the Smale horseshoe to obtain suffi-
cient conditions for a map to have positive topological entropy.

Let D = [0,1] x [0,1] and T : D — R2. First, we introduce horizontal
and vertical strips in D, which play the role of the horizontal and vertical
rectangles.

Definition 3.16. Given p, > 0, a p,-vertical curve is the graph of a
function [0,1] 5 y —— v(y) € [0,1] with Lipschitz constant p,. Anal-
ogously, given up > 0, a up-horizontal curve is the graph of a function
[0,1] 3 = —— h(x) € [0, 1] with Lipschitz constant py,.

Given two p,-vertical curves defined by functions vy, v such that v (y) <
va(y) for all y € [0, 1], we call p,-vertical strip the set

Vi={(z,y) € D : viy) Sz <wa(y)}.
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The width of a vertical strip is defined as

daw;=£%z(wun—vmw)

Analogously, given two py,-horizontal curves defined by functions hq, ke such
that hy(z) < ha(x) for all z € [0, 1], we call pup-horizontal strip the set

H:={(z,y) € D : hi(z) <y < ho(z)}.

The width of a horizontal strip is defined as

A(H) = o (hg(x) - hl(x)).

Lemma 3.29. (i) Let {V¥}rcn be a sequence of nested p,-vertical strips,
that is VF > VF*L for k € N, with the property that d(VF) — 0 as
k — 400. Then, V™ := Npen V¥ is a py-vertical curve.

(ii) Let {H*}ren be a sequence of nested puy-horizontal strips, that is H* O
HF for k € N, with the property that d(H*) — 0 as k — 4o00. Then,
H® = ﬂkeNHk 18 a pp-horizontal curve.

(iii) If 0 < pppp < 1, then a py-vertical curve and a pp-horizontal curve
intersect in exactly one point.

Proof. (i). Let v} and v% the Lipschitz functions defining the j,-vertical
strip V*. Since d(V*) — 0 as k — 400, the sequence {v],vd, v? v2,...} is
Cauchy in the sup-norm. Since the set of Lipschitz functions with constant
y on [0, 1] is a complete metric-space with the distance induced by the sup-
norm, it follows that there exists a p,-Lipschitz function v*° which satisfies
v;? — v>® as k — oo for j = 1,2 in the sup-norm. Hence, V*° is the

wy-vertical curve defined by v*°.
(ii). It follows as in (i).

(iii). Let v and h be the u, and pp Lipschitz functions defining a -
vertical curve and a pp-horizontal curve, respectively. Then, the composed
function howv : [0,1] — [0,1] is a contraction, since

P0(y2)) = h(w(n)| < pn [olue) = v(0)| < ool = w1,

and pi,pn < 1. O
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We are now ready to state the generalized version of Theorem 3.27. The
proof is similar.

Theorem 3.30 (Conley-Moser). Let T : D — R? be a continuous in-
vertible map. Assume that there exist a set of disjoint p,-vertical strips
{V,...,VN} and a set of disjoint py-horizontal strips {H",..., HN} sat-
isfying the following conditions:

(i) It holds 0 < pupp < 1 and T maps HI homeomorphically onto V7, for
j=1,...,N, sending the vertical (horizontal) boundaries of H’ onto
the vertical (horizontal) boundaries of V7.

(ii) There exists v, € (0,1) such that for all pp-horizontal strips H C
U;HY, the set H := T~Y(H)NH® is a pu,-horizontal strip and d(H') <
vpd(H). Analogously, there exists v, € (0,1) such that for all pu,-
vertical strips V C U;VI, the set V' := T(V)NV? is a p,-vertical strip
and d(V?) < v,d(V).

Then, T has a fully invariant Cantor set A on which it is topologically
conjugate to the two-sided full shift o on the bi-infinite strings {1,..., N}Z.

Finally, we show how the assumptions of the Conley-Moser Theorem
might hold in a neighborhood of a saddle point.

Theorem 3.31 (Moser, Smale). Let T : R?2 — R2? be a C", r > 1, dif-
feomorphism with a saddle fized point at p, such that the global stable and
unstable manifolds, W*(p) and W"(p), intersect transversally at a point q.

Then, hiop(T) > 0.

The proof follows by showing that we can apply Theorem 3.30 to an
iterate of T'. Here, we sketch the main steps of the proof.

First, without loss of generality, we can assume that p = (0,0) and
there exists a neighborhood U of p such that W (p) = {y = 0} N U and
Wi (p) = {z =0} NU.

Then, let ¢ be the homoclinic transversal point to p. We let R be a
“rectangle” with a corner at ¢, sides along the stable and unstable manifolds
of p and parallel to them. There exist ko, k; € Nsuch that Ry := T*(R) ¢ U
has a side along the z-axis, and Ry := T~"(R) C U has a side along the
y-axis.

We now look at the dynamics inside U, which is dominated by the saddle
point. A crucial result is the following.
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Lemma 3.32 (Lambda lemma). Let C' be a curve intersecting W} (p)
transversally in a point u € U. Given ¢ > 0 and U sufficiently small,
there exists Ny € N such that, for all N > Ny, the curve CN, which is the
connected component of TN (C)NU containing T™ (u), is e-close to W (p)
in the C' norm.

Lemma 3.32 tells us what happens to the positive iterates of Ry. In
particular, we can define the set

Ry = {(m,y) € Ry : In(z,y) € N st. TV (2, ) € Rl}.

In addition, the properties of T" imply that we can find a set of disjoint -
horizontal strips in Ry on which it is well defined the return map 77 : Ry —
Ry given by T7 (z, ) = Trkotk+n(=) (1 4), and such that the image of every
horizontal strip is a p,-vertical strip, for up and p, satisfying 0 < p,up < 1.
This is assumption (i) in Theorem 3.30. Assumption (ii) is proved by using
the notion of stable and unstable cones, for which we refer to [Wi03].

Exercises

3.1. Show the possible asymptotic behaviour of the orbits on the central
eigenspace E°(0) of Definition 3.12.
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Chapter 4

Circle homeomorphisms

For the material of this chapter, see [He79, KH95].

Let S1 be represented by [0,1]/(0 ~ 1). In this chapter we consider the
discrete-time dynamical systems (S*, T') where T is an orientation preserving
circle homeomorphism (OPCH). It is clear that a homeomorphism of S?
is either orientation preserving or orientation reversing, and if T reverses
the orientation then it has a fixed point and T2 preserves the orientation.
Hence, the orientation reversing homeomorphisms are a small sub-class of
the OPCH from the dynamical point of view.

Let m: R — S! be the standard projection given by 7(z) = {x}, then we
say that a homeomorphism L : R — R is a lift of a circle homeomorphism
T if mroL =T om. Since both T and L are invertible the dynamical systems
are given by the action of the group Z on S' and R respectively.

Proposition 4.1. The lift of a circle homeomorphism is uniquely deter-
mined up to an additive constant. For all lifts L it holds

L'(x+k)=L"(2)+k, VkncZ,zecR, (4.1)
and
|IL™(x) = L"(y)| <1, Vne€Z,z,yeR st |z—y/<1. (4.2)

If Ly and Lo are two different lifts with Li(z) — La(xz) = ¢ for all x € R,
then
Li(z) - Ly(x)=cn, VneZ,zeR. (4.3)

Proof. By definition of a lift, for all z € [0,1) it holds n(L(z)) = T'(z) an
m(L(z+1)) = T'(z). Hence, two different lifts Ly, Lo satisfy Ly (z) — Lo )

87
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Z for all x € [0,1), and all lifts L satisfy L(x + 1) — L(z) € Z for all
x € [0,1). In addition, being all lifts homeomorphisms, it follows that for
any two different lifts L1, Lo there exists ¢ € Z such that Ly(z) — La(z) = ¢
for all x € [0,1), and L(x + 1) = L(z) + 1 for all x € [0,1) and all lifts L.
We have thus proved that all lifts are defined up to an additive constant.

We now prove (4.1). We have shown that it holds for all z € R with
n =k =1. For all k € N we have

Liz+k)=Lz+k—-1+1)=Lzx+k—-1)+1=---=L(x)+ k,
and
Lx—k)+k=Lzx—-k+1)+k—-1=---=L(x),

hence (4.1) holds for all x € R and all £k € Z with n = 1. Finally, by
induction, let’s assume that it holds for n — 1 > 1, and write

L"(a+k) = LIL" Y(2+k)) = L(L" (2)+k) = L(L" Y (2))+k = L"(z)+k,

where we have used the case n = 1. Hence, (4.1) is proved also for all n € N.
The case n < 0 follows in the same way starting with n = —1 for which, for
all k € Z and all x € R, given y = L~!(z), we can write

LY a+k) =L YLy +k) =L Ly+k)=y+k=L""Yz)+ k.

To prove (4.2), it is enough to observe that L™ is a homeomorphism for
all n € Z and that the image L™(I) of any interval of length 1 is an interval
of length 1.

We now prove (4.3). Again we have shown that it holds for all z € R
with n = 1. Let n > 2 and argue by induction. We assume that (4.3) holds
forall k=1,...,n —1, and use (4.1) to write

Li(w) = L(L @) = Li(E3 () + e(n — 1)) = Ly (31 (2)) + e(n — 1) =
= Ly(Ly Yz) +c+e(n—1) = Ly(z) +en.

The case n < 0 follows in the same way, starting from the case n = —1. For
afixed € R, let y; = L7 () and yo = Ly ' (z), then using (4.1)

Lo(yr +¢) = La(y1) +c=Li(y1) —c+c=Li(y) = =,

hence yo = y; + ¢ which can be written as L7*(z) — Ly '(z) = —c. O
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For a given circle homeomorphism 7', we always consider the lift L for
which L(0) = T'(0) and refer to it as the principal lift. In particular, let
z € [0,1) such that T'(z) = 0, then

T(z), if x €0,7),
L(z)=< T(z)+1, if x € [z,1), (4.4)
L({z}) + |z|, otherwise.

The typical example of an OPCH is given by the rotations of the circle

R, of Example 1.4, for which the principal lift is given by R, (z) = z+« (we

use the same notation for the circle homeomorphism and the lift without
fear of ambiguity).

4.1 Rotation number

An important notion for the OPCHs is the rotation number.

Definition 4.1. Let T : S* — S! be an OPCH and let L be a lift of T. Let

7(L) := lim o) -z

n—00 n

(4.5)

for some z € R. We call rotation number of T the number 7(T) := {r(L)}.
Proposition 4.2. The rotation number 7(T) of an OPCH is well defined.
In the proof, we need the following lemma.

Lemma 4.3. Let (a,) be a sequence in R for which there exists ¢ € R such
that
Ontm < Gp + am + €, for all n,m € N. (4.6)

Then the limit of a,/n exists and

. an . (7%
lim — =inf —.
n—oo N n o n

Proof. Let

. an
{:=inf —.
non

Fix k € N. For n = mk + r with 0 < r < k — 1, repeated use of (4.6) gives

Umktr < Gmg+ar+¢ < Aoty tag+cta+c <0 < mag+a,+(m+1)ec.
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Hence,

. an _ .. mag +ar + (m+1)c _ a;
lim sup — < lim sup = —
n—oo TN m—00 mk +r k

—+

?’r\o

Given ¢ > 0, there exists k£ € N such that

ag € c €
— < fl+ = d —< =
R
Then. a a a c
¢ <liminf — < limsup — < T Z e
Since € > 0 is arbitrary, the lim, o a,/n exists and it is equal to £. ]

Proof of Proposition 4.2.

We have to prove that in Definition 4.1 the limit exists, it does not
depend on z, and that the number 7(7") does not depend on the choice of
the lift L.

First, we apply Lemma 4.3 to prove that the limit in (4.5) exists for all
x €10,1). Fix x € [0,1) and set

It follows that

Then, we write

Unm = LT (2) — o
=L"(L"(z)) — L"(z) + L"(z) —
= (L™(L™(x)) — L™ (z + LanJ)) ( M@+ lan]) = (x + Lan]))
+ (x+ lan] — L™ (x )) ( 33)

Using (4.2) and (4.7), we obtain
LML) — L™ (@ + lan])) < 1.
Using (4.1), we get
L™@+ lan]) = (z + [an]) = L™ (2) + |an] — (z + lan]) = L™ (z) — z,
Therefore, using again (4.7) so that = + |a,| — L"(z) <0,

nam < 14+ apm + an for all n, m.
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By Lemma 4.3, the limit in (4.5) exists for all z € R.
Now, let’s prove that the limit does not depend on the choice of = € R.
Assuming |z — y| < 1, using (4.2), we obtain

LMx) —x  L"(y) —y| _ L") = L")+ ]z -yl _ 2
n n - n —n

Hence, the limit does not depend on « € [0, 1), and the convergence

L"(z) —x

n —7n—oco T(L)

is uniform on [0, 1]. Using (4.1), the result follows on R.
Finally, for lifts L1 and Lo differing by translations of a constant ¢ € 7Z,
using (4.3),
LY (z)—x Li(x)—=x nc

=—, VzeR.
n n n
Therefore,
T(Ll) - T(Lg) = C.
Hence, 7(T") does not depend on the choice of the lift. O

It is immediate from Definition 4.1 that for a rotation of the circle R,
we have 7(R,) = {a}.

We now show that the rotation number of an OPCH is invariant under
topological conjugacy (see Definition 3.1).

Proposition 4.4. If T1 and T5 are topologically conjugate OPCHs, then
T(Tl) = T(TQ).

Proof. Let Lo be a lift of T, and Tb, let h : S' — S' be a homeomorphism
such that
holy =T50h.

Then, given a lift H of h, we prove that
Li=H 'olyoH
is a lift of T7. We have
noLi=moH loLyoH=htonoLlyoH=h"1loThoroH

=(htoTyoh)or =Tiom.
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Hence,
e R e}
Since
(H'oLyoH)"=H 'oLjoH,
we get
lim H(Ly(H(z))) — = _
n—-+00 n
= i (HEEED) - BEE) | BEE) ZHE | B —r)

Use that there exists ¢ > 0 such that
|H'(2) — 2| < ¢, Vz € R.
Hence
|H~ (L5 (H(2))) — Ly(H(2))| <c, |H(z) —z| <c, Yz, Vn.

Therefore

T(Tl) -7 (ngr-ir-loo n
O

In the following, we study the dynamics of an OPCH when the rotation
number is rational or irrational.

Rational rotation numbers

Lemma 4.5. Let T : S* — S' be an OPCH. Then, for all k € Z,

(T%) = {k7(T)}.

Proof. For a lift L, we have for some ¢ € Z,

kn(py — ¢
T(Tk) = {T(Lk)} = {k lim L()} ={k(r(T)+¢c)} ={k7(T)}.

n—-+4oo kn

O]
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Proposition 4.6. Let T : St — S be an OPCH with 7(T) € Q. Then:
(i) There exists at least one periodic orbit;

(ii) If x is a periodic point of minimal period ¢ € N, then 7(T') = p/q for
some p € Ny;

(iii) If 7(T) = p/q with p € Ny, ¢ € N, and (p,q) = 1, then all periodic
orbits have minimal period q.

Proof. (i). Let 7(T') = p/q for p € Ny, ¢ € N, and (p,q) = 1. Then, by
Lemma 4.5
7(T?) = 0.

Let L : R — R be a lift of 79, so that 7(L) € Z. We need to prove that
there exists € R such that

L(z)—z € Z.
If L(z) — x ¢ Z for all z, it means that for some ¢ € Z
c<L(z)—z<c+1, VzeR
Then, by continuity of L and (4.1) with n = 1, there exists § > 0 such that

c+d<L(x)—z<c+1-9, Vo e R.

Hence
T(L) € [c+ 0,¢+1—9],
by writing
Ln(l') — X _ 1 n j—1 j—1

=1
This is a contradiction.

(ii). Given a lift L of T, if T9(x) = = then there exists p € Ny such that
Li(x) = x + p. Then

7(L) = lim LMz) —x — lim 2_P
n—-+oo qn n—-+oo nq q’

since

L(z) = LY(LI" V() = L V(@) +p=--- =2+ np.
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(iii). Let 7(T) = p/q with (p,q) = 1. Then from (ii), if  is a periodic
point of minimal period s € N, there exist r € Ny such that 7(7') = r/s. In
particular, it must be

room
r_m for some m > 1.
s mg

If m > 2, then s > ¢ and for the principal lift L
Li(z) >z +p or Li(z) < x +p.
In the first case, LY(x) — p > x, and
L*(z) —2p = LY(L%(x)) — 2p = LY (L9 (z) —p) +p —2p

= LY(LYz) —p) —p > LI(z) —p > =,

since L1 is strictly increasing. Hence
L™ (z) —mp > x,

which is a contradiction since s = mqg and r = mp, and x is s-periodic.
Analogously, we obtain a similar contradiction if L(x) < x + p. Hence, the
only possibility is m = 1, that is x is periodic of minimal period g¢. ]

Remark 4.7. A consequence of Proposition 4.6 is that the orbits of an OPCH
with rational rotation number are only of two types. There are periodic or-
bits of the same period and orbits which are asymptotic at oo to two
(different or coincident) periodic orbits. The second-type orbits exist only
if the OPCH is not topologically conjugate to the rotation R, () of Exam-
ple 1.4. Consequently, the only ergodic invariant measures (see Definitions
?? and ?7) of an OPCH with rational rotation number are the measures
supported on the periodic orbits.

The orbits of an OPCH with rational rotation number are organized in
the circle similarly to a rational rotation.

Proposition 4.8. Let T : S — S be an OPCH with 7(T) = p/q € Q, with
(p,q) = 1. Then, the periodic orbits are ordered in S' as the orbits of the
rotation Ry, /,.

Proof. Let p € No,q € N, with (p,q) = 1. For R, /4, there are ¢ points in St

ordered as L L .
{0710,21{”.,,@@—)19}
q q q
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with kp =1 (mod q).
Let T : S' — S' be an OPCH with 7(T') = p/q, and x a periodic point
of T. By Proposition 4.6, the principal lift L : R — R satisfies

Li(z) =z +p.

Let
A= {Lk(x)+m ‘ m,keZ}m[x,erp],

for which # A = gp+1. Thelift L sends [L!(z), L' (z)] into [LiT!(x), LiT2 ()]
homeomorphically for i = 0,...,¢ — 1, and L(A) N [z,z + p] C A by (4.1).
Hence, in [Li(x), L't (x)] there are p points of A for any i =0,...,q — 1.

Let now y be the point in A which is the closest to . So, y = L"(z) + s
for r, s € Z. Next, we show that L"(y) + s is the closest point to the right of
y in A. If there exists z € AN (y, L"(y) + s), write z = L™ (x) + n for some
m,n € Z. Setting L(-) := L"(-) + s, we have

LY 2)=L7"(z) —s (L (y), L7 (L"(y) + ) = (LT (L(x)), L7 (L(y)))
= (2,y).

It follows that L~1(z) is in A, but AN (z,y) = 0. We get a contradiction.
Hence z = L"(y) + s, and by repeating the same argument we have

L(z) = LP(z) = L' (z) + ps.
It follows that rp =1 (mod q).

Thus y = L"(x) + s is the analogue of R’;/q(()) with kp =1 (mod ¢). O

Irrational rotation numbers

Proposition 4.9. Let T : S' — S be an orientation preserving circle
homeomorphism with rotation number 7(T) € R\ Q. Then:

(i) There are no periodic orbits.
(i) For all x,y € S* it holds w(z) = w(y).

(iii) Let E be the w-limit set of points in S', then either E = S* or it is a
perfect set (closed with empty interior and no isolated points).
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Proof. (i). This is an immediate consequence of Proposition 4.6-(i).

(ii). First, we show that for all € S and all n,m € N, with n < m,
Yt ([ (z), 7 (2)]) = S (4.8)
r>1

Observing that

T ([T ), T (2)]) = [T (), T" ()
and repeating the computation for T-7(m=1) we deduce that the sets
{77 =T (@), T (2)] 1

are contiguous intervals. Therefore, if (4.8) is false, the length of these
intervals must go to 0 as » — +oo. In particular, there exists & € S such
that

€= lim 777" (T™(z)) = lim T7"™=)(T7(x)).

7—00 7—00

But then,

£ = lim T~ +Dm=n)(pm(zyy = p=(m-n) (lim p—r(m=n) (Tm(x))>

r—00 T—00

= 7" g).

Thus ¢ is periodic, which is a contradiction. This proves (4.8).
Now, let € S and let 2z € w(x), hence there exists a sequence {k;}
such that
kp — +00 and T (z) — 2.

For y # x, let {k.} and {k2} be two subsequences of {k,} satisfying
kl — +oo, kZ— 4oo, k2 -kl — +oo.
Then, by (4.8),

y e | T tnmTkn (2), T (2)] Wi
r>1

It follows that for all n there exists r,, > 1 for which

Tk () € (TR (ar), T ().



4.1. ROTATION NUMBER 97

Thus,
TT"(k%*k}%)(y) — 2z asn — 0o,

and r,, (k2 —kl) — +o00. Therefore z € w(y), so w(x) C w(y) for all z,y € St.
Hence, w(z) = w(y) for all z,y € SL.

(iii). Let F be the w-limit set, E = w(z) for all z € S'. Then, by Proposition
1.2, E is non-empty, closed and T(E) = T-Y(E) = E.

First, we show that F is the minimal set with these properties. If A
is any closed and completely invariant set, then for all x € A, we have
w(z) € Ot (z) C A. Hence, E C A.

Then, if E = S', we are done. On the contrary, if £ C S' then 0F # @.
But, OF is invariant by continuity of T', hence £ C 0F. This shows that
E = 0F, so F has empty interior.

Finally, if z € E = w(x) there exists {k,} such that

TF (z) -z and T* (z) € E Vn.
Hence FE has no isolated points. ]

We are now ready to prove the classical Poincaré classification of OPCHs
(see Definition 3.1 for the definitions of topological conjugacy and factor).

Theorem 4.10 (Poincaré classification). Let T : ST — S be an orientation
preserving circle homeomorphism with rotation number 7(T) € R\ Q. If the
w-limit set E satisfies E = S* then T is topologically conjugate to Ry 1y, of
on the contrary E C S then R (1) is a topological factor of T

Proof. Let L : R — R be a lift of T', and z € R be fixed. Then we consider
the set

Op :={L"(z)+m : n,m € Z}
and the function H : O, — R given by H(L"(z) + m) =n7(T) + m.
We first recall that for any p, q,r, s € Z the function

Ry dii(y) =L (y)+q—L"(y) —s

is a continuous function which never vanishes. Indeed if there exists yy with
dis(yo) = 0, then LP(yo) — L"(yo) € Z and this implies that yo is a periodic
point (which is absurd since 7(7) € R\ Q).

The proof of the theorem is divided into different steps.
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Step 1. The function H 1is strictly monotone. Let us consider ny,ng, my, ms €
Z such that L™ (z)+my < L™ (z)+mq, hence diy ', (y) < 0 for all y. Then
with y = 0 we can write

LM~"2(L"2(0)) — L"2(0) < ma — my

which becomes L"7"2(z) — z < mg — my for z = L"2(0). This implies that
A m20(5) < 0 for all z, which for z = 0 and z = L™ ~"2(0) gives

L™™(0) < my —my  and L2(n1fn2)(0) — L™M7™(0) < mg —my

respectively. It follows L2("1~"2)(0) < 2(my — my) and, by repeating the
argument LF(M=72)(0) < k(my — my) for all & > 1. Let n; > ng, then
we can use the previous inequality in the definition of rotation number to
obtain

Lk(nl_nQ)(O) mo —mj

k—o00 k‘(nl — ng) n1y — no

where the last inequality is strict since 7(L) € R\Q. It follows n17(T)+m; <
no7(T)+ms. Analogously if n; < ny. The case ny = ng follows immediately.

Step 2. The function H can be extended to a continuous monotone function
H :R — R. First we notice that by Proposition 1.3, the set H(O,) is dense
in R. This implies that H can be first extended to O,. Let z € O, and {yn}
and {z,} sequences in O, with y,, ~ x and z, \, z, if they exist. Then the
limits
H (x):= lim H(y,) and HT(x):= lim H(z,)

n—oo n—oo
exist and they coincide. In fact, by monotonicity if H™ (z) < H"(x) then
(H™(x), H"(z)) € R\ H(O.), which is absurd because H(O,) is dense.
Hence we set H(x) = H (z) = H'(x). If one of the sequences {y,} and
{zn} does not exist, the definition for H(x) is immediate.

We now let H(z) = H(z) for all z € O,. If O, = R we are done. If
O, C R then for y € R\@, let 1,29 € O, with 21 < y < z2. Then we let
H(y) = H(x1) = H(xy), where the last equality follows again by the density
of H(Oy).

Step 3. Ry(r) o H = ho L, where Ry(ry : R = R is a lift of the rotation of
angle T7(T). Let y = L™(x) +m € O, then
Ry o H(y) = Regry(n7(T) +m) = (n+ D)7(T) + m

HoL(y) = HL" Y z) + m) = (n+ 1)7(T) + m
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The same relation holds for all y € R by continuity.

Step 4. Let h: S* — S be the projection of H, then R (ryoh =hoT. First
we remark that by definition H satisfies H(y 4+ 1) = H(y) + 1 for all y. We
can then consider the projection h which satisfies hom = 7 o H. Then we
can write

(R(ryoh)om=Ryqyo(hom)=Rypyo(roH)= (Ryryom)oH =

:(WORT(T))O_E[:WO(RT(T)O_E[):WO(_E[OL):(TI'O_E[)OL:
=(hom)oL=ho(moL)=ho(Torm)=(hoT)om

where we are using the notation R () for both the rotation on S 1 and its
lifts.

Final step. We show that E = 7(0,). First 7(0O;) = O(x), hence E =

w(z) € O(z) € m(Oz). On the other way round, we can assume that
the fixed z € R chosen to define B satisfies z € 7~!'(E). Recall that by
Proposition 1.2 the set E is compact and strongly invariant, since T is
invertible. Hence 7(0O,) C E, and then 7(O,) C E = E.

At this point, if E = S! then O, = R, and the function h of Step 4
is a topological conjugacy between R, ) and T If instead £ C S 1 then
O, C R, hence h is not injective, but by Step 4, R, (7 is a topological factor
of T. O

Remark 4.11. A consequence of Theorem 4.10 is that there are three pos-
sible types of orbits for OPCHs with irrational rotation number. There are
orbits which are dense in S', orbits which are dense in a Cantor set strictly
contained in S', and orbits which are homoclinic to a Cantor set. The first-
type orbits exists only if the OPCH is topologically conjugate to the rotation
R (1), and the other two types of orbits both exists only if the OPCH is
not topologically conjugate to the rotation R, (7). A simple argument, see
[KH95, Section 11.2.c], shows that an OPCH with irrational rotation num-
ber has only one probability invariant measure (see Definition ?7?) and is
then metrically isomorphic to an irrational rotation with Lebesgue measure
(see Definition ?7).

We now prove Denjoy Theorem, which gives a sufficient condition for
an OPCH with irrational rotation number to be conjugate to the irrational
rotation R, (p). The result is sharp, see Denjoy example in [KH95, Section
12.2]. For the proof, we follow [Ma88].
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Theorem 4.12 (Denjoy). Let T : S* — St be an orientation preserving C*
diffeomorphisms of the circle with deriwative T with bounded variation, and
7(T) € R\ Q. Then T is topologically conjugate to R, (r).

Proof. By Theorem 4.10 it is enough to show that the set F, the w-limit set
of any point, is S', or equivalently that all orbits are dense. In particular
it is enough to show that all points are positively recurrent, that is for all
x € S! there exists a sequence k, — 0o such that T*»(x) — x. Indeed,
if all points are positively recurrent then x € w(z) for all z € S'. But by
Proposition 4.9 the w-limit set E' does not depend on x, hence if the orbit a
point y is not dense, that is there exists z ¢ O(y), then z € w(y) = £ = w(z),
and we have a contradiction.

Let us now prove that all orbits are positively recurrent. We argue by
contradiction assuming that 0 is not positively recurrent. To obtain the
contradiction we first construct a sequence of renormalised maps starting
from T

Let L : R — R be the principal lift of T' for which L(0) ¢ Z since
7(T) € R\ Q. Consider the intervals

So = [L(=1),0] and Dy := [0, L(0)],
and the maps
50 : So — So U Dy, s0 := Lls,
dy: Dy~ SUDo.  dy= (Lo R yln,

so that so(So) = [L%(—1), L(0)] and do(Do) = [L(—1), L?(—1)]. Notice that
we can then write Sy = [dy(0),0] and Dy = [0, so(0)]. Moreover s¢(do(0)) =
do(s0(0)) = L?(—1), and so and dy together define a circle homeomorphism
on Sy U Dy.

We now make a new step in the procedure, defining intervals S7, D1 and
maps s1,d;. Recall that s(do(0)) = L?(—1) # 0 since 7(T) € R\ Q.

If s0(do(0)) = L%(—1) < 0, we set

Sy :=[s0(dp(0)),0] and Dy := Dy,
and define the maps
s1:=5p|s, and dj:=spody.
If instead so(do(0)) = L%(—1) > 0, we set

S1: =58y and D;:= [07 SO(dO(O))]7
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and define the maps
S1 = do O S0 and d1 = d()|D1 .

In both cases s1(d1(0)) = d1(s1(0)) = L3(—1), and s; and d; together define
a circle homeomorphism on S; U D;. Moreover we can write S1 = [d1(0), 0]
and D; = [0, s1(0)].

Repeating this procedure, we obtain a sequence (Sy, Dy, sp,dpn)n>0 of
intervals and maps which is monotone in the sense that s, < s,_1 and
dn, > dp—1 for all n > 0. The maps s, together with d,, define a circle
homeomorphism on S, U D,,, they satisfy s,(d,(0)) = dn(s,(0)), and the
intervals can be written as S,, = [d,,(0),0] and D,, = [0, s,,(0)]. Moreover we
can define a sequence {o,} with o, := + according to whether s, (d,(0)) =
dn(s,(0)) is positive or negative, since it never vanishes because 7(T") € R\Q.

Lemma 4.13. Let [a,, /by, cn/dy] be a sequence of nested intervals generated
recursively as follows

antcn Cn y —
[ao Co] _ [0 1] [anﬂ Cn+1:| _ [bn+dn’ dn} » Won =+

7 7 PR )
bO dO 11 bn+1 dn+1 an  An+Cn ifa - _
bn ? bptdn | n

Then the intervals |ay /by, cn/dy] shrink to 7(T).

Proof of Lemma 4.13. We first show that for all n > 0

sp=L"oR_, and d,=L"oR_,, . (4.9)
We argue by induction. For n = 0, we have s = L and dy = Lo R_q,
and Z—g = %, CCT(O) = % The initial step of the induction is proved. Let’s now

assume (4.9) and consider s,41 and d,,+1. By definition, if o, = +, then
Sn+1 - dn S Sn = <Ldn o R—Cn) © (Lbn © R_an) = Lbn+d” ° Ri(an‘i’cn)

because L and R, commute for all p € Z, and d,,11 = d,, = Lin o R_.,. The
argument works similarly if o, = —. Hence the induction step is proved,
and (4.9) holds for all n > 0.

Moreover at least one of the denominators b, d,, diverge as n — oo, and
by induction it is easy to show that ¢,b, — a,d, = 1 for all n > 0 (also see
Chapter A). It follows that the length of the interval [a,, /by, ¢, /dy] vanishes
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as n — oo. Finally, let b, — oo, since L*(0) = (Rq, © 5,)(0) = 5,(0) + a,,
again because L and R,, commute, we have

w0ty 0o
T noeo bn,

Lbn —
e

where in the last equality we have used that s,(0) € [—1,1]. The same holds
if d, — oo. O

We now show how this construction leads to a contradiction if 0 is not
positively recurrent. Indeed if this is the case, we find

() (SwU Dy) =: [S,D]

n>0

with § < 0 < D, since § and D are the accumulation points of the forward
orbit of 0 which are closest to 0. We first show that

d,(D)<S and s,(S)>D, Vn=>0. (4.10)

Let’s assume that s, (S) < D for some N. Then s,(S) < D for all n > N
by monotonicity, and s, (d,(0)) < D for all n > N because d,,(0) < S, being
the left boundary point of S,,, and the maps s, and r, are increasing in
x. However this implies that in fact s,(d,(0)) < S for all n > N, since
sn(d,(0)) is a boundary point of S, 11U D, 1. Hence for the sequence o, we
have g, = — for all n > N. This is absurd, since by Lemma 4.13 it implies
T(T) = 3% € Q. In an analogous way we prove that dy,(D) < S for all n.
Hence (4.10) is proved.

A consequence of (4.10) together with s, (0) being the right boundary of
D,,, is that D < s,(S) < $,(0) — D. Analogously S > d,,(D) > d,(0) — S.

It follows that necessarily

inf s, —— 0 and i[r)lf d, ——0. (4.11)

Sn n—o00 n n—00

Moreover, since sy, (d,(0)) = dy(s,(0)) we have that
dn(D) < dy(50(0)) = sn(dn(0)) < sn(S),

and since dp, (D) and s,(S) are different by (4.10), it follows that

max {sup s sgp d;} —— > +oo. (4.12)



4.1. ROTATION NUMBER 103

Finally, we use that log s{, and log df, have bounded variation since T is a Cct
diffeomorphism, and we show that for all n > 1

varg, (log s}, )+varp, (logd,) < varg, ,(logs!,_;)+varp, _,(logd,,_;) (4.13)

where vary(f) denotes the variation of the function f on the interval I.
Let’s consider the case 0,1 = +, that is s,,—1(d,—1(0)) > 0. In this case by
construction we have S,, = S,_1 and s,, = d,_1 © S,,_1, hence

varg, (log s;,) < vary, (s, ,)(logd;,_y) + vars, ,(logs, 1),
and D,, = [0, s,—1(d,,—1(0))] and d,, = d,,—1|p,,, hence
varp, (logd,,) = varp, (logd,, ;).

Since $p—1(Sn-1) = [Sn—1(dn-1(0)), $,(0)], it follows D,,_1 = D, Us,—1(Sp—1)
and

varg, (s, ,)(logd, 1) + varp, (logd, ) < varp,_,(logd;,_,).

Putting together the previous inequalities (4.13) follows.
To finish the proof, (4.11) and (4.12) imply that

varg, (log s),) + varp, (logd, ) — +o00
n—oo
but this in contradiction with (4.13). O

Monotone families of OPCHs

We now study the behaviour of the rotation number for continuous families
of OPCHs.

Definition 4.2. Given two OPCHs T3, T5, with principal lifts L1 and Lo
respectively, we say that 71 < Ty if Li(x) < La(z) Va € R.

Proposition 4.14. The rotation number of the OPCHs has the following
properties:

(i) T is continuous as a function from (OPCH,| - |l«) to R.
(ii) Ile < Ty then T(Tl) < T(TQ).

(i) If T(T1) € R\ Q then for all Ty = Ty, 7(T2) > 7(T1), and for all
Ty < 1T7, T(TQ) < T(Tl)
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() If T7(Th) € Q and Ty is not topologically conjugate to the rotation
Ry, then 3Ty either Ty = Ty or Ty < T1 with 7(Tz) = 7(T1).

Proof. (i). We need to show that for all ¢ > 0 there exists § > 0 such that
if |L1 — La|loc < 6 then |7(L;) — 7(L2)| < €.

Fix ¢ > 0 and L;. Let p/g € Q with p € Ny, ¢ € N, and p/q €
(1(L1),7(L1) 4 €). First, we prove that

ﬂh)<§ = 3JzeRst LI@) <z+p. (4.14)

Assume that LI(z) > z + p for all # € R. Then,

dhy o k a - i
B = s [ ™) - 10 @] > 13 =»

f(Ly) = lim L@ =T P
k—+o00 qk q
Then, we strengthen (4.14), by showing that
L) <2 = Li@)<z+p, VzeR. (4.15)
q

By (4.14) and the continuity of Ly, either the claim is true or there exists
xg such that LI(zg) = zo + p. If such z exists, then

Li(x0) = L{(L{(x0)) = Li(zo +p) = Li(x0) +p = 20+ 2,
and, in general, L]fq(xo) = xo + kp. Then,

kq
7(L1) = lim Ly (@) = o = ]3,
k—o00 kq q
which is again a contradiction.

We now use that L is the lift of an OPCH. In particular, (4.15) implies
that there exists dp > 0 such that LI (z) < z+p—dp for all z € R. Then, let
Ly be a lift for which ||Ld — L[| < dp. In particular, Li(z) < L{(x)+dy <
x + p for all z € R. Arguing as above, we find that
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from which 7(Ls2) < p/q < 7(L1) + €.

Now we choose p' /¢’ € (1(L1) —e,7(L1)) and, analogously, we prove that
there exists d; > 0 such that if a lift Ly satisfies [|L? — LY ||oe < 61, then
T(Lo) >9'/q > 71(L1) —e.

In conclusion, fixed £ > 0, we choose ¢ > 0 such that ||L1 — La|lcc < §
implies | LY — LY]|oo < 8 and LY — LY ||o < 1. Then,

T(L2) € (1(L1) —&,7(L1) + ).

(ii). If T4 < T», consider the principal lifts L; and La, for which L;(x) <
Lo(x) for all z € R. Then,

L} (z) —x < Ly(z) —x
n B n
for all x € R and all n € N. Taking the limits as n — +o00, we obtain
T(L1) < 7(La).

(iii). Let 71 be an OPCH with 7(77) € R\ Q, and consider any OPCH T3
with Ty > T7.

Given the principal lifts for which Ly > Ly, let § := min(Lo(z)—L;(x)) >
0. Then, since 7(L;) € R\ Q, we prove that

—5
Ipe Ny, €N sit. (p,g) =1 and pT <L) <L, (4.16)

Sl k]

This follows choosing p/q as one of the convergents to 7(Lp) defined in
Proposition A.2 which approximates 7(L1) from above, and applying Propo-
sition A.3 for ¢ > 1/6.

Arguing as in (4.14), we obtain that there exists z € R such that L{(z) >
T+ p— 4. It follows that

LY(z) = Lo(L (@) > La(L§ (7)) + 6
> Ly (LN (2) + 0 = Li(z) + 6 > +p,

where we have used that L, is strictly increasing. From this, either Li(z) >
z+p for all z € R or there exists zg € R such that L(z¢) = zo+ p. In both
cases, arguing as in the proofs of (4.14)-(4.15), we obtain 7(L2) > p/q >
T(Ll).

(iv). Let 7(Th) = p/q with (p,q) = 1. Then, by Lemma 4.5, 7(T}) = 0 and
we prove the statement for TY.
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Since T} is not conjugate to R, /,, there exists z € ST such that T(z) = z
and for all € > 0 we can find z € (T — ¢,Z + ¢) such that T} (x) # z. This
implies that we can find a small enough perturbation 75 of T}, with either
Ty > Ty or To < 17, for which T2q has a fixed point close to Z. In particular,
by Proposition 4.6-(ii), it follows that 7(73) = 0. The same is true for all T'
between T and T5.

Finally, Lemma 4.5 implies that 7(7%) is of the form p’/q for some p’ € N.

The continuity of 7 gives that p’ = p. O

Proposition 4.15. Leta,b € R, a < b, and let [a,b] 2 A — Ty € (OPCH, ||
lloo) be a continuous family of OPCH which is strictly increasing (A1 < A2 =
T\, < T»,). Then, A — 7(T») is an increasing continuous function.
Moreover, if T(T,) # 7(1p) and there exists S C Q which is dense in
[0,1] and such that ¥s € S there exists \(s) € [a,b] for which T(Ty)) = s
and Ty () is not conjugate to Rs, then X — 7(T) is a “devil staircase”.

Proof. The first part of the statement is a consequence of Proposition 4.14-
(ii). Let now assume that X — 7(7Ty) is not constant and that a set S C Q
exists with the properties above. We show that there exists a family of open
intervals {Js}scs which are disjoint and with dense union, such that 7(7))
is constant on each J;.

Let Js C [a,b] be the set of A’s such that T has rotation number s € S.
By assumption, there exists A(s) € Js such that T}, is not conjugate to R.
Hence, by Proposition 4.14-(iv), Js is an open interval of positive length.

It remains to show that

U 7 = [a.0].

ses

Let’s assume that there exists A € [a,b] \ UsJs, and let € > 0 such that (A —
g, \+¢) C [a,b]\UsJs. Then, (7(Th_.), 7(Thse))NS = 0, and by Proposition
4.14-(iii), it is continuos and strictly increasing when taking irrational values.
Hence, (7(Ta—c), 7(Th+e)) is an interval of positive length and, by density of
S, must contain at least one § € S. This is a contradiction. ]

Ezample 4.1 (Arnold tongues). A famous example of a family of OPCHs to
which Proposition 4.15 applies is given by

Top(z) ={z+ a—Bsin(2rz)}

for « € [0,1] and 0 < |B| < 5. In particular, we fix B and consider the
continuous family o — T, g.
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For = 0, the family reduces to the rotations of the circle. For 0 < |3| <
& instead, the family o+ T, 3 is clearly continuous on (OPCH, ||-||«) and
strictly increasing. Moreover, 7(1g) = 0, and there exists a € (0,1) for
which T, g(z) — z ¢ Z for all z € S'. Hence, a — 7(T, ) is not constant.
Finally, to apply Proposition 4.15, we need to show the existence of a set
S C Q with the right properties.

In particular, we have that for all p/q € Q, if a € [0,1] is such that
7(Ta,3) = p/q, then T, 5 is not conjugate to R,/,. On the contrary, the
principal lift L, g satisfies

(RpoLig)(x)==, VreR

which implies that R,poLg;ﬁ1 is a left inverse of the entire function Ly g(2) =
z + « — Bsin(27z), which is the extension to C of the lift of T}, 3. However,
a corollary of Picard’s Theorem implies that L, g(z) must be a polynomial
of degree 1. This is a contradiction.

It follows that, for all 8 with 0 < |3 < %, the function [0,1] > a —
7(To,p) is a devil staircase. As a consequence, for all p/q € Q, the set

{(a,ﬁ) €10,1] x <—%7%) L7 (Tap) = 1;}

has positive area. These sets are called Arnold tongues, since for 8 = 0 they
are given by one point, « = p/q, but are an interval of positive length for

all 8 # 0.

4.2 Regularity of the conjugacy

In this section, we consider OPCHs T with an irrational rotation number
7(T') which are conjugate to the rotation R (7). As observed in Remark
4.11, these OPCHs admit only one probability invariant measure p. But
this measure may be equivalent to the Lebesgue measure m or not. Since
p = hym, where h is the conjugacy between T and R, (7, the regularity
of p follows from that of h. In particular, if A is Lipschitz continuous then
i ~ m. Hence, we study the regularity of the conjugacy h. It follows
that a sufficient condition to obtain regularity of & depends on the number
theoretic properties of the irrational 7(7').

First, we consider the case of analytic regularity, proving Arnol’d theo-
rem, see [Ar61].
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Theorem 4.16 (Local analytic case - Arnol’d). Let T : S — S be the
projection of the map L : R — R defined as L(x) = x+ a+n(x), where n(x)
is the restriction to the real axis of a complex function n with the following
properties: 1 is analytic on a strip S, := {|S(z)| < o} for some o > 0;
n(x + 1) = n(x) for all x € R; 1|, := supg, [7(2)| < +o00. Moreover
we assume that 7(T) = a and o € D(c,v) (see Definition A.1). Then there
exists € = €(c,v,0) > 0 such that if ||n||, < e then T is analytically conjugate
to R,,.

Proof. Idea: iterative construction of the conjugacy H : R — R for L and
the lift R, via successive approximation.
Let H(z) = v+G(z) with G small and 1-periodic. Then if LoH = HoR,,
we find
r+Gx)+a+nz+Gx)=r+a+Gx+a),

from which

G(r+a)— G(z) =n(x+ G(x)). (4.17)
Step 1. Let us solve (4.17) with n(z) on the right hand side instead of
n(x + G(z)). However if G(x) is 1-periodic, then G(z + a) — G(x) has
vanishing integral on (0, 1), hence we look for a solution G of

1
Glz+a) — G(z) = nlx) — /0 n(s) ds. (4.18)

Using Fourier series expansion for Gy and 7, equation (4.18) becomes
Z gne%rma: (€2m’na _ 1) — Z ﬁne%rin;t — o
nes nez

from which it follows

Gn=—=T" _ NYneZ n#£0. (4.19)

eZﬂ'ina -1

Lemma 4.17. o € D(c,v) implies [2™ — 1| > 4c|n|~W*V) for alin € Z,
n # 0.
proof. For all m € Z

’627rina - 1| _ |627rim(627ri(na—m) o 1)’ _ 2‘ Sil’l(ﬂ'(no& - m))| .

Now for all n € Z there exists m € Z such that |na — m| < 1/2, and
|sin(mx)| > 2|z| if |x| < 1/2. Then for all n € Z there exists m € Z such
that

2T _ ]| > dlna — m| > 4c\n\_(”+l)

because a € D(c,v). O
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Lemma 4.18. |7,| < |||, e 2"l for alln € Z.

proof. Let us consider the analytic function £(w) defined on the domain
D = {e 2 < |w| < €?™} by the relation n(z) = £(e*™#). Then |||, =
7], and &(e*™#) = 3", oy fin €™"%. Hence by the Cauchy integral formula,
for any o’ € (0,0) and n >0

X 1 E( )

- dw < 727TTLO’

and for n < 0

) 1 §(w)

- = dw < 27rno )
= S LU Y

O]

Lemma 4.19. We assume here that o < (log2)/(2m). Let 6o € (0,0/6) be
such that
20T (v +2) ||nl, < e(2m80)" 3 < 2780 T (v + 2)..

Then Go with Fourier coefficients given as in (4.19) is analytic on Sy_s,,
satisfies

F(u +2)
o— 60 = ¢(2mdy )u+2

and its derivative Gjy is analytic on Sy_as, with

1Goll Inlly < o,

_ 2w +2)

HG/ Ho’ 200 — W H H

proof. For z € S,_5, using Lemmas 4.17 and 4.18 we find

<y [l

n#0

A 27rznz |I/ +1
— wo|n mn|(c—bo)
[Go(2)| In], &2l e2rlnlto=00)

627rmo¢ _
nez

e—27rn§0

_ nlly St 2 71l > (2mndo) !

) v+1 S
2c = 2¢ = (27dp)

2 1)4
~ 2c¢ (2mdp)v T2 = ) -

teo r 2
S HUHU / tl/Jrleft dt = (V + ) H H 7
C(27T50)V+2 0 (2 ) )1/+2 o

Tndo
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where in the third line we have used that o < (log2)/(27) to have

92 2m(n+1)6
(2mndg)* e —2mmndo o _Z_ / e tat.
27—‘—50 2mndo

Using again Cauchy integral formula we write for all z € S;_25, and any
r < 50
G
27” lw—z|=r (w - Z)

Proposition 4.20. Let Hy(x) := 2+Go(x), then Hy has an analytic inverse
function on Hy(Ss—25,) and Sy_3s5, C Ho(Se—25,). Moreover we can write
Hy'(2) = 2 — Go(2) + Fo(2) with

1Goll

r

o—dp

|Go(2)] =

O]

2n((v + 2
IFoll—iy < DL o

proof. Since ||Gpl,_ps5, < 1 by Lemma 4.19, the function Hy is invertible

on Hy(Sy—25,). Moreover, again by Lemma 4.19 we have (z + Go(z)) >

o — 260 — 0y =0 — 30 for all z € S,_95,, hence Sy_35, C Ho(Ss—25,)-
Finally

2= Hy '(Ho(2)) = Hy ' (2+Go(2)) = 24+Go(2)~Go(2+Go(2))+Fo(2+Go(2))

implies
Folz + Go(2)) = Golz + Gol2)) — Go(2 / Gl (= + 5Go(2)) Gol=) ds,

from which, using that Hy'(w) € Sy_3s, and Hy ' (w) + sGo(Hy ' (w)) €
So—2s, for all w € Sy_45,,

1F0l g —a50 < 1G0 |l 5—_as, 1G0llo—s, -
]

Step 2. Let L1 : R — R be defined as L1 = HO_1 o L o Hy, where Hy is given
in Proposition 4.20, and write

Li(z) =24 a+mn(z)
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Proposition 4.21. L; satisfies T(L1) = « and 1y is the restriction to the
real axis of a complex function ny with the following properties: m is analytic
on a strip Sy—es,; m(x + 1) =ni(x) for all x € R;

167 (T (v + 2))?
Imlly—6s, < 2 (amsg)ms M InllZ

proof. By definition and Proposition 4.20 we write

Li(w) = Hy ' (Ho(w)+a+n(Ho(x))) = Hy ' (v+Go(w)+a+n(z+Go(x)) ) =

= 2+ Go(x) + o+ 1w + Golw)) — o + Go(w) + & + (e + Go(x)) )+

+Fo (2 + Go(w) + o+ n(z + Go(@))) =
=x+a+iy+I(x)+I1(z)+I1I(x) =z +a+mn),
where we have used that
flo = Go(z) — Go(z + a) +n(z)
by definition of Gg in (4.18), and we have denoted
I(z) = n(z + Go(x)) —n(x),
[1(z) := Go(z + a) — Gy (x + Golz) + o+ n(z + Gg(x))) ,
1I(z) = Fy (ac + Golz) + a + nz + Go(x))> .

Now, since L; is topologically conjugate to L it holds 7(L;) = «, hence
there exists xg € R such that 7;(z¢) = 0. In particular,

flo = —I(xo) — I1(x0) — I11(x0),

so that we can estimate 79 by uniform estimates on the other terms.
Let us start with [(z). We can write

1
1) = | [ 4@+ 5Galw)) Golw) ds| < ]|, 1Goll, s, -

hence by Lemma 4.19 and the conditions on dg,

I17]] < 2rl(v +2) 7] M ||
=600 = C(2rsy)F3 7 = " 2(2md) s
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Then, since z + Go(2) + a+ n(z + Go(2)) € So—us, if 2 € So_ss,,

1
I(z) = - / G (2-+a-+5(Go(@) +n(x+Go(@)) ) (Go(w)+n(x-+Go(w)) ds,
0
and using Lemma 4.19 and the conditions on dg again

4r(T(v + 2
R e (R i e N

Finally by Proposition 4.20

27(D(v + 2))?

111, g5, < W Inll2

O
Step 3.

Proposition 4.22. For n > 0 we can define sequences of transformations
H,(z) == 2+ Gp(z) and L,(x) = x+a+ny(z), with Lo = L, and sequences
of constants 6, = 8/ (1+n?), with c(2n5)* > < 276y T'(v+2) and 6y < /6,
Opt1 = Op — 66y, with g = 0, e, = |||, (3/2)" , such that if

2 (278 2V +5 2
HnHa<< (2mo) )

167 (T'(v +2))?
then
(i) Gul(@ + ) = Gu() = (@) = [ 1a(s) ds;
(i) Gp is analytic on Sy, 5, and ||Gyll, _s < %an,

™ v 2
(iti) Hy'(@) =@~ Go(x) + Fale) with | Fall,, 5, < Fiagyobs en;

(iv) L1 = H,'o L, o H, and H%HHMH < éEnit1;

(v) limp 100 0 =0 > §
Step 4. We can now conclude the proof of the theorem. Let Hy := Hj o

Hyo---0 Hpy, where the H; are defined as in Proposition 4.22. Then we can
write

HN(w) =x+ GN(iL') + GN_l({L‘ + GN(x)) + ...
e (x+GN(z)+GN,1(x+GN(x))+GN,2(x+GN(x)+GN,1(x+GN(x)))+. . )
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with Hy analytic on S,,_s,. Hence by Proposition 4.22-(ii) for all z €
SJN—éN
N +o00
I'(v+2)
|HN(Z) - Z’ é Z ||Gn||0’N—5N S Z 7114_2571 = A
e = c(27hy,)

If we now write

1
Hn+1(2)=Hn(2) = HN(Hn41(2)—Hn(2) = /0 Hiv(2+5Gn+1(2)) G4 (2) ds,

it follows
A I'(v+2)
— L< (1
HHN-i-l HN or = < + 5N+1> C(27T(5N+1)V+2 EN+1,

and then

400

> Hrg1 = Hillye < +00.

k=0

We can then conclude that the sequence {Hy} converges uniformly to a
function H* which is analytic on S, and is invertible on a strip Sy« C Sg=.

Finally for all N it holds L(Hn(z)) = Hn(Ln(z)) = Hy(z+a+ny(x)),
hence passing to the limit N — +o00 one finds L o H* = H* o R, since ny
vanishes. O

Arnol’d Theorem 4.16 is a local result because it holds for OPCHs with
Diophantine rotation number which are sufficiently close to the associate
irrational rotation. On the contrary, a result is global if it holds without any
closeness assumption. We conclude the section with a schematic account
of regularity results in the local and global case. We assume T to be an
OPCH with irrational rotation number « which is conjugate to R, by the
conjugacy h.

Local results (I' = R, + 1, with n “small enough”).

e If T'is analytic and « is Diophantine with parameters ¢, v > 0, then h
is analytic (Arnol’d Theorem 4.16).

e If T'is analytic and « is Brjuno, (see Definition A.2 for Brjuno numbers
B), then h is analytic. If « is not Brjuno, there exists 1" analytic for
which A is not analytic (Yoccoz).
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e There exists T € C*, with k > 3, and « Liouville for which A is not
absolutely continuous (Herman).

Global results.

e There exists a space H with U., D(c,v) C H C B, such that if T is

analytic and o« € H, then h is analytic. If o ¢ H, there exists T
analytic for which A is not analytic (Yoccoz).

e If T € C* and « is Diophantine with parameters ¢, > 0, then
h € C*> (Herman-Yoccoz).

e Let B,yusuchthat 0 < v < pB<land B—v #1,if T € C?> and
a € D(e,v) for some ¢ > 0, then h € C1#~¥ (Khanin-Teplinsky).



Chapter 5

Twist maps on cylinders

For the material of this chapter, see [Ba88, Go01, He83, KH95, Si04].

We consider homeomorphisms of a finite or infinite cylinder with a twist
property, as defined below. The class of maps we study include Examples
1.11, 1.12, 1.13. In the first part, we give results about the existence of
periodic orbits. In the second part, we consider the problem of existence
and non-existence of rotationally invariant circles. In both parts, we give
an exposition of the classical results by Poincaré and Birkhoff and of the
more recent variational approach by the Aubry-Mather theory.

Let S! be represented by [0,1]/(0 ~ 1). Given a,b € R U {00} with
a < b, we consider homeomorphisms on a cylinder

T:8" % (a,b) = S* x (a,b),
and their lifts on a strip
L:R x (a,b) = R x (a,b),

satisfying T om = m o L, where 7 : R x (a,b) — S' x (a,b) is defined by
m(z,y) = ({z},y).

In the opposite direction, we may consider maps L on a strip which are
homeomorphisms and commute with integer translations in the z-direction,
that is L(z+k,y) = L(z,y) + (k,0), for all k € Z, and their projections on a
cylinder given by T' = moLom~!, which are well defined since 7(L(x+n,y)) =
7(L(z,y) + (n,0)) = 7(L(z,y)) for all x € S* and n € Z.

5.1 The Poincaré-Birkhoff Theorem

We begin with the classical result on the existence of fixed points for maps
of the annulus with twist on the boundary.

115
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Theorem 5.1 (Poincaré-Birkhoff). Let L be an order-preserving homeo-
morphism of the closed finite strip R X [a,b], with a,b € R, and use the
notation L(z,y) = (L1(z,y), L2(z,y)). Assume that:

(i) L(x +1,y) = L(x,y) + (1,0) for all (z,y) € R X [a,b];
(i) L preserves the area;
(iii) Lo(x,a) = a, La(x,b) =b, for all x € R;
(iv) (Li(z,a) — x)(L1(z,b) — ) <0, for all x € R.
Then L admits at least two fixed points P,Q which are not equivalent, i.e.
Vk € Z, P+ (k,0) # Q.

As discussed above, assumption (i) means that L may be projected to
a homeomorphism of the cylinder, or of the annulus, S* x [a,b] by 7. As-
sumption (iii) means that L preserves the boundaries of the strip. Finally,
assumption (iv) is the twist on the boundary condition. Looking at the pro-
jected map on the cylinder, it means that the boundaries are rotated in
opposite directions, hence the cylinder is twisted on the boundary.

Remark 5.2. We show that assumptions (ii) and (iv) are necessary. First,
consider the map

1
L(z,y) = <x+y2, y2> on R x [0,1].

It satisfies (i), (iii), (iv) of Theorem 5.1, but not (ii). It is immediate to
verify that L has no fixed points.
The second example is the map

L(z,y) = (z+c¢y), onRx][0,1].

for any ¢ > 0. It satisfies (i), (ii), (iii) of Theorem 5.1, but not (iv). Again,
it is clear that L has no fixed points.

Proof of Theorem 5.1. Assumption (iv) has two possible cases, depending
on the choice of the signs. We denote by (iv+) the choice

Li(z,a) —x >0, Li(z,b)—x<0, VzeR. (iv+)

Equivalently, (iv-) will indicate assumption (iv) with the opposite choice for
the signs.
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First, we prove the existence of at least one fixed point. By contradiction,
let us assume that L satisfies (i)-(ii)-(iii)-(iv+) but has no fixed points. Since
P # L(P) for all P € R x [a, b], we may consider the function

ar : R x [a,b] - R, ar(P) = angle(P L(P), z-axis)

in the anti-clockwise direction. We initialize ay, by setting ay(x,a) = 0 for
all z € R, and introduce the index

J(L) := O‘L‘{y:b}' (5.1)

By (iv+), we have j3(L) = 7w (mod 27). We now show that j(L) can be
computed by a line integral.

Lemma 5.3. Given a simple curve C from {y = a} to {y = b}, the integral

/daL
C

is well defined and does not depend on the choice of C.

Proof. Let C1,Co be two such curves, and let U be the region bounded by
them and by the two horizontal arcs I and I on the boundaries of R x [a, b].
Since on the arcs I and I1 the angle o is constant, we obtain

dag, — day, = dog, — daL—/daL— day,
C1 Ca C1 Ca I II

:—/ daLZ—//dzaLZO,
oU U

by Stokes’ theorem. O

By Lemma 5.3, we can compute the index j(L) using

J(L) = / dar, (5.2)
c
where C is any simple curve from {y = a} to {y = b}.
We now use (5.2) to prove the following properties for j(L).

Lemma 5.4. Let L be a homeomorphism of the strip R x [a,b] satisfying
assumptions (i)-(ii)-(iii)-(iv). Then:

(a) L~ satisfies (i)-(i)-(iii), and (iv-) if L satisfies (iv+) and (iv+) if L
satisfies (iv-). Morevoer, 3(L™1) = 5(L).
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(b) Let p: X — X, p(x,y) = (—x,y). Then p~'Lp satisfies (i)-(ii)-(iii),
and (iv-) if L satisfies (iv+) and (iv+) if L satisfies (iv-). Morevoer,
p~LLp has no fived points, and 3(p~*Lp) = —(L).

(c) If L satisfies (iv+) then j(L) = 7.

Before proving Lemma 5.4, we use it to conclude the proof of the ex-
istence of at least one fixed point. We are assuming that L satisfies (i)-
(ii)-(iii)-(iv+) but has no fixed points. Then, using Lemma 5.4, the map
p~LL~1p satisfies (i)-(ii)-(iii)-(iv+) and has no fixed points. Hence,

L.5.4—(b) L.5.4—(a)

('L 7"p) —)(L7h) 7= —y(L)

a contradiction. Therefore L has at least one fixed point.

L5.4—(c) L5.4—(c)
= .7 =

-,

Proof of Lemma 5.4. (a). Properties (i)-(ii)-(iii) for L™! follow immediately.
We now show that if L satisfies (iv+) then L™ satisfies (iv-). Let (L71);
denote the first component of L=!. First, for all € R there exists & € R
such that L(Z,a) = (x,a), hence

(Lil)l(x,a) —x = (Lfl)l(Ll(:f?,a),a) —Li(Z,a) =% — L1(Z,a) <0

since L satisfies (iv+). Analogously, (L71)q(z,a) — 2 > 0 for all z € R.
Hence, L~! satisfies (iv-). In the same way, one can show that if L satisfies
(iv-) then L~! satisfies (iv+).
Let now P and @ be points in the strip such that L='(Q) = P. Then
L(P)=@Q and
ar-1(Q) = ar(P) + 7.

Hence, given any simple curve C from {y = a} to {y = b},

HL7Y = /daL1 :/ day = j3(L).
c L=H(C)

(b). Again, we leave to the reader to check (i)-(ii)-(iii) for p~'Lp. Let L
satisfy (iv+), then for all z € R

(pilLP)l(xva) —T= (pilL)l(_‘% a) —x = pl(Ll(—:c,a),a) -
= —Li(—z,a)+ (—x) <0,

where again the subscripts denote the first component of the maps. More-
over, if p~'Lp has a fixed point P, then

(b 'Lp)(P)=P & L(p(P)) = p(P).
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Hence, p(P) is a fixed point for L. It follows that p~! Lp has no fixed points.
_ Finally, let us compute 9(p~1Lp) by using Lemma 5.3 along the curve
C = {x = 0}. Since C is fixed by the function p, it follows that

a,11,(P)=m—ay(P), VYPeC.

Hence,

2o o) = [ daya, = [[dtr—an) = [ day = (L)
c C C
(c). Let us extend L to a homeomorphism on R? by letting
L(z,y) = (Li(z,a),y) Vy<a,  Lz,y)=(L(x,b),y) Vy=b.

Since L has no fixed points and using (i), there exists € > 0 such that

1 .
€<y er[lfb] d(P,L(P)).

We use ¢ to define the pertubation L. : R> — R? by
Le(z,y) = L(z,y) + (0,¢).

Then L. has no fixed points and the function a., a shortcut for ay,_, is well
defined.
We now consider the sets

Do:={(z,y) €R* : a <y <a+te}, Dj = LI(Dy).
We have
LY (Do) = {a—e <y < a}, LI(Dg) = {a+je <y < at+(j+1)e} Vj<O.

Thus the sets {D;};<o are disjoint. In particular, it follows that the sets
{D;};ez are disjoint, and since L. is area preserving, there exists N > 0
such that

Dg,Dy,Do,...,Dny_1 CR X [a, b],

and Dy is not contained in R X [a, b]. Let
QeDn, Q¢Rx|a,b],

be the point with largest y-component in Dy. Let Py € {y = a} be the
point for which

P,=LI(R)eD;, j=1,....,N, Q=L T(R).
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Let 7 : [0,e] — R? be the parametrization of the segment Py P;, hence

t t
0= (-t
€ €
and let 4
y(t+ej)=LI(y(t)), tel0,e], j=1,...,N,

so that
7:[0,6(N +1)] — R?

is a curve joining Py to @, with v(0) = P and v(¢(V +1)) = Q. We
now consider the variation of a. along the support of v. For small e, this
variation is close to (L), hence the thesis follows by the following estimates.

To estimate
/ do
7([0,eNT)

B:[0,e(N+1)] x[0,e(N+1)] =R

consider

to be the angle between the vector joining two points on the support of
and the positive x-axis, namely

B(u,v) := angle(v(u) y(v), z-axis),

so that
ag(y(t)) = angle(y(t) Le(y(t)), z-axis) = B(t,t + ¢)
for all ¢ € [0,eN]. Hence

e(N+1)
/ dagz/ dp(t,t +¢).
7([0,eN]) 0

Since df is closed, we can move the line of integration in the plane (u,v) to
the union of two segments,

I={(u,v) :u=0,e<v<g(N+1)}

and
IT={(u,v) : 0<u<eN,v=¢(N+1)}.

/ daaz/d6+/ dg.
~([0,eN]) I II

So that
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Now
Blr = B(0,v) = angle(Po (v ;, :U—axis),
and therefore, for € small enough,
/dﬁ € (0,m).

I

Similarly
% .
Blrr = Bu,e(N + 1)) = angle(7(u) Q, z-axis),

and therefore, for € small enough,

/Hdﬁ € (0,m).

Thus, for € small enough,

/ dae € (0,2m).
7([0,eN])

This implies that j(L) € (0,2m), hence j(L) = . O

This concludes the proof of the existence of at least one fixed point for
L satisfying (i)-(ii)-(iii)-(iv+). The argument is the same if L satisfies (iv-).

We now sketch the proof of the existence of a second non-equivalent
fixed point. Without loss of generality, let the first fixed point be on the
line {z = 1/2}. If there are no fixed points for L in (—1/2,1/2) x [a,b],
we can define j(L) as in Lemma 5.3 by using a simple curve contained in
(—=1/2,1/2) x [a, b]. Hence, we can repeat the same argument as above, with
the exception that in the proof of the analogous statement of Lemma 5.4-(c),
we need to set

Le(z,y) = L(z,y) + (0,ex(2)),

where y is a continuous 1-periodic function satisfying

1
/0 x(x)dz > 0, x(x) € [0,1],

and
x(x) =0 forze[-1/8,1/8].
Then, we consider

Dy={-1/2<z<1/2,a<y<a+ex(z)}

and the rest of the proof follows along the same lines. This gives the existence
of the second non-equivalent fixed point. O



122 CHAPTER 5. TWIST MAPS ON CYLINDERS

Corollary 5.5. Let L be an order-preserving homeomorphism of the closed
finite strip R x [a,b], with a,b € R, satisfying assumptions (i)-(ii)-(iii) of
the Poincaré-Birkhoff Theorem 5.1. Moreover, we assume the following twist
condition on the boundaries: Let w_,wy € R with w_ < wy and such that

Li(z,b) —x <w_ <wy < Li(z,a) —x Vo € R,
or equivalenty,
Li(z,a) —x <w_ <wy < Li(z,b) —x vz € R.

Then for every p € Z, q € N, with (p,q) = 1 and such that p/q € (w_,w4),
L has at least two periodic points of type (p,q) which are not equivalent,
where P is a periodic point of type (p,q) if

LY(P) = P + (p,0).

Proof. Let Ry : R x [a,b] — R X [a,b], k € Z, be the integer translation in
the z-direction, namely

Assume the first condition on the twist on the boundaries. Then, for every
p €Z, q € N, with (p,q) =1 and such that p/q € (w_,w4),

L= R_p,oL?

satisfies (i)-(iv) of Poincaré-Birkhoff Theorem 5.1. Indeed, using that L and
R commute by (i),

E(x +1,y) =(R_po L) (x+1,y) = LIz +1,y) + (—p,0)
=LYz, y) + (—p+1,0) = (R—p o LY)(z,y) + (1,0)

= L(z,y) + (1,0).

Conditions (ii) and (iii) are immediate. Moreover, for all z € R,
(E(CL‘,CL))I —r= (R,p o LY(x, a))l r= (Lq(% a))l —z—p
q
Z Ll L~ 1 (z, a)) - (Lj*l(l’?a))l] —p>qwy —p >0,
7=1

since by assumption w; < L1(Q) — Q1 with @ = (Q1,a). In the same way,

(E(:U,b))1 -+ <0, VzeR.
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Hence, we can apply Poincaré-Birkhoff Theorem 5.1 to Z, to find two non-
equivalent fixed points for L. If P is such a point, then

R_,oLi(P)=P & LiP)=P+(p0).

Finally, we show that given p,p’ € Z, ¢,¢' € N, with (p,q) = (p’,¢') = 1 and
such that p/q # p' /¢’ € (w—,wy), the periodic points P and P’ of type (p, q)
and (p/, ¢’) are non-equivalent. We have

LY(P) = Ry(P),  LY(P')=Ry(P).
If there exists k € Z such that P = Ry(P’), then

LU(P') = LY(R_(P)) = R_x(LU(P)) = R_x(Ry(P)) = Ry(P"),
LY (P") = Ry (P").

This implies that

qu’(P/) _ (Lq)q/(P/) =R
(L7)I(P') = R},(P') = Ryq(P"),

so pq’ = p'q, which is false. O

FEzxample 5.1. Let us consider the map T of the Birkhoff billiards as defined
in Example 1.13 in a domain 2. The map T defines a homeomorphism of
the closed finite cylinder S! x [0, 7], with coordinates (s, ) denoting the arc-
length coordinate of the collision of the ball with 02 and the angle between
the trajectory of the ball after the collision and the oriented tangent vector to
0f) at the collision point. Here we show that, after a change of coordinates,
T has a lift L which is a homeomorphism on a closed finite strip satisfying
the assumptions of Corollary 5.5.

Let 7 : [0,1] — R? be the arc-length parameterization of 9 with compo-
nents y(s) = (X(s),Y(s)) € R?, then v € C3, 4(0) = y(1), and |[y/(s)| = 1
for all s € [0,1]. Using the Euclidean distance d in R?, we consider the
function

h:[0,1] x [0,1] = [0,400), h(so,s1) := d(7(s0),7v(s1)). (5.3)

Let now sy # s, introduce the notation P; = ~(s;), ¢ = 0,1, and consider

o
the segment Py P;. Clearly |Py P1| = h(so,s1) and it represents the ball
trajectory from the collision at Py to a collision at P;. The function h
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is differentiable at points not on the diagonal of the square [0,1] x [0, 1],
therefore we can compute

I (s0,1) = h<01> [ = (X(51) = X(50)X(50) = (Y (s1) = ¥ (50))" (s0)]

680

—

__ ([ h , 7 (s0) ) = — cos Vg,
h(so, s1)

—
where ¥ is the angle between 7/(sg) and Py P;. Similarly,

S sors) = (s (1) ) = cos
D51 S0, 51) = h(so,sl)’fy §1) ) = COSVy,

—
where ¥ is the angle between —+/(s1) and P; Py. It follows that
dh(sg, s1) = — cos Vg dsg + cos ¥ ds .

Since T'(s0,9) = (s1,91), we have proved that the measure p on St x [0, 7]
with density g(s,?) = sin® is T-invariant.

We now introduce the Birkhoff coordinates. Let x := s € S' and y :=
—cos?¥ € [—1,1], then T becomes a map on S! x [~1,1] with a lift L on
the strip R x [—1,1]. It is now elementary to check that L satisfies the
assumptions of Corollary 5.5 with

Li(z,-1)—2=0=w_ <wy =1=Li(z,1) —x.

As a result, the billiard map has at least two periodic points of type (p,q)
for every p/q € (0,1).

5.2 The variational approach

We now restrict the class of cylinder homeomorphisms by specifying more
assumptions on their lifts. First, now we consider smooth diffeomorphisms.

Definition 5.1 (Exact symplectic twist maps). Let a,b € R U {+o0} with
a < b, and L be an order-preserving C'* diffeomorphism of the strip R x (a, b),
and use the notation L(x,y) = (Li(x,y), La2(x,y)). We say that L is an exact
symplectic twist map if:

(i) L(x+1,y) = L(x,y) + (1,0) for all (x,y) € R x (a,b);

(ii) limy_,q+ Lo(z,y) = a, lim,_,,~ La(z,y) = b, for all z € R;



5.2. THE VARIATIONAL APPROACH 125

(iii) There exist w_,wy € RU{£o0}, with w_ < w4, such that

lim (Ll(:):, y) — ac) =w_, lim (Ll(ac, y) — x) = w4, Vo € R;

y—at y—b—

(iv) There exists K > 0 such that

oLy

a9 (z,y) > K, V(z,y) € R x (a,b);

(v) There exists a C? function
h: {(u,v) eR? : w_ <v-—u<wi}—R

called the generating function, such that h(u + 1,v 4+ 1) = h(u,v) for
all (u,v) in its domain and!

Oh(zo,x1) = —yo, Oh(zo,21) =y
for all (xg,yo)R X (a,b) with (z1,y1) = L(xo,y0)-

If L is defined on the closed strip R X [a, b], we assume that conditions (ii)
and (iii) hold on the boundaries R x {a} and R x {b}.

A cylinder map T on S x (a, b) is called exact symplectic twist if its lift
L satisfies the conditions in Definition 5.1.

Remark 5.6. Let’s make some remarks on the conditions in Definition 5.1.

(i) This is the standard assumption which guarantees that L may be pro-
jected to a continuous cylinder map.

(ii) This condition implies that L preserves the boundaries of the strip.

(iii) This is the twist on the boundaries condition. The interval (w_,wy) is
called the interval of twist.

(iv) This is the first new important condition with respect to the maps of the
previous section. We assume that the twist occurs on the entire strip and it
is strong, since the derivative is bounded away from 02. This condition may
be stated by saying that the image of a vertical segment is a curve tilted to
the right.

'The notation 9;h indicates the partial derivative of h with respect to its i-th variable.
2Clearly, an analogous situation occurs when K < 0 and 8L; /0y < K (in this case, we
need w— > wy in (iii)).
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The twist condition has the following consequences. Let xp < 1 € R
with w_ < 21 — 9 < w4. Then, by (iii) and the twist, there exists a
unique yo € (a,b) such that L;(xg,y0) = 1. Therefore, we can write yo =
Jo(zo, z1). In addition, y; := La(xo,yo) also may be written as a function

Y1 = 91(zo, 71)-
(v) Using the previous remarks, the condition on h may be written as

o(zo, 21) = —O1h(wo, 1),  G1(z0,21) = O2h(w0, 1) -
Hence, h is a C? function with
dh(zo0, 1) = —Fo dxo + 1 d7 .
In particular,
0 = d*h(zo, 1) = —dijo A dxo + dijy A dxy .

This implies that L preserves the area on R X (a,b). Also note that

—1
O12h(xo, x1) = —0x, Yo(zo, 1) = —<3y0w1(960,y0)> (5.4)

which is negative by the twist condition.

Finally, we comment on the periodicity assumption on h, namely h(u +
1,v+1) = h(u,v). Let (x0,y0) be a point in R x (a,b), and (z1,y1) =
L(xo,y0) = (L1(z0,%0), L2(x0,y0)). As explained above, yo and y; may
be written as functions of zg and x1, denoted as gy and 7. Consider the
following identities

Yo(zo, L1 (o, y0)) = o, (5.5)
y1(zo,21) = La(zo, Yo (o, 21))- (5.6)

Then, differentiate (5.5) with respect to xg and yp to get
9o 01 0L,

O J—
8%0 (-’L'(),.fl) + 81‘1 (x()vxl) amo (.’L'(),.%'l) =0
dijo oL, -
Tm(xo,xl)ai%(ffo,xl) =1.

And differentiate (5.6) with respect to zp to get

i 0L O0Lo _ 9o
D0 (xo,21) = oo (xo,x1) + %0 (fvo,yo)axo (w0, 1).
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Putting together the three identities and condition (iv), straightforward ma-
nipulations give

Y Y oL -1

Tii(xo,xl) + 8—?)(:50,:01) = (8—3/;(:50,:01)) {1 — det JL(mo,xl)},
with JL being the Jacobian matrix of L. If, we assume that L is area-
preserving, hence det JL = 1, then the 1-form

w(zo,x1) = —Yo dxo + §1 dxy

is closed, hence locally exact. Since z; = Lj(zg,y0), we can look at w as
a 1-form on the strip R X (a,b). This means that L is locally exact sym-
plectic. The form w is then exact on simply connected domains. However,
we wish to have exactness when projecting the map and the form on the
cylinder. Therefore, we need to check what happens along closed curves on
the cylinder, in particular along the non-contractible ones.

Let C be one of these curves, in particular, we write it as the points of
the form (z,y(z)) with = € [xg,x0 + 1], and y(z) a smooth function with
y(xo+ 1) = y(xp). Then,

o) = [ wtao.o)

where C is the curve in the plane g, r1 obtained by letting yo = Jo(zo, z1).
The initial and final point of C are (x, L1(xo,yo)) and

(w0 + 1, L1(zo + 1,%0)) = (w0 + 1, L1(z0,y0)) + (0, 1).

Since w(zo, x1) = dh(zg, z1), the condition

0—/6«1(360,361),
¢

which is necessary for w to be exact, is h(zg + 1,21 + 1) = h(xg, x1).

In the following, we are interested on the existence of invariant curves
for the map T which are not contractible on the cylinder S x (a, b).

Definition 5.2. A curve C in S! x (a,b) is called rotational if it is closed,
simple, and not contractible.
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Definition 5.3. Let T be an area-preserving homeomorphism of the cylin-
der S* x (a,b). We call net flur of T, denoted by ®r, the quantity

iz ;:/ ydx—/ydm,
T(C) c

with C a rotational curve.

For two rotational curves C; and Co, we have

/ydaz—/ yd:v:// dy A dx,
C2 C1 U

where U is the domain bounded by C;, C2, and the vertical line connect-
ing the initial points of the two curves. Hence, the difference between &1
computed using C; or Cy is equal to the difference between the areas of U
and T'(U). Since T is area-preserving, the difference vanishes. Hence, the
definition of the net flux of T' does not depend on the choice of the rotational
curve chosen.

Proposition 5.7. Let T be an exact symplectic twist map of the cylinder
St x (a,b). Then, &7 = 0.

Proof. Let C be a rotational curve, then

| vde= [ T(gan),
T(C) c

where T*(ydz) denotes the push-forward of the one form ydx. Denoting by
(x0,y0) the coordinates on C, and by (z1,y1) = T'(xo,yo) the coordinates on
T(C), we obtain

O = / [T*(yo dxo) — yo dfvo} = / [yl dx1 — yo dzg
c c

= / {371 dz1 — 9o dwo} = / dh(zo,z1) = 0,
C C

where, as above, C is the curve in the plane xg, x1 obtained by letting yg =
Jo(zo, z1), and we have used the periodicity assumption on the generating
function h. 0

Corollary 5.8. Let T be an exact symplectic twist map of the cylinder S* x
(a,b). Then, for any rotational curve C, we have C NT(C) # (). Moreover,
if C is a rotational T-invariant curve (RIC), then the sets below and above
C are invariant.
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Proof. The first statement follows by Proposition 5.7, since fc ydx can be
interpreted as the area between C and the circle {y = a}?. Hence, being the
net flux zero, the area of the cylinder below C and that below T'(C) coincide.
Therefore, if C NT(C) = () we obtain a contradiction.

The second statement follows using also that 7' is order-preserving. [

Example 5.2. Let L : R? — R? be the order-preserving C* diffeomorphism
given by
L(z,y) = (x+y.y+1).

It is immediate that it verifies the conditions from (i) to (iv) of Definition 5.1,
with wy = F00 and K = 1. One can also verify that h(u,v) = 1/2(v—u)?*+v
satisfies O1h(xo, 1) = —yo and O2h(xg,x1) = y1. However, h(u + 1,v +
1) = h(u,v) + 1, hence the periodicity condition in (v) is violated. This
corresponds to the intuitive property of L of having net flux equal to 1.

Example 5.3. Let g : S' — R be any C' function, and consider the map T
on S! x R defined as the projection of the map L : R? — R? given by

L(z,y) = (x +y+g(z),y + g(x)).

When g(z) = —k/(2m)sin(2mz) we obtain the Standard map of Example
1.11. Tt is an exercise to verify that L is an exact symplectic twist map with
generating function

h(u,v) = %(v —u)? 4+ G(u),

with G'(u) = g(u).
It is immediate to verify that also the Bouncing ball map of Example
1.12 is an exact symplectic twist map.

Ezxample 5.4. We now continue Example 5.1. We have proved that the
billiard map T on S! x [~1, 1], using Birkhoff coordinates, has a lift L which
satisfies conditions (i), (ii), and (iii), of Definition 5.1, with w_ = 0 and
wy = 1. Moreover, condition (v) is satisfied with A(u,v) = —d(vy(u),v(v)),
that is minus the Euclidean distance between two points on the boundary
0f). The periodicity condition is trivial, and the relations with yy and y;
follows from the computations in Example 5.1 and the choice of the Birkhoff
coordinates. Finally, we claim that also condition (iv) holds. Hence, the
Birkhoff billiard map is an exact symplectic twist map.

31f a = —o0, use {y = @} for any & € R such that C lies above it.
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Dynamics near the fixed points

Before discussing the existence of fixed and periodic points for exact sym-
plectic twist maps via the variational approach, we apply the classification
of the fixed points introduced in Section 3.4 to this case.

In particular, we can apply Theorem 3.15 for d = 2 to JT under the
assumption that det(JT") = 1, since T is area-preserving. It follows that a
fixed point (xg,yo) is of one of the following three categories.

Hyperbolic: If the eigenvalues of JT (o, o) are A\, \™! with A\ € (—oo0, —1)U(1, 00).
Parabolic: If the eigenvalues of JT'(xg,yo) are A = A\~ = £1.
Elliptic: If the eigenvalues of JT(x¢,y0) are A\, A € S\ {£1}.

Note that a hyperbolic point (zg,yg) satisfies Definition 3.13. In par-
ticular, the Hartman-Grobman Theorem 3.21 and Theorem 3.22 apply, and
there exist one-dimensional local stable and unstable manifolds for (x, yo).
Hence, it is a saddle point.

For elliptic fixed points, we cannot apply the results of Section 3.4, but
since the map T is area-preserving, the fixed point is stable but not asymp-
totically stable. Hence, there is a neighborhood, called island, on which the
dynamics is close to a rotation. The precise dynamics for an exact symplectic
twist map is characterized by the result below.

First, we give the simple observation that the nature of a fixed point
may be identified just by looking at the trace of JT.

Proposition 5.9. Assume T is an area-preserving differentiable map of the
cylinder S* x (a,b). Then:

o A fized point (xg,yo) is hyperbolic if and only if |tr(JT (xo,y0))| > 2;
o A fized point (xo,yo) is parabolic if and only if |tr(JT (xo,v0))| = 2;
o A fized point (xo,y0) is elliptic if and only if [tr(JT (x0,y0))| < 2.

Remark 5.10. The same characterization holds for periodic points. If (z, yo)
is periodic of period ¢, then it is a fixed point of T'9. Hence it is hyperbolic,
parabolic, or elliptic if the conditions above are satisfied by J7'(xg,yo).

The next result is really important to understand the phenomenon of
“islands around islands” in symplectic maps with mixed phase space.
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Theorem 5.11 (Birkhoff normal form). Let L : R? — R? be a diffeomor-
phism such that L(0) = 0, and suppose det(JL)(0) = 1 with eigenvalues
A = e?™ with o € R, and X. If there exists £ € N, £ > 2, such that na & Q
foralln =1,...,£—1, then there exist neighborhoods U(0), V (0) C R?, and

a symplectic diffeomorphism ¢ : U(0) — V(0) such that T := ¢oTo¢~! can
be written in polar coordinates (6,7) € S' x RT as

T(9,r) = (0+a+p(r?) + O(*™), v+ 0G*™)),
with 2m +2 < {—1, and
p(t) = art + agt? + - + apt™.

In addition, if some aj # 0,

for r = ro sufficiently small. Hence, T has a twist in an annulus around

{r=ro}.

An immediate application of Theorem 5.11 tells us that, generically, in
a neighborhood of an elliptic periodic point of an exact symplectic twist
map, the dynamics is generated by a twist map. Therefore, all the results
giving existence of periodic orbits and RICs hold, giving birth to structure
of “second order” living around the periodic point inside its island. In
particular, we expect other islands to exists, and so on for smaller and
smaller scales.

Periodic points of twist maps as critical points

We now give another proof of the existence of periodic points for an exact
symplectic twist map by introducing the variational approach.

Definition 5.4. Let L be an exact symplectic twist map on R X (a, b) with
generating function h. We call the action of a finite sequence {zy,, ..., x,}
of real values the function

W (T, ... xy) = Z h(zg, Tp11)-
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Proposition 5.12. Let {z,,...,x,} be the projections on R of points of
an orbit of an exact symplectic twist map L. Then, the action

(ém-i-lv ce. ’fn—l) — W(fEmvgm—Ha .. 7£n—17$n)

has a critical point at (Tpm41,...,Tn—1). Conversely, fivred x,, and x,, every
such critical point determines an orbit segment.

Proof. Write

n—2
W($m7 £m+1a vy €n—1, xn) = h(l'm» £m+1) + Z h(€k> gk—&-l) + h(fnfla l'n)
k=m+1

Then,

ow
% Dh(&e—1,8k) + O1h(Ek, Ekv1), VhE=m+1,....n—1

where &, = z,,, and &, = x,,. Hence,

ow
— (Tmg1ye oy Tpo1) =0, VYVE=m+1,....n—1
08k

if and only if
"h(rk_1,xk) + O1h(zk, T11) =0, VE=m+1,...,n— 1. (5.7)

It follows that, if {(xg, yx)} for Kk = m,...,n are the points of an orbit of L,
then the conditions on the generating function imply that

yp = Oh(xp_1,2) = —01h(Tk, Tpy1) YE=m+1,...,n—1,

so (5.7) holds. Conversely, if (5.7) holds, we have an orbit by letting y,, =
—01h(Tm, Tm+1), Yk = Ooh(xp_1,2x) for Kk =m+1,...,n—1, and y, =
Dah(Tn—1,n). O

Theorem 5.13 (General Poincaré-Birkhofft). Let L be an exact symplectic
twist map on R X (a,b) with interval of twist (w—,wy). Then, for every
p €Z, q €N, with (p,q) =1 and p/q € (w_,wy), there exist at least two
periodic orbits for the projected map T of type (p,q), i.e. points (xo,yo) such
that LY (x0,y0) = (zo + P, Yo)-
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Proof. Fix p € Z, ¢ € N, with (p,q) = 1 and p/q € (w—,wy), and consider
the action

(.’I)07§1, cee )éq—l) = W($0)£17' .. 7§q—17$0 +p)7

which is given by

q—2
W (20,81, -5 €q-1,m0 + p) = M@0, &1) + D W&k Eppr) + h(Eg—1,m0 + p).
k=1

First, we show that critical points of this action produce periodic orbits of
type (p,q). Let (zo,x1,...,24—1) be such a critical point, then we obtain an
orbit

(x()vy())v (95171/1)7 ceey (xq—layq—l)a (:UO +p7yq)7
by defining yo = —0d1h(z0, 1),
yr = —Oh(zp, Tpy1) = Ooh(zp—1,21), VE=1,...,¢—1,

using the computations in Proposition 5.12, and y, = 02h(zq—1, 20 + D).
Use now the periodicity of h to write the identity

W(x()vgl: o 7§q—17$0 +p) = W(glv o 75(]—17330 +p7€1 +p)

Since (z1,...,%4—1,%0) is a critical point of the right-hand side, differenti-
ating with respect to xg we obtain

O2h (41,70 + p) + O1h(w0 + p, 21 +p) = 0.

Hence, yq = —01h(zo + p, 21 + p) = —01h(zo,z1) = yo. Thus, LI(zo,y0) =
(xo + p,yo). Moreover, the period of (zg,yo) is minimal because (p, q) = 1.
We now need to show that the action

(x07£17 v 7§q—1) — W(.I'O,gl, cee 7§q—17x0 +p)7

has at least one critical point. Restrict the domain to the set

D :={(x0,&1,...,&-1) €RT: 0< 20 < << <1 <zo+p<1+p}.

This set is compact, therefore W attains a minimum. We need to show that
the minimum is attained in the interior of D.

Let (xg,21,...,24—1) be a point of minimum such that for some £,
Tr_o < T = Tpy1 < Tpyo. Since the point is critical,

Y = Ooh(xp—1, ) = —01h(Tk, Tg1),
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and
Yrt1 = O2h(Th, Tpy1) = —O1h(Tpy1, Thy2)-

Subtracting gives
0 = Ooh(zk—1,xK) — O2h(xk, Tt 1) + O1h(Tp, Tpr1) — O1A(Thr1, Tha2).

Applying the mean value theorem, using z; = xg11, gives

0 = O12h(n1, 1) (Tr—1 — T&) + O21h(Trr1,1m2) (Try1 — Try2),
for suitable intermediate points 71, 72. Since d12h < 0 by (5.4), and

Tp—1 —xp <0, Tpy1 — Tpgo <0,
we obtain a contradiction. Hence
ro<x1 <0 < Xg-1 < XoFDP.

Finally, we prove the existence of at least a second critical point. If
(x0,21,...,2q—1) is a point of minimum for

W(&o: &1+ 5 84-1,80 + )
in D, then for every k € {0,...,q — 1} there exists ji € Z such that
o+ i € [0,1]
and the point
Py = (Tg+ jk, Th1 + ks -y Tg—1+ Ik To+P+Jks - Th—1+ P+ k) € D.
By periodicity of h, we have
W (P, xi +p) = W(xo,1,...,2g—1,T0 + D),
hence W possesses at least one min-max critical point. ]
Remark 5.14. The proof of Theorem 5.13 gives that the periodic orbits may
be points of minimum or of min-max for the action functional. It is remarked

in [Me92], that the minima give rise to hyperbolic periodic orbits, whereas
the min-max are hyperbolic or elliptic orbits.
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Ezample 5.5. Consider the map T of the Birkhoff billiards as described in
Examples 5.1 and 5.4 with generating function given by minus the Euclidean
distance between two points on the boundary of the domain of the billiard.
Proposition 5.12 implies that if we want to send the billiard ball from the
point P in the boundary to a point () with one intermediate bounce, we
should make the ball to hit the boundary in the point for which the length of
the entire trajectory is a critical point. Also, by Theorem 5.13, the periodic
orbits of the billiard map give rise to closed paths in the domain which are
critical points for the length. An example is given by regular polygons inside
the circular billiard.

5.3 Birkhoff theory and Mather sets

We now consider the rotational invariant curves (RIC) for a twist map. We
have seen in Corollary 5.8 that the existence of a RIC for an exact symplectic
twist map implies that the orbits with initial conditions below the curve
remain below. However, the existence of RICs is a difficult problem. We
begin with classical results about the properties of these curves, assuming
that they exist.

Theorem 5.15 (Birkhoff). Let T : S' x (a,b) — S x (a,b) be an area-
preserving diffeomorphism with the twist condition* and zero net fluz, and
let U be an open invariant set satisfying the following

(i) there exist ro,m1 € (a,b) with o < r1 such that S* x {a <y < ro} C
UcS'x{a<y<mr};

(i) U is homeomorphic to S* x R;
(iii) OU is homeomorphic to S.
Then OU is the graph of a continuous function v : S* — R.

Proof. Let’s assume that T has the positive twist condition, the negative
case is proved analogously.

Given a simple regular curve v : [0,1] — U with (0) > 0 and ~(0)
sufficiently below OU (for example v(0) € {y = a +¢} for ¢ > 0 if a € R),
let (t) be the angle measured in the counter-clockwise direction from the

™

positive y-axis to the tangent vector +(t), with the choice that §(0) € [-F, 5]

If T = (T1,Tz) we assume that there exists K > 0 (or K < 0) such that 8Ty /0y > K
(or 8T /0y < K) everywhere on the cylinder.
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and t — d(t) is a continuous function. We say that a curve ~ is tilted to the
right if §(t) < 0 for all ¢. Since T has the positive twist property, if 7 is
tilted to the right, then 7'(7y) is tilted to the right (let v = (0,1) be a vector
applied to y(t), then dT'(v) = (911 /0y(v(t)),0T>/0y(y(t))) is to the right of
the vertical; moreover since T' preserves the orientation d7'(v/(t)) makes a
negative angle with d7'(v)). Then we define the set of right-accessible points

W .= {PecU : 3a curve 7 tilted to the right such thaty(1) = P}

and by the previous argument T(W ) ¢ W, Analogously we define curves
which are tilted to the left and the set of left-accessible points W%. Then
TYWh)yc wk.

If WE C U, then OW?F is made of vertical segments and parts of OU.
In particular, this means that U has lobes to the left. Moreover, we obtain
that T-Y(W®) N (WF)¢ is non-empty and close to OU. We now want to
obtain a contradiction. By considering a segment {y = yo} far enough from
OW?E we can use that T is area-preserving and has zero net flux to show
that

Area(WR N{y > y0}> = Area(Tﬁl(WR N{y > yo})) =
- Area(T—l(WR) n{y> y0}>.

However, this is a contradiction with T(W#) C W%, Hence W® = U, and
U has no lobes to the left.

The same argument shows that W = U. Hence, U has no lobes and
OU is the graph of a function. O

Theorem 5.16. Let T : S* x (a,b) — S* x (a,b) be an area-preserving
diffeomorphism with the positive twist condition with constant K and zero
net flux. Then:

(i) all RICs are graphs of continuous functions;
(ii) all RICs are graphs of Lipschitz functions;

(iii) given two RICs C1 and Co which are graphs of the functions p1 and @
respectively, if o1 < @2 then for the rotation numbers 7(C1) < 7(Ca);

(iv) the set of RICs contained in a bounded subset S' x [c,d] is compact (in
the C° topology for the functions p);

(v) the set of rotation numbers 7(C) of a compact set of RICs is compact;
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(vi) if there exist c,d € R such that T"({y < ¢}) C {y < d} for alln € Z,
then there exists a RIC in the set {c <y < d};

(vit) let C1 and Ca be two RICs with 7(C1) < 7(Ca), and such that there exist
no RIC with rotation number 7 € (17(Cy1),7(C2)), and let us denote by
U the annulus bounded by C1 and Co (a Birkhoff region of instability).
Then for all € > 0 there exists P € U such that d(P,C1) < € and such
that there exists n(P) € Z for which d(T™F)(P),Cs) < e.

Proof. (i) It follows directly from Theorem 5.15.

(ii) Given a RIC C and a point P € C, if v = (0,1) is a vector applied to P,
it holds dT'(v) = (0T1/0y(P),dT>/0y(P)), so that the slope of the vector
dT'(v), which is applied to T'(P), is

0T,

aTy, (T B
P ( aiy —. S+ .

1 »
Ty( ) 3?J(P)> < K" max

At the same time, let Q = T?(P), then if w = (0, —1) is a vector applied to
Q, it holds dT~Y(w) = (9T /0y(T(P)), —0T1/dz(T(P))), so that the slope
of the vector dT'~!(w), which is applied to T'(P), is

o1y < o1y

-1
-G (GHae)) = - max

% ::S_.

Since T preserves the orientation, it follows that C is contained in the cone
of vectors with slopes between S_ and S, hence the function ¢ describing
C is Lipschitz.

(iii) Given RIC C, which is the graph of the function ¢ : S — R, for each
x € S' one writes

T(z,p(x)) = (9(z), p(g9(z))),

where g : S* — S! is a diffeomorphism of the circle. We define 7(C) := 7(g).
Let then g1, g2 : S* — S! be the diffeomorphisms of the circle associated to
the RICs C; and Cy respectively. By definition, if @1 < 9

92(x) — g1(z) = /01 %T1 <m, o1(z) + t(pa(x) — gol(x))> dt =

1
_ /0 6;;(1»,%@) + Hpa(@) = p1(2))) (#2(2) = 1(2)) dt >

> K (p2(z) — ¢1(z)) > 0.
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By Proposition 4.14-(ii), it follows 7(C;) < 7(C2). By Proposition 4.14-(iii),
the inequality is strict if one of the rotation numbers is irrational. Let us
consider the case 7(C1),7(C2) € Q, and suppose that 7(C;) = 7(C2) = p/q,
with (p,q) = 1.

We now consider the lift L : R x (a,b) = Rx (a,b) of T. Let P; = (x1,y1)
be a fixed point for R_,0L% on Cy, and P> = (x2,y2) a fixed point for R_,0L4
on Co with 9 > z1. The segment P; P is tilted to the right by the action of
L, hence the same is true for R_, 0 L9(P; ), and this implies that z2 > 2.
Let now consider the points )1 and (2 defined as follows. The point ()7 is
on Cy and is of the form (x1,p2(21)), whereas the point Q2 is on C; and is
of the form (z2,p1(x2)). We can then consider the region U delimited by
the segment P;()1, the segment P>()2, and the rotational invariant circles
Cy and Co. The segment P is tilted to the right by L, hence the same
is true for R_, o LY(P1()1), and moreover the end points of R_, o LI(P;Q1)
are P; and a point (Z, p2(Z)) with & € (z1,x2), otherwise L would not be
order preserving. Analogously, the curve R_, o LY(FP»Q2) has end points in
P, and a point (Z,1(Z)) with Z € (z1,x2). Since the other parts of the
boundary are invariant, it follows that R_, o LY(U) C U, which is absurd
since 1" is area-preserving.

(iv) Immediate from continuity of the functions ¢ and of the map 7.
(v) Immediate from Proposition 4.14-(i) and point (iv) of this theorem.
(vi) Let V' be defined as

V.= U T"({y < c})

neZ

Then V' is invariant and contained in {y < d}, but V is not necessarily
homeomorphic to S* x R because of the possible existence of elliptic islands
in the strip {¢ <y < d}. However if W denotes the connected component of
V¢ which contains {y > d}, then the set U := W€ satisfies the assumptions
of Theorem 5.15, whence QU is a RIC.

(vii) It follows from point (vi) by contradiction. O

Before considering the variational approach to the RICs, we recall two
results on the existence of RICs for twist maps which are small perturbations
of integrable maps. These results are the discrete versions of the famous
Kolmogorov-Arnold-Moser Theorems for Hamiltonian systems.

We begin with a result for analytic maps, whose proof is similar to that
of Theorem 4.16 and can be found in [SM71]. To simplify notations, consider



5.3. BIRKHOFF THEORY AND MATHER SETS 139

the map
Tp: 8" x [0,1] = ' < [0,1],  To(z,y) = (x+y,y).

This is the standard form of an integrable twist map of the cylinder. It’s
immediate to verify that it satisfies the conditions of Definition 5.1, and
it is integrable since the horizontal circles {y = yo} are invariant for all
Yo € [0,1]. We remark that a map of the form (x,y) — (z + a(y),y) with
a(0) = 0, a(1) = 1, and &/(y) > 0, can be reduced to Ty by a change of
variables. We now state the result on the existence of RICs for analytic
perturbations of Tj.

Theorem 5.17 (Analytic KAM). Let T : S* x [0,1] — S* x [0,1] be an
area-preserving diffeomorphism with the positive twist condition and zero
net fluzx, given by

T(x,y) = (x+y+ flx,y),y+9(x,y)).

Assume that f,g are real-analytic functions and 1-periodic in z, and that
there exist a constant ro € (0,1) and a neighborhood I C C of the interval
[0, 1], such that f,g can be extended to holomorphic functions in the domain

Dy = {(z,y) eC?: |Q(z) <rg,y € I},

and denote by || - ||oo,r, the sup-norm of a function restricted to D,,.

Given w € D(c,v) for some c,v > 0 (see Definition A.1), for all ¢ > 0
there exists 6 > 0 such that if ||f|looro + [|9llcore < O, then there exist
functions w,v holomorphic in the strip

Sroj2 = {6 €C 1139 < 3}

which are real-valued when restricted to (&) = 0 and are 1-periodic in R(E),
such that [[ullse vy /2 + |V = Wl /2 < € (Il * lls,ro/2 denotes the sup-norm of
a function restricted to S, /o ), the curve

C={(E+u(§),v(§)) : (&) =0, RN(E) €[0,1]}
is a RIC, and T|c satisfies T(£ +u(€),v(§)) = (§ + w+ u(é +w),v(€ +w)).

This formulation shows that, for any fixed Diophantine number w, small
enough analytic perturbations of the integrable map Ty have a RIC with
rotation number w.

The next result deals with differentiable perturbations of Ty and shows
the existence of a positive area set of RICs.
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Theorem 5.18 (Differentiable KAM). Let T : S'x [0,1] — St x [0, 1] be an
area-preserving C*, k > 3, diffeomorphism with the positive twist condition
and zero net flux, given by

T(x,y) = (x+y+ f(z,9),y +g(x,y)).

Then, for allw € D(c,v) with0 < v < (k—3)/2, there ezists € > 0 such that
if | fllex + llgllor < e, there exists a RIC C,, with the following properties:

(i) C, is the graph of a Lipschitz function ¢ : S* — R.

(ii) There exists F, : S* — S, an order-preserving homeomorphism of
the circle with 7(F,) = w, such that

Co 3 (2,0(z)) — T(z,¢(x)) = (Fu(z), p(F(x))) € Cu,
and Fy, is conjugated to the rotation R,,.

It is interesting to remark that the condition £ > 3 in Theorem 5.18
is sharp, there are counterexamples for C* maps in [He83]. Moreover, the
required smallness of the perturbation depends only on the constant ¢ for
numbers in D(c,v). Hence, the existence of a RIC with rotation number w
holds for all w € D(¢,v) and ¢ sufficiently small. Since m(D(c,v)) — 1 as
¢ — 07 for all v > 0, fixed € > 0, we obtain the existence of a RIC C,, for a
positive measure set of numbers w. This implies the existence of a positive
measure set of RICs in the cylinder.

Ezample 5.6. 1t is interesting to recall from [La73] the following application
of Theorem 5.18 to the Birkhoff billiards. Let T : S x [~1,1] — St x [-1,1]
be the billiard map inside a domain 2 from Example 5.1. Then, Lazutkin
has introduced in [La73] coordinates (X,Y), with Y vanishing close to the
boundaries {y = 41}, such that if 2 is strictly convex and 99 is of class C°
with strictly positive curvature, then the map T becomes

T(X,Y)=(X+Y +0(Y?),Y +O0(Y?).

Hence, for Y ~ 0, the map 7T is a small perturbation of the integrable map
Tp. In particular, there exists a positive measure set of RICs in S x [—1,1].

If 2 is a circle, these RICs give a foliation of the phase space S* x [—1,1],
and if € is an ellipse the foliation is restricted to a neighborhood of the
boundaries {y = +1}. The well-known Birkhoff conjecture states that this
is the case if and only if €2 is an ellipse.
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Finally, we now assume that T is an exact symplectic twist map and
ask what we obtain about the existence of RICs by the variational approach
introduced in Section 5.2. Unfortunately not much more than the previous
results. But it follows that RICs are a special case of a more general kind
of invariant sets, the Mather sets. Here, we sketch the basic definitions and
results. The reader may consult [Ba88, Go01, Si04] for more details.

Given an exact symplectic twist map 1" with generating function h, re-
call Definition 5.4 for the action W of a finite sequence. It has been used
in Section 5.2 to characterize periodic orbits as critical points of W. To
study the RICs, we need to extend the approach to non-periodic orbits. We
introduce the useful notion and collect some of the results of the theory in
a single statement.

In the variational approach, we look at the projection of the orbits on
the x-axis. Let {(zk,yr}trez be an orbit for L, the lift of T' to the strip
R x (a,b). Then, we look at the sequence {zy}rez C R, from which it is
possible to reconstruct the orbit using the generating function h.

Definition 5.5. A sequence {z}rez C R is called minimal if each finite
segment {Zy,, ..., Ty} is a minimizing point of the action W, that is

W(.I'm, Tm+1,--- 7'%'71) S W(é?’m cee 7{71)

for every {&, ..., &} with &, = z,, and &, = x,.

Definition 5.6. For a sequence {zj}rcz C R, we call rotation number the

quantity
. Tn — X0
w:= lim ———,
n—-+4oo n

if it exists.

Theorem 5.19 (Mather). Let T be an exact symplectic twist map of a
cylinder, then:

(i) A minimal sequence {x}rez is monotone, that is if for somei,j € Z
there exists p € Z such that x; < xj + p, then ;11 < Tj11 +p.

(i) For a monotone sequence {xy}rez, the rotation number exists and it
18 continuous with respect to pointwise convergence of sequences.

(7ii) The sequences {xy}recz associated to the periodic orbits of type (p,q)
which have minimizing segments are minimal, and their rotation num-

ber is p/q € Q.



142 CHAPTER 5. TWIST MAPS ON CYLINDERS

(iv) For w € R\ Q in the interval of twist (w—,w4) of T, let {pn/qn} C Q
be a sequence converging to w. Then, the minimal periodic orbits of
type (pn, qn) converge to a minimal orbit with rotation number w.

(v) A minimal orbit of T lives on the graph of a Lipschitz function.

Thus, for all w € (w_,wy), the set My, of minimal sequences {zy}rez
with rotation number w is non-empty. If:

o w e Q, the set M, is given by periodic orbits and orbits heteroclinic
or homoclinic to periodic orbits;

e w<E R\Q, the set M,, is given by orbits whose closure in S* x (a,b)
is a RIC or a Cantor set.

In particular, Theorem 5.19 shows that if there exists w € (w_,wy) for
which there is no RIC with rotation number w, nonetheless we can find an
invariant closed Cantor set of orbits with rotation number w. Contrarily to
the case of the RICs, these Cantor sets do not bound the orbits with initial
conditions below them, hence transport through them is admitted.

5.4 Converse KAM

We conclude our analysis of the twist maps on cylinders, by considering
methods of converse KAM. These are methods to prove the non-existence
of a RIC for a given rotation number or for all of them. The importance
of these methods lies in the following result, whose proof can be found in
[An90, An92].

Theorem 5.20 (Angenent). Let T' be an exact symplectic twist map of a
cylinder with interval of twist (w—,wy). If the topological entropy hioy(T)
of T wanishes (see Definition 3.9), then T must have a RIC with rotation
number w, for any w € (w_,wy).

In particular, showing the non-existence of a single RIC implies the exis-
tence of a Birkhoff region of instability, see Theorem 5.16-(vii). Restricting
T to this region we find that the map is chaotic, in the sense that its topo-
logical entropy is positive.

In this section, T is an exact symplectic twist map of the cylinder S* x
(a,b) or a specific map introduced before.
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Wandering orbits

This first set of methods uses the idea of producing orbits which move along
the cylinder.

For example, if one can show the existence of an orbit in the cylinder
S1x (a, b) which goes arbitrarily close to the boundaries {y = a} and {y = b},
then there is no RIC. This follows directly from Theorem 5.16.

In the same way, if one can show that two hyperbolic fixed points have
stable and unstable manifolds intersecting, thus creating a heteroclinic point,
then there is no RIC passing between the two fixed points. Hence, we have
a Birkhoff region of instability.

Residues criterion

This method was introduced by Greene in [Gr79] and is based on the charac-
terization of periodic orbits into hyperbolic and elliptic orbits as described in
Section 5.2. In particular, we have seen in Proposition 5.9 that this charac-
terization is obtained by looking at the trace of JT'. Greene has introduced
a reformulation of the trace.

Let P € S' x (a,b) be a periodic point of type (p,q), its residue is the
quantity

R(P) = i (2~ trace(7T7(P))) (5.8)
Then:
e P is hyperbolic if and only if R(P) € (—o0,0) U (1, +00).
e P is parabolic if and only if R(P) € {0,1}.
e P is elliptic if and only if R(P) € (0, 1).
Greene has formulated the following conjecture:

Conjecture [Gr79]. Let w € R\ Q and {p,/¢,} C Q, with (pn,qn) = 1,
converging to w. Let {P,} be a sequence of periodic points of type (pn, ¢n)-
Then,

o1
plw) := Tim qfnlogR(Pn)
exists, and:

o If u(w) <0, there exists a RIC C,, with rotation number w.

o If y(w) > 0, there exists no RIC C, with rotation number w.
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The conjecture has not been proved completely. There are only partial
results.

Theorem 5.21 (MacKay). Using the notations in the conjecture, let I,
denote the union of all invariant sets with rotation number w € R\ Q.
Then,

1
lim sup — log |R(P,,)]

n—oco Q4n

1s bounded from above by the supremum of the Lyapunov exponents of the
orbits in 1,,. Therefore, if 1, is a RIC with rotation number w, then p(w) <
0, if the limit exiats.

Theorem 5.22 (Arnaud-Berger). In the conjecture, choose periodic points
{P,} which are minimizing points of the action. Then, if

lim sup |R(P,)["/9" > 1,

n—oo

there is no RIC C,, with rotation number w.

Lipschitz condition

This method uses the Lipschitz property for RICs proved in Theorem 5.16-
(ii). The idea is the following. Assume that there exists an orbit along which
the tangent vector v = (0, 1) gets tilted to the right such that, after a finite
number of iterations, it points to the left. Then, this orbit does not lie on a
RIC.

We now apply this method to the Standard map of Example 1.11.

Proposition 5.23. The Standard map

k k
T:S8'%xR — S'xR, T(x,y)= ({m+y—2— sin(27m:)} i sin(27rx))
7r T

has no RICs for |k| > 2.

Proof. Without loss of generality consider k positive. Then, given v € (0, 1),
the vector applied to a point P € S' x R, we have

3T1 @ 0 Tl

—(P) (P) -
ox y 0 oy
w=JT(P)v= T, . T, . <1) = oT,

(P)

(P)



5.4. CONVERSE KAM 145

Analogously,
%?(T(P)) %ZI(NP)) %:;1(13 )
uw=JI(T(P)w=JT*(Pp=| o T 0Ty
a2 (TP Z @) ) \GEP)

The condition we want to check is whether

o1y o1y o7y o1y
%(T(P))aiy(m + %(T(P))%(P) > 0.

This is equivalent to u being a vector pointing to the right.
Let now P = (z9,y0), T(P) = (z1,y1). By using the definition of the
Standard map, the condition becomes

(1 —kcos(2mzy)) - (1) +(1)- (1) =2 — kcos(2mx1) > 0.

However, if k > 2, there exists Z; such that 2 — kcos(2nz1) < 0. Hence,
there is no RIC passing through the vertical line {z = z;}. Therefore, there
is no RIC. O]

In the proposition above, we have considered only two iterates of the
map. One can try to get sharper conditions on k£ by considering more iter-
ates. This has been done in [MP85] obtaining that the Standard map has
no RICs for |k| > 63/64.

Generating function

Finally, we consider a method which uses the generating function. First, we
show two results, for the Standard map and for the Birkhoff billiards.

Proposition 5.24 (Mather). The Standard map
1 1 k. k.
T:5 xR — S'xR, T(x,y) = ({x+y—2— 8111(27737)} X sm(27rac))
7r 7r

has no RICs for |k| > 4/3.

Proof. First, using Proposition 5.23, we assume k € (0,2). Recall that the
Standard map has generating function

1 k
h(zg,z1) = §(x1 — 1'0)2 + 2 cos(2mxg).
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Assume that a RIC C,, exists and let (zo,0), (z1,y1), and (x2,y2) be
consecutive points of an orbit on C,,. Then, y; = d2h(xg, x1) = —01h(x1, x2),
which implies

k
x1 —x0 = (2 — 1) + o sin(27xy),
or equivalently,

2r1 — o — T2 — Dy sin(27z1) = 0.

Since T'|¢c,, is a Lipschitz order-preserving circle homeomorphism F', we have
x9 = F(x1) and 29 = F~!(2;). Hence,

k
QM—FAWQ—Fﬁﬂ—gﬂm@mQ:0
T
Differentiating with respect to x1,

1

2 — kcos(2mxy) = (F_l)/(l‘l) + F'(x1) = F'(z1) + m

>0, (5.9)

where we have used that F' is almost everywhere differentiable.
Let )
C:= F’ —
max{s;llp , S;llp F’} )

and write L := supg1 F' and ¢ := infg1 F’, so that

1
C—maX{L,E}.

1 1
2+ k = sup(2 — kcos(2mx1)) > max {sup F' +inf k inf F/ + sup F’} ,

From (5.9) we get

Sl
that is,
24 k> Lt opilsoyd
max - - —.
= ma AR s
Similarly,
2 k= inf(2 — kcos(2ma1)) = inf F' +inf — — (4 ~ > =
—1511 mx1)) > in inf = = 726

Since k € (0,2), from the second inequality, we get

2
> —— > 1.
0*2—k>
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Hence, in the first, we can write
2 2 2—k
2+kzg(0)zg( >=2 + ,

using that the function

1
glt) =t+ -
t
is increasing on [1,00). Therefore,

(2 — k)2 k?

4—k>>2 =242+ — —2k
=24 245 ,

which gives

§k272k§0 o k(2k-2 <0.
2 2
Thus, assuming that k& € (0,2) and that a RIC exists, we obtain k < 4/3. [

Theorem 5.25 (Mather [Ma82]). Let 2 be a C3-smooth strictly convex set
in R2, such that the curvature of the boundary vanishes at one point. Then
the Billiard map T : St x [-1,1] — S! x [-1,1]. has no Rics.

Proof. Let v : [0,1] — R? be the arc length parameterisation of 9§} with
components v(s) = (x(s),y(s)), and d(+,-) denote the Euclidean distance in
R?. If we consider the function

Gt u,w) = d(y(t), y(u)) + d(y(u),y(w)),
then a straightforward computation gives

ﬁ(t " w)::'c(u)( w(u) —x(t)) + y(u)(y(u) —y(t))
Ou’ d(y(t),y(u))

a(u) (x(u) — z(w)) + §(uw) (y(uv) — y(w))
d(y(u), v(w)) '

Let now s_1, sg, s1 be the length-arc coordinates of three consecutive points
of a billiard trajectory. As shown in Example 5.5, the Euclidean distance is
minus the generating function of the billiard map 7', hence by the properties
of the generating functions we have

+

oG
%(871, S0, 81) =0.
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Moreover, if the curvature of 02 vanishes at v(sp), so that 4(sg) = 0, we
again obtain by a straightforward computation that

. 2 . 2
82G(8_1 S0 81) _ 11— <7(80)7P7(571)"/(50)> + 1 - <’7(SO)’ P7(50)7(51)> >0
Ou? > d(7(s-1),7(s0)) d(7(s0),7(s1))
since ||¥(so)|| = 1, where P,(,),(w) denotes the unitary vector from v(u) to

Y(w).
It follows that we can apply the Implicit Function Theorem to the func-
tion 0G/Ju in (s_1, S0, 51) to get the existence of a function

n:U(s-1,51) — V(s0)

defined in a neighbourhood U of (s_1,s1) with values in a neighbourhood
V of sg, such that n(s_1,s1) = so and
gf(t,n(t,w),w) =0, V(t,w) e U.

Hence t,n(t,w), w are the length-arc coordinates of three consecutive points
of a billiard trajectory.

Let now assume by contradiction that s_1, sg, s1 are on a RIC C, then
by Theorem 5.16-(ii) C is the graph of a Lipschitz function ¢ : S — R,
and consequently the billiard map restricted on C is of the form (s, ¢(s)) —
(F(s),¢(F(s))) where F : S' — S! is an order-preserving Lipschitz homeo-
morphism. It follows that sy = F(s_1) and so = F~!(s1). Moreover by the
Implicit Function Theorem we can write

8 627G(571780781)
572(8‘1’31) = — 9t (5.10)
W(S—laso,sl)
2
877 ‘a G (5—17807 Sl)
5o (5-151) = = Ou Ou (5.11)
w W(S—lﬂs(]vsl)

As a final ingredient, we use that as observed in Example 5.1,

9*G 0 0d(y(t),y(u))
Bt P10 s = 5o ot

t=s_1,u=sp
) 00_4
= ———cosf_1 =sinf_4 ,
680 680

where 0; denotes the angle of incidence of the billiard trajectory in the point
v(si), and we are using that 6_; can be written as a function of (s_1, sp).
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Moreover, sin #_; > 0 and the twist property of the billiard ball map implies

that .
880 N 80_1 -
89_1_<830> >0

Hence in (5.10) we find 9n/0t(s_1, s1) < 0. Analogously

9%G _ 0 d(y(u),v(w)) _
811) Bu (8_1780781) a 870 8u U=80,W=S81 -
B ., 06
= 8751 cos 0y = sin 0y D5’

whence in (5.11) we find dn/0w(s_1,s1) < 0. Using the homeomorphism F
we can write
on o

5(5—1781) = F'(s-1) <0,

Sk(s-1.s) = (F7)/(s1) <0,

which gives the contradiction because F' is order-preserving. O

Remark 5.26. The two previous results are a particular formulation of a more
general principle. Let h be the generating function of an exact symplectic
twist map, then if (xo,v0), (z1,¥1), and (z2,y2), are consecutive points of
an orbit on a RIC C, then

822h(x0,:c1) -+ 811h(x1,a:2) > 0.

Hence, converse KAM results may be obtained by violating the previous
condition at some point x1, writing zo and zo as functions of z1 via an
order-preserving Lipschitz circle homeomorphism.
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Appendix A

Continued fractions

A.1 The algorithm

For a € R let’s consider the following algorithm. First we define ag = || €
Z and let op := a — ag € [0,1). Then we let

1 1
ay = \‘JEN, alzz——ale[o,l)
Qg Qo
(A.1)
1 1
pt1:=|— | EN, apy1:=— —ap11 €0,1) Vn>1
Qi Qan
The algorithm stops if ap = 0 for some n. Notice that we may write
1 1 1
a=ag+ =0+ ——F —=a0+ T (A.2)
CL1+OZ1 a1+a2+a2 a1—|—a2+—1
A antan

for all n > 1 until the algorithm stops.
Proposition A.1. The algorithm (A.1) stops if and only if « € Q.

Proof. If the algorithm stops and a; = 0, from (A.2) it follows that

1
a=ag+ T €eQ
Tt

o

Sk

Conversely, if a € Q, let a = a0+§ with 0 < p < ¢, and apply the algorithm.
If p=0, ag = 0 and we are done. Otherwise, working out the first steps we

159
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get

_g—aip _ p—az(qg—ap)
a1 = 5 g =
p q—aip

If a7 = 0 we are done, otherwise 0 < ¢ — a1p < p. Again if ag = 0 we are
done, otherwise for the numerator we can write 0 < p — as(q — a1p) < p.
It follows that the algorithm produces rational numbers «,, with decreasing
positive numerators and denominators. Hence the algorithm necessarily
stops. [

Given a real number «, its continued fraction expansion is then denoted
by
a = [ag; a1, az,as3, .. .| (A.3)
and the coefficients {ay} are obtained as in (A.1) and are called partial
quotients.

Without loss of generality we now consider the case o € [0, 1), so that
ap = 0 and o = . In this case we drop ap from notation (A.3).

Proposition A.2. Let a € [0,1) and a = [a1, az, ...|. Define by recurrence
the following sequences of natural numbers

p—1=1,p0=0, pp = anpn—1 +pPn—2, Vn>1

(A4)
4-1=0,90=1, ¢ =anqn-1+qn—2, Vn=>1
Then
(i) pn and q, are divergent sequences;
(11) q@npn—1 — Gn—1Pn = (=1)" for alln > 1 and (py,qn) = 1;
(iii) 2’—: = [a1,a9,...,a,] forn > 1 (and n < 7 if the continued fraction

expansion of « is finite with o = 0).
Proof. (i) It is immediate from the definition.

(ii) The statement is true n = 1 since ¢1 = a; and p; = 1. Assume that it is
true up to n — 1, then

dnPn—1 — n—1Pn = (anQn—l + Qn—2)pn—1 - Qn—l(anpn—l + pn—?) =

= _(Qn—lpn—Q - qn-2Pn—1) = —(—1)n_1 = (—1)n
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Moreover, if ¢ := (pn, ¢n) > 1 we have an absurd from ¢|(—1)".
(iii) Let us now look at the terms of the form z—:. By definition we have

m_1 p_ a 1
)

G a Q2_a2a1+1_a1+£’

By induction, we assume that from representation (A.4) we obtain 2—: =

[a1,a2,...,a;] for any sequence {aj,as,...,ar} of natural numbers with
k < n terms.

We now wnat to show that given a = [ay, ag,...]| and pyi1, gny1 defined
as in (A.4) we have g:—j: = [a1,a2,...,an, an+1]. Let us consider the number
1

a; = = —ap. Then by the algorithm (A.1), oy = [az2,as,...], and we

« ~
introduce the notation [ag, as, ..., ak, ax+1] = g—: for all k& < n. Moreover

[ ] 1 1 K
a,ag,...,aq,ak4+1| = = = = ~ ~
ai + [az, a3, ..., ak, Ggi1) ar + 2 a1ge + pr

for all £ < n. By the inductive hypothesis

Pk+1 = qk, qk+1 = 14k + Dk Vk<n-—-1
since (Pk, qx) = 1, and
Dk = Qg41Pk—1 +Dk—2, qk = Qky1Gk—1 + Qr—2 Vk <n

Hence we can now write

[ala az,..., an7an+1] = #
aiqn + Pn
with
Gn = nt+1Gqn-1 + Gn—2 = An+1Pn + Pn-1
and

a1Gn + Pn = 1(0n41Gn—1 + Gn—2) + Gt 1Pn—1 + Pn-2 =
= an+1(a1Cjn—1 + ﬁn—l) + alqn—Q + ﬁn—Q =
=0n+1Gn + Gn—1
It follows that

_ dn _ Qp41Pn +DPn—1  Pntl
[a1,a9,... a5, any1] = — — = =
@1Gn + Pn Gn+19n + Gn—1 An+1

and the proof is finished. O
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The fractions py, /g, = [a1, a9, ..., a,] defined in terms of the coefficients
of the continued fraction expansion of a real number o € [0,1) are called
convergents of a. The following result explains why.

Proposition A.3. Let « € [0,1) be an irrational number with o = [ay, as, . . .],
and let pp/qn the fractions defined in Proposition A.2. Then for alln > 1

1
- - a— =
Qn(Qn + Qn—‘rl) dn

Proof. We first notice that from (A.2) and o, € [0,1) for all n > 1, it follows
that Z—Z > « if n is odd, and Z—Z < « if n is even. Moreover from Proposition
A.2-(ii) one obtains

1
qn dn+1

Pn

< <

and Pn—2 . @ _ (_1)n—1 an

gn—1 an B dn dn—1 dn—2 dn dn qn—2

In particular one obtains that the subsequence ZL’“ is increasing, and the
P2k—1 2k
q2k—1
its, and the limits coincide since ¢, is a divergent sequence. Hence is

a convergent sequence. Since « is a separating element between the two
subsequences, it follows that g—: — o as n — .
To obtain the estimates in the thesis, first we argue that

is decreasing. Hence the two subsequences admit lim-
Pn

subsequence

\a_pn < [Pt Pn
dn gn+1 Gn
since Z:—E and Z—: are on different sides with respect to c. Hence
‘a_pn |per | DT
qn dn+1 qn gn+14n Gn+19n
Let us now fix n odd, and consider IZ Zj, 5—;‘, and the following rationals
Pn + Pn—1 2pp + Pn—1 3pn + Pn—1 Ap+1Pn + Pn—1 _ Pn+1
Qn + gn—1 ’ 2qn + qn-1 ’ 3qn + qn-1 ’ ’ An+19n + qn—1 gn+1
For all k =1,...,an4+1 we have
kpn + Pn—1 (k - l)pn + Pn—1 _(ann—l - Qn—lpn)

_ = >0
an + gqn-1 (k - 1)Qn + qn-1 (an + qn—l)((k - I)Qn + Qn—l)

since ¢npn—1 — qn—1Pn = (_l)n < 0, and

kpn+Pn-1 Pn _ GnPn—1 — qn—1Pn

= <0
kgn + -1 @ @u(kgn + ¢n-1)
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hence the rationals % with £ =1,...,ay41 are an increasing sequence
in the interval (qn_l, t=). Since

&_kpn‘kpnfl: 1 > 1 >@—O[

Gn  knt+an-1 @(kgn t@n-1) T Gndnt1 T G
where we used that n is odd, it follows that % with k= 1,...,ap41

are actually contained in the interval (qn_17 a). For k = ap4+1 we find that

Pn+1
dn+1
Repeating the same argument, we find that for all n > 1 the rationals 2—"

is smaller than «, as expected.

kprnyi+pn : :
and . with £ = 1,...,a,12 are on the same side with respect to «;

and the rationals m are closer to « than . If n is odd {kp"“ﬂ’"}
+1+4n kq +1tqn Jk

define a decreasmg sequence, which is increasing 1f n is even.
We can now use the previous results to write

o Prl o |Prtt T P0  Puf 1
G| |G+1+ 8 G| dn (a1 +an)
and the proof is finished. O

Definition A.1. Given two constants ¢, v > 0, we say that a is Diophantine
with parameters ¢ and v, and we write o € D(e,v), if

ozp‘>

. e VpeZ,qgeN.

We say that « is Liouwille if it’s not Diophantine with any ¢,v > 0.

Definition A.2. We say that a is Brjuno, and we write a € B, if the
denominators {g,} of its convergents satisfy

= lo
Z g dn+1 < 1oo.
an

n=1
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List of symbols

o Np:=Nu{0}.

e Rt :=(0,+00) and R{ := [0, +o0).

e |z| the integer part of a real number.

e {x} = x — | x| the fractional part of a real number.
e z points of a Euclidean space R™ with n > 1.

e d:R" x R" — R{ the Euclidean distance.

o (-,-):R" x R" — R the Euclidean scalar product.
e Be(z):={ycR" :d(z,y) <c}.

e X is a locally compact connected metric space.

e M(n x m,F) is the set of n x m matrices with coefficients in the set
F.

o A°:= X\ Aforaset AC X.

e A is the interior of A C X.

e A is the closure of A C X.

e 0A is the boundary of A C X.

e fi:=max{f, 0} is the positive part of a real-valued function f.

o f_:=max{—f,0} is the negative part of a real-valued function f.
e C°(X) is the set of continuous functions on X.

e CP(X) is the set of continuous and bounded functions on X.
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LIST OF SYMBOLS

CY(X) is the set of continuous functions on X with compact support.

CY*(X) with a € (0,1] is the set of a-Hélder (Lipschitz if a = 1)
functions on X.

C*(X) with k € NU {oo} is the set of functions of class C* on X.

Cke(X) with k € NU {co} and a € (0,1] is the set of functions of
class C* on X for which the k-th derivative is in C%(X).

C*(X) is the set of real analytic functions on X.

BV (a,b) is the set of functions with bounded variation on the interval

(a,b).

M(X) is the set of positive Radon measures on X.

M (X) is the set of positive Radon probability measures on X.
w(f):= [y fdufor p € Mand f e LY (X, p).

pg(f) == [y fgdufor p € M, g measurable and f € L'(X, gu).
F* is the dual of a space F.

L*: G* — F* is the dual of a linear operator L : F — G.



