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In [4], M. Atiyah introduced the notion of complex analytic connections and con-
structed characteristic classes of holomorphic vector bundles, in the Dolbeault cohomol-
ogy, via the obstruction to the existence of such a connection for the bundle. In this
paper, we study localization problems of those classes, which we will call Atiyah classes.

We first reconstruct the classes using C*° connections of type (1,0) and developing a
Chern-WEeil type theory for these connections. In fact, the use of this type of connections
was already present in [4] in the framework of principal bundles and the idea of incor-
porating this into the Chern-Weil theory had been noted in [5]. We further exploit this
approach. If we treat the Atiyah classes this way, we may represent a class by a 0-closed
form, which is a part of the corresponding Chern form. Combined with the Cech-Dolbeault
cohomology, this viewpoint is particularly suited for localization problems.

In the case of Chern classes, localization problems arise naturally in many contexts.
For example, taking the Poincaré-Hopf index theorem as a model case, a number of works
had been done for the indices and residues of vector fields. Then a general residue theory
for singular holomorphic foliations was developed by P. Baum and R. Bott in [6]. This
can be interpreted as a localization theory of the characteristic classes of the normal sheaf
of the foliation based on the Bott vanishing theorem. The point here is that, once we
have a certain vanishing theorem, we have a localization theory. The index theorem of
C. Camacho and P. Sad in [11], which was effectively used in their proof of the existence of
separatrices for holomorphic vector fields on the complex plane, was also interpreted and
generalized in this context in [15]. There are some other residues for singular foliations
that can be captured from this viewpoint and they are systematically treated in [18]. Here
the combination of the Chern-Weil theory and the Cech-de Rham cohomology, originally
due to [14], is a very convenient tool to described the theory.

The philosophy and the techniques above turned out to be very effective in other
problems related to characteristic classes. For example, there is a work [1] in the complex
dynamical systems that corresponds to the aforementioned work of Camacho-Sad. The
index theorem used there, which was originally proved in a different way, is shown to be
proved, in [9], in the framework of residue theory of singular foliations as above. This
viewpoint gave unification of index and residue theories both for foliations and mappings
and further generalizations ([2, 3]).

They are also applied to the study of characteristic classes of singular varieties, that are
summarized in [10]. The residue theory in this framework led to an analytic intersection
theory on singular varieties [19], with an application in the discrete dynamical system on
singular surfaces [8]. See [17] for another development in this direction.
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In this paper we try to make analogous studies in the case of Atiyah classes, compare
with and complement the theories in the case of Chern classes.

In Section 1, we describe the Atiyah classes using connections of type (1,0), as men-
tioned above, and compare these with the original definition in Section 2. Then we recall
the Cech-Dolbeault cohomology theory in Section 3. In Section 4, we define Atiyah classes
in the Cech-Dolbeault cohomology and explain the basic principle of localization. Each
time we have a “vanishing theorem”, we have a corresponding localization theory and the
associated residues. In Section 5, we briefly discuss the localization by sections, or more
generally, by frames. In Section 6, we prove a Bott type vanishing theorem for non-singular
distributions, which lay foundation to the residue theory for singular distributions. As
an important example, we give the vanishing theorem coming from the “Camacho-Sad
action” in Section 7. In Section 8, we discuss singular holomorphic distributions and in
Section 9, we give an example of Atiyah residues for some singular distribution.

1 Atiyah classes

For details of the Chern-Weil theory of characteristic classes of complex vector bundles,
we refer to [6], [7], [16], [18]. Here we use the notation in [18] (with connection and
curvature matrices transposed and r and ¢ interchanged).

1.1 Atiyah forms

Let M be a complex manifold and £ a holomorphic vector bundle over M of rank ¢. For
an open set U in M, we denote by AP(U) the complex vector space of complex valued
C* p-forms on U. Also, we let AP(U, E') be the vector space of “FE-valued p-forms” on
U, i.e., C* sections of the bundle A\? (TSM)" ® E on U, where (TM)" denotes the dual
of the complexification of the real tangent bundle Tg M of M. Thus A°(U) is the ring of
C™ functions and A°(U, E) is the A°(U)-module of C* sections of E on U.

Definition 1.1 A (C*) connection for E is a C-linear map
V:AYM,E) — A (M, E)
satisfying the Leibniz rule
V(fs)=df @ s+ fV(s) for fe A’(M)andse A°(M,E).

Definition 1.2 For r =1,...,¢, an r-frame of E on an open set U is a collection s") =
(s1,...,5,) of r sections of F linearly independent everywhere on U. An ¢-frame is simply
called a frame.

Definition 1.3 Let V be a connection for £ on U, and s = (s1,...,s,) an r-frame
of E. We say that V is s -trivial if V(s;) = O fori =1,...,r.

A connection V for E induces a C-linear map
V: AYM,E) — A*(M,E)
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satisfying
Viw®s)=dv®s—wAV(s) for we A(M)and se A°(M,E).

The composition

K =VoV: AM,E) — A*(M,E)

is called the curvature of V. Tt is not difficult to see that K is A°(M)-linear; hence it can
be thought of as a C* 2-form with coefficients in the bundle Hom(E, E).

Notice that a connection is a local operator, i.e., it is also defined on local sections.
This fact allows us to obtain local representations of a connection and its curvature by
matrices whose entries are differential forms. Thus suppose that V is a connection for F.
If e® = (e1,...,e) is a frame of E on U, we may write, for i = 1,...,¢,

¢
Vie) = Z@f ® e; with 93 in Al(U).
j=1

The matrix 0 = (9;) is the connection matriz of V with respect to ). Also, from the
definition we get

¢ ¢
K(ei):Z/ﬁg@ej with /ﬁ?zd&f%—Z@i/\@f.
j=1

k=1
We call k = () the curvature matriz of V with respect to e, If &® = (E1,...,€) is
another frame of E on U, we have é; = E§=1 ale; for suitable functions a] € C>*°(UNU),

and the matrix A = (a/) is non-singular at each point of U N U. If we denote by # and &
the connection and curvature matrices of V with respect to é) we have

§=A"1 dA+A9A and F=A"'kA in UNU. (1.4)

Up to now E could have been only a C* complex vector bundle. Now we use the
assumption that £ is holomorphic.

Definition 1.5 A connection V for E is of type (1,0) (or a (1,0)-connection) if the entries
of the connection matrix with respect to a holomorphic frame are forms of type (1,0).

Remark 1.6 (1) It is easy to check that the above property does not depend on the
choice of the holomorphic frame.

(2) A holomorphic vector bundle always admits a (1,0)-connection. In fact let V = {V,}
be an open covering of M trivializing E. For each A, let V be the connection trivial with
respect to some holomorphic frame on V). If we take a partition of unity {p,} subordinate
to V and set V. =3, paV,, then V is a (1, 0)-connection for E.

If V is a (1,0)-connection for E, we may write its curvature K as

K =K*+ K"



with K?% and K'! respectively, a (2,0)-form and a (1,1)-form with coefficients in
Hom(FE, E). Locally, if § and k are respectively the connection and the curvature ma-
trices of V with respect to a (local) holomorphic frame of E, then we can decompose
k = k20 + kb1 according to type, and K20 and K! are respectively represented by

KO=00+0N0 and kb =00 . (1.7)

Thus K, being locally d-exact, is a d-closed (1, 1)-form with coefficients in Hom(E, E).

With respect to another holomorphic frame, K11 is represented by a matrix similar
to k! (cf. (1.4)). Thus for each elementary symmetric polynomial o, (with p=1,2,...)
we may define a d-closed C*™ (p, p)-form o,(K'!) on M. Locally it is given by o,(k"!),
which is the coefficient of ¢¥ in the expansion

det(I +tx"") =1+ o (k") + -+ op(kW)P + -
In particular, oy (k") = tr(kb) and oy(k!?) = det(xb1).

Definition 1.8 Let V be a (1, 0)-connection for a holomorphic vector bundle E of rank /.
For p =1,...,¢, we define the p-th Atiyah form a?(V) of V by

a’(V) = (\/__1>pap(K1’1).

2T

It is a O-closed (p, p)-form on M.

More generally, if ¢ is a symmetric homogeneous polynomial of degree d, we may write
¢ = P(01,09,...) for a suitable polynomial P. Then we define the Atiyah form *(V)
of V associated to ¢ by

it is a d-closed (d, d)-form on M.

Remark 1.9 The p-th Chern form ¢?(V) of V is defined by
—1\?
)= () ot

2

which is a closed (2p)-form having components of bidegrees (2p,0), ..., (p,p). The Atiyah
form a?(V) is then the (p, p)-component of ¢?(V). In particular, (V) = ¢"(V), where n
denotes the dimension of M.

More generally, the Atiyah form ¢?(V) of V associated to a symmetric homogeneous
polynomial ¢ of degree d is the component of type (d,d) of the Chern form (V) =
P(cY(V),c*(V),...) associated to . Again, if d = n then (V) = ¢(V).

1.2 Atiyah classes

Let E be a holomorphic vector bundle over a complex manifold M. As in the case of Chern
forms, to any set of at least two (1,0)-connections for E one can associate a difference
form starting from the usual Bott difference forms. Here we recall the construction in the
case of two connections and refer to [20, Proposition 5.4] for the general case.
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Thus, given two (1,0)-connections V and V; for E, we consider the vector bundle
E xR — M x R and define the connection V for it by V = (1 — )V, + tVy, where ¢
denotes a coordinate on R. Denoting by [0, 1] the unit interval and by = : M x [0,1] — M
the projection, we have the integration along the fiber

Tt AP(M x [0,1]) — AP~H(M).

Then we set ~
’(Vo, Vi) = m(c"(V)).
The Atiyah difference form a?(Vy, V) is the (p, p — 1)-component of ¢?(V, Vy). It is
alternating in Vy and V; and satisfies

daP(Vy, V1) = a”(Vy) — a” (Vo). (1.10)

This in particular shows that, if V is a (1,0)-connection for F, the class of a?(V) in
HEP(M) does not depend on the choice of V.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d then there is a
(d,d — 1)-form ©4(Vy, V) alternating in V, and V; and satisfying

P (V1) = (Vo) = 0™ (Vo, V).
Then we can introduce the following definition :

Definition 1.11 Let E be a holomorphic vector bundle E of rank ¢. Forp =1,...,/ the
p-th Atiyah class aP(E) of E is the class represented by a”(V) in H"(M), where V is an
arbitrary (1,0)-connection for E.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the Atiyah class
©A(E) of E associated to ¢ is the class of (V) in Hg’d(M), where V is an arbitrary
(1,0)-connection for E.

Remark 1.12 If n denotes the dimension of M, there is a canonical surjective map
HZ" (M) — HZ"(M), which assigns the class of a form w to the class of w. If d = n,
then (V) = (V) for any (1,0)-connection V for E and the image of ¢(E) by the
above map is ¢(E). In particular, if M is compact, [,, *(E) = [, ¢(E).

Moreover, if d = n, then p*(Vy, V) also coincides with the usual Bott difference
form ¢(Vy, V1) for any pair of (1,0)-connections Vy, V; for E.

1.3 Atiyah classes on compact Kahler manifolds

Let M be complex manifold (not necessarily Kéhler) and E a holomorphic vector bundle
on M. Let h be any Hermitian metric on E and let V" be the associated metric connection,
i.e., VM is the unique (1,0)-connection compatible with h. The curvature K of V is then
of type (1, 1), and hence

(V") =a?(V")  forall p > 1.

In other words, Atiyah and Chern classes of the same degree can be represented by the
same form. Of course, as classes they are different, because they belong to two different
cohomology groups: c,(E) = [¢?(V")] € H.P(M), the de Rham cohomology of M, while
aP(E) = [a?(V")] € HEP(M), the Dolbeault cohomology of M.

However, if M is compact Kéhler, the Hodge decomposition yields a canonical injection
HEP(M) — H, 2P(M), and hence we obtain the following useful relation :
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Proposition 1.13 Let M be a compact Kdhler manifold and E a holomorphic vector bun-
dle on M. Let H: HZ"(M) — HZP(M) be the injection given by the Hodge decomposition.
Then

H(a"(E)) = *(E) forall p>1.

2 Atiyah classes via complex analytic connections

Atiyah classes were originally introduced by Atiyah in [4], with a different construction.
In this section we show that our definition yields the same classes.

Let M be a complex manifold and O the sheaf of germs of holomorphic functions on
M. For a holomorphic vector bundle E over M we denote by £ = O(F) the sheaf of
germs of holomorphic sections of E. We also denote by © = O(TM) and Q' = O(T*M)
the sheaves of germs holomorphic vector fields and of 1-forms on M. All tensor products
in this section will be over the sheaf O.

Definition 2.1 A holomorphic (or complex analytic) connection for E is a homomor-
phism of sheaves of C-vector spaces

V:E—Q®E

satisfying
V(fs)=df @ s+ fV(s) for feOandseC.

If e = (ey,...,e,) is a local holomorphic r-frame of E, we shall say that V is
e -trivial if Ve;=0Oforj=1,...,r.

Remark 2.2 A holomorphic connection V on a holomorphic vector bundle E induces
naturally a (1,0)-connection V. In fact, let s be a C* section of E. Let U be an open
set trivializing £ and let (eq,...,¢e;) be a holomorphic frame on U. Write s = Zle fle;
for suitable f* € C*(U), and set Vs = Zle(dfi ®e; + f'V(e;)). Tt is easy to check that
the definition does not depend on the choice of the frame.

Conversely, a (1,0)-connection V such that (Vs)(u) is holomorphic wherever s and u
are holomorphic clearly determines a holomorphic connection.

Following Atiyah [4], we set
DE) = (' ®E),

which is a direct sum as a sheaf of C-vector spaces, endowed with the O-module structure
given by
fe(s,0)=(fs,df @s+ fo).

In particular, we have the following exact sequence of (locally free) O-modules
0O— QeSS DELHE—DO. (2.3)

A splitting of this sequence is a morphism n: &€ — D(E) of O-modules such that pon = id.
Then



Lemma 2.4 ([4]) Let E be a holomorphic vector bundle on a complex manifold M. A
morphism n: € — D(E) is a splitting of (2.3) if and only if it is of the form n(s) =
(S,V(s)), where V is a holomorphic connection for E. Thus E admits a holomorphic
connection if and only if (2.3) splits.

The following is also easy to see:

Lemma 2.5 ([4]) Let V be a holomorphic connection for a holomorphic vector bundle E.
If € € Homop(E,Q'®E) then V + € is a holomorphic connection for E. Conversely, every
holomorphic connection for E is of this form.

The sequence (2.3) determines an element b(E) € H'(M,Hom(E, Q' @ £)) as follows.
First, applying the functor Hom(E&, ) to (2.3) we get the exact sequence

O — Hom(€,Q' ® £) — Hom (&, D(E)) — Hom(€,&) — O,
and thus the connecting homomorphism
§: H(M,Hom(&,€)) — H'(M,Hom(&,Q' ® £)).
Then b(E) = é(id) € H' (M, Hom(E, Q' ® £)). It is not difficult to prove the following

Lemma 2.6 ([4]) A holomorphic vector bundle E admits a holomorphic connection if
and only if b(E) = 0.

Now, we have the Dolbeault isomorphism
H'(M,Hom(€,Q' ® €)) = H' (M, Q' ® Hom(, €)) ~ Hy' (M, Hom(E, E)).

Let a(F) denote the class in Hé’l (M,Hom(E, E)) corresponding to —b(E) via the above
isomorphism (cf. [4, Theorem 5]). Then the original Atiyah class of type (p,p) is defined

i 8= (51) fatm)

we shall show that a? (E) = a?(FE) for all p > 1. To do so we need some definitions.

Definition 2.7 Let V = {V)} be an open covering of M. A V-splitting of (2.3) is a
collection {n*} of splittings n* of (2.3) on each V). A holomorphic V-connection for E is
a collection {V*} of holomorphic connections V* for Ely .

By Lemma 2.4, a V-splitting determines a holomorphic V-connection and vice versa.
Furthermore, every holomorphic vector bundle £ admits a holomorphic V-connection for
some open covering V. In fact, let V = {V,} be a covering trivializing E; then take as v
a holomorphic connection which is trivial with respect to some holomorphic frame of F
on V)\.

Definition 2.8 We shall call 9-curvature of E a d-closed (1, 1)-form with coefficients in
Hom(FE, E) representing the class a(E).



The next theorem shows that we can obtain a d-curvature as the (1, 1)-component of
the curvature of a suitable (1, 0)-connection :

Theorem 2.9 Let E be a holomorphic vector bundle over a complex manifold M. Then
a holomorphic V-connection for E determines a (1,0)-connection V for E such that the
(1,1)-component of the curvature of V is a 0-curvature.

PrROOF :  Let {V*} be a V-connection for E with respect to a (sufficiently fine) open
covering V = {Vi} of M. On V4 NV, the difference ¢ = V* — V* is an O-morphism
from € to Q! @ £, and the collection £ = {£M} is a 1-cocycle on V representing —b(E).

We denote by AP (Hom(E, E)) the sheaf of germs of smooth forms of type (p, ¢) with
coefficients in the bundle Hom(E, E); in particular, we may think of Hom(&,Q!' ® &) =
Q' @ Hom(€,€) as a subsheaf of AM*(Hom(E, E)). Since the sheaf AP4(Hom(E, E)) is
fine, there exists a O-cochain {7*} of A"°(Hom(E, F)) on V such that

5)‘“ =7 — 7 on Wwnv,.

Hence
V +A =V on VANV,

In this way we have defined a global (1,0)-connection V which coincides with V* + 72
on Vj.

Since the forms & are holomorphic, on V3 N V,, we have Ot = Or*. Hence we get a
global O-closed (1, 1)-form w with coefficients in Hom(E, E) which is equal to 7* on Vj.
By chasing the diagrams, it is easy to see that the form w represents the class a(F),
and thus it is a d-curvature. Moreover, (1.7) shows that w is the (1, 1)-component of the
curvature of V, and we are done. O

Corollary 2.10 Let E be a holomorphic vector bundle on a complex manifold M. Then
a2, (E) = a(E)
forallp > 1.

Remark 2.11 Given a holomorphic V-connection {V*}, the 0-curvature w constructed
in the proof of Theorem 2.9 is not uniquely determined; it depends on the choice of the
0-cochain {7*}. One way to choose {7} is to take a partition of unity {p,} subordinate
to V and set 7} =Y p, &

We give now a more explicit expression of the forms introduced in the proof of The-
orem 2.9. Let ¢ be the rank of F, and choose an open cover V of sufficiently small open
sets trivializing £. On each V) take a holomorphic frame (e}, ..., e}) of E and let V* be
the connection on Vj trivial with respect to this frame. Finally, let {h*} be the system
of transition matrices corresponding to these choices, that is

¢
e = Z(hk“);‘?eg on VNV,.
k=

1
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Then

‘
¥ (el) = = D (W) () @ e,
7,k=1
Thus &M is represented, with respect to the frame (e, ..., e}), by the matrix
p p 1 ¢ y

—hM RPN = dRM (h/\u)—l = O . (hku)—l

as an element of Hom(&, Q! ® €) ~ Q! ® Hom(€,€) on V), N'V,. Taking a partition of
unity {px} subordinate to V, we may set 7 = > p,&"*, as in Remark 2.11; the global
(1,0)-connection constructed in the proof of Theorem 2.9 is then given by V.= >" p, V",
and its curvature matrix with respect to the frame (e7,...,¢e)) is given by 7}, and the
corresponding O-curvature by o7

As a direct consequence of Lemma 2.6 and Corollary 2.10 we get

Proposition 2.12 Let E be a holomorphic vector bundle over a complex manifold M.
If E admits a holomorphic connection then a?(E) = 0 for all p > 1, that is, all Atiyah
classes of E vanish.

Remark 2.13 In fact, the existence of a holomorphic connection V implies the stronger
vanishing a?(V) = 0 for all p > 1. This can be easily seen from (1.7), since the connection
matrix 6 of V with respect to a holomorphic frame is holomorphic. See Theorem 6.10
below for more general vanishing results of this type.

It should be remarked that the converse of Proposition 2.12 is not true. Namely, it
might happen that a?(F) = 0 for all p > 1 but a(FE) # 0, as the following example shows.

Example 2.14 Let M be a compact Riemann surface and L a line bundle over M such
that a'(L) = ¢'(L) # 0. Let E := L @ L*. Then ¢!(E) = ¢(L) — ¢(L) = 0, and by
Proposition 1.13 it follows a!(E) = 0. For dimensional reasons, a?(E) = 0 for all p > 2.
Now we claim that E does not admit a holomorphic connection, and hence a(E) # 0 as
a class in H g’l (M , Hom(E,E)). In fact, by contradiction, let V denote a holomorphic
connection for E. Let m: Q' ® E — Q! ® L denote the projection and ¢: L — E the
immersion. It is easy to show that m o V o is a holomorphic connection for L. But then
ct(L) = a'(L) = 0, against our assumption.

3 Cech-Dolbeault cohomology

In this section, we recall the theory of Cech-Dolbeault cohomology in the case of coverings
consisting of two open sets. Although it is technically more involved, the ideas are similar
for the general case of coverings with arbitrary number of open sets. We review relevant
material for this case in Section 9 and refer to [20] for details

Let M be a complex manifold of dimension n. For an open set U of M, we denote by
AP9(U) the vector space of C* (p, q)-forms on U. Let U = {Uy, U, } be an open covering
of M. We set Uy = Uy N Uy and define the vector space AP4(U) as

APUU) = APU(Uy) & APU(Uy) & APTH(Upe).

9



Thus an element ¢ in AP4(U) is given by a triple o = (0¢, 01, 001) With o; a (p, ¢)-form
on Uj, i = 0,1, and 0¢; a (p,q — 1)-form on Up;.
We define a differential operator D: AP4(U) — APITH(U) by

DO’ = (50’0,50‘1,0’1 — 09 — 30’01).
Then we have D o D = 0 and thus a complex for each fixed p:

pp.a—1 DpPa

ee — Ap,q—1<u) — APIUY) — Ap7q+1(u) — ...

We set
HZY(U) = Ker DP4/Tm DP9~

and call it the Cech-Dolbeault cohomology of U of type (p,q). We denote the image of o
by the canonical surjection Ker DP4 — HZY(U) by [o].
Let HZ“(M) denote the Dolbeault cohomology of M of type (p, q).

Theorem 3.1 The map a: APY(M) — API(U) given by w — (w,w,0) induces an iso-
morphism
a: HYY(M) — HZ'(U).

PRrROOF : It is not difficult to show that « is well-defined. To prove that « is surjective,
let 0 = (09, 01,001) be such that Do = 0. Let {po, p1} be a partition of unity subordinate
to the covering U. Define w = pooy + p1o1 — Opo A 0o1. Then it is easy to see that dw = 0
and [(w,w,0)] = [o]. The injectivity of « is also not difficult to show. O

We define the cup product
APA(UY) x AP (UY) — APTPaH (1Y), (3.2)
assigning to o in AP¢(U) and 7 in AP (U) the element ¢ — 7 in APTP4+¢(1f) given by
(c~Th=00ATy, (c~T)i=01A7 and (o< 7)o = (=1)""09 A To1 + 001 A T1.
Then o « 7 is linear in ¢ and 7 and we have
D(oc~7)= Do~ 1+ (-1t < Dr.
Thus it induces the cup product

HZ'U) x HS (U) — HEP (W)
compatible, via the isomorphism of Theorem 3.1, with the product in the Dolbeault
cohomology induced from the exterior product of forms.

Now we recall the integration on the Cech-Dolbeault cohomology. Let M and U =
{Uy, U} be as above and {Ry, R;} a system of honey-comb cells adapted to U (cf. [14],
[18]). Thus each R;, i = 0,1, is a real submanifold of dimension 2n with C*° boundary in
M such that R; C U;, M = Ry U R; and that Int Ro NInt Ry = 0. We set Ro1 = Ry N Ry,
which is equal to Ry = —0R; as an oriented manifold.
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Suppose M is compact; then each R; is compact and we may define the integration

/M AP UY) — C

/U:/Uo+/01+/ 001
M Ro Ry Ro1

for o in A™™(U). Then this induces the integration on the cohomology

as the sum

/ CHSU) — C,
M

which is compatible, via the isomorphism of Theorem 3.1, with the usual integration on
the Dolbeault cohomology Hj"(M). Also the bilinear pairing

APUUYY x APPR9(f) — AM(Y) —s C

defined as the composition of the cup product and the integration induces the Kodaira-
Serre duality

KS: HYU(M) =~ HE(U) < HE P91 ~ HIPm9(0)", (3.3)

Now let S be a closed set in M. Let Uy = M \ S and U; a neighborhood of S in M,
and consider the covering U = {Uy, U} of M. We denote by AP9(U, Uy) the subspace of
AP9(UY) consisting of elements o with oy = 0, so that we have the exact sequence

O — APUU, Up) — API(U) — AP (Uy) — O.

We see that D maps AP4(U, Uy) into AP+ (U, Uy). Denoting by HE(U, Uy) the g-th
cohomology of the complex (AP*(U, Uy), D), we have the long exact sequence

N Hqu—l(Uo) — H2YU,Uy) — HZWU) — HEY(Up) — -+ . (3.4)

In view of the fact that H}*(U) ~ HE(M), we set
HEY(M, M\ S) = HE'(U, Uy).

Suppose S is compact (M may not be) and let {Ry, R;} be a system of honey-comb
cells adapted to Y. Then we may assume that R; is compact and we have the integration

on A™™(U,Uy) given by
/ o :/ 01 +/ 0o1-
M Ry Ro1

This again induces the integration on the cohomology

/ HIU, Uy) — C.
M

The cup product (3.2) induces a pairing AP4(U,Uy) x A" P"9(U;) — A™"(U,Uy),
which, followed by the integration, gives a bilinear pairing

APUU, Ty) x A" PP=9(T;) — C.

11



This induces a homomorphism
A: Hg’q(M,M\S) = HgQ(u, Up) — Hg_p’n_q(Ul)*, (3.5)

that we call the 9-Alezander homomorphism. Note that, although H2(M, M \ S) does

not depend on the choice of U; because of the exact sequence (3.4), Hy™"""*(U;)* does
depend on the choice of U;. From the above construction, we have the following

Proposition 3.6 If M is compact, the following diagram is commutative :

HZY(M, M\ S) AN HP(M)

Al {KS

Hy 2" (Uy) —— Hy ™" (M)

4 Localization of Atiyah classes

In this section we describe a general scheme for dealing with localization problems.

4.1 Atiyah classes in the Cech-Dolbeault cohomology

Let M be a complex manifold and U = {Uy, U;} an open covering of M consisting of two
open sets, so that

APP(UY) = APP(Uy) @ APP(UL) @ APP~HUy,y).
For i = 0,1, let V; be a (1,0)-connection for E on U;. Then the cochain
af"(V*) = (a”(Vo), ap(Vl), (Zp(V(), Vl))

is in fact a cocycle, because of (1.10), and thus defines a class [a?(V.)] in HE"(U).

As in the case of Chern classes, it is not difficult to show that the class [a?(V,)] does
not depend on the choice of the connections V; and corresponds to the Atiyah class a?(E)
via the isomorphism of Theorem 3.1 (cf. [18, Ch.II, 8. DJ).

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the cocycle

e (V.) = (¢*(Vo), ¢! (V1), ¢*(Vo, V1)) (4.1)

defines a class in H%d(l/{ ), which corresponds to the class ¢ (E) via the isomorphism of
Theorem 3.1.

4.2 Localization principle

Let M be a complex manifold of dimension n and F a holomorphic vector bundle of
rank ¢ over M. Also, let S be a closed set in M and U; a neighborhood of S. Setting
Up = M\ S, we consider the covering U = {Uy, U, } of M. Recall that for a homogeneous
symmetric polynomial ¢ of degree d, the characteristic class ¢(E) in HdD’d(Z/{ )~ Hg’d(M )
is represented by the cocycle p4(V,) in A%4(U) given by (4.1).

12



It often happens (see, e.g., Remark 2.13, Theorems 5.1 and 6.10 below, or [2, 3]) that
the existence of a geometric object v on Uy implies the vanishing of ¢(E|y,) or of o (E|y,),
or even of the forms representing them, for some symmetric homogeneous polynomial ¢.
In this section we shall show that in this case we can localize the class ¢ (E) at S.

To formalize this idea, assume that given a symmetric homogeneous polynomial ¢ we
can associate to 7 a class C of (1, 0)-connections for E|, such that

for all V € C. We shall also assume (see, e.g., Theorem 6.10) that
A —
¢ (Vo, V1) =0

for all pairs Vo, V1 € C. In this case we shall say that ¢ is adapted to v, and we shall
call any connection in C special.

Assume that V, is special and ¢ is adapted to 7. The cocycle ©p*(V,) is then in
A%4(UY, Uy) and thus it defines a class in Hg’d(M, M\ S), which is denoted by ¢4(E,~). It
is sent to the class “(E) by the canonical homomorphism j*: 1."-1'g’d(]\47 M\S) — Hg’d(M).
It is not difficult to see that the class ¢4 (E,~) does not depend on the choice of the special
connection Vj or of the connection V; (cf. [18, Ch.III, Lemma 3.1]). We call p5(E,7)
the localization of p*(E) at S by .

Suppose now S is compact. Then we have the 9-Alexander homomorphism (3.5)

Ar HYY(M, M\ S) — HZ~"(Uy)".
Thus the class ¢4 (E,v) defines a class in Hgid’”fd(Ul)*, which we call the residue of
for the class ¢*(E) on Uy, and denote by Res 4 (v, E; Uy).

Suppose moreover that S has a finite number of connected components {S,},. For
each A\, we choose a neighborhood Uy of Sy so that Uy N U, = 0 if A # p. Then we have
the residue Res,a (v, E;U,) in Hg_d’”_d(U,\)* for each A. Let R, be a 2n-dimensional
manifold with C*° boundary in U, containing S, in its interior and set Ryy = —0R).
Then the residue Res,a (v, E; Uy) is represented by a functional

n— ¢ﬂVﬁAn+/)¢WVmV0An (4.2)

R Rox

for every d-closed (n — d,n — d)-form 7 on Uy.
From the above considerations and Proposition 3.6, we have the following residue
theorem :

Theorem 4.3 Let E be a holomorphic vector bundle on a complex manifold M of di-
mension n. Let S be a compact subset of M with a finite number of connected compo-
nents {Sx}». Assume we have a geometric object v on Uy = M \ S and a symmetric
homogeneous polynomial @ of degree d, adapted to ~v. For each A choose a neighbour-

hood Uy of Sy so that UxNU, =0 when X\ # u. Then:

(1) For each connected component Sy the residue Resya(7y, E;Uy) in the dual space
Hg_d’"_d(U,\)* is represented by the functional (4.2);
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(2) if moreover M is compact, then

D (ix)Respa(v, B;Uy) = KS(p*(E))  in HZ " 4(M)",

where iy: Uy — M denotes the inclusion.

Remark 4.4 If d = n and M is compact and connected, then Hg_d’"_d(M)* = Hg’O(M)*
may be identified with C, and in this case, (ix).Res,a (7, £; Uy) is a complex number given
by
[ e'@+ [ A,
R)\ RO)\
and K S(¢*(FE)) may be expressed as [, p*(E).

Furthermore, in this case Hg’O(M)* = Hy(M,C), and ©* may be replaced by ¢ (cf.
Remark 1.12) so that the Atiyah residue equals the Chern residue.

We finish this section by studying what happens in the case of compact Kahler man-
ifolds. Thus let M be a compact Kahler manifold of dimension n, and E a holomorphic
vector bundle on M. We have the following commuting diagram :

H
HYP(M)  ——  H"(M)

s it

Hy P P(M)* —"= Hay2y(M, C).
where H denotes the injection given by the Hodge decomposition, H, the injection given
by the dual decomposition, and P the Poincaré isomorphism, which is given by the cap
product with the fundamental cycle [M].

Since H(p?(E)) = ¢(F) in this case (Proposition 1.13), applying H, to the both sides
of the formula in Theorem 4.3.(2), we actually have a localization result for Chern classes:

Theorem 4.5 Let E be a holomorphic vector bundle on a compact Kahler manifold M
of dimension n. Let S be a compact subset of M with a finite number of connected com-
ponents {S\}r. Assume we have a geometric object v on Uy = M \ S and a symmetric
homogeneous polynomial ¢ of degree d, adapted to ~y. For each A choose a neighbour-
hood Uy of Sy so that UxNU, =0 when X\ # pu. Then

> " H.((ix)Respa(v, B;UN)) = @(E) ~ [M] in Hyy_59(M,C).
A

Notice that H*((Z.)\)*RGS(‘DA (v, E; U ,\)) is represented by a cycle C' such that for each
closed (2n — 2d)-form w, the integral [, w is given by the right-hand side of (4.2) with

n a O-closed (n — d,n — d)-form representing the (n — d,n — d)-component of the class
w] € HY"?"(M).
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5 Localization by frames

In this section we give a first example of localization of Atiyah classes following the scheme
indicated in the previous section.

The starting point is the following vanishing theorem, which is a consequence of the
corresponding vanishing theorem for Chern forms (cf., e.g., [18, Ch.II, Proposition 9.1]).

Theorem 5.1 Let E be a holomorphic vector bundle of rank ¢ on a complex manifold M .
Let s = (S1,...,8) be an r-frame of E on an open set U C M, and V an s _trivial
(1,0)-connections for E on U. Then

a’(V) =0, on U for p>0—r+1.

Let S be a closed set in M and assume we have an r-frame s of E on M\ S. We
let Uy = M \ S, choose a neighborhood U; of S, and consider the covering U = {Uy, U1}
of M. Let Vg be an s("-trivial (1,0)-connection for E on Uy, and V; an arbitrary (1,0)-
connection for E on U;. The p-th Atiyah class a?(E) is represented by the Cech-Dolbeault
cocycle

a?(V.) = (a"(Vo),a"(V1),a"(Vg, V1)).

By Theorem 5.1, if p > {—r+1, we have a?(Vy) = 0; thus a?(V,) € APP(U, Uy) determines
a class in HP(M, M\ S), which we denote by a?(E, s") and call the localization of a?(E)
by s,

Remark 5.2 If we have several s"-trivial (1,0)-connections, we also have the vanish-
ing of their difference form, and so s"-trivial (1,0)-connections are special in the sense
discussed in the previous section. As a consequence, the localization o (E, s(”) does not
depend on the choice of the s(-trivial (1,0)-connection Vq (or of the (1,0)-connection
Vi); cf. [18].

Example 5.3 Let C be a compact Riemann surface and L a holomorphic line bundle
over C'. Suppose we have a meromorphic section s of L and let S be the set of zeros and
poles of s. The previous construction gives us the localization a'(L, s) in H 81’1(0, C\95)
of a*(L) in Hé’l(C’). Note that S consists of a finite number of points. Let p be a point
in S and choose an open neighborhood U of p not containing any other point in S and
trivializing L. Let e be a holomorphic frame of L on U, and write s = fe with f a
meromorphic function on U. Let Vj be the s-trivial connection for L on C'\ S and V;
the e-trivial connection for L on U. If we denote by i the embedding U — C', we have
(by Theorem 4.3 and Remark 4.4)

i.Res i (L, s;U) = /

R

al(Vl) - / al(Vo,Vl).
oR
But we also have a' (V) = 0, and a computation gives

—1d
R =
So ) of
.Resqi (L, s;U) = ———R — 1,
iResqi (L, s;U) e esp(f)
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and Theorem 4.5 yields

St (4)- [0

peS

In particular we have recovered the classical residue formula for the Chern class, as
Joc' (L) = [, a' (L) in this case.

~ See [20] for another fundamental example of localized classes of this type, i.e., the
“0-Thom class” of a holomorphic vector bundle.

6 A Bott type vanishing theorem

Let M be a complex manifold and F a complex vector bundle over M. If H is a subbundle
of the complexified tangent bundle TgM, then its dual H* is canonically viewed as a
quotient of (TgM)*. We denote by p the canonical projection (TgM)* — H*. Following
6], we give the following definition.

Definition 6.1 A partial connection for E is a pair (H,0) given by a subbundle H of
TgM and a C-linear map

5: A%M, E) — A%(M, H* © E)
satisfying
d(fs)=pldf) ® s+ fo(s) for f € A°(M) and s € A°(M, E).

As in the case of connections, it is easy to show that a partial connection is a local
operator and thus it admits locally a representation by a matrix whose entries are C*°
sections of H*.

Definition 6.2 Let (H,§) be a partial connection for E. We say that a connection V for
E extends (H,§) if the diagram

AYM,E) —Y— AY (M, E) = A%M, (TEM)* ® E)
z‘dl p®1l

AY(M,E) —2— AYM, H* ® E)

is commutative.
It is easy to see that the following lemma holds ([6, Lemma (2.5)]).
Lemma 6.3 Any partial connection for a complex vector bundle admits an extension.
Example 6.4 If E is holomorphic, then we have the differential operator
d: A°(M,E) — A°(M, T'"M ®Q E).

The pair (T'M, ) is a partial connection for E.
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The following is not difficult to prove:

Lemma 6.5 ([6]) A connection V for a holomorphic vector bundle E is of type (1,0) if
and only if it extends (T'M, 0).

Definition 6.6 Let E be a holomorphic vector bundle over M. A holomorphic partial
connection for F is a pair (F,d) given by holomorphic subbundle F' of TM and a C-linear
homomorphism

0. &E—F"QE

satisfying
O(fs)=pldf)@s+ fo(s) for feOandsecC.

We shall also say that d is a holomorphic partial connection along F'.

Remark 6.7 A holomorphic partial connection (F, §) for a holomorphic vector bundle F
induces a partial connection in the sense of Definition 6.1 (cf. Remark 2.2). Conversely,
if (F,0) is a (C*°) partial connection such that d(s)(u) is holomorphic wherever s and u
are holomorphic, then it defines a holomorphic partial connection, and we shall say that
(F, ) is holomorphic.

Note that, if there is an “action” of F' on F it naturally defines a partial connection
for £ along F' (cf. [18, Ch.II, 9]).

Remark 6.8 A holomorphic connection V on E clearly gives a holomorphic partial con-
nection (7'M, V). The connection V in Remark 2.2 (that is, V viewed as a C°° connec-
tion) is a connection extending (T'M & TM,V & 0).

Definition 6.9 Let (F),d) be a partial holomorphic connection for E. An F-connection
for E is a connection for £ extending (F & T'M,§ @ 0).

Using holomorphic partial connections we have a vanishing theorem generalizing Propo-
sition 2.12:

Theorem 6.10 Let M be a complex manifold of dimension n and F a holomorphic sub-
bundle of rank r of TM. Let E be a holomorphic vector bundle over M and (F,d) a
holomorphic partial connection for E. If Vg, ...,V are F'-connections for E, then

©*(Vo,...,V,) =0
for all homogeneous symmetric polynomials ¢ of degree d >n —r.

PrOOF :  For simplicity, we prove the theorem for the case ¢ = 0. The case for general
q follows from the construction of the difference form (see [20]).

Thus let V be an F-connection for E. Note that the problem is local; so choose a
holomorphic frame s*) = (sy,. .., s;) of E on some open set U, and let § be the connection
matrix of V with respect to s¢). Taking a smaller U, if necessary, we may write TM =
F&®G for some holomorphic vector bundle G of rank n—p on U. We have the corresponding
decomposition T*M = F* @ G*. Taking, again if necessary, a smaller U, we can choose
a holomorphic frame u™ = (uy,...,u,) of F on U. Let (uf,...,u’) be the holomorphic

> r
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frame of F* dual to u(™) and (v},...,v% ) a holomorphic frame of G* on U. Since V is of
type (1,0), each entry of # may be written as Y°F_, a/uf+ 377 boj with o, 0¥ € C(U).
By definition, we have V(s;)(u;) = d(s;)(u;), which is holomorphic. Thus each o’ is

holomorphic and hence the corresponding entry of k"' = 98 is of the form

Z ob* A,
k=1
which yields the theorem. O

Another proof of the same theorem can be given along the lines of the original Bott
vanishing theorem and of [3, Theorem 6.1]:

PROOF : [Second proof of Theorem 6.10] Let V and TM = F' & G be chosen as in the
previous proof. The curvature K of V satisfies

K(X,Z)=0

for all sections X of ' and Z of TM. Hence, if {u?,... ul,v},...,v5  ,dz,...,dz,}isa

basis of (T5M)* with respect to the decomposition TsM® = F & G ®TM, it follows that
the (1,1)-part of each entry of the curvature matrix of K in such a frame is of the form

n—r n

Z Z aiv; A dZ,

=1 k=1

and again the assertion follows. O

Remark 6.11 The previous vanishing theorem is the analogous of the Bott vanishing
theorem for Chern forms. As shown in [3, Theorem 6.1}, under the same hypotheses we
have ¢(V) = 0 for a symmetric homogeneous polynomial ¢ of degree d > n —r + [g],
where [q] denotes the integer part of q.

See Section 9 below for an example where the Atiyah form vanishes but the corre-
sponding Chern form does not.

Remark 6.12 A version of this Bott type vanishing theorem for Atiyah classes is proved
in [5, Proposition (3.3)] and [12, Proposition 5.1] by cohomological arguments (actually, in
the latter the authors assume F' to be involutive, but involutiveness is not really needed in
their argument). The above theorem gives a more precise form of the vanishing theorem
in the sense that it gives the vanishing at the form level.

Putting together Theorem 6.10, Remark 6.11 and Propositions 1.13 and 2.12, we have

Theorem 6.13 Let E be a holomorphic vector bundle on a complex manifold M. Assume
that E admits a holomorphic connection ¥V, and let V be correspoonding (1,0)-connection
(cf. Remark 6.8). Let v be a a symmetric homogeneous polynomial of degree d > 0. Then
©(V) = 0. Moreover if d > [2], then ¢(V) = 0. Furthermore, if M is compact Kdhler
then o(E) = 0 always.
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7 Partial connection for the normal bundle of an in-
variant submanifold

Let M be a complex manifold. A (non-singular holomorphic) distribution on M is a
holomorphic subbundle F' of T'M. The rank of the distribution is the rank of F. In
this section, we construct a partial connection for the normal bundle of an invariant
submanifold of a distribution.

Let V' be a complex submanifold of M. We denote by Zy C O the idealsheaf of
holomorphic function germs vanishing on V' so that Oy = O/Zy is the sheaf of germs of
holomorphic functions on V. Denoting by Ny the normal bundle of V' in M, we have the
exact sequence

O— TV — TM|y - Ny — O.

We say that a distribution F' on M leaves V invariant (or F' is tangent to V), if
Fly CcTV.

Theorem 7.1 Let V be a complex submanifold of M. If a distribution F on M leaves
V' invariant, there exists a holomorphic partial connection & for the normal bundle Ny
along Fy.

PROOF : Let z be a point in V and take u € Oy (F|y), and s € Oy (Ny),. Let u € F,
and s € O, such that 4|y = w and 7(s|y) = s, where m: Oy (TM|y) — Oy(Ny) is the
natural projection. Define 9 : Oy (Ny) — Oy (Fly)* @ Oy (Ny) by

d(s)(u) = n([u, s]v).

It is easy to show that § does not depend on the choice of s. As for @, let F' be locally
generated by holomorphic sections vy, ...,0, of TM, where r = rank F'. Choose local
coordinates {z1,...,2,} on M such that V = {z,,,1 = ... = z, = 0}. We shall denote
by Ty any local vector field of the form Y- /52 with a; € Z{ (where clearly Iy, = O);
by Ny, any local vector field of the form 37 ., a
vector field of the form Y77 | a % with o’ € ZE.

Since F|y C TV, it follows that ©o; = Ty + Ny + Ry for j = 1,...,r. Therefore, since
the rank of F' and the rank of F'|y, are the same, if

ja%j with @/ € Z¥; and by Ry any local

T

U= Zgj@jh/

j=1

with ¢/ € Oy, then

<3

with g/ € O such that §/|;y = ¢’. Denoting by ¢’ the natural extension (z1,...,2,) —
¢ (Zms1s -+ - 2Zn), it follows that

gj—gj:hjEIv.
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Hence
T T

=Y g+ Wi
7=1 7j=1
But ' '
h]@] - hJ(TO + Nl + R2> = T1 + RQ,

and it is easy to see that this latter term does not give any contribution to the expression
7([@,8]|v). From this it follows that d is well defined, and it is easy to check that it is a
holomorphic partial connection. O

Note that the above partial connection is already known for foliations (cf. e.g., [15]).
From Theorems 7.1 and 6.10, we have

Corollary 7.2 LetV be a complex submanifold of M of dimension m and F a distribution
on M of rank r leaving V invariant. Also let V be a (1,0)-connection for Ny extending the
partial connection & of Theorem 7.1. Then ©(V) = O for all symmetric homogeneous
polynomial ¢ of degree d > m — r.

We also get the following obstruction to the existence of distributions (not necessarily
integrable) tangent to a given submanifold :

Corollary 7.3 LetV and F be as in Corollary 7.2. Then ¢ (Ny) = O for all symmetric
homogeneous polynomial ¢ of degree d > m —r.

Moreover, if V is compact Kdhler then we have p(Ny) = O for all symmetric homo-
geneous polynomial ¢ of degree d > m — r.

8 Residues of singular distributions

A general theory of singular holomorphic distributions can be developed modifying the
one for singular holomorphic foliations (cf. [6], [18, Ch.VI]), omitting the integrability
condition.

Let M be a complex manifold of dimension n. For simplicity, we assume that M is
connected.

Definition 8.1 A (singular) holomorphic distribution of rank r on M is a coherent sub-
Oj-module F of rank r of ©.

In the above, the rank of F is the rank of its locally free part. Note that, since ©
is locally free, the coherence of F here simply means that it is locally finitely generated.
We call F the tangent sheaf of the distribution and the quotient Nx = ©/F the normal
sheaf of the distribution.

The singular set S(F) of a distribution F is defined to be the singular set of the
coherent sheaf Nr:

S(F) = Sing(Nz) ={z € M | Nx, is not O,-free }.

Note that Sing(F) C S(F). Away from S(F), the sheaf F defines a non-singular
distribution of rank 7.
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In particular, if F is locally free of rank r, in a neighborhood of each point in M it
is generated by r holomorphic vector fields vy, ..., v,, without relations, on U. The set
S(F)NU is the set of points where the vector fields fail to be linearly independent.

Singular distributions can be dually defined in terms of cotangent sheaf. Thus a
singular distribution of corank q is a coherent subsheaf G of rank ¢ of Q. Its annihilator

F=G"={veO|(vw)=0 forallwe G}

is a singular distribution of rank r = n — q.
Corollary 7.3 in the previous section has a slightly stronger version when the rank of
the distribution is equal to the dimension of the submanifold. Namely

Proposition 8.2 Let V. C M be a complex submanifold of dimension m. Let F be a
(possibly singular) holomorphic distribution of rank m. Assume that F @ Oy C Oy (TV)
and that ¥ = S(F) NV is an analytic subset of V' of codimension at least 2. Then
a’(Ny) = O for all p > 0.

Moreover, if V' is compact Kihler then ¢?(Ny) = O for all p > 0.

Proor :  We shall show that there exists a holomorphic connection for Ny, then the
result follows from Theorem 6.13.

By Theorem 7.1 there exists a holomorphic connection V for Ny on V' \ 3. We are
going to prove that such a connection extends holomorphically through .. Indeed, let
p € 3. Let U be an open neighborhood of p in V' such that Ny |y is trivial. Let eq, ..., e
be a holomorphic frame for Ny |y (here k = dim M —m). Let w be the connection matrix
of V.on U\ 3. With respect to local coordinates (z1,...,z2,) on U, the entries of w
are (1,0)-forms of the type >, a;(z)dz; with a;: U \ ¥ — C holomorphic. Since ¥ has
codimension at least two in U, Riemann’s extension theorem implies that each a; admits
a (unique) holomorphic extension to U. In this way we have extended V over U, and
hence Ny admits a holomorphic connection. O

Now suppose F is a singular distribution of rank r and set Uy = M \ S and S = S(F).
Let U; be a neighborhood of S in M and consider the covering U = {Uy, U;}. On Uy, we
have a subbundle Fy of TM such that F|y, = O(F).

Suppose E is a holomorphic vector bundle on M admitting a partial holomorphic con-
nection (Fy,d) on Uy. Then, choosing an Fy-connection Vi on Uy and a (1, 0)-connection
Vi on Uy, for a symmetric homogeneous polynomial ¢ of degree d > n — r, we have
the localization ¢*(FE,F) in H%’d(u,UO) of pA(E) in H%d(bl) ~ Hg’d(M) and, via the
0-Alexander homomorphism, the corresponding residues.

We restate the residue theorem (Theorem 4.3) in this context:

Theorem 8.3 In the above situation, suppose S has a finite number of connected com-
ponents {Sx}r. Then:

(1) For each X\ we have the residue Res,a(F, E;Uy) in Hg_d’"_d(U,\)*;

(2) if M is compact, then

> (in)iResya(F E;UN) = KS(9*(E))  in Hy " (M),
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9 An example

In this section, we give an example of the Atiyah residue of a singular distribution on the
normal bundle of an invariant submanifold.
We start with the 1-form

w=zdr+zdy—ydz

on C? with coordinates (z,%, 2). It defines a corank one singular distribution on C* with
singular set {y = z = 0}. As generators of its annihilator, we may take the vector fields
0 0 0 0

(%1 :ya—y—i-,z& and Vo = 8_x_8_y (91)

It leaves the plane {z = 0} invariant. Note that from wAdw = —zdx Ady Adz, we see
that w defines a contact structure on C? with singular set {z = 0} (Martinet hypersurface).
We will see that the first Atiyah class of the normal bundle of the (projectivized) Martinet
hypersurface is localized at the singular set of the corresponding distribution.

Now we projectivize everything. Thus let P? be the complex projective space of di-
mension three with homogeneous coordinates ¢ = ({p : (; : (2 : (3). The projective space
P3 is covered by four open sets W@ 0 < i < 3, given by ¢; # 0. We take the original
affine space C3 as W with z = (1 /o, y = &/ and z = (3/(o.

We consider the corank one distribution G on P3 naturally obtained as an extension
of the above:

(0) On WO G is defined by wy = zdx + zdy — ydz as given before.
(1) On WM we set 21 = (o/C1, y1 = (3/¢ and 2, = (/¢1. Then G is defined by

wy = —y1dry — T2 dyr + T1y1 d2.

(2) On W we set x5 = (3/Ca, Y2 = (o/Co and 25 = (1 /. Then G is defined by

Wy = —Yo dTo — Tz dYs + Toy2 d2s.

(3) On W), we set x5 = (3/C3, y3 = (1/C3 and z3 = (y/(3. Then G is defined by
W3 = 23 dl'g + 23 dyg — Y3 ng.

Note that w; = (¢;/¢)%w; in WO NWU) so that the conormal sheaf of the distribution
G is locally free of rank one and, as a line bundle, it is three times the hyperplane bundle
on P3. Let F = G® be the annihilator of G, which defines a singular distribution of
rank two on P3. The singular set S(F) of F, which coincides with that of G, has three
irreducible components S; = {2 = (3 = 0}, So = {(o = (3 = 0} and S5 = {{y = (1 = 0}.
We have a subbundle Fy of rank 2 of TP? on P? \ S(F) defining F away from S(F).

The distribution F leaves the hyperplane V' = {(3 = 0} ~ P? invariant and we work
on V. In fact the distribution F also leaves the singular hypersurface {(o(3 = 0}, which
contains the whole S(F), invariant. This case will be treated elsewhere [21].

Thus we consider the singular distribution Fy, = F ® Oy on V', whose singular set S
is given by S = S(F)NV =5,US;. Welet P=(0:1:0:0), which is the intersection
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point of Sy and Sy. The restriction of the bundle Fyy = Fy|y defines Fy on Uy = V' \ S.
As is shown in Section 7, the normal bundle Ny of V in P? admits a partial connection
along Fy on Uy and the first Atiyah class a'(Ny) is localized near S and yield an “Atiyah
residue”.

Note that, although the first Chern class ¢*(NNy/) is not a priori localized in this context,
it has the “Atiyah localization” and the “Atiyah residue”, since it coincides with a'(Ny/),
V' being compact Kéahler (see Remarks 9.7 and 9.13 below).

To describe the localization more precisely, we need the Cech-Dolbeault cohomology
theory for coverings involving more than two open sets, as S is singular in our case. We
briefly recall what is needed in our case.

Let Uy = V' \ S be as above and let Uy, Uy and Uz be neighborhoods of S; \ {P},
Sy \ {P} and P in V, respectively, such that U; ¢ W©, U, ¢ W® and Us ¢ WM. Then
U ={Uy,...,Us}isacovering of V and U’ = {Uy, Uy, Us} is a covering of U’ = U;UU,UUs3,
which is an open neighborhood of S in V. Letting U;; = U; N U; and Uy, = U; N U; N U,
we set

Ap’q(U) = @Z’Ap’q(Ui) @i,j Ap,q—l(Uij) ®i,j,k Ap,q—?(Uijk)’ (92)

where in the first sum, 0 < ¢ < 3, in the second, 0 < ¢ < j < 3 and in the third,
0 <i<j <k <3. The differential operator

D: AP U) — Ap’q“(bl)
is defined by
D(Ji7 Tijs Oijie) = (5%', oj —0; — 501']‘, Ojk — O3k + 045 + 50ijk)-

The g-th cohomology of the complex (AP*(U), D) is the Cech-Dolbeault cohomology
HZ(U) of U of type (p, q), which is shown to be canonically isomorphic to the Dolbeault
cohomology HE?(V') of V' (cf. Theorem 3.1). )

Likewise we have the cohomology HZ2(U’) of the complex (AP*(U’), D) by omitting
Uy in the above.

Also, setting AP?(U,Uy) = {0 € APY(U) | o9 = 0}, we have the relative cohomology
HEY (U, Up), which we also denote by HE(V,V'\ S).

The Atiyah classes are defined in the Cech-Dolbeault cohomology as in Subsection
4.1, taking a (1,0)-connection on each open set and making use of difference forms. In
our case, the first Atiyah class a'(Ny) is represented by the cocycle a!(V,) in

A1’1<Z/{) = @iAl’l(Ui) ®i<j AI’O(UZ']'), (93)
(note that AP4=2(Uyy) = 0 in (9.2), if (p,q) = (1,1)) given by
a'(V.) = (a'(Vy),a'(Vi, Vy)),

with V; a (1, 0)-connection on U;. If we take an Fy g-connection as Vj, we have a*(Vy) = 0
(cf Theorem 6.10). Hence a'(V,) is in AM (U, Uy) and defines the localization a'( Ny, Fy)
in H3' (U, Uy).

Recall that V is defined by 3 = 0 in P3. Thus, in W it is defined by z = 0 with (z, )
coordinates on W NV (D Uy), in W® it is defined by 25 = 0 with (32, 22) coordinates
on W NV(D Uy) and in WO it is defined by y; = 0 with (71,2;) coordinates on
wHNV(DUs).
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Proposition 9.4 Let F be the singular distribution on P? as above. It leaves the hyper-
plane V' given by (3 = 0 invariant. We have the localization a'(Ny, Fy) in Hgl(u, Up) of

a'(Ny) in H}j’l(L{) = Hé’l(V). By a suitable choice of connections V;, it is represented

by the Cech-Dolbeault cocycle a'(V.) = (a*(V,),a'(Vi, V;)) given by

V—1dz +d
a' (V) =0, 0<i<3, a'(Vo, V) = —— i

2 Y
v-1l( d V=1 (d d
al(VO,Vz) = — (Zzﬂ — dz2> , al(vo,vg) =_Y - (i _ ﬁ)
2m Y2 2m T121 z1
v—1d v—1d /—1d
a'(V1,Va) = —ﬂ, a'(Vyi,Vs) = —ﬂ, a'(Vy, V3) = v—la=a
2w Yo 2 T 21 21
PROOF : By taking an Fyg-connection for Ny on Uy as Vg, we have a*(V;) = 0 as

above. We have the exact sequence
0— TV — TP? Ny — 0.

On each of Uy, Uy and Us, the bundle Ny is trivial and we may take vy = W(%),
Vo = ﬂ(a%) and v3 = W(a%l), respectively, as a frame of Ny. Let V; be the connection
trivial with respect to ;. Then we have a'(V;) =0, 1 < < 3.

To compute the difference forms a'(V;, V;), we first make the following observation
(cf. Subsection 1.2). Let 6; be the connection matrix (form, in this case) of V,; with
respect to some holomorphic frame v of Ny. Then, since the 6;’s are of type (1,0),

V-1

a'(Vy, V) =c(Vy,V;) = 7(@ — ;). (9.5)

Moreover, if 7 = av is another holomorphic frame and if the 6,’s are corresponding
connection forms, we have (cf. (1.4))

~ da

0, =0, + (9.6)

;.

We first compute a'(Vg, V1). For this, we find the connection forms 6, and 6, of V,
and V; with respect to the frame 1. Since 6; = 0, we only need to find #,. Note that
Uy C W(O), where we may take the vector fields v; and vy in (9.1) as generators of F.
We set 5 5

U1:U1|v=ya—y and Uy = voly = — — —

ox Oy

Since 6y is of type (1,0), we may write as 6y = f dx + gdy. Then, on the one hand we
have Vo(v1)(u1) = yg - vy and Vo(v1)(u2) = (f — g) - v1. On the other hand by definition,

0 o 0
Vo(l/l)(ul) =T ({ya—y + Z&, @] |V> = —y,

and



Hence we get
dz +dy
00 - = )
Y
which gives the expression for a'(Vy, V1) by (9.5).
Similar computations show that the connection forms of Vg with respect to the frames
vy and vg are, respectively, —22% + dzy and % — ‘%, which give the expressions for
a'(Vo, Vs) and a'(Vy, V3).

Finally the relations v, = iul, V3 = ;711”1 and v = %1/2 give the expressions for

al(VI, VQ), al(Vl, V3) and al(Vg, V3) by (96)

O

Remark 9.7 From the above, we see that the curvature form of Vy with respect to 14 is
given by

dx N\ d
Ii():dgo—'—eo/\e(]:— < D) y
Y
Since it has no (1, 1)-component, we verify a'(Vy) = 0, while ¢'(Vy) = \/2—?/{0 does not

vanish.

We now try to find the corresponding residue. For this, we first consider the cup
product in our case. Recalling (9.2) and (9.3), it is a pairing

AVNU) x AV U) — AP (U)
given by
(O'Z', O',L'j, O) ~ (Ti, TZ']', 0) = (O’i A\ Tiy 04 N Tij —+ Uij A Tj, _Uij A Tjk)-

This induces a pairing Hllj’l(l/{) X H};(u ) — H%Q(U), which followed by integration
= H%’z(U) ~ Hg’Q(V) — C defines the Kodaira-Serre duality.
In the relative case, we have o9 = 0 and the above cup product involves only (7;, 7;;)

with ¢ > 1. Hence we have the pairing
AN U, Uy) x AV U — A2 (U, Us).
This in turn induces the pairing
Hp (U, Up) x Hg'(U') — HE (U, Uy),
which, followed by integration, defines the 0-Alexander homomorphism
A HE U Uy) — HE U

and we have a commutative diagram as in Proposition 3.6, to which we come back below
(cf. (9.12)).

We look the the 0-Alexander homomorphism more closely. We take a “system of
honeycomb cells” (R;) adapted to U, which will be given explicitly below. For a class [o]
in Hgl(Z/{, Uo), o = (0i,04), the image of [o] by A is a functional assigning to each class
[7] in H%I(L{’), T = (73, 7i;), the integral
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o~ T = ai/\Tﬁ—/ 001-/\73>
/V 1;3(/& Ros

gy

> (f

(9.8)
00; VAN Tij) .
1<i<j<3 0ij
In the above, each R; has the same orientation as V. We set R;; = ;N\ R; = OR; NOR;;,
which has the same orientation as OR; (opposite orientation of OR;) and Ry;; = RoyNR;; =
ORy N OR;;, which has the same orientation as 0Ry;.
In fact, the right hand side of (9.8) can be reduced choosing Stein open sets as Uj,
1 <7 < 3, which is possible (for example, we may take as U; a tubular neighborhood of

S\ {P} in VN WO containing Ry, or even the whole V N W) ~ C2?).

UiATij+UijATj_/
R

ij

Lemma 9.9 If we choose U;, 1 < i < 3, to be Stein, we may represent every class in
H;—)’l(Z/I’) by a cocycle of the form & = (0,&;;).

PROOF : From D7 =0, we h_ave 0r; =0, 1 <14 < 3. Since each Uj; is Stein, there exist
a (1,0)-form p; such that 7, = dp;. If we set £ = (0,&;;) with

§ij = Tij + pi — P
Then we have 7 = & + Dp, p = (p;, 0). O

If we use the representative as above, the right hand side of (9.8) becomes

) (/R i N &ij — /ROU Uoﬂ\&'j) : (9.10)

1<i<j<3
Recall that the residue Resyi (Fy, Ny; U') of Fy with respect to a' for Ny, on U’ is the
image of the localization a'( Ny, Fy).

ij

Proposition 9.11 If we choose connections V; as in Proposition 9.4 and a representative
¢ of each class in HYY(U') as in Lemma 9.9, the residue Resq (Fy, Ny; U') is the functional
assigning to [€] the value

— Z / CLI(V(),VZ')/\&]‘.
1<i<j<3 v Roij
PROOF :  The proposition follows from a'(V;) = 0 and (9.10). O

The domains of integrations Ry,; can be given explicitly, for example, as follows. Let
d be positive number with §% < 1, and set

Ry={CeV| |G +IGP <&|al*}, Ri={CeV]| |G|*<d|6)*}\ Int Rs,
RQ = {C eV ’ |§0‘2 S 52 |C2|2 } \ Int Rg, RO = U() \ (U?:lhlt Rz U1§i<j§3 Int RU)

From ¢ < 1, we see that Ris = () and thus Ry = (0. We first express R explicitly.
As a set, it is given by

lyl =06, 1+|y*=0%]z]* and =z =0.
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Setting §' = ¥ 1;52, we have

Rois = {(z,y) | [z| =" [y =0},
oriented so that argx A argy is negative. Similarly we have
Rooy = { (y2,22) | o] = 6, |22| = 0"},

which is oriented so that argys A arg 2o is positive.
Now we consider the commutative diagram

3

HE'U.Uy) ——  Hp'U) = Hy'(V) = Hy'(P*) ~ H*(P*,C)

lﬁ‘” leV:pV (9.12)

Hp' U —— Hp'(U)* ~ Hy'(V)* = Hy'(P?)* ~ Hy(P?,C).

The normal bundle Ny of V in P3 is isomorphic to the hyperplane bundle H on
V = P2 Since P? is compact Kahler, we know that the first Atiyah class a'(Ny) in
Hy' (V) = H*(P?,C) ~ C coincides with the first Chern class ¢!(Ny) = ¢!(H), the
generator of the cohomology.

We try to find i,Res.(F, Ny;S) and verify the Residue Theorem 4.3. Recall that
the isomorphism H(%’l(]P’Q) — Hgl(bl) is induced by 7 — (7;,7;) = (7,0). Note that
H é’l(ﬂﬂ) ~ C, which is generated by the class of

=1 -
To = 78010g||C||2

2
(cf. e.g., [13]). For 1y we may take, as p; in the proof of Lemma 9.9, the forms
__\/—1 J_Jdl’—i—gdy __\/—1 gzdy2+22d22 __\/—1i’1d371—|—51d21
O T T PP T 2 TP a2 TP

and we compute

v—1 dz v =1 dzs
513:P1—,03:———, 523:,02—03:———-
2r o« 2m 2o

Thus, to the canonical generator [rp], the residue assigns the value

_/ a'(Vo, V1) A&z — / a'(Vo, Vi) A Eas
Ro13

Rozs

2
-1
() UL ()T [ (i) 1 2
2m Ro13 ) z Ro23 Y2 22

:_<\/—1>2/ dx N\ dy
2T Ros LY

=1,

as expected, since Ry is given by |x| = ¢’ and |y| = 0, oriented so that argz A argy is
negative.

Remark 9.13 Although the first Chern class ¢'(Ny) is not localized as a Chern class
(cf. Remark 9.7), it has the “Atiyah localization” and the “Atiyah residue”.
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