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2.3 Integrals of motion and invariant sets

Conservative systems and first integrals

Definition 2.6. A Q’l function I : R" — R is a first integral for a vector
field F': R™ — R™ if I(z) = 0 for all z € R™, with I(z) defined as in (2.1).

If I:R" — R is a first integral for a vector field F' : R® — R", then
its level sets are invariant for the differential equation & = F'(z), so that in
particular orbits of & = F'(x) lie in the level sets of 1.

An important example of differential equations with a first integral are
Hamiltonian systems with Hamiltonian function independent of time.

Definition 2.7. Let H : R?” — R be a C! function and use the notation
(x,7) for points in R?", with z,y € R™. The Hamiltonian vector field asso-
ciated to H is Fy : R?" — R?" given for i = 1,...,n, by (Fp); = O0H/0y;
and (Fiu)(n+i) = —0H/0x;, and H is called the Hamiltonian function of the
field. The system of differential equations in R?” with field Fj is called the
Hamiltonian system of H.

A particular case are conservative mechanical systems with one degree
of freedom, systems which describe for example the motion in R of a point
of mass m under conservative forces. In this case the Hamiltonian function
has the form

1
H:R? %R, H(z,y) = 5 y? + W (x) (2.2)

where W (z) € C! is the potential energy of the system. We recall that in
this case the Hamiltonian system associated to H is

3 oH 1
{ &= (xy) =5y
=G0 (z.y) = —W(z)
and corresponds to the second-order differential equation mi = —W'(x).

Proposition 2.14. A C! function H is a first integral for the Hamiltonian
vector field Fy.

Proof. A simple computation gives
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Theorem 2.15 (Liouville theorem). A Hamiltonian system in R?™ with C?
Hamiltonian function H preserves the 2n-dimensional Lebesgue measure of
the sets.

Proof. For A C R?™ let ¢;(A) be the evolution of the set at time ¢, and let
m be the 2n-dimensional Lebesgue measure. Then

m(¢t(A)):L(A) ldm:/A | det(Jén)]| dm.

The variation equation of a differential equation shows that J¢; satisfies the
Cauchy problem

{ 9 Joy(x) = JFu(du(z)) Ty ()
Jou(2)|t=0 =T

where [ is the identity matrix. The solution to the previous Cauchy problem
is then

Jouta) =ex ([ IFu(6ut) ds) 1

and using the identity det(exp(M)) = exp(tr(M)), valid for any finite square
matrix M, we obtain

det(Jn(x) = exp ( /0 (T Fa(64(2))) ds).

Then t
m(oa) = [ o ([ aiv(ru) oo as ) dm.
Since e
div(Fr) =3 (aiayi = 3ydm) =0
it follows that
m(é(A) = m(4), VieR
and the proof is finished. ]

Corollary 2.16. A Hamiltonian system in R?" cannot have fized points
which are sinks or sources.

Let us consider mechanical Hamiltonian systems with one degree of free-
dom with Hamiltonian function H(x,y) as in (2.2). Applying the general
theory of the previous sections and the results in this section, one can easily
prove the following characterisation of the fixed points.
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Proposition 2.17. Let H : R? — R be a C? function written as in (2.2).
Then the fized points of the associated Hamiltonian system are of the form
(20,0) with W'(zo) = 0.

If W"(xz9) < 0 then (x9,0) is a hyperbolic fized point of saddle type, if
W"(xg) > 0 it is not hyperbolic and it is a center.

If W (xo) = 0 the point (x0,0) is not hyperbolic and one needs to use the
level sets of H(x,y) to study the dynamics in a neighbourhood of the point.

Ezxample 2.4. The Hamiltonian function of a pendulum of mass m and length
¢ in a vertical gravitational field with potential energy W (h) = mgh is

1
H(z,y) = T y? +mgl(1 — cosx),
Consider the motion of this pendulum in presence of a constant friction
given by —py, with g > 0.

Ezxample 2.5. Study the system

{:t:y
y=z—2°—py
with 1 € R.

Invariant sets

It is in general difficult to find explicit expressions for invariant sets. How-
ever, there are particular easy situations. For example, given a vector field
F : R" - R" with F = (F},...,F,), if there exists ¢ € R such that
Fi(z1,..., 21,6, Tig1,...,2) = 0 for all ; € R with j # 4, then the
hyperplane {z; = ¢} is an invariant set. This can be proved by the following
method.

Proposition 2.18. Let I : R® — R be a C' function and for ¢ € R let
I := {I(z) = c} be a non-empty level set of I such that V1|1, # 0. The
level set I, is invariant for a vector field F': R™ — R™ if I|;, = 0.

Proof. Let xy € I. such that VI(z,) # 0. Then there exists a local differen-
tiable change of coordinates y = h(z) such that in a neighbourhood U(z)
we have I N U = {yn = 0} and let zy = (¥,,0) with g € R™~!. Hence, in
these new coordinates VI € Span{(0,...,0,1)} in U.

Then, from I|;, = 0, we have that Fj,|y = 0. Let F : R*~' — R"! be
defined as F(y1,...,yn-1) = (FA(Y1,- -+, Yn—-1,0), .., Fu—1(y1, ..., Yn—1,0)).
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Then by the local uniqueness of the solutions to the system & = F(z), the
solution with initial condition in z; coincides in U with (¢ @0)’ 0), where b
is the flow of the system § = F(7). Hence, the solution is in I,. This proves
the invariance of I.. B B ]

FEzample 2.6. Given the system
P=a?—y—1

y=(x—2)y
the lines y =0, y =z + 1 and y = 3x — 3 are invariant sets.

Stable and unstable manifolds

An important example of invariant sets is given by the stable and unstable
manifolds of a hyperbolic fixed point.

Definition 2.8. Let z be a fixed point of a vector field F' : R" — R" with
flow ¢:(-), and let U be a neighbourhood of z,. The local stable manifold
W (xg) of zy in U is the set

Wige(@o) :={z € U : ¢¢(z) € U for all t > 0, ¢(z) — z¢ as t — +o0}
Analogously, the local unstable manifold W} (zq) of xy in U is the set
Wi (zo) = {z €U : ¢y(z) €U for all t <0, ¢y(x) — zq ast — —oo}

Theorem 2.19 (Stable and unstable manifolds). Let x, be a fized point of
a C*, k> 1, vector field F : R™ — R™ with flow ¢¢(-). Let’s assume that z,
is hyperbolic and let E*(0) and E™(0) be the stable and unstable eigenspaces
associated to the linear system § = JF(zq)y. Then there exists € > 0 such
that there exist local stable and unstable manifolds, W (xo) and W (z),
of zy in Be(xzy) with the following properties:

(i) Wi (z0) and Wi (zy) are unique in Bu(zy);
(i) W (xg) is forward invariant, and W} (zy) is backward invariant;

(iii) WE (zo) and W (zy) are C* manifolds, diim W} (z,) = dim E*(0)
and dim W} (z,) = dim E*(0);

(iv) Wi (zg) is tangential to xq+ E°(0) at zq, and W} (z,) is tangential
to zo + E*(0) at z;.
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Proof of Theorem 2.19 in R? (see [HSD]). Without loss of generality, let’s
assume that the fixed point is (zg,yo) = (0,0). If dim E® = 2 or dim E* =
2, the proof is trivial since in these cases either W;: (0,0) or W} (0,0),
respectively, coincide with a ball around (0,0) and the properties of the
statement follow from the Hartman-Grobman Theorem 2.8.

The interesting case is when dim E* = dim E* = 1 and (0, 0) is a saddle.
Up to a change of variables, we can assume that the system is written as

y=py+g(r,y)

with A, > 0, f,g € C* with £(0,0) = g(0,0) = 0, and f,g = O(2? + y?)
if £ > 2, and f,9,0.f,0yf,029,0y9 = o(\/x? +y?) if k = 1. Hence, E® =
Span{(1,0)} and E* = Span{(0,1)}.

We give the proof for the local stable manifold, it follows analogously for
the local unstable one. For any ¢ > 0 and M > 1, introduce the following
notations:

(2.3)

D :={lz[<e |yl <e}, Cume={lz|=Mlyl},
(2.4)
SF:=Cyn{z=+e}, CF :=Cyn{zz=0}.

The proof is divided into different steps.

Step I. There exists eg > 0 such that for all M > 1 we have {t‘DemC;& < 0.
By assumption, there exists € > 0 such that

Flary)] < 235 VTR, V(e e D..

Then, on D, N C]\'t[, we have

A
== z+ f(x,y) < —)\x+2\7@\/x2—|—y2 <

A 1 A A
< )\x+2\@ x<+M2>_:v< /\+2> 2ac<0

Similarly, on D, N C},, we have
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Step II. For any M > 1, there ezists €1 = €1(M) > 0 such that fore € (0,1)
on the boundary of D. N Cys the field F' points towards the outside of Cyy.
First of all, we consider ¢ € (0,¢0) with ¢ from Step I. Let us study the
case x,y > 0. We have j3|8(DgnC]T4) < 0. It is then enough to prove that
y|3(DsﬂC$1) > 0. Fixed M > 1, by assumption, there exists €; < ¢g such
that for ¢ € (0,¢1)

H 2 2
x, < vzt +y4, Vi(x,y) € D..
l9(z, y)| o1 M2 Y (z,y) e

Then, on d(D. N C};), we have

- p
=py+g(@y) >py — ————= Va2 +y? =
y=ny+9@y) =py - An y
u) p

yQ(M2+1)=y(u—§

S
M VT

The other cases follow analogously.

Step III. For e € (0,e1), on ST there exist non-empty open intervals I+ and
I_ such that for all (zo,y0) € I+ the orbit ¢y(zo,yo) intersects d(D:NCF,)N
{y = 0}.

The existence and the properties of the intervals I and I_ follow from Steps
I and II, and from the local uniqueness and the continuity with respect to
the initial conditions of the solutions to (2.3).

Step IV. There exists e < €1 such that for e € (0,e2) The set ST\ (14 UI_)
consists of a single point (,7+(€)).
By the properties of the solutions to (2.3), there exist y1,y2 such that

SINULUIL) ={(e,y) :y € ly1, 2]} -

We need to show that y; = yo = y.

Let’s assume that y; < yo. It is known that multiplying a vector field
F(x,y) by a non-vanishing function h(z,y), the orbits of the system do
not change but only their time-parametrisation is affected. Let h(z,y) =
1/(A = f(z,y)/z) in D. N Cps. Then the system in D, N Cy; becomes

(2.5)
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with §,0,g = o(\/x? + y?). There exists e < €1 such that for all M > 1
and all € € (0,e2) we have

dg 2
Z(z,y)| < —= V22 +y?, V(x,y) € D..
'Gy(x y)‘ < 2A\/§\/$ Y (z,y)

Then the solutions to (2.5) with initial condition (e,y) are of the form
(ee7t y(t)). Hence, we can compute the vertical distance between the or-
bits ¢:(e,y1) and ¢.(e,y2) by computing the distance y2(t) — y1(t) of the
second components of the solutions to (2.5) with initial conditions (e, y;)
and (e,y2). We have

L)~ (0) = L ya0) + e e 1a0) 2 (1) + sl (1) =
= (al6) ~ 1 6)) + 52 (e 0) (1al) — 1 (6) 2
‘ 1
> (y2(t) — y1(t)) </;—2/\Li@€e 1+J\/[2>>

> 55 (2(0) =31 (0).

Hence, (y2(t) — y1(t)) — +oo, which contradicts that the orbits of the set

SH\ (I; U I_) are forward asymptotic to (0,0). We have thus proved that
Y1 =1y2 = Y.
Conclusion part 1.
By Steps I-IV, for all M > 1 there exists 2 = e2(M) > 0 such that for
all ¢ € (0,e2) we obtain the existence of a unique point (&,7+(g)) in ST
whose orbit is forward asymptotic to (0,0). Therefore, fixing a M > 1 the
local stable manifold W (0,0) in D. NC;; for all € € (0,e2(M)) is given by
the forward orbit of the point (go(M), ¥+ (e2(M))). An analogous argument
shows the existence of the local stable manifold W} _(0,0) in D. N C,; for
all € € (0,e2(M)).

This shows the uniqueness of W} (0,0), its forward invariance, its reg-
ularity since the orbits of a system inherit the regularity of the vector field,
and that its dimension is 1. It remains to prove that W} _(0,0) is tangent

at (0,0) to B = Span{(1,0)}, that is to the z-axis.

Step V. Fizing a M > 1, for all € € (0,e2(M)) the orbit ¢i(e,y+(€)) has
vanishing angular coefficient as t — +00.
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Let (xe(t),ye(t)) denote the two components of ¢:(e,y+(¢)). We need to
show that y.(t)/z:(t) — 0 as t — +o0.

By the local uniqueness of the solutions to (2.3), for all ¢ € (0,e2(M))
the point (g,%4(¢)) is in the orbit of (¢/, 44 (¢')) for all &’ € (,e2(M)). This
shows that, for all & € (0,e2(M)), for all t > 0 there exists £(t) < e such that
(xe(t),ye(t)) = (8(t), 54 (E(t))). Hence, as t — 400 we have £(t) — 0" so
that (z(t),y:(t)) is in m]V[gMgM(t)C]—\Z for some M(t) — +oo. This shows
that y.(t)/z.(t) < 1/M(t) — 0% as t — +oo.

Conclusion part II.
Step V concludes the proof of the theorem. O

Given a hyperbolic fixed point z,, one can introduce a notion of global
stable and unstable manifolds. However, these sets in general have weaker
properties than the local counterparts.

Definition 2.9. Let z, be a hyperbolic fixed point of a C*, k > 1, vector
field F': R™ — R™ with flow ¢¢(-). The global stable and unstable manifolds
of z, are defined as

Wo(zg) =) ee(Wie(zo)),  Wzo) = | de(Witelap)),  (2.6)

<0 >0
where W% (z) are the local manifolds in B.(z,) for some & > 0.

It is interesting to analyse the possible intersection of the global stable
and unstable manifolds. By the local uniqueness of the solutions to an ODE;,
the two global manifolds cannot intersect transversally. In R? they can
coincide or end up at another saddle fixed point, giving rise to a homoclinic
or two heteroclinic orbits respectively. In R™ with n > 3 more interesting
phenomena occurs, and some imply the existence of “chaotic” phenomena
(see Section 3.4).



