1. Let us consider the functional
1
F(u) = f (0* + 0+ 2*u) d.
0

(a) Discuss the minimum problem for F'(u) subject to the conditions w(0) + wu(1) = 3.
(b) Discuss the minimum problem for F(u) subject to the conditions u(0) — u(1) = 3.
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2. For every f € L?((0,1)), let us consider the Dirichlet problem
v’ = u® - sinu + f(x), () = ull) = Q.

(a) Prove that the problem admits a unique solution.
(b) Discuss the regularity of this solution.

(¢) Let S : L*((0,1)) — L*((0,1)) be the operator that associates to each function f the
corresponding solution u. Determine whether S is a compact operator.
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3. Let d be a positive integer, and let By denote the unit ball in R? with center in the origin. For
every real number m > 0, let us set

Ta(m) = 1nf / (u'? + arctan(u?)) dz : u € CH(By), / [Vu(z)||” dz < m}
— Fw

(a) In dimension d = 3, determine whether there exists m > 0 such that I;(m) = 0.

(b) Determine for which values of d it turns out that [4(m) is a real number for every m > 0.
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1. Tor every f : (1,+00) — R, let us set
[I'f](2) := f(a*)  Va € (1,+o0).

Determine for which real numbers p > 1 the restriction of 7' defines

(a) a continuous operator LP((1,4+o00) — L?((1,+0c0)),

(b) a continuwous operator L2((1,+o00)) — LP((1,+00)),

(¢) a compact operator II'((1,+00)) — LP((1, +00)). MW = _'E— >)
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