1. Prove that there exists a sequence of functions u,, : [0, 1] — R of class C'* such that

e {u,} is an orthonormal basis of L2?((0,1)),
e u,(0) = u,(1) = 0 for every positive integer n,

e for every positive integer n, there exists a negative real number A,, such that

(cosz - vl (2)) = Aun () Vv € [0,1].
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2. Discuss existence, uniqueness and regularity of solutions to the boundary value problem

= -1+ u(0)=1/2, 0(2020) = 1.
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3. For every positive real number R, let B denote the ball in R*® with center in the origin and
radius R. For every real number p > 1, and every real number r € (0, 1), let us set

I, ¥ = inf {/ (IVul +u**™°) da :u € C®(By), u(x) =1 for every v € B.r} :
Bi\B,

(a) Prove that I(p,r) > 0 for every p > 1 and every r € (0, 1),
(b) Prove that for every p > 1 there exists

Hp)= Tim Tp.r].
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(¢) Determine the values of p > 1 such that #(p) = 0.
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4. For every measurable function f :[0,1] — R, let us define 7'f : [0,1] — R as
[Tf)(x) = / ) dt Vo e01].
Jo

Determine whether the restriction of 7" defines

(a) a bounded operator C°([0,1]) — C°([0,1]) (in case, compute the norm of the operator),
(b) a bounded operator L*((0,1)) — L*>((0,1)) (in case, compute the norm of the operator),
(¢) a compact operator L2((0,1)) — C°([0, 1])
(d) an open mapping L2((0,1)) — L2°%((0,1)).
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