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1 Introduction

In this Chapter we consider the nonlinear (so called cubic defocusing) wave equation

Ru = Au—ud
Ul—g = ug
Ouli—g = Vo

on the three-dimensional torus
r €T3 =R3/73.

We may rewirte it as a first order system:

ou = v

v = Au—u?
ulg=o = ug
U|t=0 = Vo

or in vector form
P uo\ 0 1 Uu n 0
t\Nw ) LA O v —u?
. o ey ops (%)
with the initial condition < ; )
0

1.1 Conserved quantity

The next proposition describes a relevant conserved quantity. We have used the nota-

2
tion — (Awu,u) for the most common one H(—A)1/2 UHB since we prefer to postpone the

1/2

description of the operator (—A)™/“. Notice that — (Au,u) is a non-negative quantity.



Proposition 1 Assume < Z ) 18 a smooth solution. Then

d (1 1 .9 ut

a1 A ke ~dz) =o0.

& (-3 taua+ g o+ [ Sao)
Proof. It is sufficient to notice that

1d
—— L Au ) = — (A
S22 (A w) = — (Au,v)

1d

9dt HU||%2 = <U,AU - U3>

d 4
— u—dw = / wodr = <v,u3>
dt T3 4 T3

and then sum these identities. m

1.2 The linear operator

Preliminarily, recall that the Laplacian operator on T2 may be described in Fourier variables
as

(=Af) (k) = [k[** f(k),  keZ?
Based on this, one can define the fractional powers
(=) £) (k) = [k[** f (k)

where we may take k € Z3 for o > 0, but we have to exclude k¥ = 0 for a < 0, hence
working on zero-mean functions. Moreover, as a particular case of the so called functional
calculus for operators, we may define the operators

sin ((—A)l/2 t> . cos ((—A)l/2 t>
for every real £ as
(sin ((-2)72) ) (B) = —sin (k1) F ()
(cos ((CA)72E) £) (1) 5 = cos([kl8)F (R).
For every s € R, consider the product space

H*=H*x H*!

the linear unbounded operator



Ay 0 D(A) CH — M
0 1
= (30)

and the family of linear operators

s T HS — HE
given by
tA < () > COs ((_A)I/Q t) Uuo + (—A)_I/Q sin ((—A)I/Q t) Vo
e s =
vo —(=A)Y%sin ((—A)1/2 t) ug + cos ((—A)1/2 t) v

Lemma 2 The operators s are bounded in H®, are a group (e(t“‘T)As = etdse™s for
every real t,T, 9% = Id) and are strongy continuous, with infinitesimal generator As :

D(As) C H® — H®, hence
ietAS < Uo > :AsetAS ( Uuo )
dt Vo Vo

for every ( uo ) e H°.
vo

Proof. Full details are not difficult but we limit ourselves to check that e‘4s are bounded
in H* and the differential equation holds. Boundedness holds because sin ((—A)l/ 2 t) and

[0}

cos ((—A)l/ 2 t) are bounded operators in each H*® (easy to check), commute with (—A)%,

_A)/2
hence( 4o ) GHSimplies( U_()1/2 > € H°xH?, < (=4)" o > € Hs 'xHs 1
Vo (—A) Vo Vo
To show that the differential equation holds, notice that

dv = Acos ((—A)1/2 t) o — (—A)? sin ((—A)W t) v
— Acos ((—A)W t) o — (=AY (A2 (A2 gin ((_A)W t) v
= A <COS ((—A)1/2 t) up + (—A) Y2 sin ((—A)1/2 t) v0> = Au.

We have used natural formulae for derivatives of sin and cos which easily follow from the
Fourier representation. m



1.3 Mild formula and local solution in H!

Having the semigroup associated to the linear homogeneous part, we may rewrite the
nonlinear wave equation in the form (also called Duhamel formula)

(o )= (o) s Lo (b )

For obvious reasons we do not write the subscript s anymore; the space ‘H*® will be clear
each time. In this section we work in H?.

Proposition 3 Given < ZO > € H, there exists T > 0 and a unique solution < Z > mn
0
C ([O,T] ;Hl).

Proof. For every T > 0, onsider the map I'r : C ([O, T) ;Hl) —C ([O, T) ;Hl) defined as

() om (3] ()

Let us check that this map is well defined between these spaces. The function et < ZLO >
0

belongs to C ([0,T];H'). Since u € C ([0,T]; H') and Sobolev embedding theorem states
that
H' cL°

(recall that W*P C L1 for % = %* %), we have u € C ([0, T]; L%), hence u? € C ([0, T]; L?).

Therefore
( _u(;(,) ) e ¢ ([0,7]: 1Y)

and thus the integral in the definition of I'p is also in C ([O, T] ;Hl). Precisely, we have

()

3 3
= Hu?)HC([O,T};L2) - HUHC([QT];L(S) =C HUHC([QT];HI)

(%)

Similar arguments lead to the estimates
MO (W)
v Vo
Uuo
Vo

C([o,Tl;HY)
3

IN

c([o,T1;H1)

< Cr

+TCr
Hl

(=)
()

C([0,T];HL) ([0, T);HY)

3
< Cr +TCr

Hl

c([0,71H1)



<TCr

/
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where the dependence on T in the constants Cr, C’. come from the estimate of SUP;e(o,77 HetA H LML Y

()~ (o)

2 mn2
o1 (HUHC([O,T];Hl) + ||u HC’([O,T];H1)>

c([0,71H1)

<TCr

and where we have used the inequality

; = /11‘3 (u3 (z) — (u')3 (x))Zd:L“
2
= /TF)(u—u)Q(u?—i—uu%—(u)Q) dx

(st ([ ¢ veeviarye)

< =[5 (el + ' 150)

IN

Taken Ty > 0 and considering values T € [0,7p], one has to restrict the action of I'p
( uo ) , where it is a contraction, both

Vo H1
properties achievable by choosing 1" small enough; details of such argument are given in

the proof of Proposition 6, which is more complete since more relevant for our purposes.
]

to a suitable ball of radius larger than Cf7,

1.4 Global solution in H!, comments on extension to s # 1

We have seen above that

d 1 1/2 2 1 2 / U4 _
dt <2H( A) U‘L2+2”v”L2+ 1) =0

for smooth solutions. With due care, one can show that the identity (consequence of the
previous fact for smooth solutions)

u(t)*

[caru|, o @i+2 [ o= a2+ lult+2 [ “ao (1

’]I‘B

holds for solutions ( Z ) of class C ([0,T]; H') (see the remark below). This implies:

Theorem 4 For every < 150 ) € H', there exists a unique solution ( Z ) inC ([O,T] ;Hl)
0
for every T > 0.



The result extends to every space H®, with s > 1. The proof of local existence and
uniqueness is the same; we address to [1] for propagation of higher regularity globally in
time.

n

Remark 5 Using contraction type arguments one can show that if < Z?L > converges to

0

n
( 1;0 ) in H, the corresponding solutions converge in C ([O,T] ;Hl). If ( Z’QL ) belong
0 0

n

to H® for larger s > 1, solutions corresponding to 32 are more regular and for them
0

classical calculus applies to prove the energy identity (1). Then the same identity for the

Uo

solution, only of class C ([O,T] ;Hl), corresponding to < v >, 18 obtained in the limit as
0

n — oo. In principle this argument works only locally, but may be extended globally thanks
to the estimate itself, with usual arguments of maximality that we do not report.

The problem is now to study the equation in H?* for s < 1. Recall Sobolev embedding:
H' c LS.

If we pretend to evaluate the nonlinearity u3 in L?, we need s =1 (L? = H*! for s = 1).
Evaluating «? in H*~! with s < 1 amount to look for an estimate of the form

‘ / udpdz
T3

knowing only w € H®. No matter how regular ¢ could be, we need u € L3 to have a well
defined integral ng u?¢dz. Then, by Sobolev embedding H2 C L3, we need

< Cllollga-s

s 2

N | =

This is not a proof that the theory can be extended to s > % It is just a strong indication
that without s > % there is no hope, by the approach above (unless a new idea is developed,
as described below).

It turns out that the thresold s > % is a correct one: using the non-trivial tool of
Strichartz estimates, one can prove local existence and uniqueness (and sometimes global
solutions) for all s > 1. A part from the nontrivial tool of Strichartz estimates that we
shall not describe, the new idea is the same used to apply a probabilistic proof for all s > 0,
hence we start explaining this idea.



2 Decomposition of solution

2.1 Introduction

The idea is particularly interesting today since it has something in common with the
recent theories of Regularity Structures and Paracontrolled Distributions. One looks for a
decomposition of the solution

(o )= (5 )+ ()

(or more terms in more difficult problems) where < > contains the most singular

u (t)
v (t)
and solves less difficult equation. In the cases when Probability enters the game, usually
Probability is used to give a meaning to < u(t) ) ; the regular part ( v (*) ) is found by

v (t) v (t)
deterministic arguments.
In the framework of SPDEs this idea is very old, used in very first papers in the
u(t)
v (t)

of the linear problem driven by noise, an Ornstein-Uhlenbeck process. Defining < Zgg )
u (t)

(1) ) solves a deterministic PDE depending on a

random parameter, usually a PDE similar in structure to the original one, so that classical
tools apply. This idea was not considered so important at that time because usually there
were other strategies, more probabilistic, to solve the same problems; it was used mainly
either to solve for the first time a new problem, or to solve it pathwise, useful for instance
in the investigations of random dynamical systems. Only with the papers of Da Prato
and Debussche and of Blomker and Romito this idea became a cornerstone to solve very
difficult problems. And later on was extended enormously in the framework of Regularity
Structures and Paracontrolled Distributions.

part of the solution, most singular from a certain viewpont, and > is more regular

following wasy: ( > is the noise (in the simplest form of the method) or the solution

requires stochastic analysis. Then

2.2 Decomposition for the wave equation

In the case of the nonlinear wave equation, both in the deterministic and probabilistic

u(t)

approach, < (1) ) is the solution of the homogeneous linear problem with the initial

(50 ) == (w).

7

conditions:



Then

solves

<%3>:Auhw<—wwiu®ﬁ>“ ?

Where is the window for a gain, using such a simple idea? That the property required on
% (s) to deal efficiently with the term [u (s) + @ (s)]® are different from properties of the
form w e C ([0,T]; H®).

2.3 Condition on u to apply contraction principle

Proposition 6 Assume that, for some Ty > 0,

To
| l@eds < oc.
0

Then equation (2) has a unique local solution in C ([0,T];H"), for some T € (0, Tp).
As a consequence, the wave equation has a unique local solution in

L (0,T;L%) & C ([0,7];H")
or in any other space [Y NnL3 (O,T; LG)] e C ([O,T] ;'Hl) such thatuw €Y.

Proof. Step 1. Set 07, (u) := f(;fo |17 (s)]|36 ds < oo and work for some T' € (0, Tp]. We

introduce the map
B (5)0= [ (b aep )

Let us argue as in the proof of Proposition 3. If ( . > e C([0,T];H"), by Sobolev

ST

U

embedding theorem H' C L% we have u € C ([0, T); LG), hence @3 € C ([O,T] ;LQ). Then

I'r < % ) € C([0,T];H'). We use several times the inequality

@+ 07| < C (jaf* +107)

Moreover,

~ T
T ~ < C / ( - _ ) ’ ds
g ( v > C([0,T);HY) 7 0 —[u(s) +“(3)]3 H1
3
< TCp, ( v ) + 0r, ()
v/ lleqo,rme




ds
'Hl

AN
S
o\..

~

o (2) -t (%)

c([0,T];H)
(T lalgo sy + T 1 oy + %67 @)

(3)-(%)
v o Mo

where we have used the inequality
2
- / ([ﬁ+ﬂ]3 —~ [ﬂ'+ﬂ]3> dx
T3

i (e e

< Cp,

H[ﬂ+ﬂ]3 - [ﬁ’+ﬁ]3‘ :

L2

G 1/3 S I 12 3 2/3
< </Tg(u—u) dac) </1r3 ([u+u] +[u+1d] [@ +7] + [a —i—u]) da:)
< Cla—a | (Il + @5 + 1)
hence
/TH[ﬂ(s)—i-u(s)]?’—[ﬂ'(s)—i—u(s)]g‘ ds
0 L2

IN

T
c//o 2 (s) = @ (5)]] (||a(s)||§,1 + @ ()| 3 + ||ﬂ(s)||§6) ds
a’ 9 2 /T B ) >
S\ 7 T ; + n )T ds | .
(5= (5L, (a4 10 ) + [ 15

Step 2. Chosen Ry > 07, (@), let Br g, be the closed ball in C ([0,7];H") of center
zero and radius Ry. Choose T such that

TCp R + 07, (7) < Ry.

N RN

Cl

IN

U
= ) € Br g, we have

()

namely fT < g ) € isin Bt g,. The ball By g, is a complete metric space invariant under

Then, if <

SIS

< TCTORg + 01, (u) < Ro
C([o,T];H!)

Ir. In it, we have

o (2) -t (3)

_ u w
< Cf, (2TR§ + T30y, (u)) H( . > - ( o )

c([0,71H1) c([o,71;H1) '



If we reduce T, in case it is necessary, in order to satisfy also the inequality
! 2 1/3 — 1
(%b@TRO+T 9%@o>§§
then fT is a contraction in Bt g,. Local existence and uniqueness follows, on the local
time interval [0,7]. =

Next proposition claims that an a priori bound on ( % ) implies global solution.

Proposition 7 Under the same assumptions, assume there is a constant Cy > 0 such that

any solution < % > defined on some interval [0,T'] C [0,T] satisfies

(5=

Then the solution is global in time (we may take T' =T ).

SIS

sup
te[0,77]

Proof. Consider the modified problem

Fur (5 )@=t (5o ) Lot ( g o ) o

It corresponds to the same equation but considered on the time interval [to,to + 7] with

SIS

initial condition at time ¢y given by < Ut > . Called cr;, a constant bounding HetAH LOHLHY)

Uto

on [0, Tp], if < %to ) in the previous indentity is the value at time ty of a solution, taking
to
into account the new assumption we have

'e(tto)A ( Eto )H < ¢1,Co.
Hl

Vto

The first main estimate of the previous proof modifies as

I (5)

< ¢1,Co + TCp, RS + 01, (7).
C([0,T)HY)

Hence choose
Ry > c1,Co + 01, (u)

and T such that
c1,Co +TCr, Rg + 01, (u) < Ro

10



and the contraction property of the previous proof (not affected by the new term e(t~t0)4 < Yo ) )

Vto
hold. B
Made these choices, I'y, 1 has a fixed point in C ([to, (to+T) N To) ;Hl). The choice of

T is independent of ¢ty and ( %Lto ), hence the equation for < g ) can be solved first on
to

[0, 77, then on [T,2T A Tp], and so on until [0, 7p] is covered. m
2.4 A result based on deterministic Strichartz estimates
We state without proof the following deep result.

Theorem 8 Let (p,q) be such that

Then

@l oo,z < € (luoll 2 +lleol 2. ) -

2
p
Forp:37q:6weget

[l s 0,1;26) < € (H“OHH% T HUOHH%*)

and therefore, based on Proposition 6 we have:

Corollary 9 For every ( ZO ) € H%, there exists has a unique local solution of the wave
0

equation in the space
[C ([o, T] ;H%) N L3 (0, T; LG)} & C ((0,T];HY).

With more refined arguments, always based on Strichartz tye estimates, one has local
solutions for initial conditions in all H?® with % <s<1.

3 Probabilistic results

3.1 Probabilistic Strichartz estimates

Recall that
T (t) = cos <(—A)1/2 t) o + (—A) % sin ((—A)W t) Y.

11



Assume now that (ug,vp) is a Gaussian vector in H®. Then % (¢) is Gaussian; certainly it
is a Gaussian r.v. with values in C ([0,7]; H®). Can we say more? Yes, following the quite
general idea that Gaussianity improves L? regularity.

The Gaussian random field % (¢, z), a priori has paths only of class C' ([O, T] ;LQ) (also
C ([0,T);H?)). Let us prove, under suitable assumptions, that it has a continuous version.

Theorem 10 Given s > 0, assume that (ug,vo) is a mean zero centered Gaussian vector
in H® with the following properties:
i) the r.v.’s {ug (k) , 0o (k). k € Z? k # 0} are independent

i1) S 6P B [ ()] < 00, S04 (KB [165 ()] < oo.
Then uw has a continuous version.

Proof. Let us estimate only the term
i (8) = cos ((—8)/2t) o = 37 ¢34 cos (] 1) T (k)
k

The estimates for the other term are the same.
Step 1 (space regularity). We have

2
E || (t,2) —u (t,y)ﬂ = E Z (e%ik'x — 62”]“'?’) cos (k| t) ug (k)
k
_ Z <€27rik-at _ 627rik-y> (eZriha — e2mihy) cos (|k| t) cos (|h| t) B [ﬂa(k)ﬂa(h)]
kb

= 3 Jeemier — ez cos (112 1 (b
k

< Soferte - ekl m [ (2]
k

Now, since

‘eQﬂ’Lk-x o 627mk-y‘

IN

Clkl |z -yl

‘627rik~a: _ 627rik~y‘ < C
we get

. . . . 2s . . 1-2s
627r2k-:13 . 627rzk-y‘ ’627rzk-x . 627rzk~y’ ‘627rzk~a: _ 62mk-y <C |]€|2S |.’L‘ - y|23 )

12



Hence

E |[@ (t,z) — @1 (t,y)|

IN

Cla =y D> E |[@ (k)P
k

Clz—y*.

IN

Step 2 (time regularity). Similarly,

2
E \ﬂl(t,y)—ﬂl(&y)!Z] = B || e*™ (cos (|k|t) — cos (k] s)) ug (k)
k
:E}W%mewm—mmmmmwnﬂmme@@mm]
k.h

" cos (K11) — cos (1K) & [ 17 (b))

_ Z ‘6271'1'16@/
k
> (cos ([l )  cos (k] 5)) B [[ (k)]

k

IN

As above,
(cos ([K]£) — cos (] 5))? < C K[> |t — s

hence we get
B[l (ty) - @ (s,9)°] < Clt— s>

Step 3 (space-time regularity). Finally,

IN

B[[@ (be) ~ T (s,y)P] < 2B[[@ (ta) — 0 (t.9)| + 28 [T (6,y) - T (s, )

Cle—y/*+Clt—s/*.

IN

Using Gaussianity, we get
Bl () = (5,9) ] < Cpla— yPP + Cp |t — s

for every p > 1. Hence may apply Kolmogorov criterium with respect to the space-time
variables together and find the final result. =

Remark 11 Apparently it seems there is a contradiction in the statement: how could it
be that (up,vo) is only of class H® and @ is continuous up to time t = 07 The reason is
simply that (ug,vo) itself is much more than H?®, with probability one, being Gaussian. It
18 mot necessarily more in terms of Hilbertian Sobolev spaces, but it is much more when
measured with other topologies, like the uniform one.

13



Remark 12 This is a side deterministic remark. Being s > 0, in H° the linear semigroup
is a little bit Hélder continuous (this improvement is deterministic, not due to Gaussianity).
Indeed, from an interpolation inequality between Sobolev spaces that, on the torus, can be
proved by Fourier series in an elementary way (we have used it in the proof of compactness
for the 2D Euler equations), we have

IN

HetA HetA

z— eSAzHHO z— eSAzH;;,S {etAz — eSAzH;S_l

IN

tA A_|lIS
C’THe z—e€° ZHHs—l'
From the mean value theorem

HetAz - eSAzH;S,l < sup HAeSA,zH;S_l It —s|

£€€[0,7]
and, being A bounded from H* to H5™1,
s = 10, <y s
Hs—1 Hs—1 E('Hs_l,'Hs_l)
< COrllzllygs -

Collecting these inequalities, we get
HetAz — eSAzHHO <O ||2]|pys [t = s/
Therefore
[ (t) — @1 (s)ll 2 < O [[(uo, vo)llgs [t — 8|
3.2 Local result

Theorem 13 Given s > 0, let jiy be a centered Gaussian measure on H® such that the
assumptions of Theorem 10 hold, for a r.v. (ug,vo) with law py. Then, for pg-a.e. initial
condition in H?, the cubic defocusing nonlinear wave equation has a local solution of class

C([0,T) xT*) & C ([0, T];H').

Proof. From Theorem 10 we know that for py-a.e. initial condition in H?®, one has @
continuous in space time, hence the assumption of Proposition 6 is fulfilled and we have a
local solution in C ([0,T] x T*) & C ([0,T]; H'). =

3.3 Global in time result

We want to apply Proposition 7; to this purpose the only problem is proving an a pri-
ori estimate for < % >, because the regularity properties of @ that allows one to apply

Proposition 7 hold on every time interval, for py-a.e. initial condition in H?®.

14



In order to find an a priori estimate for ( = ), we use again the energy

5( ) - (; H(_A)Wa”; + % 1912 +/Ta Tm)

which now does not satisfy simply %5 ( % ) = 0. Let us compute the time derivative

N N

formally:

$5< g ) = —(A50) + (7,40 - @ +8)°) + (3,)

(5. @+w)?*) + (7,3

— (v, 30w + 3uw® + u°)

— ~ ~ 12 1~ ~ —n3 1~
< 3[all o 115112 || @3] 2 + 31l 151 2 feEll 2 + [l 17
~112 ~4 ~112
< C*|[olf32 + lall7a + ll@)3e + 1
< C* )72 + 21l 7 + 2
<

8C*E < v > +2
v
where C* depends on ||u||.,. Hence, from Gronwall lemma, for ¢ € [0, Tp],

< ( u(t) ) < ( ggg; >680*TO 4 280 T,

Proving rigorously this inequality requires some work as explained in Remark 5; we omit
u

Theorem 14 Given s > 0, let jiy be a centered Gaussian measure on H® such that the
assumptions of Theorem 10 hold, for a r.v. (ug,vy) with law pg. Then, for py-a.e. initial
condition in H®, the cubic defocusing nonlinear wave equation has a global solution of class

the details. The bound on & ( v *) ) obviously implies a similar bound on

v (t)

H1 .
The final result is:

C ([0, To] x T*) @ C ([0, Tp] ; H*)

for every Ty > 0.

3.4 Remarks on the regularity of Gaussian measures

A doubt, already arosen in Remark 11, is that we are imposing additional regularity on
initial conditions, by means of the probabilistic selection under f, and thus we are not

15



really solving the problem in H* with small s. The doubt has a positive and a negative
answer.

On one side, Step 1 of the proof of Theorem 10 is a computation performed at every
time ¢, hence also at time ¢ = 0, indicating that jip-a.s. the initial conditions we are dealing
with are continuous. Hence they truly have a significant additional regularity compared to
H?, in the case of small s.

On the other side, let us investigate more closely the mean zero centered Gaussian
vectors (ug, vg) in H*° treated in Theorem 10. Let us restrict, for notational simplicity, the
attention to ug, mean zero centered Gaussian vector in H*°; we have denoted the regularity
exponent by sg to stress below the change when we modify it. The random vector ug has
the form

up = Z {LB (ki) 627rik~m
k

with
Sk B [[@ (k)] < oo.
k
Set e
Z, = 10 (k)

B @ (7]

They are independent standard Gaussian complex valued r.v.’s. Setting

o = \[B |7 (k)]

we have
up = § :O_kaeQﬂ'zk-x.
k

Recall, to compare, that ), 7,257 is white noise. Here we assume
E k> 02 < 0.
k

Take s1 > so. There exists a sequence {0y}, satisfying the previous property, such that
Z |k |25 0% = oo0.
k

This implies that the law of ug gives measure zero to H*!.

Summarizing, given s; > sg > 0, we may construct a Gaussian measure p, satisfying
the assumption of Theorem 10 with s = sp such that u(H*') = 0, namely no element
selected by p has regularity H*'. From the viewpoint of the scale {H*} ., there is a
genuine improvement of the deterministic results. -

16



Remark 15 Other measures can be used on initial conditions, for instance centered in
points different from zero and even non Gaussian; see [1]. The principles of this approach
are quite general. A surprising fact compared to the other examples in these notes is that
no invariance (time or space) is needed. This seems to be related to the possibility of the
decomposition outlined in Section 2.1, which does not look possible for Euler equations or
particle systems.
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