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Now we construct a vector

space ( space of k- vectors on V)
whose dweeb is MCV) so
that simple k-vectors are

KEEK embedded in this space .

We rely on the canonical identification

of V and V
* *
( V is finite dew .)

Defy ( tf k so, 1,2, . . - )
The space of K - vectors on V is

Ak (V) is space of k-correctors en Vt

= ARCH)
Then A

,
CV ) =(V9*= V
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Given a basis er
,
. . .

,
en of V we write

Ei : = ei
,
a

. . . -
n ein VI C- In, he
c-
NaN)

we already proved that {ee i Iet
,
u}

is a basis of Adv)

we define the dualibpairing L ; > of
MCV ) and Adv ) by selling

Lei ; ed > is Sep
( Thurs { e's } is the dual basis associated

to { ee } that is , the I eoord . of Wendy
art @ is } is given by Ceti , WS ! )

Everything works as it should . . . .



Gunned tf d E AMV )
,
V

, , .
-

y VaEV

there holds

( x ; Vix . . . A VD = a (Vi, -→ Va ) ⇐④
Proof

④ says that of holds for

de {e }
, Nj e {ei}

using linearity wi x we get that
holds for

x E MV )
, Vj E Ee is

using linearity wi each if we get that

@ x) holds for

xE AMV )
, Vj E V

corollaries
The duality pairing L ; > does NOT

depend on the dioica of the basis Lei }



Corollary

H . . . . ,
Va) n (Th

,
. . . . ,
Tn )

^

H
V
, n . . - Aye = VT n . . - AVI

Thus we identify [v. . -→on] with V. a . . . ava
T
thus notation disappears

Proof
from now on !!

H . . . . ,
Va) n (Th

,
. . . . ,
Tn )

*
Nv

. . . . . > Va) = x (VT , -→ Tn) ta EAV )

I
(x

,
Vin . . -are> = La, Ian. -non) V-aEA4V )

I ( use that Ak is dual to the)
v. n . . - Avn = via . - - - hat

g

Assume now that V is endowed with

a scalar product ( • ) and e , . . . ., en is

an orthonormal basis
.



Then we can endow HCV ) and Adv )
with scalar products at . Lei } and Lee }
are orthonormal basis

.

I never use these scalar products ,
only the associated norm (on Adv))
Given w = § w÷ . ee

N
H

Adv) Le w>
then

yw , :=€Wi
.

Proposition
IV , a

- - - n Val = 78kCRY . .

> Vid)

meee mama ,

+woa.Y.io?%Ec......v.FWi-
matrix of UT
coordinates of%..me § @et (Wi ))

WI minor of W comesp . =det(Wtw)T
to rows e:

.
. . . ,
e're I Binet ferula



A

T linear map
= Idettt

wit cube wire

-
given by

= fde.tt/.voe(RCe9 , -→En ))
T : E.→ Vi

k

in a
= Hk (TC RCE , -→ End)

Rk V

= Jfk ( RCH
,
. . - ⇒Va)) '

q

concluding remarks
(b) There are two natural choices

of norm on Adv) :

a)
"

Euclidean norm
, defined above : I . I

b)
"

mass norm , ol , namely the

largest norm of Adv ) sit .

( V , a . . -Na ) = 14h . -
a Val VVJEV

that is
,
convex envelope of the

restriction of 1 . I to simple k-vectors

of (w/ i- inf { Etilwil : we

Etuwi}
convex
combination
of simple neck



- the dual home is called
"
Comassa :

¢* Ca ) is sup La , w)
in to@1St
MV )

= sup (x , Vin . -HUD
IV. a.naval 51

There only a couple of results where

you see the difference between
Euclidean honour and mass (or couuass)

(2) Are there non - simple k- vectors ?

Yes i e
, aeztezaeq ( in V

,
divulge)

( exercise)
If his diva (V )

,

I - vectors are all simple (obvious)
(n-D -vectors are all simple (not so obvious)

k -vectors with is Ksm are never

all simple
=
-



Theory of general currents (de Rham)
Definition similar to that of "generalised
functions , or

" distributions
, .

BASIC OBSERVATION (s)
let E be a closed , oriented K- dim

.

Surface of class C' wi IR"
. Then

Tg : W 1→ JEW
is a linear functional on the space

of R- forms (continuous + compact support)

Moreover

s ) E is uniquely determined by Te
( Et E ⇒ TE # TE )

2) Stokes theorem becomes

Tos (Wp )
= TE (day

T
K- I form K- form WE CE

3) Volk CE ) = Swp { Tzlw) : tweets}



TE Cw ) few i = I Lwcx ) ; ECXDDHKG)
E I

4

s { lwcxsl
- lead daka )

if lwcxslSIT
V. x S { b.DAY = VOICE)

and you get = if WG) is such that

<WHY ; EOD = 12cal = I Vx
.

Such wcx) exists for all x (and is east.)

Definition
g
endowed with the
struct . of locally convex

Denote by Dk (Rh) the spacetoirofeetor space

smooth k- forms with compact support onAT

The space of k¥5 on Rh
,

Dr CRD ,
is deferred as the Headof

② KCRW) (space of court .
C "

generalised
boundary oft Thaw tenet)oLIaEedwfae

HT C- BIRD , OT

is deferred as OT (w) is T (dw)



The mass ( K- dem .
volume) oft

is
IM CTI : = sup { Tcw) : 35,74k¥}
I


