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Review of Basic Neasur Theory (continued) .

veetor.ua/ued(BoreHmeasuresLetbegiven
:

• a positive (Borel ) measure µ on X,
o a finite dimensioni normed Space F,
o a map g :X→ F in tipi) .

Ne denota by gpe the F-valued measure on X defined by

µµ (E) i = { f din .

theore.vn#EveryF-valuedBorelmeasuredonX can be

represente d as a =p pe for suitableg , pe as above .

Notate Gi ven d =pµ as above ,
we define

(a) the variation IN ftp..pe (a positive measure on X ) ;

(b) the mass MIN = Hall ÷ IN = ! 41, che = llglhigu) .

(c) MIX
,
F) the Space of all F-valued measuves on X .

We write MIX) for MH ,R) .
The representation D= PIU is not unique , but IN and Ncd)
do NOT depend on the Choice of the representation .

Theorem 1 does not had if F is Infinite dimensionali

Propositi The space MIX ,F) endowed with the worm
IN (a) = Hill is a Banach Space .



Riesztheoremgivend-gpeEMCX.FI and a bounded (Borel) function g :X→
set 1-

Ti (g) i = {gdd ÷ / ( g ; g qua,
dual off

×-

È ) eHong EF
.

Assume now that X is compact :

Propositore Ta is a bounded linear function al on ECX ,#)
and htt MIN

.

spaccatemi-
/

function from X to F
"

this means sup ftp.pydpe-llplllype, with supremumnormll.tl.
11911.4 X

Theorem4lRiesz The operator di→ Ta is a linear

isometry from MIX
, F) conto the dual of ECX ,Fg .

The nontrivial (and fondamentali part is the surjeetiuity .

The nest of the statement is container in Proposition 3 .

If X is locally compact we only consideri g in loco ,FT .

That is
,
the space of all continuous g :X

→ f-* sit
. fj•gl

endowed with the supremum norm
.

A

Thislimitisunderstoodintheseuseoftheone-point-fcorn.ie/androv) compactificaion of X ; it Mears that
HE>o 3K compact in Xs.to/glHp*SE-VxEXlk.TheoremlRieszTh.-The operator di→ Ta is a linear

isometry

"

from MIX , F) conto the dual of EOCX , F
"

) .



Weakx-c-onvergen-ceofmeasures-2.2.IOWeakpelogyvegete
The identificati on of MH, F) and the dual of ECKF

*) (orlo FI)
induce a week * topdogy on dl (X.F) ,

and a Sequence
of measures du converge to d iff

{ gdan → { gdd for every ge EH ,
#) .

We say that
"

an converge tot in the sensei of measures ,
and write in d

.

This topdogy is not metrizable , but its restriction to any
any bounded subset of M (X ,F) is metricable .

µ In practice ,
this is the mostrelevant topdogy on UHF)

,

much more then the norm topdogy .

④ Comepaetness
If am is a bownded sequence in MIX , F) , that is , IN Cdn) setta ,
then

, up to subSequence , ah converge weakly# To sane d .

This is an immediate consequence of Banach- Alaoglu theorem .

tontinefthemasstfin# a in UH, F) then limine 1MW ⇒ IN (d) .

h→ co

This is an immediate consequence of the week# semicontinuity
of the worm of the dual . Or (equivalente ) of the faet that
the mass can be Written as slip of Weekly* continuous

linear functionals :

IN = sup { Tag : gelati) , light} .



2.2.40 weak-x-convergenceandnon.com#nuoustestfunetiohs.I-
Assume that X is compact, pin are positive finite measures

,

un µ , and g :X→ IR is Borel but not continuous
,
e.g. g= 1g .

What can we say about {gdth ?

⑦ gboundedbelowandl.sc . ⇒ liminf {gdpen E fgdpejunico ×

in parti cular A open in X ⇒ liminf finta ) E µ (A) ;v.→ co

(b) gboundedaboveandu.sc . ⇒ finginjfgdm.IS] dm ;
in particellare closed in X ⇒ limsup pence) s µ(c) ;v.→ co

g bounded and µ (Sing f-O ⇒ figo {gdpen = {golpe ;~

discontinuità setofg
in particella E Borel and µ loE) = o ⇒ fegatini = µ .

Prost
(a) Take gn E ECX) St. gncxltglxl theX .

class of positive
finite meas .

on X
-(snchgn exist because g is bounded bèow and t.sc .) )

Let Animi = § gndpe and Afp) ÷ ! golpe time MEX) .

Then Am is (week*) continuoUs on M
"
and An TX

.

Hence li is (week*) t.sc . on M?

(b) Apply (a) to - g .

9
*

andg, are the upper and lower

(c) the X seti 9
g? liymsypg , 9*47 liymnfgcyt .



Then

(1) g
* is bounded and u.s.ci ;

(2) g,
is bounded and l.s.ci ;

③ 9*59 sg
*
on X ;

(4) g * = g- g
"
on Xlsinglg) .

Then (3)

limsupfgcx) dpe È limsupfg dpe
n→ co n→ co

X X

(1) + (a)→ Eµdm

⇐ [golpe
(4) + infingig)f-o

↳ =!#peeling!! dies limine! die
t t n→ a

② + (b) (3) a

2.2.50 weaki-congenceandnon.com#nuoustestfunetiohs.Il-
In the setting of § 2. 2.4 , assume that X is local ly compact .
Then statement (a)- le) had under the additional assumption

line Mimi = MIN .

n→ co

If (*) does not had the assumptions in statement (a) - (e)
should be modifica as followsi

(a) g is t.sc .

and fini!94170 ; A is Open ;

(b) gisu.sc .

and lgimsoopgcx ) so ; C is compact ;

(c) µ ping (g) = 0 and fingo ) = o ;
Eis compact and NOE) - 0 .



2.2.60W-eakx-convergenceandnon-continuoustestfunetiohs.MILet an be F- valued measures on X such that An# d and

tini µ ( note that IN sin but = may not had) .

Let g be a function on X with raines in IR or F?

Then

fimcofgddn#g di
if ONE of the following set of assumptions holds :

(al X compact , gbounded , µ (Sing(g)poi
(b) X locali y compact , Man )→ IN 44 , gbounded , µ (Sing(g)poi
(c) X locali y compact , % 1944=0 , µ (Sing(g)f-0 .

Remarks

È µ on X . If the measuve in are positive and
X is compact then Mini→ MLN .

Indeed MIO implies

Mln) = § 1dm
and the RHS is a week* continuous functional on

MN) because 1 is a function in ECX )
.

In general the conclusion may not had if either
the pin are not positive or X is not compact .

À
Example (a) i X ÷ Io, D , in ÷ So- Spn ; then I 0

and IM ( Mn ) = 2 Un .

Example (b) i X = IR , in Su i then te 0 and

IM (Mn ) = i tiri .



O Let in d on X
. If the lneasuves du are not

positive then it may happeu that tant¥, IN .

Example : X ÷ Io, D ,
in :-. So - Sun ; then in 0 and

Hui = Sot Sun 2So .

Hanover
,
il Mian)→ IN then ldul# IN

.



2.30Outermeasuresciiven
a set X

,
an Outer measure on X is a set function

µ : PCX)→ Lato] (where PCX) is the power set of X)
s

.

t
.
:

(a) µ = 0 ;

(b) E CE
' ⇒ ME ) E µ (E

'

) (monotoni city) ;
id Ec %

,

En ⇒ pelE) s § pel En) (e - subadditivi ty) .

Note that (b) is implied by (c) .

Example
⑦ Counting measuve : µ (E) : = # E ;

(2) Dirac detta at #X : § (E) ÷ {
1 if xe E

B) µ (E) : = {
1 if E #¢

0 if x ¢ E
i

0 if E =p
'

Definition
a set E c X is pe

- measurable (according to Caratheodory)
if

µ (F) = µ (Fn E) + µ (Fi E) VFCX
.

Equivalentiy : µ = µ LE -1 pel E) .

Note that µ e µLE + µ LINE) for evevy ECX by
subadditivi ty .

Mia denotes the class of all µ- measurable sets .



Prgposition
The class Min is a 6- algebra and the restriction
of pe to My is 6 - additive .

The prof is an exercise .

It is easy to see that Min =P is pe is the

Counting measuve on X or a Dirac detta
.

What is My for the thivd example of Outer measure
given above ?

theory )
If X is a metrie Space and pe is addite on distante

sets
,
that is

, inffdlx , xp : XEE
,
* c-E

' }
Il

-÷

µ (EU E
' ) = pelE) +NE

' ) if di'st (E , E ' ) > 0 ,

then M µ contains the Borel e - algebra pH) .
In parti cnlar the restriction of pe to PG) is a measuve .

The proof of this result is nonTrivial .


