Dynamics of Fuchsian meromorphic connections with real periods
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ABSTRACT. In this paper, we study the dynamics of geodesics of Fuchsian meromorphic connections with
real periods, giving a precise characterization of the possible w-limit sets of simple geodesics in this case. The
main tools are the study of the singular flat metric associated to the meromorphic connection, an explicit
description of the geodesics nearby a Fuchsian pole with real residue larger than —1 and a far-reaching
generalization to our case of the classical Teichmiiller lemma for quadratic differentials.

CONTENTS
1. Introduction 1
2. Preliminary notions 2
3. Local behaviour around Fuchsian poles 7
4. Generalized Teichmiiller formula 17
5. Poincaré-Bendixson theorems 21
Appendix A. Transversally Cantor-like geodesic sets 28
References 28

1. Introduction

A meromorphic connection on a Riemann surface S is a C—linear operator V : Mpg — ./\/lls ® Mrsg,
where Mrg is the sheaf of germs of meromorphic sections of the tangent bundle TS and M} is the space of
meromorphic 1-forms on S, satisfying the Leibniz rule V(f§) = df® S+ fVE for all s € Mpg and f € Mg.
A geodesic for a meromorphic connection V is a real smooth curve o : I — S°, where I C R is an interval
and S° is the complement of the poles of V in S, satisfying the geodesic equation V.o’ = 0.

The Poincaré-Bendixson theorems, which provide a potential classification of w-limit sets, were inves-
tigated within the context of simple geodesics associated with meromorphic connections in the complex
projective space P!(C) by the first author and Tovena in [2]. Subsequently, in [1], the first author and
Bianchi extended their inquiry to encompass any compact Riemann surface S, successfully establishing
Poincaré-Bendixson theorems for simple geodesics in this more general setting. See also [9] for examples of
particularly interesting w-limit sets.

In a recent paper [10], the second author provided a relationship between meromorphic connections and
k-differentials and, more generally, dilation surfaces. Nowadays, meromorphic k-differentials and dilation
surfaces are heavily studied (see, for example, [3, 4, 5, 11, 14, 15]); it turns out that some of the possibilities
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described in the quoted Poincare-Bendixson theorems do not occur in the case of k-differentials. Since k-
differential can be seen a particular case of singular flat metric (see [13]), this suggested us to study Poincare-
Bendixson theorems for meromorphic connection with real periods, i.e., meromorphic connections sharing
geodesics and singular points with a singular flat metric. Indeed, in this paper we study possible w-limit sets
for simple geodesics for meromorphic connections with real periods.

We require some definitions before presenting our main result (see Section 2 for more details). Let
{(Ua, 24)} be an atlas for S, and V a meromorphic connection on S. By definition, there exists 7, € M%(Us,),
such that V(0y) = 14 ® 0n, where 9, := % is the induced local generator of T'S over U,. We say that
p € S is a Fuchsian pole of a meromorphic connection V if for some (and hence any) chart (U,, 24) around
p the representation of V has a simple pole at p; the residue Res, V of V at p is the residue of n, at p. If
all poles of V are Fuchsian then we say that V is a Fuchsian meromorphic connection. A saddle connection
is a simple geodesic connecting two poles. A set W C S with W=0isa transversally Cantor-like geodesic
set if the following conditions holds:

(1) there exists a maximal non self-intersecting geodesic o: (e_,e4) — S° such that W is the closure
of the support of o;

(2) for any non self-intersecting geodesic v: (—4,8) — S transverse to o the intersection v|(_s,2,5/2) "W
is a perfect totally disconnected set (a Cantor set).

We can now state our main result.

THEOREM 1.1. Let V be a Fuchsian meromorphic connection on a compact Riemann surface S with real
periods. Set S° := S\ %, where ¥ is the set of poles of V. Let o : [0,€) — S° be a maximal simple geodesic
for V. Then either

(1) the w-limit set of o is a pole of V; or

(2) o is a periodic geodesic; or

(3) the w-limit is a transversally Cantor-like geodesic set; or

(4) the w-limit set of o has non-empty interior and non-empty boundary, and each component of its
boundary is a graph of saddle connections with no spikes and at least one pole; or

(5) the w-limit set of o is S.

Notice that case (3) was missing from [2] and [1]; in Appendix A we clarify why it should be included,
studying geodesics of meromorphic connections whose w-limit set coincides with its closure.

The proof depends on two main ingredients. The first one is a detailed study of the behavior of
geodesics around Fuchsian poles. In [10], the second author has shown that if p is a Fuchsian pole with
ReRes, V < —1 then the w-limit set of a geodesic accumulating p must reduce to p. So we concentrate on
the case ReRes, V > —1, when we can find local coordinates giving a particularly simple local expression
for the local representation 7, of V (see Lemma 3.1). In particular, when the residue is real we then have
explicit formulas for the geodesics close to the pole (see Proposition 3.3).

The second main ingredient is a formula (Theorem 4.6) relating the internal angles of a graph of saddle
connections between Fuchsian poles with real residues larger than —1 bounding a domain P C S with the
values of the residues of the poles inside P and the topology of P. This formula is a far-reaching generalization
of the classical Teichmiiller lemma for quadratic differentials (see, e.g., [13, Theorem 14.1]); particular cases
were already obtained in [1] and [2].

The paper is organized as follows. In Section 2 we recall some definitions and theorems. In Section 3 we
study the local behaviour of geodesics around Fuchsian poles. In Section 4 we prove our generalization of
Teichmiiller lemma. Finally, in Section 5 we prove Theorem 1.1 and in Appendix A we discuss transversally
Cantor-like geodesic sets.

Acknowledgement. The authors would like to thank Xavier Buff, Fabrizio Bianchi and Guillaume
Tahar for useful comments and discussions.

2. Preliminary notions

In this section we recall some definitions and theorems from [2], [1] and [10].
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DEFINITION 2.1. A meromorphic connection on the tangent bundle T'S of a Riemann surface S is a
C-linear map V : Mpg — M}S ® Mg satisfying the Leibniz rule

V(f3) =df @5+ fV3
for all § € Mrg and f € Mg, where Mrg denotes the sheaf of germs of meromorphic sections of TS, while

M is the sheaf of germs of meromorphic functions and M} is the sheaf of meromorphic 1-forms on S.

Let {(Ua, 2za)} be an atlas for S and V a meromorphic connection on S. By definition, there exists
Na € ME(U,), such that
V(aa) = Na & 8047

where 0, 1= % is the induced local generator of T'S over U,.
DEFINITION 2.2. We say that 7, is the local representation of V on U,.

Let {€.5} be the cocycle representing the cohomology class £ € H'(S,0*) of T'S (hence &5 = gzg ).
Over U, NUg we have

05 = £apOa
and thus
v(aﬁ) = V(gaﬂaoc) = P 85 = gaﬁna ® 0o + dgocﬂ ® Oa,
that happens if and only if

1
(2'1) g = Na + 3 8§aﬁ
aB

on U, NUg. In particular, n, and ng have the same poles on U, N Usg.

DEFINITION 2.3. A point p € U, is a pole of the meromorphic connection V if it is a pole of a local
representation 7, of V on U,. We shall denote by Sing(V) C S the set of poles of V and by S° = S\ Sing(V)
the set of regular points of V. We shall say that V is a holomorphic connection if it has no poles. Clearly,
the restriction of V to S° is holomorphic.

Let V be a holomorphic connection (e.g., the restriction of a meromorphic connection to the set of
its regular points). Up to shrinking, if necessary, the open sets U,, we can find holomorphic functions
K, € O(U,) such that n, = 0K, on U,. Then (2.1) implies that on U, and Ug:

A exp(K,)

is a complex non-zero constant defining a cocycle f € H'(S,C*) representing ¢.

DEFINITION 2.4. The homomorphism p: 71(S) — C* corresponding to the class f under the canonical
isomorphism
H'(S,C*) = Hom(H,(S,Z),C*) = Hom(m;(S),C*)
is the monodromy representation of the holomorphic connection V. We say that V has monodromy in a
multiplicative subgroup G of C*, or that G is a monodromy group for V, if the image of p is contained
within G. In other words, é is the image of a class in H'(S,G) under the natural inclusion G < C*.
Furthermore, we say that V has real periods if it has monodromy in S?!.

Let us now define the notion of geodesic for meromorphic connections.

DEFINITION 2.5. A geodesic for a meromorphic connection V on T'S is a real curve o: 1 — S°, where
I C R an interval, such that Vo' = 0.

In the rest of the paper a geodesic and its support will be denoted by the same symbol if there is no risk
of confusion.

Let {(Ua, 24)} be an atlas for S° and o: I — U, a smooth curve. Then ¢ is a geodesic for a meromorphic
connection V if and only if

(2.3) (24 00)" + (fa00)(2a00)> =0

where 1, = fodz, is the local representation of V on U,,.
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DEFINITION 2.6. The residue Res, V of a meromorphic connection V at a point p € S is the residue at
p of any local representation 7, of V on a local chart (U,, 2o). Thanks to (2.1), it does not depend on the
chosen local representation.

In compact Riemann surfaces the sum of residues is the same for all meromorphic connections and it is
given by 2g — 2, where g is the genus of the surface (see, for example, [8]).

REMARK 2.7. If v € H;(S°,Z) is represented by a small loop around a pole p € S, then (see [2,

Proposition 3.6])
p(7) = exp (/n> 7
v

where 7 is the local representation of V in a local chart at p. In particular, since

1
Res, V= —
“p 2mi J., "
if V has real periods then all the residues of V are real numbers.

DEFINITION 2.8. We say that p € S is a Fuchsian pole of a meromorphic connection V if for some (and
hence any) chart (U,, z,) around p the local representation of V has a simple pole at p. If all poles of V
are Fuchsian then we say that V is a Fuchsian meromorphic connection. A Fuchsian pole is resonant if its
residue is a negative integer strictly less than —1.

2.1. Local isometries and V-charts. In this subsection we recall some properties of local isometries
and V-charts; we shall often use these notions in the rest of the paper.

DEFINITION 2.9. Let V be a holomorphic connection on a Riemann surface S. Given a simply connected
chart (Uy, z4) for S, let 7, be the local representation of V on U, and let K,:U, — C be a holomorphic
primitive of n,. A local isometry of V on U, is a holomorphic primitive J, : U, — C of exp(K,) on U,.

PROPOSITION 2.10. Let V be a holomorphic connection on a Riemann surface S. Let {(Uy,24)} be an
atlas for S with simply connected charts. If Jo is a local isometry of V on U, then
(1) ifng =0 then Jo = azq + b for some a € C* and b € C;
(2) if na =0 and (Ug, z3) is another chart with ng = 0 and Uy N Upg is connected, then there exists a
local isometry Jz of V on Ug such that JﬂanmUﬁE Ja|UamUﬂ 5
(3) if o is a geodesic for V on U, then Jo(0) is a Buclidean segment in zo(Uy);
4) if Jo is another local isometry of V on U, then J, = aJy + b for some a € C* and b € C;

Proor. (1) If n, = 0 then K, is constant and hence J, = az, + b for some a € C* and b € C.

(2) Fix K, € C such that J, is a holomorphic primitive of exp(K,). Since g = 0, we can choose
K € C so that it coincides with K, on the connected set U, N Ug; then choose J3 so that it coincides with
Jo in one point of U, N Up. It follows that Js|v,nv,= Jalv.nvs-

(3) See [1, Proposition 2.2].

(4) Tt is enough to show that J!, = aJ’, with a € C*. By definition J/, = exp Ko, where K, is a
holomorphic primitive of n,. Since K, too is a holomorphic primitive of 7, there exists ¢ € C such that
K, =K, +c So j& =exp Ko =eexp K, = e®J),. a

DEFINITION 2.11. Let V be a holomorphic connection on a Riemann surface S. A simply connected
chart (U, 24) is said to be a V—chart if the local representation of V on U, is identically zero. A V—atlas
is an atlas {(Uqy,2q)} for S such that all charts are V—charts. A Leray atlas for S is a simply connected
atlas {(Ua, 24)} such that intersection of any two charts of the atlas is simply connected or empty.

In [10] it is shown that it is always possible to find a Leray V-atlas for any Riemann surface S with a
holomorphic connection V. Proposition 2.10 imply that the representation of geodesics on V-charts is given
by Euclidean segments.

LEMMA 2.12 (See [10, Lemma 2.8]). Let V be a holomorphic connection on a Riemann surface S having
monodromy in G, a multiplicative subgroup of C*. Then there exists a Leray V—atlas {(Un, 24)} for S such
that the changes of coordinates in the atlas have the form zg = angza + cag 0n Uy NUg, where ang € G and
Cap € C.
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DEFINITION 2.13. A Leary V-atlas with the property described in the previous lemma will be called a
Leray G-atlas for V.

2.2. Poincare-Bendixson theorems. In this subsection we recall a Poincare-Bendixson theorem for
meromorphic connections on compact Riemann surfaces, giving a classification of the possible w-limit sets
for the geodesics of meromorphic connections on compact Riemann surfaces.

DEFINITION 2.14. Let 0: (e_,e4) — S be a curve in a Riemann surface S. Then the w-limit set of o is
given by the points p € S such that there exists a sequence {t,}, with ¢,, T 1, such that o(¢,) — p.

DEFINITION 2.15. A geodesic 0: [0,1] — S is closed if o(I) = 0(0) and o’(l) is a positive multiple of ¢’ (0);
it is periodic if o(l) = ¢(0) and o’(I) = o' (0).

DEFINITION 2.16. A saddle connection for a meromorphic connection V on S is a maximal geodesic
o:(e_,eq) = S° with e_ € [—00,0) and €4 € (0, +00], such that o () tends to a pole of V both when ¢ 1 e
and when ¢t | e_.

A graph of saddle connections is a connected graph in S whose vertices are poles and whose arcs are
disjoint simple (i.e., not self-intersecting) saddle connections. A spike is a saddle connection of a graph which
does not belong to any cycle of the graph.

A boundary graph of saddle connections is a graph of saddle connections which is also the boundary of
a connected open subset of S. A boundary graph is disconnecting if its complement in S is not connected.

DEFINITION 2.17. Let V be a meromorphic connection on a compact Riemann surface S.

e A geodesic (n-)cycle is the union of n simple smooth curves o;: [0, 1] — S such that each restriction
75](0,1) is a geodesic for V and their supports are disjoint except for the conditions o;(0) = o;_1(1)
for j = 2,...,n and 01(0) = 0,(1). The points 0;(0) are the vertices of the geodesic cycle. We
say that a geodesic cycle is regular if all vertices of the geodesic cycle are regular points. We say
a geodesic cycle is Fuchsian if any vertex the geodesic cycle is either a Fuchsian pole or a regular
point. A (Fuchsian) geodesic polygon is a connected open set whose boundary is a (Fuchsian)
geodesic cycle.

e A geodesic (m-)multicurve is a union of m disjoint geodesic cycles. A geodesic multicurve will be
said to be disconnecting if it disconnects S, non-disconnecting otherwise. We say that a geodesic
multicurve is Fuchsian (regular) if it is a union of m disjoint Fuchsian (regular) geodesic cycles.

e A part P is the closure of a connected open subset of S whose boundary is a multicurve v. A
component o of «y is surrounded if the interior of P contains both sides of a tubular neighbourhood
of ¢ in S; it is free otherwise. The filling P of a part P is the compact surface obtained by gluing
a disk along each of the free components of v and not removing any of the surrounded components
of ~.

e Aset W C S withW=20isa transversally Cantor-like geodesic set if the following conditions
holds:

(1) there exists a maximal non self-intersecting geodesic o:(e_,e4) — S° such that W is the
closure of the support of o;

(2) for any simple geodesic v: (—6,8) — S° transverse to o the intersection v([—8/2,8/2]) N W is
a perfect totally disconnected set (a Cantor set).

Now we state the Poincaré-Bendixson theorem for meromorphic connections on a compact Riemann
surface S proved in [2, Theorem 4.6] and [1, Theorem 4.3], with the missing case included (see Appendix A).

THEOREM 2.18 (Abate-Bianchi-Tovena). Let 0:[0,&) — S° be a mazimal geodesic for a meromorphic
connection V on S, where S° = S\ {po,p1,...,pr} and po,p1,...,p, are the poles of V. Then either

(1) o(t) tends to a pole of V ast — &; or

(2) o is closed; or

(3) the w-limit set of o is given by the support of a closed geodesic; or
(4) the w-limit set of o is a boundary graph of saddle connections; or

(5) the w-limit set of o is a transversally Cantor-like geodesic set; or

(6) the w-limit set of o is all of S; or



(7) the w-limit set of o has non-empty interior and non-empty boundary and each component of its
boundary is a graph of saddle connections with no spikes and at least one pole; or
(8) o intersects itself infinitely many times.
Furthermore, in cases (3) or (4) the support of o is contained in only one of the components of the complement
of its w-limit set, which is a part P of S having the w-limit set as boundary.

REMARK 2.19. As anticipated in the introduction, case (5) has been missed in [1, Theorem 4.3]. It
appears when the w-limit set W of ¢ has an empty interior and supp(c) € W, a case not considered in the
proof of [1, Theorem 4.3]; see Appendix A.

REMARK 2.20. All cases listed in Theorem 2.18 can be realized: see [1, 2, 4, 9].

2.3. Singular flat metrics, k—differentials and meromorphic connections. In this section we re-
call the relationships among meromorphic connections, singular flat metrics and meromorphic k-differentials
(see [2, 10]).

DEFINITION 2.21. Let S be a Riemann surface and ¥ C S a discrete set having no limit points in S.
Set S° := S\ X. We say that g is a singular flat metric on S if g is a flat metric on S° and for any p € &
there exist p, € R such that, for any chart (Uy, zo) centered at p with U, N3 = {p}, writing g2 = €™ |dzq|
on U, \ {p} the function e“~ satisfies

U

lim ——— >0
Za—0 ‘Za|pp

Notice that saying that g is flat is equivalent to saying that u,: U, \ {0} — R is harmonic. We say that p,
is the residue of g at the singular point p and that X is the singular set of g.

DEFINITION 2.22. Let V be a meromorphic connection on a Riemann surface S and g a singular flat
metric on S. We say that g and V are adapted to each other if they have the same singular sets and the
same geodesics (intended as parametrized curves).

It turns out that a meromorphic connection is adapted to a singular flat metric if and only if it is
Fuchsian with real periods.

THEOREM 2.23 ([2, Proposition 1.2], [10, Theorem 3.8])). Let V be a Fuchsian meromorphic connection
on a Riemann surface S and let ¥ be the set of poles of V. Set S° = S\ X. If V has real periods then there
exists a singular flat metric g adapted to V. Moreover, g is unique up to a positive constant multiple and
the local isometries of V are isometries between (a multiple of ) g and the Fuclidean metric.

Conwversely, if g is a singular flat metric on S with singular set 3. then there exists a unique meromorphic
connection V with X as set of poles such that g is adapted to V. Moreover, V is Fuchsian with real periods.

Furthermore, if p, is the residue of a singular point p of g then Res, V = p, and vice versa.

REMARK 2.24. As a consequence of Theorem 2.23, if p is a pole with real residue, we can always construct
a singular flat metric adapted to V in a simply connected neighbourhood U of p not containing other poles,
because V in U has real periods (see Remark 2.7).

The following lemma (see [2, Corollary 4.5] for the case S C C) shows that if V has real periods then
all closed geodesics are periodic.

COROLLARY 2.25. Let V be a Fuchsian meromorphic connection on a Riemann surface S with real
periods. Then any closed geodesic of V is periodic.

PRrROOF. By Theorem 2.23 (see [2, Proposition 1.2]) there is a singular flat metric g adapted to V. In
particular, the geodesics of V are the same as the geodesics of g. Since closed geodesics of a Riemannian
metric are necessarily periodic, the assertion follows. O

Now we shall describe the relation between meromorphic k-differentials and meromorphic connections.
A k—differential is a global meromorphic section of the line bundle (7*S)®*. Meromorphic k-differentials
are studied by many authors (see for example [3, 11, 14, 15]). It is not difficult to see that a k-differential
q is given locally as ¢ = q(z)dz"*. Then it is possible to prove that there exists a singular flat metric g locally
given as g2 = |q(2)|*|dz|. We say g is adapted to ¢. Similarly, a meromorphic connection V and ¢ are
adapted to each other if there exists a singular flat metric g such that g is adapted to V and gq.
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THEOREM 2.26 ([10, Theorem 1.2]). Let V be a Fuchsian meromorphic connection on a Riemann sur-
face S. If V has monodromy in Zy, = {e € S'| e = 1} then there is a meromorphic k-differential q adapted
to V. Moreover, q is unique up to a non-zero constant multiple.

Conversely, if q is a meromorphic k-differential on a Riemann surface S then there exists a unique
meromorphic connection V adapted to q. Moreover, V is Fuchsian and it has monodromy in Zy,.

REMARK 2.27. Note that if V is a Fuchsian meromorphic connection with monodromy in Zj then the
residues of V are in 1Z, by Remark 2.7.

3. Local behaviour around Fuchsian poles

In this section we study the local behaviour of geodesics around non-resonant Fuchsian poles. In Subsec-
tion 3.1, we show the existence a distinguished chart around a non-resonant Fuchsian pole of a meromorphic
connection V. In Subsection 3.2 and Subsection 3.3, we study the behaviour of geodesics of a meromorphic
connection V around non-resonant and noncritical Fuchsian poles, respectively. In Subsection 3.4, we study
the singular flat metric adapted to V in a neighbourhood of a Fuchsian pole. Finally, in Subsection 3.5, we
study the w-limit set of a simple geodesic around a Fuchsian pole with real residue greater than —1.

3.1. Non-resonant Fuchsian poles. As we have recalled above, around any regular point p € S° it is
possible to find a V-chart, that is a chart (U, z) around p such that the local representation of V is identically
zero. Of course, this is not true around poles. In the next lemma we show there exists a distinguished chart
around non-resonant Fuchsian poles.

LEMMA 3.1. Let V be a meromorphic connection on a Riemann surface S. Let py € S be a Fuchsian
pole with residue p = Resp, V € C. Assume that py is non-resonant, that is p # —k —1 for all k € N*. Then
there exists a chart (U,w) centered at py such that the local representation of V on U is of the form

n= L dw.
w

PRrooF. Let (V, z) be a simply connected chart centered at py such that pg is the unique pole of V in V.
Since pg is a Fuchsian pole, the local representation of V on V is of the form

m = <§+f)dz7

where f:V — C is a holomorphic function. Let F' be a holomorphic primitive of f with F(0) = 0 and write
the Taylor expansion of ef” as

(3.1) ef' = chzj,
j=0

where ¢y = 1. By shrinking V', if necessary, we can define a one-to-one holomorphic function by taking a
branch of the following functions

. T
Cj y .
(3.2) K, = Jgo Freri? , ifp# -1,
. PRE )
exp 21 %zj, if p=—1.
=

such that

Note that K,(0) # 0. Set



By shrinking again V, if necessary, we can assume that w is injective; choose r > 0 so that w(V') contains
W = {|w|< r}. Then (U,w), with U = w=1(W), is a chart centered at py. Let n be the local representation
of V on U; by the transformation rule we have

77:771_?7
where { = K, + 2K . Then we have
2K + 2K
n=(Lap- 2t
z K, +zK,
_ pK, +p2K, — 22K, —Z2K;/+Z(KP+ZK;))JC
B 2(K, + 2K))
| HEG+ (A = 22— p2) K K — KK — pz* K/’ ;
2K, (K, + 2K})

z

= Edw z.
w

Hence it is enough to prove that
2fK2 4 (22f — 22 — p2) K, K|, — 22K, K! — pz°K!? = 0.

Since K, # 0 on U, we can multiply both sides of the last equality by a branch of K 5’1 and divide by z.
Set

1,42
A= fK[;Jrl—|—(Zf—2—p)K[)’K/’)—ZK[)’K/')’—szg 1K;) ;

it is enough to prove A = 0. By using the following simple formulas

o for p# —1
FY )
) B = 18
(Kp )" —172,
(2) pEn) = K/K, + pK} 1K;) ;
o for p=—1
K/

(1) (log K, = e
K// _ 2
(2) (logK,)" = K—’; - K, QK/’J .

we have

T
[+ zf(logK,) — (log K,) — z(log K,)", if p=-—1.

By using (3.1) and (3.2) we have

ijozﬂ (Y = per = § P DFEGT A f (P i p 1,
= f+2f(og K, it p=—1.

Ao { L ((p+ D FEET + 2f (K5 — (p+ 2)(K0HY) — 2(KgtH"), if p# —1

Furthemore,
i o imt Vo ET) 4 (K, it p # 1,
J:lj ! (log K,) + z(log K,)", if p=—1.
Consequently, A = 0 and hence
n= Edw,
w

as claimed. 0

DEFINITION 3.2. Let V be a meromorphic connection on a Riemann surface S. Let p be a non-resonant
Fuchsian pole of V. A simply connected chart (U, z) centered at p is said to be adapted to (V,p) if

e the local representation of V on U is 1 := 2dz, where p = Res,, V; and
e 2(U) is a disc in C centered in 0 of radius r > 0.

We say r is the radius of (U, z).



® @

A)p<—1 B) p>—1

FIGURE 1. Geodesics of V on z(U).

Lemma 3.1 says that for any non-resonant Fuchsian pole p of a meromorphic connection V on a Riemann
surface S there exists a chart adapted to (V,p). In general, for a resonant Fuchsian pole p there may not
exist a chart adapted to (V,p). However, the local study of geodesics around a resonant Fuchsian pole is
already covered in [10].

2. Geodesics around non-resonant Fuchsian poles with real residues. The next proposition
describes the behaviour of geodesics of a meromorphic connection V around non-resonant Fuchsian poles
having real residues.

PRrOPOSITION 3.3. Let V be a meromorphic connection on a Riemann surface S. Let p be a non-
resonant Fuchsian pole of V with residue p € R. Let (U, z) be a chart adapted to (V,p) with radius r > 0.
Let 0:[0,e) — U \ {p} be a geodesic of V. Fiz 0 < 3 < 5. Let

{weC|-B<argw <+ 3, |w|>rrtt} if p<-—1;
H,:={{weC|Imw >0} ifp=—
{weCl|-B<argw <7m+5,0<|w<rrtl} ifp>—1.

For a € [0,2m), let x5: H, — x5 (H,) C 2(U) be the holomorphic map given by

() = eiawﬁ’ if p# —1;
Xe | et if p=—1.
(1) If p # —1 then a smooth curve c:[0,e) — U \ {p} is a geodesic for V if and only if there exists

€ [0,2m) such that z(o(t)) = x5 (at + b) for some a >0 and b € C with Im b > 0. Furthermore,
setting ¢ = z o 0 we have

P p+1 arg (—a(0)?6'(0)), if p <O,
7 arg (5(0)°5°(0)),  if p=>0.

Moreover, a = |(p+ 1)5(0)?5'(0)| and b = e~ P+ N5(0)r+1,
(2) If p = —1 then a smooth curve o:(0,e) — U \ {p} is a geodesic for V if and only if we have

2(o(t)) = x°;(at +b) for some a € C* and b € C with Im b > 0. Moreover, setting & = z o o we
i'(0) 5(0)
(0) ro

have a = and e =

PROOF. A curve o:[0,¢) — U\ {p} is a geodesic for V if and only if the representation & = zo o satisfies
(3.3) &+ g((}’)2 =0.

By solving (3.3) we get that 5(t) = xj(at +b). The values of o, a and b follow from (0) = x§(b) and
'(0) = a(x;;)'(b). O

Figures 1 and 2 contain typical examples of geodesics.
9



(A) spirals (B) periodic geodesics

(C) a critical geodesic

FIGURE 2. p= -1

REMARK 3.4. Assume p > —1. In Proposition 3.3 we can take
H,={weC|0<agw<m,0< |w<r’t!}

instead of H,. More precisely, a smooth curve o:[0,e) — U \ {p} is a geodesic for V if and only if there
exists « € [0, 27) such that
2(o(t)) = x; (1(2))

for some horizontal Euclidean segment [ in H o

Actually, Proposition 3.3 is a special case of [2, Theorem 8.1]. We shall need the explicit form of the
parametrization of geodesics around non-resonant Fuchsian poles in the next sections.

3.3. Noncritical geodesics. To study the w-limit set of a geodesic of a meromorphic connection V
on a Riemann surface S it is useful to know the local behavior of geodesics around a pole p.

THEOREM 3.5 ([10]). Let V be a meromorphic connection on a Riemann surface S. Set S° := S\ X
where ¥ is the set of poles for V. Let 0:]0,¢) — S° be a mazimal geodesic of V and W its w-limit set. Let
p be a Fuchsian pole with ReRes, V < —1. Ifp € W then W = {p}.

Thanks to Theorem 3.5, we can see that studying the w-limit set of geodesics approaching poles with
residues less than or equal to —1 is trivial. Therefore, in this section we study only Fuchsian poles with real
Res, V > —1. Since resonant Fuchsian poles have residue less than —1, we omit the word “non-resonant”
when we speak of poles with real residue greater than —1.

DEFINITION 3.6. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian
pole for V with real Res, V > —1. Let (U, z) be a chart adapted to (V,p). Let o:(e_,e1) — U\ {p} be
a maximal (maximal in U in both forward and backward time) geodesic for V. We say o is a noncritical
geodesic of V on U if both rays of o tend to the boundary of U. Otherwise, we say o is critical. See Figure 3.

COROLLARY 3.7. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian pole
for ¥V with real residue p :== Res, V > —1. Let (U, z) be a chart adapted to (V,p). Let o:(e_,e1) = U\ {p}
be a maximal (both in forward and in backward time) geodesic for V. Then
10



(A) noncritical geodesics (B) a critical geodesic

FIGURE 3. Critical and noncritical geodesics on (U, z).

(1) o is a non-critical geodesic if and only if there exists a € [0,27) such that
2(0(t)) = € (at + b) 7T

for some a > 0 and b € C with Tm b > 0. Moreover, |ae+ +b|= T and, up to changing the initial
point, we can assume Re b = 0.
(2) o is a critical geodesic if and only if there exists o € [0,27) such that

2(0(t)) = e (at + b) 7T
for some a > 0 and b € R with —2 € {e_,et}. Actually, one can choose b=c_ =0 up to changing
the initial point.

Moreover, for each g € U\{p} there exists a unique (up to reparametrization) critical geodesic issuing from q.

PROOF. By Proposition 3.3 there exists « € [0, 27) such that
2(o(t) = e (at + b) 7T

for suitable ¢ > 0 and b € C with Im b > 0. Let r be the radius of (U, z). By definition o is noncritical if
and only if |z(o(t))|— r in both forward and backward time. Since |z(c(t))|= |at + b|ﬁ we can see that o
is noncritical if and only if |at + b|— 7?71 in both forward and backward time. Since a > 0 it is not difficult
to see that |at + b|— 7?1 both in forward and backward time if and only if Im b # 0. Hence o is noncritical
if and only if Im b > 0. Consequently, o is critical if and only if Im b = 0. Moreover, |at + b|— 0 in a ray
and hence —% € {e_,e,}. O

COROLLARY 3.8. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian
pole for V with real Res, V > —1. Let (U,z) be a chart adapted to (V,p). Let o:(e_,e4) — U\ {p} be a
critical geodesic. Then arg z(o(t)) = const. In particular supp(z(c)) is the support of a radius of z(U).

PROOF. By the previous corollary we can assume that e = 0 and that there exists o € [0,27) and

a > 0 such that
2(0(t)) = e (at) 7T,

Hence arg z(o(t)) = a = counst. O

3.4. Singular flat metric on a chart (U, z) adapted to (V,p). Let V be a meromorphic connection
on a Riemann surface S. Let p be a Fuchsian pole of V with real residue p := Res, V > —1. Let (U, z) be a
chart adapted to (V,p). Note that the representation of V on U is 7 = £dz. Let g be a singular flat metric
adapted to V on U. Thanks to [10, Lemma 3.3] it can be represented by
(3.4) g% = |2|°|dz]

on U. We now collect a few properties of dist,, the distance induced by g.
11



LEMMA 3.9. Given r > 0, let g be a singular flat metric on A, = {z € C| |z|< r} of the form (3.4) with
p>—1. Then
2Pt

disty(z1,22) <
istgy (21, 22) o1l

for any z1, z9 € A,

PROOF. It is enough to show that there exists a curve o:[—1,1] — A, connecting z; and zo with

g—length bounded by 2;?; . Set

zot,  ifte0,1].
Then o(—1) = z1 and o(1) = z5. It is not difficult to compute the g—length of o:
0 1 p+1 Pl gpptl
(3.5) Jlelael= lzapest [ aea gt [ gear = R 2
o -1 0 p+1 p+1
and we are done. g

oft) = {—zlt, if t € [~1,0),

REMARK 3.10. If p < —1 then dist, is unbounded on A,. In particular, a computation similar to (3.5)
shows that an Euclidean segment joining 0 and any point zo € A, has infinite g—length.

LEMMA 3.11. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian pole
of V with real residue greater than —1. Let (U, z) be a chart adapted to (V,p). Let g be a singular flat metric
adapted to V on U. Then all maximal critical geodesics in U have the same g—length.

PrOOF. By Corollary 3.7 we can see that the support of the representation of a critical geodesic on
z(U) is an Euclidean segment joining 0 with a boundary point of z(U) = A,. Then a computation similar
to (3.5) shows that the length depends only the radius r of z(U). O

In the next lemma we study self-intersections of noncritical geodesics around a Fuchsian pole with residue

in (-1, —%)

LEMMA 3.12. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian pole
of V with real residue p := Res, V. Let (U,z) be a chart adapted to (V,p) and g is a singular flat metric
adapted to V on U.

(1) If p € (—1,—3) then there exists 6y > 0 such that any noncritical geodesic o : (e_,e4) — U\ {p} of
V on U with disty(supp(c),p) < 0o intersects itself at least once. More precisely, any noncritical
geodesic entering U% = {q € U | dist,(q,p) < &0} intersects itself at least once before exiting U%.

(2) If p> —1 take a1, as € R so that

0 0
< IO[l - Oé2|< ﬁ
If Ly and Lo are parametrizations of mazimal horizontal Euclidean segments in
F.={weH, | 0<Imw< T},

with T small enough, then the geodesics xy* o L1 and x,* o Ly have at least one common point.

PROOF. Let r be the radius of (U, z). For 0 < 7 < rﬁ, set
l; ={weH,|Imw=r7}.
Let L,:(e_,ey) — H, be the parametrization of the horizontal Euclidean segment I, C H, given by
L. (t)=t+ir. Let

B(T) := sup argw — inf argw = |arg L. (e_) — arg L (e4+)|-
wel, wel-

Note that §(7) is a decreasing function and that
li = .
lim, 5 (r)=m

In case (1), since p+ 1 < %, we can choose 7 small enough so that 27(p+ 1) < B(7) < 7 for all 0 < 7 < 7.
12



FIGURE 4. A self-intersecting noncritical geodesic on z(U) (here p = —0.9).

Fix a € [0,27). Then
o () = 02 (t) 1= x5 (Lo (1) = € (t + iT) 747
is the representation of a noncritical geodesic of V on U. Set
1 : .
Br = | lim arg or(t) — Jim argo(t)|.
It is easy to see that B} = —15/3; and that argo,(t) is a monotone function of ¢. Since 57 > 27 and we
know that both rays of o, tends to the boundary of U and that argo,(¢) is monotone, we conclude that
o intersects itself at least once. Then the image by x| of any maximal horizontal interval in F; intersects
itself. Set
do := dist,(supp(0r,), ).
Since multiplication by e!* is an isometry for ¢ we deduce that any maximal noncritical geodesic o with

dist4(supp(c), p) < dp intersects itself, as claimed.
In order to prove the second statement, without loss of generality we can assume that a; > as. Set

B=(p+1)(a1 —az)

and FP = ¢®F,. Since 0 < B < m we have FPNF, # (. Let L2(t) := €L, (t). Since 0 < 8 < T, there exists
7o such that for any 0 < 7 < 79 the segments [, and I have a common point. By

Xt (L (1) = xp2 (L2 (1))

and [ N lf # (), we can see that the supports of Xp' © Ly and x? o L. have a common point.

Let Ly and Ly be any maximal horizontal Euclidean segments in F,. Since L, and Lf have a common
point we can see that L; and e*’ Ly have a common point. It follows as above that Xp' o Ly and xp? o Lo
have at least one common point. (|

DEFINITION 3.13. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian
pole for V with p := Res, V > —1. Let (U, z) be a chart adapted to (V,p). Let 0:(e_,e4) — U\ {p} be a
maximal geodesic for V on U. We say o has a—direction for some « € [0, 27) if

z(0) = x, (at +b)
for some a € R* and b € C. We shall write
L(o) == a.

Of course the notion of direction depends on (U, z). In particular, if ¢ has a—direction for some
a € [0,27) on (U, z), then we can introduce a new chart (U, 2’) with 2z’ = e~?®z so that ¢ has 0—direction
in (U, 2").
13



COROLLARY 3.14. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian
pole for V with p := Res, V > —1. Let (U,z) be a chart adapted to (V,p) and g a singular flat metric
adapted to V on U. Let 51, B2 € [0,27) with f1 < B2 be such that

min(fs — 1,27 + B1 — fa) < S

p+1
Set
L [ﬂlvﬂQ]a Zfﬂ? _Bl < %7
(3.6) 1, Bl := {[O,ﬂl} U [Be,27), otherwise. ’

Then there exists a number g > 0 depending only on the length of I°[51, B2] such that any two noncritical
geodesics o1 and oo entering
U ={q €U | disty(q,p) < do}
with /(ay), Z(ag) € I8y, f2] and L(o1) # L(02) have a common point.
ProoOF. Without loss of generality we can assume that Ss — 1 < ﬁ. So IP[B1,B=2] = [P1, B2). Since
/(01) # /(02), the geodesics o1 and o9 are distinct. Since they are noncritical, the assertion follows from
Lemma 3.12.(2). O

3.5. The w-limit sets of simple geodesics around Fuchsian poles. In this section we study the
w-limit set of a simple geodesic around a Fuchsian pole with real residue greater than —1.

LEMMA 3.15. Let V be a meromorphic connection on a Riemann surface S. Set S° = S\ 3, where ¥ is
the set of poles of V. Let p be a Fuchsian pole of V with p := Res, V > —1. Let (U,z) be a chart adapted
to (V,p) and g a singular flat metric adapted to V on U. Let o : [0,e) — S° be a maximal simple geodesic
for V. Then there exists a number 6o > 0 such that o can enter U% = {q € U : disty(g,p) < do} only along
finitely many directions.

PROOF. Pick a positive integer n > 1 such that g := 27” < ﬁ. Choose f; € (0,2m) for j =1,...,n such
that
n—1
U85, 8111 UT?[B, 1] = [0, 27)
j=1

and such that the lengths of I; := [8;,8,41] for j = 1,...,n — 1 and of I,, := I?[B,, 1] = [0, 51] U [Bn, 27)
are all equal to 8. Take dg = 6o(8) and U% = {q € U | dist,(q,p) < o} given by Corollary 3.14. Without
loss of generality assume o(0) ¢ U%. Let ¢ be a point of intersection between ¢ and the boundary of U%.
If o in ¢ has the direction of the unique critical geodesic issuing from ¢ then o is that critical geodesic and,
then, it does not exit from U% anymore. So in this case the assertion is proved.

Assume then that o does not enter U% in a critical direction. If, by contradiction, o enters U% along
infinitely many directions, then there exists I; such that o enters to U % along two different directions
aq, ag € I;. Then Corollary 3.14 implies that o intersects itself, contradiction. O

In Theorem 2.18 we have seen the possible classifications of the w-limit sets of maximal simple geodesics
of meromorphic connections on compact Riemann surfaces. In the next proposition we study the intersection
of a neighbourhood of a Fuchsian pole with residue greater than —% with the w-limit set of a maximal simple
geodesic having non-empty interior.

PROPOSITION 3.16. Let V be a meromorphic connection on a compact Riemann surface S. Set S° = S\¥,
where 3 is the set of poles of V. Let p be a Fuchsian pole of V with p :== Res, V > —%. Let 0:[0,¢) — SY be
a mazimal simple geodesic for V and W its w-limit set. Assume that W has nonempty interior and p € W.
Then there exists a chart (U, z) adapted to (V,p) with radius ro > 0 such that

m

2Unw) = Jcufoy,

where 4 '
C;={6 <argz <&, |z[<ro}
14



for some (5{, 6% € R so that C;NCy, =0 for j # h. Moreover,
7T]€j

3.7 5 — ¢ =
(3.7) 270 =0

€ (0, 2]
for some k; € N.

REMARK 3.17. Assume that p € (—1, f%) If p € W, then ¢ must enter the neighbourhood U% given
by Lemma 3.12. Since o is simple, then it must enter U% as a critical geodesic, that is it must go directly
to p. In particular, W = {p}.

PrROOF. Let (Up, 2) be a chart adapted to (V,p) of radius rg. By Theorem 2.18, the boundary of W is
composed by a graph of saddle connections without spikes. If p € W, up to shrinking Uy if necessary, we
can assume that Uy € W. If p € W, then, for ry small enough, W N Uy must consists of critical geodesics

ending at p. Notice that if v:(e_,ey) — Uy \ {p} is a critical geodesic for V then argz(y(t)) = const.
Consequently, there exists m > 1 so that

2UonW) =] c;u{o}
j=1
where C; N Cy, = 0 for j # h and
Cj ={6] <argz <8, |z[<ro}
for some 7,8} € R with ‘ ‘
0< & —d <2m.
We just have to prove (3.7).
Let A, be the set of noncritical geodesics in Uy obtained as intersection of the support of o with Upy;

notice that ¢ cannot intersect Uy in a critical geodesic because otherwise its w-limit set would reduce to p.
Since o is simple, any two geodesics in A, are disjoint. Given an integer n > 0, put

1
(3.8) Ay = {'y € A, | distg(supp(v),p) < n} )

where g is a singular flat metric adapted to V on Uy. Since p € W, we have A” # () for all n > 0. Set

B"i={a=/(7) | 7€ AL} #0.
By Lemma 3.15, there exists ng such that B™ is a finite set for any n > ng. Notice that B™ O B"*!. Then

there exists n; such that for any n > n; we have B® = B"*! =: By. Furthermore, for any two different
a1, ag € B™ we have

7r
p+1
Otherwise, Corollary 3.14 would imply that ¢ is not simple, impossible.
Choose r < min{rg, n%} and U C Uy such that z(U) is the disk of radius r. Take any a; € By. Then

2(Ua,) == Xp’ (H,) is a sector in z(U) with angle i1, where H,={weC|0<argw<m, 0< |w|<rrt!}.
Since p > —% we have that x,’ is one-to-one. Notice that if o enters U in the sector Uy, it leaves U again
by the sector Uy,. As we have shown in the first part of the proof, the interior of z2(W N U,;) is a sector or

it is empty. Assume, by contradiction, that z(W NU,,) is a sector with angle less than —5; then

p+17
Sa; 1= (X?j)fl(z(Wﬂ Us,)) C f{p

is a sector with angle less than 7. Since a; € By, the set {y € A% | /(y) = «;} is infinite for all n. Then
there exists a sequence of maximal horizontal Euclidean segments {l;} in H, with

min(jae — ay|, 27 — | — aq|) >

. 1
dist(lg, 0) < z

and such that there is op € A% so that ox(t) = xp’ (Ix(t)), where dist is the Euclidean distance in

H p- Then there exists a number kg such that [, leaves the sector Sa]. for any £ > kg and such that
supp(ok,) N (W NU,;) # 0; hence

(3.9) supp(ok,) ¢ W.
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Since o enters U, only in aj-direction, there exists a sequence of maximal horizontal Euclidean segments
{Ln} on H, such that Xp’ o L € A, and that {L;} accumulates I, N Sa,. Since Ly and Iy, are horizontal
Euclidean segments in H,, if {L;,} accumulates a subset of [, then it accumulates the whole lj,. Hence

supp(oy,) C W, against (3.9).

Thus, 2(W N U,,) is a sector with angle greater or equal to ﬁ. Since z(U,,) is a sector with angle
ﬁ, we have U,, C W. So we have proved that W NU = {J,cp, Ua- Since
. ™
min(|a; — a4, 21 — | — o)) > T
for any different o, a; € By, we can see that U,, N U,; has empty interior. Finally, the angle of the sector
2(Ua,) is 77 and we are done. O

REMARK 3.18. In Proposition 3.16, if p € W then m = 1 and 27 = 63 — 61 = p”Tkl = 2r for a suitable
k € N. Hence, we have p € 2(NU {-1}).

A consequence of the previous proposition is the following corollary.

COROLLARY 3.19. Let V be a meromorphic connection on a compact Riemann surface S. Set S° = S\,
where ¥ is the set of poles of V. Let p be a Fuchsian critical point for V with a residue p := Res, V € R\%(NU{—I}).
Let o : [0,e) — S° be a mazimal geodesic and W its w-limit set. If p is an interior point of W then o intersect
itself infinitely many times.

PROOF. Suppose first p < —1. Then, by Theorem 3.5, if p € W then W = {p}, contradiction. Hence
p>—1

Let (U, z) be a chart adapted to (V,p) with U C W. Let g be a singular flat metric adapted to V
on U. Let first assume —1 < p < —%. Then, by Lemma 3.12, there exists a positive number ¢ such that
any noncritical geodesic entering U° := {q € U : disty(p, q) < 0} intersects itself. Since p € W, it is easy to
see that o must enter U? infinitely many times. Hence o intersects itself in a neighbourhood of p infinitely
many times.

1

Let assume now p > —35. Assume, by contradiction, that o intersect itself finitely many times. Then

up to changing the starting point we can assume that o does not intersect itself. Since p € W, Remark 3.18
implies that

pe s (NU{-1}),

and this contradicts the assumption p € R\ #(NU {—1}). Hence, o must intersect itself infinitely many
times. g

Another possible w-limit set of a maximal simple geodesic for a meromorphic connection V on a com-
pact Riemann surface S is a boundary graph of saddle connections. In the next proposition we study the
intersection of such a boundary graph of saddle connections with a neighbourhood of a Fuchsian pole with
real residue greater than —1.

PROPOSITION 3.20. Let V be a meromorphic connection on a compact Riemann surface S. Set S° = S\X,
where X is the set of poles of V. Let p be a Fuchsian pole for V with p := Res, V > —1. Let 0:[0,¢) — S be
a mazimal simple geodesic for V and W its w-limit set. Assume W is a boundary graph of saddle connections
and p € OW. Then there exists a chart (U, z) adapted to (V,p) such that

2UNW) =[] L;u{o}
j=1
where
Ly ={wez(U)|argw =4}

for some 0; € R. Moreover, for any L; there exists Ly, such that

s
0j —0p = —— d 2.
yi k p+1 mo ™
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PRrROOF. Let (U, z) be a chart adapted to (V,p) and r its radius. Note that if y: (e_,e4) — U \ {p} is
a critical geodesic for V then arg z(y(t)) = const. Consequently, we can choose r small enough so that there
exists m > 1 such that
2(UNW) U L; u{0}
j=1
where L; is as in the statement. Since o accumulates L;, there exists a sequence of noncritical geodesics
Yn: (e ,€h) = U\ {p} accumulating L; such that supp(yy,) C supp(c) and

(3.10) disty(supp(yn), p) < %
Then there exist a,, > 0 and b,, € C with Im b,, > 0 such that
2(yn (1)) = € (ant + by) 77
Up to reparametrization we can assume a,, = 1 and Re b, = 0. Furthermore, (3.10) implies that b, — 0.

Then e = —¢t. Let {n;}32, be a sequence such that the sequence {ay, } converges to o € [0,27). Then
Yn, accumulates geodesics v¥: (0,6, ) — U \ {p} such that

2(yE (1)) = €0 () 7.

Then setting 6% = arg(z(y*(t))) we have §+ —§~ = 517 mod 2m. Note that supp(y¥) € WNU. Moreover,
by construction, supp(y") Usupp(y~) = L; U Ly, for some Lj and thus we are done. O

COROLLARY 3.21. Let 'V be a Fuchsian meromorphic connection with real periods on a compact Riemann
surface S. Set S° = S\ X, where ¥ is the set of poles of V. Let o : [0,e) — S° be a mazimal simple geodesic
for V. Assume the w-limit set of o is a boundary graph of saddle connections I' = OV for some connected
open set V. C S. Then the vertices of I' are Fuchsian poles with residues greater than or equal to —%;

moreover, the interior (with respect to V') angle on a vertex p; of T is ﬁ.
P

ProoF. By Theorem 3.5 we know that Res,, V > —1. Since o does not intersect itself, by Lemma 3.12
we have Res,, V > —1. Let (Uj, z;) be a chart adapted to (V,p;) with radius r. Since U; N T is composed
only by critical geodesics, when r is small enough the first statement of Proposition 3.16 implies that

A(UNV) U C; u{o},
i=1
where
Ci ={w e z(U)| 6 <argw < 67}
for some &}, 672 € R. Note that o enters each z71(C;) infinitely many times. Arguing as in the proof of
Proposition 3.20 we then obtain that
™

62— = d 2
‘ Resy, V+1 HoE =T

as claimed. O

4. Generalized Teichmiiller formula

Let us recall a formula that was first proved for P!(C) in [2] and later for any compact Riemann surface
in [1].

THEOREM 4.1 ([2, Theorem 4.1], [1, Theorem 3.1]). Let V be a meromorphic connection on a compact
Riemann surface S, with poles {p1,...,pr}, and set S° = S\{p1,...,pr}. Let P be a part of S whose boundary
multicurve v C S° is reqular and it has my > 1 free components, positively oriented with respect to P. Let
21, ..., 2s denote the vertices of the free components of v and €; € (—m, ) the external angle at z;. Suppose

that P contains the poles {p1,...,pq} and denote by gp the genus of the filling P of P. Then

s 9
(4.1) Zsj:27r 2—mf—Qgﬁ+ZRe Resy, (V)
j=1 j=1
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In this section we prove some generalizations of this formula. Let us first study the existence of broken
geodesics connecting two regular points in a neighbourhood of a pole with real residue greater than —1.

LEMMA 4.2. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian pole
of V with p := Res, V > —1. Let (U, z) be a chart adapted to (V,p). For o € [0,2m), let U, C U be such
that

Vo = 2(Uy) == {w e 2(U)

™
a<argw < o+ —— .
& p+1}

Then any two points in U, can be connected by a simple geodesic not leaving U,,.

PROOF. For z € V,, put J(z) = (x5)"'(2) = e~ (PHDazrtl Tt is not difficult to see that J is a local
isometry of V on U, and that J(V,) is an upper half disc. Since it is convex, any two points in J(V,,) can
be joined a Euclidean segment not leaving J(V,,) and we are done. O

COROLLARY 4.3. Let V be a meromorphic connection on a Riemann surface S. Let p be a Fuchsian
pole of V with Res, V > —1. Let (U, z) be a chart adapted to (V,p). Let Uy C U be such that

z(Uy) ={w e z(U) | a1 < argw < as}
for some a1, as € R. Then any two points in Uy can be joined by a simple broken geodesic not leaving Uy .

PRrooOF. It follows from the previous lemma. O

4.1. Generalized Teichmiiller formula. In this subsection we introduce a generalized Teichmiiller
formula, which is an extension of (4.1).

DEFINITION 4.4. Let V be a meromorphic connection on a Riemann surface S. Let Ry be a geodesic
polygon and p a vertex of Ry. Let € € (—m, ) be the external angle of Ry in p. We say that v = m — ¢ is the
internal angle of Ry in p.

Let us prove the main lemma of this section.

LEMMA 4.5. Let V be a meromorphic connection on a Riemann surface S. Let pg be a Fuchsian pole
for V with p := Resp, V > —1. Let (U, z) be a chart adapted to (V,po). Let Ry C U be an s—sided Fuchsian
geodesic polygon with vertices po, ..., ps—1 such that p; # po for j =1,...,s—1. Let v; € [0, 2m) be the internal
angle in pj. Then

s—1
(4.2) Z(ﬂ'—vj):ﬂ'—i—vo(p—i—l) .

PROOF. Let denote by o; : [0,{;] — U the geodesics composing ORy. Since Ry C U is a simply connected

domain and py € ORy, there exists a non-self-intersecting smooth curve ¢ in U \ Ry connecting pg with a
point in OU. Set Uy = U \ supp(o). Let

n= Las
z
be the local representation of V on U. Note that U; is a simply connected domain and 7 is holomorphic
on Uy. Then J(z) = f;: is a local isometry of V on U;. Let 7 : [0,€) — U; be a geodesic of V. Then there

exists a € C and b € C such that
J(z(v(1))) = at + b.
Hence we have
(2(1)fdz(v') = d(J 0 2),(7') = a.
Thus,
0 = d(argd(J o 2)(7")) = d(arg(2(7))”) + d(arg d=(7")).
Since Ry \ {po} is composed by geodesics we then have

/ d(arg z’) = —/ d(argdz).
ORo\{po} ORo\{po}
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It is easy to see that

d(argz”) = / d(arg z”) +Z/d arg zf) + / d(arg z”)
ORo\{po} a1l(0,11] Tslio,15)

=arg 2z’ (o1(l1)) — }{% argzp(dl (1))

+§@mmwm—mf@m0
+ Jim arg 2(0,(1)) — arg #(0,(0))
— Y
Since 0;(I;) = 0541(0) = p; for j = 1,y s — 1, and 0(1,) = 71(0) = po, we have
5, = Jig ang (o.(0) - imarg 2(1 (1))

Since o1 and o, are critical geodesics of V on U, we also have arg z(o1(t)) = oy and arg z(os(t)) = a, for
some a1, oy € R with ay — a1 = vg. Hence

th/(nlt arg z(os(t)) — 1}{% arg z(o1(t)) = vo.

Consequently,
d(arg z”) = pug.
dRo\{po}
On the other hand,
/ d(argdz) = / d(argdz) + Sz:l / d(argdz) + / d(argdz)
dRo\{po} 1l0,] =255 oelio.is)

—Z/dmw ®))

_Z arg dz(o’)(1;)) — arg dz(07)(0))

_Z argdz(o —argdz(0j.1)(0))

+argdz(0)(ls) — arg dz(o7)(0)

:;22_

Since
argdz(o})(l;) — argdz(07,1)(0) = vj — 7
and
argdz(o)(ls) — argdz(0})(0) = vo + 7,
we have
s—1
22 = Z(Uj 77’(’) +7T+'UO.
j=1
Consequently,
s—1
—pug = Z(U] — )+ 7+ v,
j=1



that is,

s—1
> (T —v) =7 +uo(p+1),
j=1
as claimed. 0

THEOREM 4.6. Let V be a meromorphic connection on a compact Riemann surface S with poles {p1,...,pr}
and set S° = S\ {p1,....,pr}. Let P be a part of S whose boundary is a Fuchsian multicurve v C S with
my > 1 free components, positively oriented with respect to P. Let q1,...,qs denote the vertices of the free
components of v and v; € (0,27) the internal angle at q;; moreover, assume that p; := Resy; V > —1 for
Jj=1,...,s. Suppose that P contains the poles {p1,...,py} and denote by g5 the genus of the filling P of P.
Then

S

g
(4.3) > (m=(pj+ ;) =2 | 2—my — 295+ > _Re Res,, (V)
Jj=1 j=1

PRrROOF. Denote by ¢;:[0,1;] — S the smooth geodesics composing P. When g¢; is a pole, let (Uj, z;)
be a chart adapted to (V,g;). By Corollary 4.3 and recalling the shape of critical geodesics, there exists a
broken geodesic A; connecting o; and 041 not leaving U; N P and not intersecting 0P outside the extremes.
Let zjl € o; and ZJ2 € 0,41 the extremes of A;. Let P; be the simply connected component of P\ A,
containing ¢; in its boundary. When ¢; is not a pole, put P; = ). Set

\Uﬁj.

By construction Pisa regular part such that the filling of P and the filling of P have the same genus. For
k =1, 2, denote by o the interior angle of P at z¥; we put of = 7 when ¢; is not a pole. Denote other
interior angles by (,,. By Theorem 4.1, we have

(4.4) ZZW—Q +Z7r—ﬁm =2 |2— mf—2gP+ZReResp
j=1k=1
By using Lemma 4.5 for P; when ¢; is a pole we have
2

+ (o + vy =) (m = (7=} +Z7rf T~ Bm, )

k=1
2
= _af+ D (B, — ),
k=1 mj

where (3,,,; is an interior angle of P adjacent to P;. By summing up the last equality on all poles we have

’
S

s’ 2
(4.5) Yook Y (B, — ) =D (w+ (0, + D),
n=1k=1 Mj, n=1

where j, € {1,...,s} is such that ¢;, is a pole and s’ is the number of poles in {q,...,¢s}. Since af =7

when ¢; is not a pole, comparing (4.4) and (4.5) we have

s g
27r572(7r+(pj+1)vj) =27 2fmf7291;+ZRe Res,, (V)
j=1 j=1
Consequently,
g

Zw— (pj +1)vj) =27 [ 2—ms — 295+ Y ReRes, (V) |,

: J 1
as claimed. 0
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COROLLARY 4.7. Let V be a meromorphic connection on P'(C), with poles {po = 00,p1, ..., pr}, and set
S =PYC)\ {po,.-,pr} CC. Let Ry C PY(C) be an s—sided Fuchsian geodesic polygon with vertices qi, ..., qs
so that pj := Res,; V > —1. For j=1,...,s let v; € [0,27) be the internal angle in q; and let {p1,...,py} be
the poles of V contained in Ry. Then

(4.6) i (m—w(p; +1)) =27 <1 + iRe Respiv> .

j=1 i=1

REMARK 4.8. If the boundary of P in Theorem 4.6 is regular then the formula (4.3) reduces to (4.1).

If V is Fuchsian with residues in $Z then Corollary 4.7 gives Teichmiiller’s lemma (see [13, Theorem 14.1]).
This is the reason why we call (4.3) generalized Teichmiiller formula.

As a consequence of the generalized Teichmiiller formula we have the following corollary.

COROLLARY 4.9. Let V be a meromorphic connection on a compact Riemann surface S, with poles
{po = o0,p1,...,0r}. Let P C S be a simply connected part of S with connected boundary given by a
Fuchsian 2-geodesic cycle with vertices zo and z. Let vj € (0,2m) the internal angle at z; and assume that
Res.; V > —1 for j =0, 1. Let {p1,...,pg} be the poles of V contained in the interior of P. Then

g
(4.7) (Resz, V + 1)vo + (Res,, V + 1)v; = =27 Y _ Re Res,,, (V).
j=1
PrOOF. It follows from (4.3) with s = 2 because the filling of P has genus zero. O

4.2. Uniqueness of geodesics. In this section we shall prove a result about uniqueness of geodesics
in a given homotopy class.

COROLLARY 4.10. Let V be a Fuchsian meromorphic connection in a simply connected domain D with
non-negative residues. For i = 0,1, let 0;:(0,1;] = D be a smooth simple curve such that oo(0) = zo = 01(0)
and oo(lo) = z1 = o1(l1). If o0 |(0,1,) and o1 |(0,,) are geodesics for V then supp(og) = supp(o1). In other
words, any two points of D can be joined by at most one simple geodesic arc.

PROOF. Assume, by contradiction, that supp(og) # supp(o1). Without loss of generality we can suppose
that o¢ and o1 do not intersect except at endpoints. Let {pi, ..., py} be the poles of V contained in the simply
connected part P bounded by o¢ and o7 and let v; € (0,27) be the internal angle at z; for j = 0, 1. By
Corollary 4.9 we have

g
(4.8) (Resz, V+ 1)vg + (Res,, V4 1)vg = =27 Z Resy, (V) .
j=1

Since V has only non-negative residues, this is impossible. O

THEOREM 4.11. Let V be a Fuchsian meromorphic connection with non-negative residues on a compact
Riemann surface S with genus g > 1. Fori =0, 1, let 0;:[0,1] — S be smooth simple curves such that
00(0) = po = 01(0) and oo(lo) = p1 = 01(l1). Assume 0o |(0,1,) and o1 |(0,1,) are geodesics for V. If oy and
o9 are homotopic then supp(cg) = supp(oy).

PROOF. Let m: 8 — S be the universal covering surface of S and choose a point zg in 7! (po). Since the
genus of S is greater than 0, we know that S is either C or the unit disc. By the monodromy theorem, the
lifts 69 and 71 of oy and o7, respectively, with initial points zy have the same terminal point z; above p;.
Moreover, &g |(0,;,) and &1 |(o,;,) are geodesics of the lift V of V. Therefore the previous corollary implies
supp(Go) = supp(G1) and hence supp(cg) = supp(o1). 0

5. Poincaré—Bendixson theorems

In this section we shall study the w-limit sets of simple geodesics of a meromorphic connection with real
periods.
Let V be a meromorphic connection on a Riemann surface S and let G be its monodromy group. Fix
a Leray G-atlas {(Ug, 24)} on S° (see Definition 2.13; in particular, the transition functions are of the form
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28 = GaB%a + bap With aqs € G and bys € C. Recall that the local representation of V on any chart of the
atlas is identically zero. If 0:[0,e) — U, is a geodesic for V, then
arg dz, (o’ (t)) = const.,
because dz,(0’(t)) is a non-zero constant. Set
dza(0'(1))

dza(e(®)] <

Argo V=

This constant depends on (Uy, z) and o.
Let now o:[0,e) — S be any geodesic for V. Let U, and Ug be charts such that U, NUg Nsupp(o) # 0.
By the form of the transition functions there exists ang € G such that

dzg(0'(t)) = aapdza(o’(t))
for o(t) € U, N Ug. Consequently,
(5.1) Arg? v = 298 prg2, v,
laas]
Thus changing the chart amounts to multiplying Arg®, V by an element of the group

G1={a GEG}.
|al

Arg,, V :=[Arg} V] € ' /Gy ;
by the previous comments we see that Arg,,V is well defined, though in principle it depends on the fixed
Leray V-atlas.
Given [0] € S*/Gy, if Arg,,V = [0] we shall say that [0] is the direction of a geodesic o:[0,€) — S, or
that o has 0-direction.

DEFINITION 5.1. Set

REMARK 5.2. The direction of a given geodesic depends on the chosen atlas. On the other hand, from
the definition it follows that for two geodesics having the same direction is a notion independent of the
specific Leray G-atlas chosen.

5.1. Ring domains. Let us first introduce the notion of ring domain.

DEFINITION 5.3. Let V be a meromorphic connection on a Riemann surface S. Set S° = S\ X, where
Y is the set of poles of V. A connected open set R C S° with 71 (R) = Z is said to be a ring domain if there
are simple periodic geodesics o, : R — S° for any a € (0,1) such that o,, and o,, have no common points
for a; # a9, their support supp(o,) depends continuous on a in the Hausdorff topology, and

R= U supp(oq).
a€(0,1)
We say o, is a leaf of R. We denote the foliation given by the o, by R.
Assume now that V has real periods and let g be a flat metric on S° adapted to V. The g—width of the
ring domain R is
sup{distf(supp(aal),supp(oa2)) | a1,a9 € (0,1)},
where distf is the distance induced by g on R.

EXAMPLE 5.4. Let V be the meromorphic connection on the unit disc D = {z € C | |z|< 1} with the
local representation n = —%dz. Then for any 0 < r; < r9 < 1 the domain

R={zeD|r <|zI<re}

is a ring domain for V. Indeed, it is not difficult to check that, for r € (0, 1), the curve o,: R — D given by

o, (t) = re®,

is a periodic geodesic for V. The singular flat metric g adapted to V is given by
_|dz|
|2l
22
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Then the g—width of R is equal to logrs — logry. In particular, R has infinite g-width when r; = 0.
Assume now that r; > 0 and set U := R\R™. Then the local isometry J(z) = log z is well defined on U.
Moreover, g2 = |dJ| on U. It is not difficult to see that

JU)={weC|logrs < Rew < logre,0 < Imw < 27}

is a rectangle. Moreover, the J-image of any geodesic of V in U is Euclidean segment, because .J is a local
isometry. In particular, we have J(o,) = {Rew =logr,0 < Imw < 27}.

Now we study the image of a ring domain under local isometries of a meromorphic connection V.

LEMMA 5.5. Let V be a meromorphic connection on a Riemann surface S. Assume V has real periods.
Set S° := S\ X, where X is the set of poles of V. Let g be a flat metric adapted to V on S°. Let R be a ring
domain with g-width equal to r < co. Assume OR = 1 U~y with y1 and o disjoint connected sets. Assume
there exist p1 € 1 and py € Yo and a simple geodesic 3 : [0,1] — R connecting p1 and py with g—length
equal to r. Let J be a local isometry of g on U := R\ supp(B). Then J(U) is a rectangle. In particular all
leaves of R have the same g-length.

PROOF. Let {U;}3_; be an open cover for R such that:

both U; and R\ U; are simply connected for j =1, 2, 3;

U; UU; and U; N Uj are simply connected for 7, j =1, 2, 3;

U1 N U2 N U3 = @;

supp(B) C U NUs.

Let Vo = (U UU2) \ U3 C U and Jy = J|y,. Let J; be the analytic continuation of Jy on Vi = Uy U U, and
J2 the analytic continuation of Jy on Vi = Uy U Us. Note that for every leaf o of R we have that J;(c N'Vj)
is an BEuclidean segment in J;(V;); moreover, the J;-images of different leaves are disjoint and their union
is the simply connected domain J;(V;). Moreover, I', := J1(o N V1) U Jo(o N V2) is an Euclidean segment
in D := J; (V1)U J3(Va) and D = U,erDy; in other words, D is foliated by the Euclidean segments ', with
o €R. Put B; = J;(B) for j =1, 2. Then D \ (51 U B2) has three connected components; one is J(U).

By construction, J(U) = J(U) U 1 U B2 can be written as union of non-intersecting Euclidean segments
starting in 7 and ending in (5. Notice that §; and (s, being images of a geodesic of length r via a local
isometry, are Euclidean segments of length r. Since Ji|y,—J2|u, is a constant, 8, and B are parallel; hence
J(U) is a parallelogram. But, by definition of g-width of a ring domain, the Euclidean height of J(U)
is equal to r; since the Euclidean length of 8 and (5 is also equal to r, it follows that J(U) must be a
rectangle. Finally, since the J-images of the leaves of R are parallel Euclidean segments joining 8; and [
foliating J(U), it follows that all leaves of R have the same g-length. a

By definition a ring domain is a union of simple periodic geodesics. In the next lemma we describe the
possible boundaries of ring domains.

LEMMA 5.6. Let V be a Fuchsian meromorphic connection on a Riemann surface S with real periods.
Set S° = S\ X, where X is the set of poles of V. Let R be a ring domain relatively compact in S. Assume
OR is not empty. Let v1 be a mazximal connected component of OR. Then v, is either

(1) a pole of V with residue —1; or
(2) the support of a periodic geodesic; or
(3) a graph of saddle connections.

PROOF. Assume y; = {p} is a single point. Then every neighbourhood of p contains a periodic geodesic.
In particular, there exists a simply connected part containing p and no poles other than p and whose boundary
is a periodic geodesic. Recalling that, by assumption, V has real periods (and hence real residues), we can
then apply (4.3) with s =0, my =1, g5 = 0 and g = 1 to deduce that p must be a pole with residue —1.

Assume now that ~; is not a single point; then it must contain a regular point p € v, N SY. Let (U, z) be
a V—chart centered at p. Then the leaves of R in z(U N R) are parallel Euclidean segments. Hence z(U N~;)
is a FEuclidean segment. Consequently, v is locally the support of a geodesic. Since 1 is compact, each
component of y; N S° is a geodesic. If 7; contains no poles then it is the support of a closed or periodic
geodesic; since V has real periods, Lemma 2.25 implies that 7, is the support of a periodic geodesic. Finally,
if 71 contains poles then it is a graph of saddle connections. O
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In the next lemma we study the possible boundary of mazimal ring domains, i.e., ring domains R which
are not a proper subset of another ring domain.

LEMMA 5.7. Let V be a meromorphic connection on a Riemann surface S with real periods; assume that
the residues are all greater than —1. Set S° = S\ X, where ¥ is the set of poles of V. Assume there exists
a simple periodic geodesic o:[0,€) — S°. Then there exists a ring domain R containing o as a leaf.

Furthermore, if the maximal ring domain R containing o as a leaf has nonempty boundary then its
boundary is a boundary graph of saddle connections. Moreover, any saddle connection in OR has the same
direction as o.

PRrROOF. Let g be the singular flat metric adapted to V. Choose rg small enough such that for all
0 < r <rg we have:
o for any g € supp(o) the g-ball By(g,3r) := {p € S | disty4(q,p) < 3r} is simply connected; and
e the boundary of the tubular neighbourhood

Ur(0) :={p € S| disty(p,supp(o)) < r}

of radius r of the curve ¢ is composed by two different smooth curves o;:[0,1] — S for i = 1, 2, so
that disty (supp(o1), supp(o2)) = 2r.

Pick a point p; € supp(c). Take a chart (By(pi,2r),z) with r < 79. Let J be a local isometry
of V on By(p1,2r). Then J(supp(o) N By(p1,2r)) is a Euclidean segment. On the other hand, the Eu-
clidean distance from any point of J(supp(o1) N By (p1,2r)) to J(supp(o) N By(p1,2r)) is equal to r. Hence
J(supp(o1) N By(p1,2r)) is a Euclidean segment. Consequently, supp(o1) N By(p1,2r) is the support of a
geodesic. Hence supp(oy) is the support of a closed or periodic geodesic. Since V has real periods and real
residues, Lemma 2.25 implies that supp(al) is the support of a periodic geodesic. Hence for any 0 < r < rg
we have periodic geodesics o} and o2. Then

2
R=0cU U U ol
j=10<r<ro
is a ring domain containing o as a leaf.

Let now R be the maximal ring domain containing o as a leaf. Let ; be a connected component of OR.
Assume 71 is a single point. Then, by Lemma 5.6, it must be a pole with residue —1, impossible because we
assumed that all residues should be larger than —1.

Assume now that 1 contains no poles. Then, by the previous Lemma, 7; is the support of a periodic
geodesic; but in this case, using the previous construction, we might enlarge R, again the maximality of R.
Consequently, R is a graph of saddle connections.

Finally, assume o has direction [f] with respect to a V-atlas. Since the image of any leaf o, of R under a
local isometry is locally parallel to the image of o, it follows that o, has the same direction as . Let p € OR
be a regular point for V. Let (U, z) be a V—chart centered at p. Again, since the leaves of R in z(U N R)
are parallel Euclidean segments, it follows that z(U N JR) is parallel to these Euclidean segments. Hence if
~ is a saddle connection with supp(y) C R then v must have the same direction as o. ]

COROLLARY 5.8. Let V be a meromorphic connection on a compact Riemann surface S with real periods;
assume that all the residues are greater than —1. Set S° = S\ X, where ¥ is the set of poles of V. Assume
there exists a simple periodic geodesic o:[0,e) — S°. If V has at least one pole then there exists a saddle
connection having the same direction as o.

PrROOF. Let R be the maximal ring domain containing o as a leaf. Since I is not empty, R cannot be
empty. Then, by previous lemma, OR contains a saddle connection with the same direction as o. O

Now we study maximal ring domains with empty boundary.

LEMMA 5.9. Let V be a meromorphic connection on a compact Riemann surface S with real periods;
assume that all residues are greater than —1. Set S° = S\ X, where ¥ is the set of poles of V. Assume there
exists a simple periodic geodesic o:[0,e) — S°. Let R be the mazimal ring domain containing o as a leaf.
Then OR is empty if and only if S is a torus and V is a holomorphic connection with real periods.
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PrOOF. If OR is empty then R = S. Hence V is a holomorphic connection and S is torus.

On the other hand assume S is torus and V is holomorphic. Assume, by contradiction, that OR is not
empty. Then, by Lemma 5.7, R would contain at least one pole. But this is impossible, because V is a
holomorphic connection. O

5.2. Periodic geodesics. In this subsection we show that the w-limit set of a simple non-periodic
geodesic of a meromorphic connection with real periods cannot be a periodic geodesic.

LEMMA 5.10. Let V be a Fuchsian meromorphic connection on a Riemann surface S with real periods.
Set S° := S\ X, where X is the set of poles of V. Let ¢:]0,&) — S° be a simple not closed geodesic for V
such that the w-limit set W of o is a closed (or periodic) geodesic or a boundary graph of saddle connections.
Then o does not intersect W.

PROOF. Our goal is to show that W Nsupp(o) = (. Assume, by contradiction, that W Nsupp(o) is not
empty and take pp € W Nsupp(c). Notice that pg is not a pole. Furthermore, ¢ and W are transversal
at po, because otherwise we would have supp(c) C W and this is impossible, because ¢ is not closed nor is
a saddle connection.

Let (U, z) be a V-chart at pg such that v := WNU is connected. Notice that z(y) is a Euclidean segment.
For k > 1, let oy: (eg—1,€1) — S° be the geodesics of V, with 0 < ey < e < g1 < €, such that supp(oy) is
a connected component of supp(c)NU. Since v is in the w-limit set of o, the supports of o}, must accumulate
v. Let oy, be the segment of ¢ intersecting transversally v in pg. Since z(oj) accumulates to z(7y), there
exists k1 > ko such that z(supp(og,)) N z(supp(ok,)) # 0. Since o is simple, we have a contradiction. O

PROPOSITION 5.11. Let V be a meromorphic connection on a Riemann surface S with real periods. Set
S°:= S\ X, where 3 is the set of poles of V. Let 0:]0,&) — S° be a simple non-periodic geodesic for V.
Then the w-limit set of o cannot be the support of a periodic geodesic.

PROOF. Assume the w-limit set of ¢ is the support of a periodic geodesic y;: R — S°. Thanks to Lemma
5.10, o does not intersect ;. Let g be a flat metric adapted to V on S°. Let R C S be a ring domain with
finite g-width containing ~; as leaf, given by Lemma 5.7. Since the w-limit set of o is supp(y1) there exists
go € [0,¢) such that o(t) € R for all t € [eg,e). Let Ry C R be a ring domain such that o(t) € R; for all
t € [eo,€) and OR; D supp(y1). More precisely, we can choose as Ry the connected component of R\ 71
eventually containing o. Let r be the g-width of R;. Let

ORy = supp(y1) U supp(72(r))

for some periodic geodesic v2(r). Fix p; € v1. Choose ps := pa(r) € 42(r) such that disty(p1,p2) = r. We
choose r small enough so that there exists a geodesic 3 : [0,1] — Ry so that 3(0) = p; and B(1) = pp and
length, (3) = r. Let (U,z) be a chart with U := Ry \ supp(). Let J be a local isometry of V on U. By
Lemma 5.5, J(U) is a Euclidean rectangle. We shall call “vertical” the two sides transversal to the image
via J of v1.

Since o accumulates 71, it must intersect S infinitely many times. Moreover, the intersections are
transversal, because § is a geodesic different from o, and they accumulate only at p;; in particular, they are
countable. Therefore we can find a strictly increasing sequence {€;} C [0, €) such that

supp(o) Nsupp(8) = {o(e;) | j € N}.
Put 0 := 0 |(;,,,)- Then o; is a maximal geodesic arc in U tending to supp(3) both in backward and
in forward time. Since o, is a geodesic segment, J(supp(c;)) is an Euclidean segment. Since J(U) is a
rectangle, the Euclidean segment J(supp(c;)) intersects with the same angle the two vertical sides of J(U).
Since 041 is the continuation of ; we see that J(supp(o;)) and J(supp(o;+1)) must intersect the vertical
sides of J(U) at the same angle. Hence J(supp(c;)) and J(supp(o;+1)) are parallel.

By assumption, we know that {J(supp(c;))}52; accumulates to [, C dJ(U), a side of the rectangle
J(U). Hence L, is parallel to J(supp(c;)), because otherwise there would exist jo such that J(supp(cj,))
intersect I,. Since U C Ry, any maximal Euclidean segment [y C J(U) which is parallel to [, is the image
of the support of a periodic geodesic; hence supp(c;) is the support of a periodic geodesic. Since o is not
a periodic geodesic and o; is a part of it we have a contradiction. Hence, the w-limit set of o cannot be a
periodic geodesic. O
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We explicitly remark that this proposition holds for any meromorphic connection V with real periods,
without any limitation of the value of the residues.

COROLLARY 5.12. Let V be a meromorphic connection on P(C). Set S° :=P1(C)\ X, where X is the
set of poles of V. Let 0:[0,e) — S° be a simple non-periodic geodesic for V. Then the w-limit set of o
cannot be the support of a periodic geodesic.

PRrROOF. Assume the w-limit set of o is the support of a periodic geodesic 1 : R — S°. Note that since
o is simple ; cannot intersect itself. Hence ~; is a simple periodic geodesic and, by [2, Corollary 4.5], it
surrounds poles p1, p2,...,py With

g
(5.2) > Res, V=-1
j=1

Without loss of generality we can assume that v, and its interior are contained in C.

Let U := U.(71) C C be a tubular r-neighbourhood (with respect to the Euclidean metric in C) of v,
such that U N'Y = (. Then U is a doubly connected domain eventually containing o. By Proposition 5.11,
it is enough to show that V has real periods in U.

The fundamental group of U is generated by ~;; moreover, [2, Proposition 3.6] implies that the mon-

odromy representation is given by
p(71) = exp (/ n) ;
71

where 7 is the local representation of V on U. Now, let D be the union of U with the interior of =1, so that

D is a simply connected domain in C containing p1,...,ps. The form 7 then extends to a meromorphic form
on D, still denoted by 7, with poles p1,...,py. Since v; is a simple closed curve surrounding p1,...,p,; we
have

1 / 4
— | n= Resp, V ;
27 J o, ; b

therefore recalling (5.2) we get p(y1) = exp(—2mi) = 1, that is, the monodromy group of V on U is trivial
and hence V has real periods on U, as required. |

COROLLARY 5.13. Let V be a meromorphic connection on P1(C). Set S° :=P}(C) \ ¥, where ¥ is the
set of poles of V. Let 0:]0,e) — S° be a simple non-periodic geodesic for V. If the w-limit set of o is the
support of a closed geodesic «y then v surrounds poles p1,Dp2, ...,pg with

g
ZReResij =-1

j=1

and

g
> ImRes,, V # 0.

j=1
PRrROOF. It follows by the previous corollary and [2, Corollary 4.5]. |

There are examples of simple non-periodic geodesics in P!(C) whose w-limit set is a closed non-periodic
geodesic; see [2].

5.3. Boundary graph of saddle connections. By Theorem 2.18, another possible w-limit set of
a simple maximal geodesic of a meromorphic connection V on a compact Riemann surface S is a bound-
ary graph of saddle connections. In this section we shall prove that this cannot happen for a Fuchsian
meromorphic connection with real periods.
As we have seen in Lemma 5.7, any simple periodic geodesic is a leaf of a ring domain. Now we prove a
similar property for a boundary graph of saddle connections.
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LEMMA 5.14. Let V be a Fuchsian meromorphic connection on a Riemann surface S with real periods.
Set S° = S\ X, where X is the set of poles of V. Let T' C S be a boundary graph of saddle connections, and
choose a connected open set V' such that T is a connected component of OV . Assume T is the w-limit set of
a simple geodesic o:[0,e) — S°; then there exists a ring domain R C V such that OR = T' U+, where v is
the support of a periodic geodesic.

PROOF. Since V has real periods there exists a singular flat metric g on S adapted to V. Let W C S
be a connected open set containing I' such that

WnX=I'nNnX=:3%.

By Corollary 3.21, for any p € ¥; we have Res, V > —%. Hence, by Lemma 3.9, T" has finite g-length.

For p; € ¥4, let (Uj,%;) be a chart adapted to (V,p;) such that U; C W. Let r; be the g-radius
of Uj, i.e., the g-length of a critical geodesic in U; (by Lemma 3.11 all critical geodesics in U; have the same
g—length). Choose 0 < rg < émin r; such that for any point ¢ € I' the set

By(g,3r0) :={p € S| disty(p,q) < 3ro}

is a simply connected subset of W such that I' N B,y(g,3ry) is connected; such an rq exists because I' is
compact and locally connected. For 0 < r < rq set

Ur(D):={peVnW |disty(p,I') < r}.

Then 9U,(T") has two connected components. One is I'; let v(r) be the other one. To prove the statement
it is enough to prove that U, (I') is a ring domain and that -y(r) is the support of a periodic geodesic.
By construction, for any z, € y(r) we have

distg (T, v(r)) = distg(T, z,) = 1.

Note that, by Proposition 3.20, z(U; NV) = UL”ZlC]’?, where C’;€ is a sector with interior angle # < 2.
J
We claim that fyjl-" = %’-“(r) =~(r)n z‘l(C’]’-“) is the support of a geodesic. Since (Uj, z;) is a chart adapted

to (V,p;) the local representation of V on Uj is n; = Z—;dzj. Then the map J(z;) = zfjﬂ is a local isometry

of V on C]’?. Moreover,
ky _ k k -
J(CF)={w e C|aj <argw < 7+ of, [w|< 7}
is a half disc for some a? € [0,7] and 7; > 0. Put Fé? = 80}“ N z(I'NUj). By construction, J continuously
extends to 6? and J(I'¥) is the diameter of the half disc. Since J is a local isometry of V on CF and any
point of fy}“ has the same g—distance from F?, we can see that J (z](yjk)) is a Euclidean segment parallel to
J(z; (I‘f)) Hence 'yj’-C is the support of a geodesic.
Since r < %minrj, we can find g € T" for K =1,...,n such that
(1) there are no poles of V in By(qs, 2r), i.e., By(qx,2r) N X1 = 0;

(2) ~ is contained in

U Bg(qk, 2r)y U U;.

k=1 j
As in the proof of Lemma 5.7 we can show that (r) N Bg(gx, 2r) is the support of a geodesic. Consequently,
~(r) is the support of a closed geodesic. Since V has real periods « is the support of a periodic geodesic.
Since this holds for all 0 < r <g and U, (T') is foliated by ~(r) we have found a ring domain R with g—width
equal to r such that 9R = I' Uy where + is the support of a periodic geodesic. O

REMARK 5.15. In Lemma 5.14, we can also assume that the support of ¢ is eventually contained
in R C V. Indeed, o cannot intersect I' by Lemma 5.10 (see also [1, Proposition 4.1]). Therefore, supp(o)
is a subset of a connected component C' of S\ T and then it suffices to take V contained in C'.

By using Lemma 5.14, and the same technique used in the proof of Proposition 5.11 we get the following
result.

PROPOSITION 5.16. Let V be a Fuchsian meromorphic connection on a Riemann surface S with real
periods. Set S° := S\X, where X is the set of poles of V. Let 0:[0,e) — S° be a simple non-periodic geodesic
for V. Then the w-limit set of o cannot be a boundary graph of saddle connections.
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PROOF. Assume, by contradiction, that the w-limit set of ¢ is a boundary graph of saddle connections I".
Let V' be a connected open subset of S eventually containing ¢ and such that I' is a connected component
of OV.

Thanks to Lemma 5.10, o does not intersect I'. Let g be a singular flat metric adapted to V. By Lemma
5.14, there exists a ring domain R C V with g—width equal to r > 0 such that

OR =T U~(r),

where ~(r) is a periodic geodesic for V. Moreover, by Remark 5.15, we can also assume that the support
of o is eventually contained in R, i.e., there exists g € [0,¢) such that o(t) € R for all ¢t € [gg,¢). Notice
that R does not contain any pole of V.

Fix p; € T'. Choose ps := p2(r) € v(r) such that disty(p1, p2) = r. We can choose r small enough so that
there exists a geodesic segment 3:[0,1] — R such that 3(0) = p; and (1) = py and length, (8) = r. Let
(U, z) be a chart with U := R\ supp(3). Let n be the representation of V on U. Let J be a local isometry
of V on U. By Lemma 5.5, J(U) is a rectangle (even if the boundary of U contains poles). The rest of the
proof is the same as the proof of Proposition 5.11. ]

PrOOF OF THEOREM 1.1. It follows from Theorem 2.18 together with Propositions 5.11 and 5.16. [

Appendix A. Transversally Cantor-like geodesic sets

DEFINITION A.1. Let V be a meromorphic connection on a compact Riemann surface S. A set W C S
with W = () is said to be a transversally Cantor-like geodesic set if the following conditions hold:

(1) there exists a maximal non self-intersecting geodesic o: (¢_,e4) — S° such that W is the closure
of the support of o;

(2) for any non self-intersecting geodesic v: (—4,6) — S° transverse to o the intersection | (—5/2,8/2) "W
is a perfect totally disconnected set (a Cantor set).

LEMMA A.2. Let V be a meromorphic connection on a compact Riemann surface S. Let o: (e_,ey) — S°
be a maximal simple geodesic and denote by W its w-limit set. Assume supp(c) C W. Then either
(1) W has non-empty interior; or
(2) o is a closed geodesic and W = supp(c); or
(3) W is a transversally Cantor-like geodesic set.

PROOF. Assume W has empty interior. Pick a point zp € . For ¢ small enough let v: (—=4,d) — S° be
a geodesic transversal to o at zg such that v(0) = zp. Since supp(c) € W, then ¢ must intersect v infinitely
many times (not necessarily in distinct points). Assume that z is isolated in supp(y) N W, i.e., there exists
a neighbourhood U of z such that U N (supp(y) N W) = {z}. Then o must pass through z infinitely many
times; since ¢ is simple we deduce that ¢ is a closed geodesic.

Assume now o is not a closed geodesic. Then there are no isolated point in 7|(_s/2,5/2)W; to complete
the proof that W is a transversally Cantor-like geodesic set we must prove that v|[_s/2,5/2)NW is totally
disconnected. Indeed, if not, it must contain a closed interval. Then, since o is transversal to -y, we can apply
[1, Proposition 4.1] to show that the w-limit set W has not empty interior, against our assumption. O

Thus the w-limit set W of a non-closed geodesic is a transversally Cantor-like geodesic set when W has
empty interior and contains supp(c), a possiblity not considered in the proofs of [1, Theorem 4.3] and [2,
Theorem 0.1]. An example of this phenomenon can be found in [4].
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